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Introduction

Modular Forms and elliptic curves are a classical domain from mathematics. At
least, since the proof of Fermat’s last conjecture the domain attracts widespread
attention. The domain of Modular Forms integrates at least the three mathematical
disciplines Complex Analysis, Algebraic Geometry, and Algebraic Number Theory.

Elliptic curves can be investigated by different mathematical methods.

* Algebraic geometry: Elliptic curves are the zero-sets of polynomials.

* Complex analytic geometry: When considered as Riemann surfaces then elliptic
curves are complex tori.

* Arithmetic geometry: Elliptic curves can be defined over different fields, e.g.
over Q or IF, and over the ring Z.

The algebraic point of view identifies complex elliptic curves with smooth cubic
hypersurfaces of P?. Hence elliptic curves are the first ones in the series of cubic
hypersurfaces in complex projective space P”, n > 2. The higher dimensional
cubics are also challenging examples, see [31, Chap.V, §4], [33].

Chapter 1 introduces elliptic functions as doubly periodic, meromorphic func-
tions in the complex plane C. The period group is a lattice A C C. The main tool to
study elliptic function is the residue theorem.

Chapter 2 characterizes elliptic functions as meromorphic functions on the
torus C/A. The classes of biholomorphically equivalent complex tori are the orbits
of a group action of the modular group

SL(2,Z) x H — H

The quotients
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Iy(N) \H

of the restricted action of the Hecke congruence subgroups I5(N) C SL(2,Z) are
Riemann surfaces with compactifications Xo(N).

Chapter 3 introduces modular forms and cusp forms as holomorphic functions
on H U {eo} with a certain transformation behaviour with respect to the I)(N)-action.
These functions unreveal themselves as meromorphic differential forms on the
modular curve Xo(N). The Riemann-Roch theorem computes the dimensions of the
vector spaces of modular forms and cusp forms.

Chapter 4 makes a new start from the viewpoint of algebraic geometry: Complex
tori embed as elliptic curves into the complex projective plane. They can be repre-
sented as non-singular cubic curves, defined as zero set of a Weierstrass polynomial.
The main tool to represent a complex torus as an elliptic curve is the Weierstrass -
function and its differential equation. Conversely, each complex elliptic curve arises
as embedding of a complex torus.

Choosing different fields for the coefficents of the Weierstrass polynomials al-
lows to consider elliptic curves defined over C,Q, Z or even over the finite fields IF,.
The focus of the chapter are some relations between complex analytic geometry, al-
gebraic geometry and arithmetic geometry.

Chapter 5 considers families of Hecke operators, which are linear endomor-
phisms on the finite dimensional vector spaces of modular forms. Each family of
Hecke operators acts on a given vector space of modular forms of fixed weight. On
the corresponding subspace of cusp forms the family can be diagonalized simulta-
neously, a result which relies on the Petersson scalar product. As an application the
chapter proves some theorems from algebraic number theory related to Lagrange,
Jacobi, Ramanujan, Mordell and other mathematicians.

In the second, more advanced part of the lecture notes Chapter 6 deals with
deeper applications of the theory of modular forms to algebraic number theory. The
chapter investigates the relation between tori with complex multiplication and imag-
inary quadratic number fields. The main role is played by the modular invariant j.
As an application the chapter proves a lower bound of the class number of imaginary
quadratic number fields.

The final Chapter 7 gives an outlook to the modularity theorem for elliptic curves,
which plays the dominant role in Wiles’ proof of the Fermat conjecture. A second
section gives an outlook to the moonshine relation between the Fourier coefficients
of the modular j-invariant and the dimensions of the irreducible representations of
the monster group, which at day culminates in the work of Borcherds.

It is also the aim of these lecture notes to illustrate their results by a series of
numerical calculations using a computer algebra system.



PARI files

Chapter 1:

Weierstrass_p_function_08: Laurent expansion of the
Weierstrass g-function and its derivative, cf. Remark 1.14.

Chapter 2

modular_curve_as_covering: Genus, degree and further parameters of
modular curve Xy(N), cf. Remark 2.33.

Chapter 3

Congruence_subgroup_19: Dimension of My (I5(p")) via Riemann-Roch,
cf. Remark 3.27.

Chapter 4

Torus_to_Weierstrass_equation_01: The plane cubic of an
embedded torus, cf. Example 4.4

Elliptic_curve_plot_06: Plot of some plane cubics, cf. Example 4.28.
Elliptic_curve_02: Invariants of some plane cubics, cf. Example 4.28.

Elliptic_curve_weierstrass_equation_12: Global minimal
Weierstrass polynomial and its discriminant, cf. Example 4.38.

Elliptic_curve_Hasse_estimate_05: Hasse estimate for number
of I p-rational points, cf. Remark 4.41.

Elliptic_curve_04_02: Analytic rank of elliptic curves, cf. Remark 4.46.
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Chapter 5
* Hecke_matrix_02: Hecke operator T> € End(S2s(I7)), cf. Example 5.15.

* Congruence_subgroup_20: Oldforms and newforms for different Iy(N),
cf. Example 5.30.

* Modular_forms_theta_01: 4-squares theorem and similar
decompositions, cf. Example 5.38.

Chapter 6

* modular_polynomial_01: Modular polynomials of different levels, cf.
Example 6.12.

* modular_polynomial_02: The polynomials @, and their factorization, cf.
Example 6.14.

Chapter 7

e Elliptic_curve_taniyama_10: Illustration of Wiles’ theorem by some
numerical examples, cf. Example 7.8.

The PARI-files of these lecture notes are contained in a separate folder, see the
link at my homepage. It is recommended to download all files together, because
some of them will call other files. After downloading the PARI files into the working
directory of PARI a given file can be called and executed by the command

\r filename

For more information see the PARI manual from the PARI homepage.
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The context of Chapter 1 is complex analysis on domains in the complex plane.
The base field is the field C of complex numbers. We develop the theory of elliptic
functions, i.e. doubly periodic meromorphic functions. Classical tools are Laurent
series and the residue theorem for meromorphic functions. The period group of
doubly periodic functions are lattices in C.

The view point of Chapter 2 are compact Riemann surfaces. We continue work-
ing with the base field C, but now the domain is a complex manifold. The most
simple example of a compact Riemann surface is the Riemann sphere P! (C). Mero-
morphic functions are holomorphic maps into the Riemann sphere. A second class
of compact Riemann surfaces are complex tori. The doubly periodic meromorphic
functions from Chapter 1 are meromorphic functions on a complex torus. The main
tools from the theory of Riemann surfaces are line bundles, divisors and the Theo-
rem of Riemann-Roch. The set of isomorphy classes of complex tori turns out to be
the orbit space of the modular group SL(2,Z) acting on the upper half plane H. We
show that the compactified orbit space is biholomorphic equivalent to P!(C).

Chapter 4 switches from the analytic theory to an algebraic context. We con-
sider the Riemann sphere from an algebraic point of view and study non-singular
curves C in the projective space P'(C), now equipped with the Zariski topology.
These curves are the zero set of one or more homogeneous polynomials. The small-
est subfield k C C which comprises their coefficients is the field of definition of C.
As a consequence we extend the range of base fields under consideration to the
field Q and to the residue fields IF,» of Z. The Weierstrass &-function and its deriva-
tive g2/ from Chapter 1 embedd a given torus into IP?(C). The image is as an elliptic
curve E. It is the zero set of a Weierstrass polynomial F, a homogeneous polyno-
mial of degree 3. If all coefficients of F are rational and if in addition a Q-valued
point of E exists, then E is a rational elliptic curve. The existence of a rational
point O € E(Q) allows to equip E(Q) with an additive group structure having O
as neutral element. Rational elliptic curves have a Weierstrass polynomial F with
integer coefficients. We study the reduction E,, of E modulo the primes p € Z. The
sequence (card Ep)p prime €ncodes important arithmetic properties of a rational el-
liptic curve.

Chapter 3 takes up the study of the modular group from Chapter 2. We ex-
tend the operation of I" := SL(2,7) on H to an operation on the vector space of
holomorphic functions on H. Those functions which are symmetric with respect
to this operation are named resp. modular forms and cusp forms. All of them de-
velop into a Fourier series around the point co. Due to their symmetry modular
forms correspond bijectively to meromorphic sections of the line bundle 2! and
its tensor products defined on the compactified orbit space P!(C). The complex
vector spaces of sections are finite dimensional, their dimension can be computed
by the theorem of Riemann-Roch. Taking the tensor product as multiplication pro-
vides the direct sum of these vector spaces with the structure of a finitely gener-
ated graded algebra forms M, (I") = &, My(I'"). The grading is given by the weight
of the modular forms. The algebra of modular forms M, (I") contains the ideal of
cusp forms S, (I") = ®pSi(I"). On M, (I") acts the family of Hecke operators as an
Abelian algebra of endomorphisms. The ideal S, (I") is stable with respect to this



action. Each component S (I") has a basis of eigenforms with respect to the Hecke
algebra. For each eigenform f the family of eigenvalues reveals remarkable rela-
tions from the arithmetic of the Fourier coefficients of f. These relations make up
the magic of modular forms.






Chapter 1
Elliptic functions

The chapter deals with complex analysis in the plane.

1.1 The field of elliptic functions

The present section deals with complex analysis in the plane, i.e. we study holomor-
phic and meromorphic functions on domains in the complex plane C.

The trigonometric functions sin and cos are examples of periodic holomorphic
functions, while tan and cot are periodic meromorphic functions. All periods of
these functions are integer multiples of respectively 27 and 7. Elliptic functions are
meromorphic with period group isomorphic to Z & Z.

Recall that a meromorphic function on a domain G C C is a holomorphic function
f:G\S—C

with a discrete closed subset S C G of poles of f - but no essential singularities.

Definition 1.1 (Period of a meromorphic function). Consider a meromorphic
function f on a domain G. A number ® € C is a period of f if

e forallze GalsoztweG

o andforallze G\ P
fzt+ o) =f(2).

It only seems that Definition 1.1 excludes the poles from the definition of period-
icity. A pole zg of f is an isolated singularity of f. Therefore the function f expands
into a convergent Laurent series around zg
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flz) = i an-(z—2z0)"

n=>ng

with coefficients

1 f(2)
= — —————dzf itable € > 0.
ay i / (Z—Zo)"“ z for suitable € >

[z—z0[=¢

If f has the period @ then the Laurent expansions of f around zo and zp + @ are the
same because the integrands attain the same value at z and z + @. Hence periodicity
of f includes also the poles.

Example 1.2 (Periodic meromorphic functions).
1. The functions sin,cos : C — C are holomorphic with period ® = 27.

2. The tangent-function is meromorphic on C with singularities (7/2) +kx, k € Z,
and period w = 7.

3. The exponential function C — C*,z — ¢2™2_ is holomorphic with period @ = 1.

If a meromorphic function f has a period @ # 0 one can ask for the set of all
periods. Apparently elements of the form kw, k € Z are also periods of f. How
many independent periods of f exist?

Definition 1.3 (Discrete subgroup). A subgroup A C (C,+) is a discrete sub-
group, if the subspace topology of A is discrete, i.e. if any g € A has an open neigh-
bourhood U C C with

UNA ={g}.

Proposition 1.4 (Period group). Consider a non-constant meromorphic function f
on a domain G C C. The set Ay of all periods of f is a discrete subgroup of C. It is
named the period group of f.

Proof. i) Apparently Ay C is a subgroup of C.

ii) If Ay were not discrete then a convergent sequence (@,),cn of pairwise distinct
periods @, € Ay would exist.

Hence for an arbitrary but fixed zo € G, which is not a pole of f, and for alln € N

f(ZO) :f(Z0+ wrz)-

The identity theorem implies that f is constant, a contradiction. O
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Proposition 1.5 (Discrete subgroups of (C,+)). Each discrete subgroup
A C(C,+)

belongs to one of the following types:

1. Rank = 0:
A ={0}

2. Rank = 1:
A=Zo={m-o:mecZ}

with a suitable element @ € C*.
3. Rank = 2:
A=7Zw +7Zan = {m1 c@) +my - my,my € Z}

with @1, @, € C linearly independent over the base field R. The subgroup A is
named a lattice.

For a proof see [1, Chap. 7, Sect. 2.1].

Note. If we specify a lattice in the form
A =720+ Zwn

we will assume that the basis (@, @) is positively oriented, i.e.

det [ Re @ Rean)y
Im w; Im wy

Definition 1.6 (Elliptic function). Consider a non-constant meromorphic function f
on a domain G C C with period group Ay.

* If rank Ay > 1 then f is named periodic.
* If rank Ay = 2 then f is named doubly periodic. Its period group
Ar =7 +Zan
is also named the period lattice of f, see Figure 1.1. The subset
P={Ao1+10m;:0<A,4 <1}

is the fundamental period parallelogram of f with respect to the basis (@, @,).
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A doubly periodic meromorphic function on C is an elliptic function with
respect to a lattice A if

A CAf

i.e. if all lattice points @ € A are periods of f.

o~ ;\Mn-a;;m-dnry

Wy

f"rea-e

Fig. 1.1 Period lattice A

Which elliptic functions do exist? Proposition 1.7 shows that it is not interesting
to study the subclass of holomorphic elliptic functions. Therefore we will focus on
meromorphic functions with poles. See Proposition 1.8, and its corollaries about the
value attainment of elliptic functions.

Proposition 1.7 (Constant elliptic functions). Any holomorphic elliptic function
f:C=C

is constant.
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Proof. An entire function f is holomorphic and attends the maximum of its modulus
on its closed period parallelogram which is a compact set. Being a bounded entire
function, f is constant according to Liouville’s theorem. O

Proposition 1.8 (Residue theorem for elliptic functions). An elliptic function f
with period parallelogram P satisfies

Z res¢(f) =0.

Proof. The boundary d P comprises only finitely many poles of f. Therefore we can
choose a number a € C such the boundary of the translated period parallelogram

P,:=a-+P
contains no poles of f. The residue theorem implies
1 o
| @ dz= ¥ resc(f) = ¥ res(s).

2mi. Cep, tepP

The integrand on the left-hand side is doubly periodic. Therefore the integration
along opposite sides of the period parallelogram cancels and the whole integral
vanishes. O

Corollary 1.9 (Poles and zeros of elliptic functions).

1. There are no elliptic functions f with one pole of order = 1 modulo the period
lattice Ay and no other pole mod Ay.

2. There are no elliptic functions f with only one zero of order = 1 modulo the
period lattice Ay and no other zero mod Ay.

Proof. 1. Apole of order 1 ata € C has res,(f) # 0, which contradicts Proposition 1.8.

2. Apply part 1) to the elliptic function 1/f. O

Corollary 1.10 (Counting poles and zeros of elliptic functions). Any non-constant
elliptic function f attains modulo each lattice

/\CAf

all values a € CU {eo} with the same multiplicity. In particular, f has mod A the
same number of poles and zeros taken with multiplicity.
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Proof. The case a # o reduces to the second claim by considering the function f — a.
It has the same poles as f. Therefore it suffices to show that f has the same number
of zeros and poles, taken with multiplicity. Moreover it suffices to prove the theorem
for A = Ay.

We apply Proposition 1.8 to the meromorphic function f’/f and obtain

Each residue evaluates to

1 k  fhas azero of order k at
rese | = | =
S\ f —k  fhas a pole of order k at {

1.2 The Weierstrass g-function

In the present section we consider an arbitrary but fixed lattice
A =Z o +7Z .

We use the notation A’ := A \ {0}. Moreover P denotes the fundamental period
parallelogram of A.

The g-function of A is a distinguished elliptic function: All elliptic functions of
the given lattice A derive from & and its derivative @ '.

Lemma 1.11 (Lattice constants). For k > 2 the infinite series
) 1
GA’]( — Z E

weA’

is absolutely convergent. Its value is named the lattice constant of A.

Proof. We choose the exhaustion of A by the sequence (A, ),en of disjoint sets of
indices of increasing modulus

Api={-o+v-mmeA: u,vez |ul,|v|<nand (|u|=nor|v|=n)},

ie.
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A= UnENAn'
Then

card A, = 8n.
A suitable constant ¢ exists with |@| > ¢ - n for all n € N and for all ® € A,,. There-
fore

Z 1 < 8-n < 8 1
=t [k = ckonk = \ ¢k ] kT
For k > 2
= 1
— <
Y

Therefore the claim follows from

I Py

weA’ n=1 \weA,

We will study elliptic functions with period lattice A. According to Corollary 1.9
a candidate f for the most simple example would have only one pole mod A, the
pole having order = 2 and residue = 0. The Laurent expansion of f around zg = 0
would start

flz)= le+a1 -+ 0(2).

Being doubly periodic, f would have poles exactly at the points @ € A. The follow-
ing Theorem 1.12 shows that such a function actually exists.

Theorem 1.12 (Weierstrass g-function). For each lattice A the series
1 1 1
P =5+ Y | —an— o
2t E o @

is absolutely and compactly convergent for all z € C\ A. It defines an even elliptic
Sfunction @ with respect to A, named the Weierstrass g-function of A. The pole set
of o is A, each pole has order = 2.

If we consider only the first summand with fixed z then asymptotically

1 1
-0) " o

Therefore the series with these summands alone does not converge. We will show
that the difference
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is proportional to

Therefore the series #(z) converges.

Note: TeX reserves the separate symbol “backslash wp” to denote the Weierstrass g-function.

Proof. We recall the definition of compact convergence of a sequence (fy)yen of
meromorphic functions on a domain G C C, cf. [68]: For each compact subset K C G
exists an index Vo € N such that

e for all v > vy the function f, has no pole in K

* the sequence (fy)v>v, is uniformly convergent on K.

i) Meromorphic with pole set A: For each compact set K C C only finitely many
summands of & have a pole in K. We show that the remaining series converges
absolutely and uniform on K: Choose an arbitrary but fixed R > 0. For

|zl <R and 2R < ||
holds

||

——lz| > 0.
3 lz] >

The triangle inequality

lof
2

o
Sy

_ lol

i— o] =]o—z| >||o| -] = 2

implies the estimate

1 1 o* — (z— 0)? | — 22 +2z0] A lZ]> +2- 7] - |o]

-0? @ | E-0p)|” ol\* |of*
w2 o]
2
<4.ﬁ+8‘ﬁ<ﬂ+8.i:10.i
T et o T 2R o Jef |@f

independent from |z| < R.

According to Lemma 1.11 the series



1.2 The Weierstrass o-function 17

1
wg\’ E

converges absolutely. For |z| < R we decompose the series with respect to the sum-
1

mation over ® € A
1 1 1 1
2 2 2 2 2
2 weAljo|<2R <(Z - ) o ) WEA,|o|>2R (z- ) o

The first summand is meromorphic with poles exactly at the points z € A N Dyg(0).
The second summand converges absolutely and compactly on Dyg(0) due to Lemma 1.11,
and defines a holomorphic function on Dyg(0).

+

Because R can be choosen arbitrary, the series £ is compact convergent and de-
fines a meromorphic function on C with pole set A.

i1) Even function with periods from A:

e s 1is even: It is admissible to rearrange the summation by replacing @ by —®,
because the series is absolute convergent

1 1 1 1 1 1
W(-Z)Z?‘F Z <(Zw)2—a)2> :?+ Z <(Z(a)))2_ (w)2> =

1 1 1
= ?+w§\, <(Z_w)2_ 0)2> = p(z)

* g has periods from A: The derivative is

-2 -2 1
e Y R Y=
Apparently for each fixed @y € A
P'(z+m) =)
after rearranging the summation by replacing @ by @ — @y. As a consequence
P2+ ;) = @(z) +c;
with two suitable constants ¢c; € C, j=1,2.
For j = 1,2 choosing the specific arguments
21 =—0;/2,

and using that £ is even implies
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#(0;/2) = P((—0;/2) + ;) = p(-0;/2) +cj = @(0;/2) +c;

Hence
Cj = 0

Lemma 1.13 (Half-periods of a lattice). Consider a lattice

A=7Zw +7Zw

7 o o+
(01,a0) *— 7’ 7’ 2

the set of half-periods of its fundamental period parallelogram with respect to (@), ®).
The derivative @' of the Weierstrass function  of A has mod A

and denote by

e apole of order =3 at 0 € C and no other poles,

* and exactly three zeros, represented by the points of Z( ¢, a,)-

Proof. Consider u € Zg, o,). According to Theorem 1.12 the function & has no
pole at u. The derivative @' has the same pole set as . Because @ is even, the
function ' is an odd elliptic function

P' () =—p'(-u) = —p'(—u+2u) = —p'(u).

Therefore

©'(u) =0,
L.e. each point of Z4, «,) is a zero of £ within the fundamental period parallelo-
gram. Hence ' has at least three zeros mod A.

Moreover @' like @ has a single pole at 0 € C mod A. The pole of &' has
order = 3. Corollary 1.10 implies that &' has exactly three zeros mod A. As a
consequence, the points of Zy,  «,) represent exactly the zeros of £ ’, and each zero
hasorder=1 O

Note that the determination of the two zeros mod A of & is much more delicate [21].

Remark 1.14 (Weierstrass function ). Figure 1.2 shows the Laurent expansion
around 0 € C of the Weierstrass function & and its derivative @' for the two
lattices A
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 with basis (1,p = ezm‘/3)

 and basis (1,i).

See PARI file “Weierstrass_p_function_08”. The numerical calculation confirms
that £ is an even function and that &' vanishes at the half-lattice points of A.

leierstrass p-function, Start

Lattice with normalized periods (omega_1,omega_2) = (-1/2 + 8.8660254038*I,1)

leierstrass p-function wp:

IX"-2 + 0,0000000000*x"2 + 29.31515847*x"4 + 0.0000000000*x"6 + 0.0000000000*x"8 + 66.10603969*x"10 + 0.0000000000*x"12 + 0(x"14)
Derivation wp_prime:

-2*x"-3 + 0,0000000000*x + 117.2606339*x"3 + 0.0000000000*x"5 + 0,0000000000*x"7 + 661.0603969*x"9 + 0,0000000000*x"11 + 0(x"13)
p_prime at half-lattice points =

-1/4 + 0.4330127019*1: ©.0000000000000000200000000000000000001730233709 - ©.00000000000000000000000000000000000002162792136*1
1/2: ©.0000000000 + ©.0000000000*1

1/4 + ©.4330127019*1: -0.0000000000000000000000000000000000001730233769 - 0.00000000000000000000000000000000000002162792136%1

Weierstrass p-function, End

Lattice with normalized periods (omega_1,omega_2) = (I,1)

Jeierstrass p-function wp:

x*-2 + 9.453636006*x"2 + ©.0000000000000000000000000000000000006577345622*x"4 + 29.79041125*x"6 + ©.00000000000000000000000000000000000
[1695813584*x"8 + 43.32733914*x"10 + ©.000000000000000000000000000000000003562578745*x"12 + 0(x"14)

Derivation wp_prime:

-2*x"-3 + 18.90727201*x + ©.600000000000000000000000000000000002630938249*x"3 + 178.7424675*x"5 + 0O.060000000000000000000000000000000001]
356650867*x"7 + 433.2733914*x"9 + 0.00000000000000000000000000000000004275094495*x"11 + 0(x"13)

p_prime at half-lattice points =
[1/2*1: ©.0000000000000000000000000000000000002635703419*1
1/2: ©.0000000000
[1/2 + 1/2*1: ©.0000000000 - ©.0000000000000000000000000000000000002635703419*1

Jeierstrass p-function, End

Fig. 1.2 Laurent expansion of & and &’ and vanishing at half-lattice points

Theorem 1.12 shows that the g-function of the lattice A has all points from A as
periods. Corollary 1.15 shows the other direction: There are no additional periods,
ie. Ap=A.

Corollary 1.15 (Period lattice of @ and @'). The Weierstrass function £ of the
lattice A and its derivative @' have the period lattice A, i.e.

i.e. the only periods of @ and of ' are the points from A.

Proof. We know
A C AJO - A‘O/
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Here the first inclusion has been shown in Theorem 1.12, while the second inclusion
is obvious. We show
A[o’ CA:

Let @ € Ay, be a period of . Then
P'(0/2)=p'(0/2)-0)=p'(-0/2) = -p'(0/2).

Either @ /2 is not a pole of &'. Then w/2 is a zero of &’ and 1.13 implies ®/2 € A/2
ormecA.

Or /2 is a pole of @’. Then Theorem 1.12 implies @/2 € A, and in
particular w € A. O

Proposition 1.16 (Coefficients of the Laurent expansion of ). The Weierstrass
function @ of A has the Laurent expansion around zero

l (==}
Z) = 7+ Z ark 'ZZk
S =
with coefficients derived from the lattice constants of A
axye = (2k+1) - Gp 2p42-
Proof. We determine for @ # 0 the Taylor series of

1 1
(z—0)? o

around 0 € C: Taking the derivative

and expanding into a geometric series

-1 1 l/w hd
Z—a):a)—zzl—(/z/a) (/) VZ‘O l/w)*
shows
L (1/w)- i (1/w)¥ ierl ! -z¥
(z—0)2 = = '2
and

1 1
. v
FE - M et
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Because s even and the series converges absolutely, see Theorem 1.12, we obtain
after rearrangement and using that £ is even

Theorem 1.17 (Differential equation of ). The Weierstrass function o of the
lattice A satisfies the ordinary differential equation

Pr=4 P -5 p-g
with the constants
82:=8A2:=00-Ga4, g3:=843:=140-Gp6
derived from the lattice constants.

Proof. To simplify the notation we omit the index A from the lattice constants G .
Due to Proposition 1.16 the Laurent expansions start

1 1
P =5+ Y (2k+1)-Gopyr- 2 = Z—2+3~G4-z2+5-G6~z4+0(6)
k>1 ’

2
#'(2) :f?+6«G4~z+20~G6~z3+0(5)

4 24.-Gy
p’(z)zz Ziﬁf B

= —80:Ge+0(2)

1
P(2) = Z—4+6-G4+10-G6~z2+0(4)

3 6-Gy 3-Gy 1 9-G4
(@(Z) :Z76+Z72+10.G6+ ) +5~G6+0(2):Z—6—|—7Z2 —|—15G6+0(2)

Therefore all summands of order < 1 of the sum

P-4 Py pta

cancel and )
P-4 P e pt+g=0(2).
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The left-hand side is an elliptic function. The right-hand side shows that the function
is even holomorphic and vanishes at 0 € C. According to Proposition 1.7 the left-
hand side is constant, i.e. zero, q.e.d.

Theorem 1.18 (Field of elliptic functions). The field .4 (A) of elliptic functions
with respect to the lattice A is a field extension of C of transcendence degree = 1,
more precisely
M(A) =C(p)p']
with ' algebraic over the field C(£). The minimal polymial of ' is quadratic
F(T)=T*~4 @ +g-p+g € C(p)[T)

with coefficients the lattice constants

82:=60-Ga 4, g3:= 140-Gp .

Note the equality C(@)[#'] = C(#)(#') becausegp’ is algebraic over C(£).

Proof. 1) Due to Theorem 1.17 we have

F(p')=0eC(p).
The derivative @' is odd while @ is even. Therefore £’ ¢ C(g), and the minimal

polynomial " must have degree > 2.

ii) Consider an elliptic function f € .#(A), f #0. We show f € C(g, £').

* We first consider the case that f has pole set A.
The unique pole of f mod A has order k > 2 due to Corollary 1.9. We prove

feClp,p’)

by induction on the pole order k.

If k = 2 then for suitable ¢ € C the function
f—cp

has at most a single pole mod A of order < 2. Therefore the function is holomor-
phic, and even constant due to Corollar 1.7.
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For the induction step assume k > 2. On one hand, for even k = 2m a suitable
constant ¢ € C exists such that f —c- & ™ has only poles of order < k. Therefore

f—c-p"eClp.p')

by induction assumption. On the other hand, for odd k = 2m + 1 a suitable con-
stant ¢ € C exists such that

/

f-cp™ ! p

has only poles of order < k. By induction assumption

f—c-p" @' eClp,p).
In both cases
feClp.p).

* Eventually, we consider the case of an arbitrary pole set of f.

Then f has mod A only finitely many poles zy € P\A,v =1, ...,n. The function £
is holomorphic in P\ A. Hence for suitable constants ki, ...,k, € N the function

£(2)- Hl (9(2) — Pl

has poles at most in A. According to the first part

70 [T - o) e Clp. ).

v=1

Therefore

feCp,p')

Proposition 1.19 (Discriminant). For a given lattice
A=7Zw +Zw, CC
the cubic polynomial
GA(T):=4T° — g1 T — g3 €C[T], g2:=60-Gx 4, g3 := 140G ¢

has three pairwise distinct zeros: The values g(®) € C at the half-period points
of A
0eZy ={w/2, /2, (0 +a)/2}

As a consequence, the discriminant
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) 1
discr(Ga) = 5 (¢3—27-g3)eC

of the polynomial G (T) is non-zero, in particular

8 —27-85 #0.

Proof. 1. Pairwise distinct zeros: The differential equation of g’ from Theorem 1.17

implies
P'(0) =4-p(0) — g p(0) - g3 = GA(p(0))

Due to Lemma 1.13
weEZy = Ga(p(w))=0

and the function & assumes at the half-period @ € Z, the value #(®) with mul-
tiplicity at least = 2 because £/ (®) = 0. In case

P(0) = @(0) for ® # @' € Z

the elliptic function & would assume the value @(®) with multiplicity at least = 4.
We would obtain a contradiction to Corollary 1.10 that the elliptic function £ as-
sumes mod A each value with multiplicity = 2. Hence

() # (o).

. Discriminant: One checks the discriminant formula

1
discr(Gp) = (g% — 27-g§) eC,

5
e.g. see [35, Cor. 3.4]. By definition the discriminant of a polynomial is non-zero
iff the zeros of the polynomial are pairwise distinct.

O

1.3 Abel’s theorem

The zeros and poles of an elliptic functions cannot be prescribed arbitrarily: Abel’s
Theorem states a sufficient and necessary condition.

We continue fixing an arbitrary lattice

A =7 0 +7Z m,

keeping the notations A ' := A \ {0} and P denoting the fundamental period paral-
lelogram of A.
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Proposition 1.20 (Zero and pole divisor). Consider an elliptic function and de-

Note that each point p of A and B appears as often as its multiplicity as zero or pole
of f indicates. By Corollary 1.9 holds n > 2, and by Corollary 1.10 both families A
and B have the same cardinality.

Proof. We consider a translation
P,:=P+a

of the fundamental parallelogram such that f has neither zeros nor poles on the
boundary dP,. With a counter-clockwise orientation of dP, the residue theorem

gives
1 '@ f'(2)
s 55 B e (55)

PEF

 Right-hand side: Assume ord(f; p) =k € Z*. Then

pisazeroof foforderk ifk>0
pisapoleof foforderk ifk<O0

In a neighbourhood of p
ro_ k.
@) e—p 10
with fi holomorph. As a consequence
F@ _ . L@k
< f(Z) *(p+(z p)) f(Z) Z_p+f2(z)

with f> holomorph. Therefore

@Y\
res,, <Zf(z)> =p-k

and

* Left-hand side: Denote by A,B,C,D the vertices of P,, counter-clockwise ori-
ented.
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/ z-?((;)dz=/<z—<z+wz>>-f;(f))dz:—@/’;(f))dz:—wz-ﬂogf@ﬂﬁ
G i &

Here log f denotes a branch of the logarithm in a simply-connected neighbour-
hood of the line AB.

/ z &dz = - (logf(A) —log f(B)).
f(z)
AB+CD

Because

an integer my € Z exists with

log f(A) —log f(B) = 2mi - my.
A similar argument for the lines BC and DA provides a second constant m; € Z,
such that finally

1 f'(2)

5= | 2 dz=m- -0 +my-mn €A, g.ed.

T a/ 7 10 2 q
Fa

Theorem 1.21 (Abel’s theorem). Consider n > 2 and two finite families of complex
points
A= (aj)i=1,.n, B:= (bi)i=1,.. CC

with A and B pairwise disjoint mod A. Then are equivalent:

o There exists an elliptic function f € .# (A) which has mod A the zero set A and
the pole set B

e The points of A and B satisfy

(ngE
ngE

a; — b, e A.

1 i=1

Proof. Proposition 1.20 proves that the zero set and the pole set of f satisfy the con-
dition stated above. In order to prove the opposite direction of the theorem assume
two sets A and B with the property stated above. Without restriction we may assume
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as an equation, not just a congruence; otherwise replace a; by a suitable point which
is congruent mod A. The proof for the existence of a suitable elliptic function f is
by induction.

Start of induction n = 2: If

a) — b] = b2 —ajp
then consider
_a +ar)+by+b;
S E—

Geometrically the point zp is the center of the parallelogram with vertices the
points ay,az,b1,by. We may assume zg = 0, otherwise we translate all coordinates
by —z¢. As a consequence, the two conditions state

20 :

ay) = —dap and bl = —bg.
Depending on the position relative A of a; and b1 we now distinguish the following
cases for the choice of f:

* aj, by ¢ A: The even function

has

— asimple zero at a; and at ap if a; #Z a; mod A, and a zero of order = 2 at
aj = ap otherwise

— and apole of order =2 atz=0.

An analogous result holds for the function

h(z) := p(z) — p(b1)-

Hence the quotient
ﬁ_g_p—pwu
T h - p(br)
has zeros exactly the zeros of g and poles exactly the zeros of &, while the poles
of g and £ at the origin cancel.

* a;€A:Thenb; ¢ A. Set

1
f_p—ﬁm)
* by€A:Thena; ¢ A. Set
fi=p—pla)

Hence f is elliptic with prescribed zeros and poles.
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Induction stepn > 2, n+—n+1: If mod A
(a1 —b1)+ ...+ (an —bp) + (ant1 —byt1) =0
then choose @, € C with
an=(a1—b1)+...4+ (an—1—by—1)+ay.

Then mod A
(a1 —b1)+ ...+ (an—1 —by—1) + (an—dn) =0

and
(an+an+l) - (bn+bn+|) =0.

Depending on the position of g, relative A we distinguish the following cases:

* d, #ajforall j=1,.. n: First we exclude the two exceptional cases d, = b,
and @, = b,+1: They lead to respectively

any1 = by and a1 = by,

which has been excluded by assumption.
For the remaining general cases, by induction assumption two elliptic functions
exist

fi E//(A)

with zeros (ay, ...,a,) and poles (by,...,b,_1,d,) and
fheHA)
with zeros (dy,a,+1) and poles (b, by+1)-

e d,=ay,: Then
(a1 —b1> +...+ (a,,_l _bn—l) =0

By induction assumption two elliptic functions exist
fi € A(A)
with zeros (ay,...,a,—1) and poles (by,...,b,_1) and
fae M(A)
with zeros (ay,a,+1) and poles (b, bpt1).
* 4y, #ay, 4y, =a;jforatleastone j=1,...,n—1, w.lo.g. d, = a;: Then
(an—">b1)(aa—b2)+ ...+ (an—1 —bp—1) =0

and
(al +an+1) - (bn +bn+1) =0.
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Similarly to the previous case by induction assumption two elliptic functions
exist

fie #(A)

with zero set (ay, ...,a,) and pole set (by,...,b,—1) and
e HA)

with zero (aj,a,+1) and poles (b,,bp1).

In all cases the elliptic function

f=hH-HhedA)

has the prescribed zeros (ay,...,a,+1) and poles (b, ...,b,+1), q.e.d.

Corollary 1.22 (Elliptic functions with pole of order = 3). An elliptic function f € .# (A)
with a pole mod A at 0 € A of order =3 and no other poles mod A, has exactly
three zeros ay,ay,a3 mod A. They satisfy

ay+a+az =0mod A.

Corollary 1.22 applies to f = £, see Lemma 1.13.






Chapter 2

The modular group SL(2,7) and Hecke
congruence subgroups Ij(N)

We now leave the complex plane. The lenghty case-by-case analysis in the proof of
Theorem 1.21 indicates: To consider elliptic functions as functions with a certain
period living in the complex plane, is not the best approach. Elliptic functions are
better studied in the context of Riemann surfaces as meromorphic functions on a
torus.

2.1 The moduli space of complex tori and group actions

An elliptic function f with lattice A, as studied in Chapter 1, has as its natural
domain of definition not the complex plane C. Due to its periodicity the natural
domain of definition for f is the quotient C/A, a complex torus: Elliptic functions
are meromorphic functions on the torus.

Therefore the present section investigates complex analysis on complex tori.
After providing the quotient C/A with the quotient topology with respect to the
canonical projection

C—=C/A

one can also introduce a complex structure on the quotient and obtain a complex
torus. In addition, the torus inherits the structure of an Abelian group from the ad-
ditive group (C,+).

We will prove that the equivalence classes of complex tori up to biholomorphic
isomorphisms depend on a single complex parameter. The parameter space can be
choosen as quotient of the upper half-plane

H:={teC: Imt>0}

with respect to the action of the module group SL(2,Z) as a group of fractional-
linear transformations. This group is the first indicator that the theory of elliptic

31
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functions and tori closely links to number theory. Starting with the fact that the in-
tegral domain Z is factorial, i.e. its elements factorize uniquely into prime numbers,
we investigate some number theoretic properties of certain subgroups of SL(2,Z).

The basis of a lattice
A=7w +7Zw

is not uniquely determined. Two positively oriented bases generate the same lattice
if and only if they are equivalent modulo SL(2,Z), i.e. iff they belong to the same
orbit of the following SL(2,Z)-action:

Lemma 2.1 (Different bases of a given lattice). Denote by
M = {(wl, ) basis of R? with det ((1)1 (02) > O}

the set of positively oriented bases of R2. The set % of all lattices A C C is the set
of (left) equivalence classes of M

SL(2,Z)\M

with respect to the equivalence relation induced by the map

SL(2,Z) xM — M, (y, (Zg)) — <gi> =v- <22> .

Proof. The invertible matrices y € M(2 x 2,7Z) have determinant +1. Because both
bases are positively oriented we have det y=1. O

Two tori belonging to different lattices may be biholomorphically equivalent.
The following Definition 2.2 introduces a name for the relation between lattices
with isomorphic tori.

Definition 2.2 (Similar lattices). Two lattices A, A’ C C are similar if a complex
number a € C* exists with
Al=a-A.

Proposition 2.3 (Holomorphic maps between tori). Consider a holomorphic map
F:C / Al — C / An

between two tori with F(0) = 0. Then a uniquely determined number a € C exists
such that the following diagram commutes
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C------ > C
P1 lpz
(C/Al (C/Ag

Here y, denotes the multiplication by a and p;, i = 1,2, denote the canonical pro-
Jections.

In particular, any holomorphic map between tori which fixes the neutral element is
a group homomorphism.

Note: Due to the commutativity of the diagram in Proposition 2.3 the multiplier a € C
satisfies
a-A CAy.

Proof. 1) The composition
Fop:C—C/A;

starts from the simply-connected domain C. Therefore it lifts to the total space C of
the covering projection p;. It provides a holomorphic map

F:C—C,

uniquely determined by the condition #(0) = 0. Commutativity of the lifting dia-
gram shows: For all z € C, 0 € Ay,

F(z+w0)—F(z) € As.
The lattice A; is discrete and F is continous. Therefore
F(z+0)—F(z)
does not depend on z. As a consequence for all z € C
Fl(z+w)—F'(z) =0.

Hence £ is a holomorphic and elliptic. According to Proposition 1.7 the function £’
equals a constant a € C, and forall z € C

F(z)=a-z

ii) The uniqueness of a follows from the fact that u, induces the zero map F iff for
allze€ Cholds a-z € Ay. Because Ay C Cis discrete and a-0 =0 we havea-z=10
for all z € C, which impliesa=0. O
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Corollary 2.4 (Lattices of biholomorphically equivalent tori). Two tori
Ti=C/A1and T, =C/A,
are biholomorphically equivalent iff their lattices Ay and Ay are similar.
Proof. 1) Assume the existence of a biholomorphic map
F:T1 —T

satisfying without restriction F(0) = 0. Proposition 2.3 provides a commutative di-
agram

Ha
C ------ > C
p lm
C/A C/A

with u, the multiplication by a complex number a € C, satisfying
Mg ‘A1 C A,

Analogously, there exists a complex number b € C with i, the unique lift of F~!
fixing the origin. Then the map

Hpo g = Up.a

is the unique lift of
idcjp, =F ' oF

fixing the origin. Hence

b-a=1.
In particular
a, beC”
and
a -A1 = Az.
ii) Assume
A2 =da -A1

with a € C*. Then the multiplication
U, :C—C,

induces a biholomorphicmap F : 71 — 7>. O

Theorem 2.5 (Biholomorphic equivalence classes of complex tori).
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1. Any complex torus is biholomorphic equivalent to a torus T = C/A with a nor-
malized lattice
A=7Z-1+Z-1CC

with © € H in the upper half-plane.

2. The period T of a normalized lattice is determined up to a fractional linear trans-
Jformation with integer coefficients. Hence two tori

C/Azand C/Ay
with normalized lattices
Ar=Z-1+Z-tand Ay =Z-1+7-7
are biholomorphic equivalent iff

, at+b
T =
cT+d

for a matrix

(‘C’ Z) € SL(2,7).

Proof. 1. Consider an arbitrary torus 7 = C/A with a lattice satisfying

A =7+ Zawn
and det(®; @) > 0. Then
)
Ti=—
Q)]

satisfies Im T > 0 and the lattice A is similar to the normalized lattice
Ay =7Z-1+7Z- -7

due to
1
— A=A
(] !
According to Corollary 2.4 the two tori T and T’ := C/A; are biholomorphic
equivalent.

2. 1) Assume

with 7= (‘C’ Z) €SL(2,Z).

/

at+b
T :’)/-T:

T+d

(@) =7 G) ,le.m=at+b, 0 =ct+d.

Set

(V)]
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The base change implies
LZ-on+Z-n=2-1+7Z-7T=Aq.

Asa consequence

1
a‘AT :A‘E/

because
, W
T =—
o)
The lattices A; and A are similar. Hence the tori C/A; and C/Ay are biholo-
morphic equivalent according to Corollary 2.4.

ii) For the opposite direction assume that two tori with normalized lattices
C/A; and C/Ap, 1,7 € H,

are biholomorphic equivalent. According to Corollary 2.4 a number o € C* exists
with
AT/ E ' Af.

As a consequence
Ap=Z-0+7Z -7

Therefore a matrix

y= (Z’ Z) € SL(2,7)

™\ _ . (at
1) =7\ o)
, a-at+b-a a-T+b
T = =
c-at+d-o c-t+d

exists with

i.e.

Theorem 2.5 shows the consequences when two points of H are related by an
element of the group SL(2,Z). We formalize this relation by the concept of a group
action on a topological space.

Definition 2.6 (Group action).

1. Consider a topological group G with neutral element ¢ € G and a topological
space X. A left action of G on X is a continuous map

9:GxX =X, (g,x)— gx,
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also written g(x) := gx, satisfying the following properties: For all g1, g, € G and
forallx e X

¢ ex—=Xx
* g1(g2x) = (g182)x

2. Consider a group action G on X.

» The action is faithful if for all g € G, g # e, exists x € X with gx # x, i.e. no
group element different from e acts in a trivial way.

* A fixed point of the group action is a point x € X with gx = x for all g € G.
The action is fixed-point-free if it has no fixed points.

* The isotropy group of a point x € X is the subgroup
G,={geG: gx=x} CG.
* The orbit of x € X is the subspace
{gxeX:geGicXx

Two points of X are equivalent with respect to the group action if they belong
to the same orbit. The set of left equivalence classes is the orbit space G\X,
the set of orbits of the action. The canonical map to the orbit set is denoted

T:X—=G\X, x— [x].

* A fundamental domain % of the group action is a subset .# C X such that the
restriction
n|F: F — G\X
is bijective. Depending on eventual additional properties of the group action

one looks for fundamental domains with specific additional properties.

* The action is transitive if the whole set X is a single orbit, i.e. if for any two
points x1,x; € X exists g € G with x, = gx;.

Apparently all points of the same orbit have conjugated isotropy groups because

Gy =8-Grog .

Theorem 2.5 deals with the specific group action from Definition 2.7.
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Definition 2.7 (Action of SL(2,Z) on H). The SL(2,7Z)-left action on H is the map

at+b b
P:SL2,Z) xH—H, (7,7) = (1) 1= V= (Z d)'

Remark 2.8 (Action of SL(2,7Z) and extensions).

1. Imaginary part: If T € H and

Y= (Z Z) € GL(2,R)" :={A € GL(2,C) : det A>0}

then

Imrt
Im Y(T) = det()/) . m

As a consequence
Tel = y(1) € H.
Hence the action from Definition 2.7 extends to an action

B at+b

GL(2,R)" xH — H, y(1) := —
(&

which apparently restricts to an action of all subgroups of GL(2,R)™.

Due to Theorem 2.5 the biholomorphic equivalence classes of complex tori cor-
respond bijectively to the points of the orbit space SL(2,Z)\H. Therefore the
orbit space is named the moduli space of 1-dimensional complex tori.

Note: The orbit space is read “H modulo SL(2,7Z)”.
2. Extending the action of SL(2,7): We have
7€R = ¥(z) ERU{c}andz€ Q = ¥(z) € QU {0}

Moreover, due to
az+b a+(b/z)
cz+d c+(d/z)

we can extend Y to the argument oo by setting

o ifd#0andc=0
¥(eo) i =

a
—  otherwise
c

Set
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H* :=HU QU {e}
Then the extension
@ :SL(2,Z) x H* — H*,(y,2) — 7(2),
is well-defined.

Note. The proof of Theorem 2.31 will provide H* with a specific topology. It
induces on Q C H a topology different from the subspace topology of Q C C
and induces also specific neighbourhoods of oo € H*.

Definition 2.9 (Modular group, Hecke congruence subgroups and cusps).
1. The modular group is the group
SL(2,Z)

The elements
+id € SL(2,7)

are the only elements from SL(2,7) which act trivially on H.

Note. Some authors like Serre in [56] therefore apply the name modular group to
the quotient
PSL(2,Z) :=SL(2,7Z)/{£id}.

We will not follow this convention, because sometimes one studies also the action
of certain subgroups of SL(2,7Z) which do not contain the element —id.

2. For each N € N* one defines
SL(2,7Z/NZ):={A € M2 x2,Z/NZ): det A=1€Z/NZ}
and defines componentwise the residue morphism
m:SL(2,Z) — SL(2,Z/NZ), A+ A

3. For a positive integer N € N* the Hecke congruence subgroup of level N is the
subgroup

I(N) = { (‘c‘ Z) €SL(2,Z): ¢=0 modN} C SL(2,7)
The canonical left action of SL(2,Z) from Remark 2.8 on H* restricts to a left

action
Dy : [H(N) x H* — H*.
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The points T € H with a non-trivial isotropy group, i.e. Io(N) 2 {+id}, are
named the elliptic points of Ij(N). Half the order of their isotropy group

ord In(N) ¢
7= -

is named the period of T. An orbit is named an elliptic orbit if at least one point
of the orbit - and hence all points - are elliptic.

. The orbits of the points T € QU {eo} are named the cusps of Iy(N), the set of

cusps is denoted cusp(Ip(N)). If the cusp S passes through the point

T, € QU {°°}
then one compares two isotropy groups of T,
* on one hand the isotropy group SL(2,Z),, a subgroup of the modular group
* and on the other hand the isotropy group I(N)<,, a subgroup of the congru-

ence subgroup.

The index
hS = [Sl‘(Z,Z)‘L'Y IB(N)TY]

is independent from the choice of the point 7, € s on the cusp. It is named the
width (Deutsch: “Breite”) of the cusp s.

Note: The duality between elliptic points 7 € H and their period versus cusps s € cusp(Io(N))

and their width.

Lemma 2.10 (Width of a cusp). The isotropy group I, at the point « of the
modular group is generated by the translation

11
(01)er

For the congruence subgroup Iy(N) C I holds:

The isotropy group I§(N)e € Ig(N) is generated by the translation

(é ]Y) €IH(N)

and N equals the width of each cusp of Ij(N).
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*  The width of a cusp can also be computed by transforming the point T, to
infinity: There exists an element 'y € SL(2,Z) with y(T;) = e. Then

hy = [SL(2,Z)e : (Y{£id}[3(N)Y™")ec]

Remark 2.11 (Modular group and congruence subgroups).
1. Apparently,
SL(2,Z) = Ty (1)

2. All congruence subgroups contain the element —id.

3. Corollary 2.20 will show that the isotropy groups of all elliptic points from
Definition 2.9 are finite groups. But the isotropy group SL(2,Z). C SL(2,7)
is an infinite group, more specific

11

SL(2,Z)w =< £T > with translation T := <0 |

) € SL(2,7)

4. Theorem 2.31 will show the importance to consider the group action not only on
the open upper half-plane H but also on its “closure” H*.

Example 2.12 (Cusps of SL(2,7Z), I(2), In(4) and I5(11)). See [19, Sect. 3.8], and
the PARI commands mfcusps, mfnumcusps, mfcuspwidth.

1. For N € N the number €..(I(N)) of cusps is
) 9(gcd(d,N/d))

dIN

with the sum extending over all positive divisors d of N, and ¢ denoting the Euler
function defined as
P(n) :=card (Z/nZ)*

2. The group SL(2,7) has a single cusp

e Orbit of the point 0:
QU {}

with width = 1. All rationals p/q € Q belong to the SL(2,Z)-orbit of e, see
Remark 2.8.

3. The group I(2) has two cusps
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e Orbit of the point 0:

{ZEQ: (p,q) =1, qodd}

with width = 2.

* Orbit of the point 1/2:
p
{qe(@: (p,q)=1, p#£0, qeven}u{oo}
with width = 1.

4. The group Ij(4) has three cusps
e Orbit of the point 0:

{ZEQ: (p,q) =1, qodd}

with width = 4.

 Orbit of the point 1/2:

{pe Q: (p,q) =1, p#0, qeven, not divisible by 4}
q

with width = 1.

*  Orbit of the point 1/4:
{‘Ze Q: (p.q) =1, p#£0, g divisible by 4} U {oo}
with width = 1.

5. The group IH(11) has two cusps
e Orbit of the point 0:

{pe@: (p,q) = 1, ¢ not divisible by 11}
q
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with width = 11.

* Orbit of the point 1/11:

{peQ: (p,q) = 1, p#0, g divisible by 11}u{oo}
q

with with width = 1.

Lemma 2.13 (Divisor lemma). Consider three integers a,b,c € Z with
ged(a,b,c) =1, ¢ #0.
Then there exists an integer r € Z such that
ged(a+r-b,c)=1.

Proof. E.g. [38, Kap. II, §3 Lemma]: We claim that

r= 11 »

ple.pta
satisfies the claim. Otherwise assume the existence of a prime g satisfying
q|ged(a+r-b,c).
* Case q|a: Then q | rb. Because g 1 r then g | b. Therefore
ged(a,b,c,) # 1,

a contradiction.

* Case q1a: Then g | r by definition of r. Because g | a+ rb also ¢ | a, a contradic-
tion, q.e.d.

Definition 2.14 (Level N principal congruence subgroup). For each N € N* the
group

SL(2,Z)(N) := {A €SL(2,Z): A= ((1) ?) mod N}

is named the level N principal congruence subgroup
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Lemma 2.15 (Exact sequence of congruence subgroups). For each N € N* exists
a canonical exact sequence of Abelian groups

1= T(N)— SL(2,Z) 5 SL(2,Z/NZ) — 1
Proof. i) kernel: Apparently ker # =I"(N).
ii) Surjectivity: E.g.see [38, Kap. I, §3 Satz]. Assume a given
_ (B
A= | €SL(2,Z/NZ)
Y 6
We may assume
_ (@B
A= (V 5) EM2x2,7),
and w.l.o.g v # 0, otherwise set ¥ = N. The condition about the determinant

det A=1€Z/NZ

implies
od—By=1 mod N,

and therefore
ged(y,0,N) =1.

Lemma 2.13 provides an integer r € Z satisfying
ged(y,d) =1

for
d:=86+rN.

On one hand, from the determinant
od—By=06—By+arN=1+sN

with a suitable integer s € Z. On the other hand

ged(y,d) =1

provides an equation
yy—dx=s

with suitable integers x, y € Z.

Consider the matrix

o <a+xN B+yN

¥ d >EM(2><2,Z)
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Then
n(A)=n(A)=A

and
det A= (a+xN)-d—(B+yN) - y=1+sN+N(xd—yy) =1,

which implies A € I" and finishes the proof of the lemma. O

Proposition 2.16 (Index of Hecke congruence subgroups). For any integer N > 1
holds the index formula

1
[SL(2,Z) : Ti(N)] =N-] | (1 + )
pIN p
Here the product ranges over all prime factors p of N.

In particular, all Hecke congruence subgroups have finite index in the modular
group.
Proof. See also [59, Chap. 1.6].

i) Multiplicativity of the index formula: We extend the exact sequence from
Lemma 2.15 to the commutative diagram

1 I'(N) SL(2,Z) —F— SL(2,Z/NZ) — 1
b ]
1 r) L) I(V)/T (V) !

There is an induced morphism
v : Io(N)/T(N) = SL(2.Z/NZ)

because det A = det A. The map  is injective. The image of y is

imy = { (g‘ a/3_1> } C SL(2,Z/NZ)

The injectivity of y implies
[I6(N) : (N)] = card(im y) = §(N)-N
with the Euler function ¢. The exact sequence of the first line of the diagram implies

[SL(2,Z) : ['(N)] = card SL(2,Z/NZ).
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The multiplicativity of the index function implies
[SL(2,Z) : I (N)] = [SL(2,Z) : To(N)] - [To(N) : T'(N)]

ii) Factorisation: The factorisation of integers N into their prime powers p»

N=Hpe"

pIN

implies the factorisation of the Euler function

o) =TT o(p)

pIN

e (11
¢(p°)=p (1 p)

The Chinese remainder theorem implies the factorisation of the SL(2, —)-groups

with the general Euler factor

SL(2,Z/NZ) ~[[SL(2.Z/p"Z).
pIN

One has
1
card SL(2,7./ p°Z) = p* (1 - 172> ,

see [59, Chap. 1.6] and [19, Exerc. 1.2.3]. For a proof see also [30, Cor. 2.8] and use
for the reduction from GL to SL the exact sequence of the determinant

| = SL(2,Z/p*Z) = GL(2,Z/p°Z) “% (Z/p*Z)* — 1.
According to part i)
[SL(2,Z) :T"(N)] = card SL(2,Z/NZ),
It follows

[SL(2,Z) : T (N)] = [ | card SL(2,Z/p**Z) =
pIN

1 1
:Hp3ep (1 _2> — N? .Hpep. (1_2> =
pIN p pIN p

— N2 . ep . _l 1 — N2, . 1
=N ;Iavva <1 p) <1+p> N ¢(N)p|HN<1+p>

Hence
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SL(2,Z) : T(N)] = W:

N - 9(N) TIw <1+1>
= P :N-H<1+1>

Example 2.17 (Right cosets of congruence subgroups). See the PARI-command
mfcosets.

1. The subgroup I(2) has index
SL2,2) : T5(2)] =3

with the set of right coset representatives

N NCES)
-(0)

[SL(2,Z) : T5(4)]

for

2. The subgroup Ij(4) has index

6

with the set of right coset representatives

ton) (o) (0620 05)-GIF

2.2 Topology of the orbit space of the SL(2,7)-action
The section continues the study of the moduli space of complex tori. We denote by
at+b ab
O:I'<xH—H,(y,7) = Y(7) i= ——, Vi=
<H - B (1) - 1) = e = (1)

the continuous SL(2,7Z)-left action introduced in Remark 2.8. Our final aim is to
provide the orbit space
Y :=SL(2,Z)\H



48 2 The modular group SL(2,Z) and Hecke congruence subgroups Io(N)

with an analytic structure and to compactify the resulting Riemann surface to obtain
a compact Riemann surface X. The latter will be named the modular curve of the
action .

To provide the orbit space of a group action with a suitable topological or
differentiable structure is always a subtle and challenging task. In the present con-
text the problem to define a non-singular holomorphic structure is intensified by the
fact that the modular group and their congruence subgroups do not operate freely,
see Theorem 2.18: There are several elliptic points. In the present context one has
to achieve the following tasks:

* Ensure that the quotient topology on Y with respect to the canonical projection
p:H—>Y
is Hausdoff. See Theorem 2.25.

* Introduce a non-singular complex structure on Y also in a neighbourhood of the
image of the elliptic points. See Section 2.3, Proposition 2.30.

+ Extend the action of the congruence subgroups Io(N) on H to an action on the
boundary H* \ H. See Remark 2.8.

* Extend the Hausdoff topology on Y to a Hausdorff topology on the compactifi-
cation X.

* Extend the complex structure of Y to a non-singular complex structure on X.

The modular group SL(2,7Z) contains the two distinguished elements

* Reflection at the y-axis and dividing by the squared absolute value:

S:= (? 01) €SL(2,Z), S(t) =1/t = e

* Translation by one:

T = <(1) }) € SL(2,Z), T(t) = T+1.

Theorem 2.18 (Fundamental domain and elliptic points of the SL(2,7Z)-action).

1. Generators: The modular group SL(2,7) is generated by the two matrices S, T €
I" which satisfy the relations

S*=id, (ST)® =id.
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2. Fundamental domain: The orbit space Y = SL(2,7Z)\H of the action
@ :SL(2,Z)xH—H, (y,7) — y(7),
maps bijectively to the set
2:={tcH:|t|>1and —1/2<Ret<1/2}U{teH:|t|=1and —1/2 <Re1 <0},
the standard fundamental domain of P.

3. Elliptic points: The action @ has exactly two elliptic points Ty € 2. Their
isotropy groups are cyclic:
e To=1iwith
SL(2,Z); =< S> CSL(2,Z), ord SL(2,Z); =4, h; =2

o To=p =3 with

SL(2,7), =< ST > C SL(2,Z.), ord SL(2,7.), = 6, hy = 3.

/// s
7
/ / / /,,/ /,/ b
s /’f/ s
s /‘V’ -
// e 1
//, ///\ﬁ < 7
e ~
2]
S
S ,/l/ P P /” e
o)«
s o e
i
/ \‘\
/ N
/' \
/ \
/ \ )
/ \
/ | \
| \
—_————  — ————— —_—— —-——&—7~L
1 1
-1 2 0 2 1

Fig. 2.1 Fundamental domain 2 of the modular group SL(2,Z) shaded, from [31]

Figure 2.1 shows the fundamental domain 2 of the modular group. In order to
exclude pairs of congruent points within & one has to include from the boundary
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onyl the part marked in bold. This convention is followed by [31] but not by all

references. Most references name fundamental domain the closure Z.

Figure 2.2 shows some images of & under the action of the elements T',S €
SL(2,7) and their products.

Fig. 2.2 Some translates of the fundamental domain & of I'", from [56, Chap. VII, Fig. 1]

Proof. The three parts of the subsequent proof of Theorem 2.18 do not correspond
one to one to the three parts of the theorem. Recall that the subgroup

{id} C SL(2,7)

operates on H in a trivial way and that S = —id.

i) The domain Z: Denote by
G:=<8,T>CSL(2,Z)

the subgroup generated by the two distinguished elements. We show: Any given
point T € H is equivalent to a point 7’ € 2 mod G.

We choose an element ¥y € G with Im 9(t) maximal. Such choice is possible
because

Im~t ab
Im Y(T):m for’)/z (C d) €qG.

The translation 7 € SL(2,7Z) does not change the imaginary part of its argument.
Therefore we may assume
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—1/2<Rep(t) <1/2.

In addition, | (7)| > 1 because otherwise

Im (Soyp)(z)=1Im (W) > Im (7).

o If |p(7)| > 1 then 7' := (7).
o If |p(7)|=1but 0 < Re 1(t) < 1/2 then

7= (Sop)(1).
In both cases 7’ € 2.

ii) Isotropy groups and fundamental domain: Consider two points 7,7’ € 2 with

v =y(1),y= (f 2) € SL(2,7).

We show 7 = 7/, and the latter equation implies y € SL(2,7Z),.

We may assume without restriction Im ' > Im T. Then

Im Imt
mvT =——->.
lc-T+d|?
implies
lc-t+d| < 1.

Because Im T > \@/2 only the cases ¢ =0, *1 are possible:

e Case I, c=0: Then d = £1 and a = d. Without restriction a = d = 1, hence
v =14+b,beZ.

Because Re 7' = (Re T) + b we obtain b = 0; i.e. T=1" and

y:i(é ?) =+id € SL(2,Z),.
* Case 2, c=1:Then |t+d| < 1, which implies d € {0,£1}.
Case2a,d =0:1fd =0then b= —1 and

a-t—1
7= p =a—(1/1), a € Z.

Due to 7 € Z the equation

51
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lc-t4+d| = |t <1
implies |7| = 1. Hence
1/t=TandT' +T=acZ

which implies
Ret'+Ret=acZandImt' =Im7.

Therefore: Either @ = 0 and T = i which implies

=—(l/1)=i=1
and
0-1
Y== 10 =4S € SL(2,Z),.
Or a = —1 and T = p which implies
7'=-1-(1/1)=p=1
and

y=+ (‘11 _01) = +(ST)* € SL(2,Z),.
Case 2b, d = £+1: If d = %1 then
le-t4+d|=|t£1]<1.

Because of 7,7 € 2 the case d = —1 with |7 — 1| < 1 is excluded. Therefore d = 1
leaving
[T+ 1]=]t—(-1)| <1,

As a consequence, T = p and

“p+b
ad—bc:a—bzlandr/:&:a—i—p,
p+1

hencea =0, 7" = p =7 and
0-1
Y= <1 | > =ST € SL(2,7Z),.
e Case 3, c = —1: This case reduces to case 2, ¢ = 1, by considering —7p.
iii) G = SL(2,Z): Consider an arbitrary element y € SL(2,7Z) and the point

T:=2-i€ P.

Due to part i) an element }p € G exists with
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(Yo7)(t) € 2.

Due to part ii) the two points of & coincide

%= (Woy)(n) € Z,
ie.
WoY€ESL(2,Z)q, = {+id}
which implies ye G O

Remark 2.19 (Presentation of the modular group and fundamental domain of its
subgroups).

1. Consider the matrix

—-11

U:i=-TS= (1 0

> € SL(2,Z)

which satisfies U3 = id. Apparently also
G=<S§,U>.

Therefore Theorem 2.18 implies that the two matrices S and U generate the group
SL(2,7Z). One can show that all relations of the generators are generated by

St =03 =5U-(US*) ' =id,
i.e. that
SL(2,Z) =<8, U; S*, U3 s*U - (US*) "' >
is a presentation of SL(2,Z), see [38, Kap. II, §2 Bemerk.].

2. Denote by
PSL(2,Z) :=SL(2,7Z)/{£id}

the corresponding projective-linear group, which acts faithful on H, and by
m:SL(2,Z) — PSL(2,Z), A+ A,

the canonical quotient map. The projective-linear group has the two cyclic sub-
groups
Hy :=<S8>~17/27 and Hy :=< U >~ 7/3Z.

One can show s
PSL(2,Z) =H, xH, =< S,U;S",U" >

as the free product, see the short argument from [3] and also [56, Chap. VII, § 1, Rem.].
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3. For a subgroup K C I" with finite index J := [G : K] < e each decomposition into
left cosets

provides a fundamental domain

7kK):=U,_, 7'

of the induced K-action, which derives from the standard fundamental domain &
of I'. In the following we will always choose fundamental domains Z(K) C H
which originate as translates of &. These fundamental domains are measurable
subsets of HI.

Corollary 2.20 (Elliptic points). For N > 1 the action
P:IH(N)xH—-H

has finitely many elliptic orbits. Each elliptic point T € H has the finite isotropy
group
Io(N); = SL(2,Z): NIH(N).

Proof. Theorem 2.18 shows: The action of SL(2,Z) has exactly two elliptic points i, p € &,
and both have finite isotropy groups. The index formula from Proposition 2.16 im-
plies the finiteness of

[SL(2,Z) : Iy(N)] =: k.

According to Remark 2.19 each finite coset decomposition
k
SL(2,Z) = J v To(N), v; € SL(2,Z),
j=1
provides the fundamental domain of the I'y(N)-action
k
2(L(N) =7 (2)
j=1

e.g. see Figure 2.3. For each j =1, ...,k and each point 7 € }/j_l (2) the group mor-
phism
Io(N)z = SL(2, Z) 0, Y= 1775

injects Io(N)c into SL(2,Z)y, (7). Hence the elliptic points of Io(N) contained
in Z(IH(N)) are contained in the finite set

k
7' (p)
1

k
Uy '
J=1 J



2.2 Topology of the orbit space of the SL(2,Z)-action 55

O

Figure 2.3 shows the fundamental domain of I)(13). The fundamental domain 2 (Iy(13))
splits into 14 disjoint translates of & according to the index formula from Proposi-
tion 2.16
[SL(2,Z) : I$(13)] = 14

For further explanations of Figure 2.3 see [19, Fig. 3.1 and Exerc. 3.1.4].

Fig. 2.3 Partition of the fundamental domain of I(13), adapted from [19, Fig. 3.1]

Lemma 2.21 covers the main step in proving the Hausdorff property of the quotient
topology with respect to the quotient map

H — SL(2,Z)\H.

Lemma 2.21 (Action of the modular group). Any two points T|,7, € H have
neighbourhoods
U CH, i=1,2,

such that forall ye I':

’)/(Ul)ﬂUz #0) = J/(‘L'l) =n0.
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Fig. 2.4 Local behaviour of the action of the modular group, see Lemma 2.21

Figure 2.4 visualizes the content of Lemma 2.21: If an element y € SL(2,7Z) moves
a point of the distinguished neighbourhood U; of 7; to the distinguished
neighbourhhood U; of 15, then ¥ maps 7| to .

Proof. For the proof of Lemma 2.21 compare [19, Chap. 2.1].
1. The isotropy group of i C H: We choose two relatively compact neighbourhoods
ViCCHof 7, j=1,2,

and show: Only finitely many matrices y € SL(2,7Z) exists with
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Y(Vi) NV, £ 0.

The idea is to extend the group action of the discrete group SL(2,Z) to the real
group SL(2,R), see Remark 2.8,

at+b b
P :SL2,R) xH— H,(1,7) = (1) 1= 0 ¥vi= (Ccl d) ’

which provides a compact isotropy group of the point i
SL(2,R); =SO(2,R) :

One checks
Y(i)=i < a=dand b= —c,

(Z’ Z) € SO(2,R).

The action @ of SL(2,R) is transitive because any point 7 € H belongs to the
orbit of i: If

hence

T=x+1iy
then 7; (i) = t for the matrix
Y x
Vo= L :1.(yx> € SL(2,R)
x 1 5\t ,R).
C v

As a consequence for any two points ej,e; € H and all y € SL(2,R):
Y(e1) =es < YE Y, SO(2,R)-y, "

according to the following commutative diagram

ey — €

If a matrix y € SL(2,Z) satisfies y(Vi) NV, # 0 then also for the closure
Y(Vi)NV2 #0

and

57
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G:={yeSL2,R):y(V|)NV2#0}= | Ye, - SO(2,R) -, .

el eVl ,ezGVz

Because ¥, and its inverse 7, ! depend continuously on e € H, the union on the
right-hand side is the continuous image of the compact set

Va2 x SO(2,R) x V;
under the continuous map
V2xSO(2,R) x V| = SL(2,R), (e2,%,€1) = Yoy - V- ¥,
and therefore compact itself. Its intersection
GNSL(2,Z)
with the discrete group SL(2,7Z) is finite.

Shrinking Vi and V,: According to the first part only finitely many y € SL(2,7Z)
exist with

’}/(Vl) NV, 75 0.
In particular, the set
Gr = {}/G SL(ZZ) : }/(Vl) NV, # 0 and ’}/(Tl) #* Tz}

is finite. We now shrink in finitely many steps the neighbourhoods V; and V; to
neighbourhoods U; and U, with

YU )NU, =0iff (1) # 12 :

For each y € Gr we have
Y(n) # .

Because H is a Hausdorff space we choose for each y € Gr two disjoint
neighbourhoods of respectively (7)) and 7, in H

Uy CH, Uy CHand Uy yNU .y =0,
and define two neighbourhoods of respectively 7; and 7, in H
Up:=Vin ( ﬂ }/I(Ulfy)> , Uy i =WoN ( ﬂ U2_]y> .
YeGr YeGr

Then for all y € Gr
’)/(Ul) NU, =0.
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O

The operation of the modular group on the complex upper half-plane is a specific
discontinuous group action. There exist different similar but not identical
definitions for the latter concept. We use the definition of a strongly properly
discontinuous group action from [17, Def. 5].

Definition 2.22 (Strongly proper discontinuous group action). A topological
group G acts properly strongly discontinuous on a topological Hausdorff space X

GxX—=X
if each pair (x,y) of not necessarily distint points x, y € X has neighbourhoods
U=U(x)andV =V (y)

such that
{g€G: gU)NV #0}

is a finite set.

Note: Remark 2.26 will show that a topological group which acts strongly properly
discontiuous is necessarily a discrete group.

Proposition 2.23 (Strong properly discontinuous action of the modular group).
The modular group SL(2,7Z) acts strongly properly discontinuously on the
complex upper half-plane H.

Proof. Consider two pointsTy, 7o € H. We choose two neighbouhoods
U, of 71 and U; of &
with the properties from Lemma 2.21. Set
G i={gcG:g(U1)NU, # 0}
According to Lemma 2.21 each g € G’ satisfies
gu)=mn

If G # 0 then choose a fixed element gg € G'. Any g € G satisfies

g ' 0g € Gy

Therefore
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G/ = GT[ °cgo

The isotropy group Gy, is finite, also for the elliptic points of the I"-action. Hence
the set G’ is finite, which finishes the proof.
O

Lemma 2.24 is a general result about the orbit space of a group action. It relies on a
basic topological fact.

Lemma 2.24 (Openness of the canonical projection onto the orbit space).
Denote by
p:H—=Y :=SL(2,Z)\H

the canonical projection onto the orbit space of the action
@:SL12,Z)xH—H
and provide Y with the corresponding quotient topology. Then p is an open map.
Proof. By definition of the quotient topology a subset U C Y is open iff
p'(U)CH
is open.
For each arbitrary but fixed y € SL(2,Z) its orbit map, the restriction
D(y,—):H—-H, 7~ y(1),
is continuous with inverse the orbit map of y~!
Oy, H-H, 1y (7).
Hence the orbit map &(y, —) is a homeomorphism.

In order to prove the openness of p we consider an open set U C H and prove the
openness of p(U) C Y: The inverse image

plpU))= |J )

YeSL(2,Z)
is open as union of open sets. Hence
plU)cY

is open by definition of the quotient topology.
O
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Theorem 2.25 (Hausdorff topology of the orbit space). The quotient topology on
the orbit space

Y :=SL(2,Z)\H
of the SL(2,7)-action is Hausdorff.

Proof. Consider two distinct points y; # y; € Y.

i) We choose two inverse images
tep(y) €M, j=12

Then 1) # 1, and both points belong to different orbits of I". Hence for
all ye SL(2,Z)
V() #

Proposition 2.23 provides two open neighbourhoods U; C H of respectively 7; and
of 7, such that the set

{yeSL(2,Z) : y(Ui) N> # 0}

is finite. After finitely many shrinking steps for U;, j = 1,2 one obtains for
all ye SL(2,7Z)
’)/(Ul) NU, =0

which implies
p(U)Np(U2) =0.

ii) Lemma 2.24 implies that the sets p(U;) C Y, j = 1,2 are open. Hence there are
disjoint open neighbourhoods of respectively

y1=p(71) and y = p(m2)

With Theorem 2.25 the present section has obtained its goal: The quotient topology
on the orbit space I'\ H of the action of the modular group is Hausdorff.

In the rest of this section we make two further steps into the domain of group
actions and the topology of quotient spaces of equivalence relations. Remark 2.26
shows how Lemma 2.21 integrates the action of the modular group and the
formation of its orbit space SL(2,Z)\H into the general theory of proper group
actions. The Hausdorff property of the quotient topology on I'\H -
notwithstanding the existence of elliptic points - is the special case of a general
result about proper group actions.
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Remark 2.26 (The context of proper group actions). Consider the left action of a
topological group G on a Hausdorff space X

9:GxX—=X,(g,x)— gk
and its induced map
D:GxX =X xX, (g,x)— (g(x),x)

If
prg:GxX =G

denotes the first projection, then each x € X has the isotropy group
Gy = pro(® ' ((x,x)))

1. By definition, the action ¢ is proper if and only if @ is a proper map.
See [10, Part II1, § 4.1, Def. 1].

2. If the action ¢ is proper, then for each pair of compacts sets K; C X, j=1,2,
the set
{g€G:g(Ki)NK> # 0}

is compact.

Proof. The set
KixK),CXxX

is compact, hence by assumption also its inverse image
&K xK) CGxX
The latter set projects under the canonical projection
prg:GxX K — G,
onto a compact set, namely the set

{g€G:g(Ki)NK> # 0}
(]

3. For a proper action ¢ the quotient topology on the orbit space G\X is
Hausdorff. See [10, Part III, § 4.2, Prop. 3].

4. By definition, the action ¢ is discontinuous at a point x € X, if the orbit Gx C X
is a closed discrete set, and the isotropy group Gy := {g € G : gx = x} is finite.

5. For G and X locally compact: If the action ¢ is proper and discontinuous at a
point x € X, then it is strong proper discontinuous in the sense of
Definition 2.22.
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Proof. 1) The orbit map of x
¢ :G— X, g g(x),

is continuous. By definition of discontinuity the orbit Gx is discrete.
Hence x € Gx has an open neighbourhood U C X with

GxNU = {x}
The inverse image ¢, ' (U) C G is open and equals the isotropy group
9, (U) = Gx

The latter is finite by definition of discontinuity. Because the topological
group G is Hausdorff, one can shrink ¢~ (U) to an open neighbourhood V
of e € G with

V= {e}

This shows that G is discrete.

ii) For two points x,y € X and relatively compact neightbourhoods U = U (x)
and V =V (y) the set
UxVCXxX

is compact. Properness of ¢ implies that the set
pre(@'([U V) ={g€G: g(U)NV # 0}

is compact, hence finite because G is discrete. Therefore the action ¢ is strong
proper discontinuous.
O

6. If the action ¢ is strong proper discontinuous in the sense of Definition 2.22,
then G is discrete and the action is discontinuous and proper. The quotient
topology on the orbit space G\X is Hausdoff.

Proof. 1) Discreteness: Notably, the strong proper discontinuous action ¢ is a
proper discontinuous action in the sense of [17, Def. 3]: Each x € X has an open
neighbourhood U = U (x) with

{g€G:g(U)NU # 0}

a finite set. According to [17, Sect. 1.3] the group G and all orbits Gx, x € X,
are discrete.

ii) Properness: Because the action ¢ is strong proper discontinuous, due
to [17, Rem. 5] for all compact sets K, L C X the inverse image

& N KxL)={gcG:g(K)NL+#0}
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is finite, hence in particular compact. Therefore the action of ¢ is proper.

As a consequence the map @ is closed. Because G x {x} C G x X is closed,
also its image

(G x {x}) = [J{(s(x),x)} c X xX

geG

is closed. The latter set is homeomorphic to the orbit Gx C X, which is therefore
closed too.

iii) Discontinuity: The isotropy group of a point x € X is
G, =® '(KxL)

with K = L = x. Hence part ii) implies that G, is finite. Together with the
discreteness of the orbit Gx C X from part i) and its closedness from part ii) this
shows that the action ¢ is discontinuous.

iv) The Hausdorff property: The properness of the action ¢ implies according to
step 3 that the orbit space G\X is Hausdorff.
O

The action of the modular group on H and the induced Hausdorff topology on the
orbit space
MNH

also relate to a second general question: Which properties of an equivalence
relation R on a manifold X ensure that the quotient topology on the set of
equivalence classes is Hausdorff?

Lemma 2.27 (Hausdorff criterion for an equivalence relation). Let X be a topo-
logical space and
RCXxX

an equivalence relation on X. Then the set of equivalence classes X /R provided with
the quotient topology with respect to the canonical map

p:X—>X/R

is a Hausdorff spaces if both of the following conditions are satisfied:

e The map p is open

e The equivalence relation R C X x X is closed.
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Proof. See [20, Chap. VII, 1.6]: Consider x,y € X with

p(x) # p(y)

as equivalence classes in X /R. Then (x,y) ¢ R. Because R C X x X is closed, there
is a neighbourhood
UxV C(XxX)\R

of (x,y) € X x X. Openness of p implies the existence of neigbourhoods
p(U),p(V) CX/R
of respectively p(x) and p(y) with

p(U)Np(V)=0

With the new concepts and results we obtain two variants of a second proof for the
Hausdorff property from Theorem 2.25.

Corollary 2.28 (Hausdorff topology on the orbit space of the modular group).
The quotient topology on the orbit space

Y :=SL(2,Z)\H
is Hausdorff.

Proof. Denote by
®:SL2,Z)xH —- HxH

the canonical map of the SL(2,Z)-action. According to Proposition 2.23 the action
of SL(2,7Z) on H is strong proper discontinuous and therefore proper due to
Remark 2.26.

i) First variant. Hence the map @ is closed and
R=®(SL(2,Z) xH) CHxH

is a closed equivalence relation on H. In addition, Lemma 2.24 states that p is an
open map. Then Lemma 2.27 implies the claim.

ii) Second variant: According to Remark 2.26, part 3 the orbit space of a proper
group action is Hausdorff.

a

Note. Because the orbit space Y is Hausdorff, each orbit
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-1
P (y)CH, yey,

of the SL(2,Z)-action is closed.

2.3 The modular curves X (Ip(N)) as compact Riemann surfaces

The elliptic points of the group action are those points which complicate the in-
troduction of a complex structure on the orbit space Y. To overcome this difficulty
we make a detailed study of the group action in the neighbourhood of an elliptic
point. Fortunately, the isotropy group of the elliptic points turns out to be a group of
rotations.

The statement of the following Lemma 2.29 is trivial for non-elliptic points. For
an elliptic point 7 € H with period h; the isotropy group acts like the group of
rotations of a disk around the origin with angles a multiple of 27 /h. This follows
from the Lemma of Schwarz.

Lemma 2.29 (Isotropy group acting as group of rotations). For any point T € H
exist

* aneighbourhood U; C H of T such that for all y € SL(2,7Z)
YU:)NUr #0 = v € SL(2,Z)x,
* and a fractional linear transformation A, € GL(2,C) satisfying
Ac:Us =5 A;

with a disc A = {z € A : |z| < r} for a suitable radius r; >0

such that: For all y € SL(2,7). the conjugate map
Foi=Aroyod; L1 A = A,

from the commutative diagram
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is a rotation around 0 € A;. The angle of rotation is an integer multiple of 27 /hy
with hy the period of 7.

Proof. Due to Theorem 2.18 w.l.o.g.
ted{i, p}
Denote by
T

Ar: PSP A(z) = ——,
Z—7T

the fractional linear automorphism of P! with A (H) = A and
Af(f) = O7 )w[(?) — oo,
The following diagram commutes for all y € SL(2,Z)

Y

A’T )’T

and ¥ has the fixed point O € A. The non-trivial isotropy groups of the two fixed

points are
SL(2,Z); =< S > and SL(2,Z)p =< ST > .

For 7 € {i, p} one checks
7' ) =y'(n)] =1

because in particular
S (DI =1(ST) (p)| = 1.

The Lemma of Schwarz implies that
Ve:A—A

is a rotation ‘
¥(z) = o@mifhe) o g e {0,1,....he — 1}

We choose a disk A; C A such that the neighbourhood of 7 € H
Uz =27 ' (4c)

satisfies the properties from Lemma 2.21. Then restricting the above diagram
proves the claim.
O
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In order to obtain a complex structure on the orbit space, the Hausdorff space
Y =SL(2,Z)\H,

we introduce charts on Y with holomorphic transition functions using the canonical
projection
p:H—=Y.

Around an elliptic point 7 € H the isotropy group SL(2,Z). acts like a cyclic
group of rotations of a disk A; due to Lemma 2.29. Recall from Theorem 2.18
the periods h; = 2 and hp = 3. If 7 has the period

ke o — ord SLZ(Z,Z)T

then in a neighbourhood A; of A;(7) the function

2

foliates the k different segments of the disk A, which are eqivalent under the SL(2,Z)-action,
to an open set W; C C, see Figure 2.5, and induces a chart

PUARSSTA

b
I
0O

Fig. 2.5 The three equivalent segments of the disk A; of an elliptic point T € H with h; =3

Proposition 2.30 (Complex structure of the orbit space). On the orbit space
Y =SL(2,Z)\H

exists the complex structure of a Riemann surface with holomorphic canonical pro-
Jection
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p:H—=Y

Note that from a general point of view the open Riemann surface Y is the coarse
moduli space of complex tori.

Proof. 1) Local homeomorphisms: For each T € H choose a neighbourhood U, C H
of 7 with the properties from Lemma 2.29. Using the notation from the lemma define
powy : Ay — C,z 2",

and set
Wy := powr(Ar)

Eventually, define a chart of Y around y = p(7) € Y
Oc: p(Uz) = Wy

as the commutative completion of the following diagram

plUz
U: P( )
/’Lr : ¢r
powr M
T T T

The map ¢ is

* well-defined and bijective according to Lemma 2.29 because for all y € SL(2,Z)\
SL(2,7Z)¢

The different inverse images under p|U; of a given point from p(U) are identi-
fied by pow; oA,

e continuous, because p is open,
* open, because A; and pow, are open.

As a consequence, @; is a homeomorphism.

i) Explicit form of the transition functions: We show that the family

A= (¢ : p(Ue) = Wr)rem
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is a complex atlas of Y.

Assume two charts
(P‘L'j : p(U‘E]) — WTj
around points y; = p(7;) € Y, j = 1,2, and assume
p(Uz )N p(Uy,) # 0.
To simplify the subscripts we set
Uj = Uij‘Pj = (qu_/.,lj = }/fl-7hj = hfj,ij = VVj7 j: 1,2.

Consider a point
x e p(Un)Np(La),

see Figure 2.6.
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Fig. 2.6 Transition functions of Y
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We show that the transition function

$r1:=rog!

is holomorphic in a neighbourhood of ¢; (x) € W; C C: By definition of ¢; two
points 7; € U;, j=1,2, exist with

() = ;(x), j=1,2.

They satisfy %, = y(%)) for a suitable y € SL(2,Z). Hence forg € Cina
neighbourhood of @ (x) the transition functions attains the value

021(9) = (oo g m)) "

We have to prove: Taking the /{-root does not prevent the holomorphy of the map.

iii) Holomorphy of the transition functions: We prove the non-trivial case h; > 1,
i.e. we assume that the orbit x € X is elliptic.

o Case ¢;(x) =0 W, ie. T =1;:
The point
T = ;L;l

is elliptic. Therefore also %, = y(7]) € U is elliptic. Because 7; is the only
elliptic point in U, we obtain 7, = 1>, and

T = ’}/(Tl) and h:=hy = hy.

By construction of A;, j = 1,2, the composition of fractional linear
transformations

Aoyor,!

is a fractional linear transformation of P! mapping 0 to 0 and e to co. Therefore

a matrix
ab
A= (c d> € GL(2,0C)

exists with

Joyod; ' =4

and
A-0D"=0nD",A-10"=(10)".

With respect to the injection
CoPz (z:1),

— the vector (0 1) € C? represents the point (0: 1) € P! and the point 0 € C,
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— while the vector (1 0)" € C? represents the point (1 : 0) € P! and the point
o0 € CU {eo}.

As a consequence

and

021(9) = ((oror @) = (ag")" = ((a-g'") /d) = (a/a)" 4.

Therefore ¢ ; is linear, and hence holomorphic in a neighbourhood
of 0 = ¢;(x).

o Case o(x) =0€ Wy, ie. Th =1

The previous case shows the holomorphy of ¢ » in a suitable neighbourhood.
Because the map is bijective, its inverse ¢, ; is holomorphic.

* Case ¢;(x) € W, arbitrary, i.e. T| € U; arbitrary:

We reduce this case to the other two cases. Choose 73 € 2 with p(13) = x and
consider the chart
¢r3 N UT3 — W'[}

with the shorthand
U3 = UT3,¢3 = (])1-3,W3 = WT3.

In a suitable neighbourhood W of x with
W C (p(U1)Np(U2) N p(Us))

we have

012 =¢13003,.

The right-hand side is holomorphic due to part i) and ii). Therefore ¢ > is
holomorphic, g.e.d.
O

The important steps in the proof of Proposition 2.30 and its prerequisites:
e The modular group acts strongly properly discontinuous.
» Isotropy groups act as cyclic groups of rotations (Lemma of Schwarz).

* The existence of suitable fractional-linear maps A : H = A.



74 2 The modular group SL(2,Z) and Hecke congruence subgroups Io(N)

The upper half-plane has a canonical boundary point, the point o. The extension of
the group action from Remark 2.8 shows that one has to consider also the rational
line Q, but not R\ Q, as part of the boundary.

When extending the Euclidean topology of H to a topology on H*, one has to
define the neighbourhoods in H* of the additional points from

QU {oo}.

First, surprisingly as a neighbourhood basis of «o € H* one does not take the
complements of compact sets in C as one does for the point

w0 P!
from the Riemann sphere, alias projective space. Instead one takes the sets
{z€C: Imz>R}U{}, R>0,

i.e. the complements of sets with bounded imaginary part. Secondly, one translates
neighbourhoods of e to neighbourhoods of a rational g € Q by fractional-linear
transformations y € I" with

V() =q.
The resulting neighbourhood basis of a point ¢ € Q are disks in H with ¢ a point on
the Euclidean boundary of the disk, see Figure 2.7. The second step is determined
by the requirement, that the modular group acts as group of homeomorphisms
on H*. The new topology of H* induces on Q the discrete topology. Apparently the
latter is finer than the topology induced on Q by the Euclidean topology of R.

Fig. 2.7 Neighbourhoods of infinity and of some rational points from H*, from [19, Fig. 2.5]

Theorem 2.31 (The modular curve of the modular group). Consider the action
of the modular group SL(2,7) on the extended upper half-plane
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H* := HUQU {eo}.

according to Remark 2.8.

1. On the orbit space
X :=SL(2,Z)\H*

exists the structure of a compact Riemann surface such that the following
diagram commutes with canonical holomorphic projections p and p* and
canonical injections in the horizontal direction

H

H*

p p*

Y X

2. The Riemann surface X is biholomorphic equivalent to P'.

Proof. Each rational number
geQcCH*

maps by a fractional linear transformation y € SL(2,Z) to the distinguished

point oo € H*, see Remark 2.8. Hence the topology of H* around g € H* can be
obtained from the topology of H* around e € H*. Similarly the complex structure
of X around p*(ee) € X is obtained from the study of a neighbourhood of the
point co € H*.

i) Topology on H*: For the topology on H* one takes as neighbourhood basis of co
the sets
Up:={t€H:Im7>R}U{ec}, R>0,

and as neighbourhood basis of a rational point
g:=a/ceQ, gcd(a,c) =1,
the sets

C *

Y(Ug), R>0, y= <a *) er,
because
V(o) =¢q

due to Remark 2.8. These neighbourhood bases together with the open sets of H
generate a topology on H* with H C H* an open subspace.

Note. Because fractional linear transformations from I" take lines to circles or lines
the neighbourhoods of y(Ug) are circles tangent to the real axis at the distinguished
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point a/c € Q. Hence neighbourhoods of oo and of rational points are completely
different from their counterpart with respect to the Euclidan topology, see
Figure 2.7.

il) Hausdorff topology on SL(2,7)\H*: We provide the set
X :=SL(2,Z)\H"
with the quotient topology with respect to the canonical projection
pfH* = X.

Then p* is an open map: The proof is the same as the corresponding proof for
Lemma 2.24. The proof uses only the fact that the quotient arises from a group
action.

In order to show that X is Hausdorff we consider two points
xi=p*(1n)€X, ;e H*, i =1,2, and assume x| # x;.
We distinguish the following cases:

e 71 €H, 1 € QU{eo}: Wlo.g. Ty = eo. For each

ab
Y= (Cd>eFandreH

the formula

I ( ) Im~t Imzt <
T) = =

my lc-t+d|> (c-Ret+d)>+c>-(Imt)>~
1 J—
7 c=0 Imt ¢c=0 1

<Imrt- 1 < 1 < max Im’c,ﬁ

0 m

2 (Im )2 €70 Imz ‘7

shows

1
1 7)< Imt,——
my()_max{m ’Imf}’

independently from 7. Therefore a relatively compact neighbourhood
U CcCcH

of 71 and a neighbourhood
U, C H*

of 7, = oo exist such that for all y € SL(2,7Z)
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Y(U)NU, =0.

As a consequence
p (U)Np*(U2) =0.

e 71,7 € H: This case has been considered already by Corollary 2.28.

iii) Compactness of X: Denote by @H C H the closure with respect to H of the
fundamental domain & of SL(2,Z). Then

F:=F U{w}CH*

is compact with respect to H*: Consider an open covering (U;)ic; of 2. If o € Ui,
then for suitable R > 0:

{re@Hzlmr>R}u{oo}cU,»o,

and the remaining set
(teZ" . Imt<R)}

is compact in H, and therefore covered by a finite subcovering of (U;);e;.
As a consequence X is compact as continuous image via p* of the compact
set 9 C H*. One has

Y =X\ {p*(eo)}.

Therefore Y C X is an open subset.
iv) Complex structure on X: In order to define a chart
9o : P (Uso) = Weo

around the cusp
x=pi(e) €X

we consider the neighbourhood of e € H*
Uw:=Uy={tcH:Im7>2}U{eo}.

We define
27i-T ift o
POWoo 1 Uss = A, T ¢ 1 7
0 ifT=0

and set
Weo 1= powes(Uso) C A.

For two points 7; € Ue.,i = 1,2,

p'(m) =p"(11) <= m =7y(1) for a suitable y € SL(2,Z)
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<= Tp = 71 +m for a suitable m € Z, due to Theorem 2.18,
= POWe(T2) = powe(T1).

We define the chart @., as the commutative completion of the diagram

PlUs |
Us P*(Us)
POWoo | oo
v
Weo

One shows analogously to the proof of Proposition 2.30 that the map ¢, is a
homeomorphism.

Eventually we have to show that the charts of Y and the chart ¢.. are compatible, It
suffices to prove the compatibility of the chart

0o 2 p"(Uso) = Weo
around p*(eo) with the chart
¢ p(Us) = p"(Uz) = Wr

around an arbitrary point p(7), T € H. We may assume that U; does not contain an
elliptic point, and therefore that

¢z 0 (p*|Ur)

is injective and biholomorphic. Hence the transition function of the two charts is
holomorphic.

V) Modular curve X ~ P': The image of the fundamental domain
Y =p(27)

is homeomorphic to the plane C: Identify points on the left and right boundary
of & and equivalent points of & on the left part of the unit circle and on the right
part. Therefore the compactification of ¥ is homeomorphic to the 1-point
compactification of C, i.e. X is homeomorphic to 2. The only complex structure
on the sphere S is the complex projective space P! (C), cf. [69].

O

Note. A formal proof for the biholomorphy

X ~P!
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will be given in Corollary 3.16. This second proof uses the modular invariant j
from the theory of modular forms.

Definition 2.32 (Modular curve of SL(2,7)). The compact Riemann surface
X =SL(2,Z)\H"

from Theorem 2.31 is named the modular curve X (1) of SL(2,Z) or simply the
modular curve.

An analogous construction can be made for each congruence
subgroup Iy(N) C SL(2,Z).

Remark 2.33 (Modular curves of the congruence subgroups).

1. Definition: Generalizing the construction of the modular curve
X(1)=SL(2,Z)\H*
from Theorem 2.31 one can introduce for each Hecke congruence subgroup
Io(N) C SL(2,Z), N €N,
a complex structure on the orbit space
Xo(N) = Io(N)\H" = (Io(N)\H) U Cusp(I5(N)),

see [19, Prop. 2.4.2ff.] The resulting compact Riemann surface Xy(N) is named
the modular curve of Iy(N).

2. Branched covering of he modular curves: The inclusion of groups
Io(N) = I'(1)
induces a holomorphic branched covering
f:Xo(N) = X(1)
of compact Riemann surfaces. The covering has degree
deg f = [SL(2,Z) : IH(N)] = N-Ig (1 + ;) ,
P

see [19, Exerc. 3.1.1] and Proposition 2.16.
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Genus of modular curves: The Riemann-Hurwitz formula, e.g., [69], applied to
the covering
f:Xo(N) = X(1) ~ P!

computes the genus of the modular curves of the Hecke congruence subgroups

as
st =1+ 2 deg 1

with

b(f)= Y. b(f:x)

x€Xp (N)

the total branching order of f.

A detailed investigation of the elliptic points and of the cusps of the action
of Ip(N) shows the genus formula

gXoN)) =1+ —F - = 2 =

with &, & and & denoting the number of elliptic points of respectively period 2
and 3 and the number of cusps of the action of Iy(N), see [19, Theor. 3.1.1].

The e-constants can be computed as

o =Y P(gcd(d,N/d)),
dIN

see Example 2.12, and &, and &3 are the numbers of solutions in Z/NZ of the
quadratic equations respectively

¥ +1=0and ¥’ —x+1=0.
Using the quadratic residue symbol for n € {—1, —3} and extended to all primes p

| 0 ifp=2
():: 1 ifp=1 mod4

P —1 ifp=3 mod4

and
0 ifp=3

-3
():: 1 if p=1 mod3

P 1 ifp=2 mod3
one obtains, see [19, Cor. 3.7.2, Exerc. 3.7.6] and [59, Theor. 1.43]:
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Hp|N(1+<%l>) 41N
& =
0 otherwise
and
M (1+(52)) iforn
& =
0 otherwise

4. Estimate of the genus g(Xo(N)): As a corollary of the genus formula the constants
from part 2) satisfy the estimate

& 2¢
2-g(Xo(N)) =2+ 52+ T3+sw > 0.

5. Modular curves of prime level: For a prime p € N and k := p+ 1 the modular
curve Xo(p) has the genus

k

ik 1 ifk=2 modl12
8(Xo(p)) =

k therwi

E otherwise

In particular,

g(X0(2)) =0, g(Xo(11)) =1, g(Xo(13)) = 0 and g(Xo(17)) = 1

6. Numerical example: See the PARI-file “modular_curve_as_covering”. For the
computation of the extended quadratic residue symbol PARI provides the com-
mand

kronecker(a,p).

The Kronecker symbol is defined for arbitrary integer a € Z and arbitrary primes
including p = 2 by extending the Legendre symbol:

e Odd prime p:
kronecker(a,p) := (a) for odd p
p

* FEven prime p =2:

0 if a even

kronecker(a,2) := {(_1)(a2_1)/8 otherwise

The Kronecker symbol satisfies
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* 0dd prime p:

et (5)- G () 3)

* Even prime p =2:

kronecker(—4,2) =0 = (2> and kronecker(—3,2) = —1 = <_3)

2
Hence
[1pn (1 +kronecker(—4,p)) if4{N
& =
0 otherwise
and
[T,y (1 +kronecker(=3,p)) if 94N
& =

0 otherwise

Figure 2.8 shows the invariants of the covering
Xo(p) = X(1)

for all primes p < 100.



2.3 The modular curves X (I(N)) as compact Riemann surfaces

odular_curve_as_covering: Start
odular_curve_as_covering: Modular curve X_8(N)
as branched covering of modular curve X(1).
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Chapter 3
The algebra of modular forms

Modular forms are holomorphic functions on H distinguished by two properties:

1. On one hand, they have the modular group as group of symmetries.

2. On the other hand, they expand into a Fourier series around the point co with
rational Fourier coefficients after normalization.

The interplay of these two properties is coined “The magic of modular forms” [71].
Therefrom arises a series of remarkable identities between the Fourier coefficients
of modular forms. In many cases these identities imply interesting statements about
arithmetic functions. We will see examples in Section 5.1 and Chapter 6.

In general, one introduces modular forms as functions on H with a certain trans-
formation behaviour with respect to the action of the modular group or its congru-
ence subgroups. The basic examples are the Eisenstein series from Section 3.2. A
meromorphic quotient of certain modular forms is the modular invariant j, see Def-
inition 3.15, a key object of the whole theory.

From a more elevated point of view, modular forms are differential forms on
the modular curves, which are compact Riemann surfaces, see Theorem 3.17. The
Riemann-Roch theorem computes the dimensions of the different vector spaces of
modular forms.

From now on we reserve the letter I for the modular group

I :=SL(2,7)

85
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3.1 Modular forms and cusp forms

Modular forms are holomorphic functions on H

* which transform in a simple manner under the operation of the modular group I3
or its Hecke congruence subgroups I(N)

+ and extend to H* in a certain holomorphic way.

In a second step, such invariant objects can be considered analytical objects on the
modular curves Xo(N). Because the modular curves are compact Riemann surfaces
one cannot expect interesting objects when restricting to invariant holomorphic
functions. Instead one has to consider more general holomorphic and meromorphic
differential forms.

We start from the general context of representation theory of the group I, i.e. we
introduce a I'j-action on certain vector spaces of holomorphic differential forms.
Proposition 3.1 carries over the action of I from an action on functions to an
action on differential forms on H. We denote by y* @ the pull-back of a differential
 form along a holomorphic map 7.

Proposition 3.1 (I acting on differential forms). Denote by
w!:=HOH,Q})
the vector space of holomorphic differential forms on the upper half-plane H.
1. Right action on differential forms: The map
ol wlx =W (0,7)— ' (0,7) =7 0,

is a I1-right action. For
ab )
v=\,4 celhi,o=fdreW andtecH

holds
drt

(ct+d)?

2. Action on the tensor product of differential forms: For even k € N set

2! (0,7)(7) = (Y'o)(r) = (for)(7)

QY2 = Q" and W2 = HO(H, Q")

and
D2 WK I = WK (@,7) — @2 (0,7) = 7" 0.
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For
Y= (‘Cl 2) en, o=f(dt)?ecwk? andtcH
holds o2
d
&2 (@,7)(2) = (1)) (2) = (Fo7)() ((T%k

3. The condition of invariance: For even k € N,
y= (‘C’ Z) €T and o = f (d7)*/?> € Wh/?
holds the equivalence which characterizes invariant differential forms:

Y'o=0 << f(1)=(foy)(7) mﬁ)rallreH.

Note. In the context of modular forms £%/2 denotes the tensor product of Q! not
the exterior product.

Proof. 1. We have

D011 =01 0=nr(n0) =2 (@ (0n)n)

Moreover
at+b a(ct+d) —(at+b)c 1
(d}')(f)_d<cz+d> = (C’L)T—F;)Z e (crrar’*
Therefore
(D'(f d7,7))(7) == (v *(f d7))(7) = f(¥(7)) (d¥)(2) = (fo¥)(7) (Crdfd)z

2. For even k > 2 the proof is analogous by applying the derivation separately for
each tensor factor dt.
O

Modular forms will not be necessarily invariant under the operation of Iy(N), but
they multiply with a factor of automorphy which is a holomorphic function without
zeros. We define the concept in a slightly more general context.

Definition 3.2 (Weight-k operator and factor of automorphy). For functions

f:H — C, matrices
ab
’V* <C d> EI—i,
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and evenk € N* we define theweight-k operator on f

1
fIMk : N = C, flvl(7) := f(¥(7))) - (cttdf
For the left group action

@ :GL22,R)" xH — H, (y,7) > ¥(1)

the map
h:GL(2,R)" xH — H, h(y,7) :=cT+d,

which focuses on the denominator, is named the factor of automorphy of .

Proposition 3.1 shows: For even k € N the invariant differential forms
o= fdt*? e (WHE

from the fixed space of the I;-representation are characterized by holomorphic
coefficient functions f € &'(H) satisfying

f=fMforallye i

e (19 () v

the factors of automorphy satisfy for all T € H

For the translation

1

=1.
cT+d

Hence invariance under translation means
T*(f (d7)¥?) = f (d7)"? < f(t+1)= f(7) forall T € H,

i.e. the function f has the period = 1. Therefore f expands into a convergent
Fourier series

()= f(q) = Z an-q", q=e"",

n=-—oo

similar to the trigonometric function

cos(2mz) = = (€2 4 o727

N —

The holomorphic map

H— A*, 7 777,
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surjects to the punctured unit disk
A" :={zeC:0<|z| < 1}.

Here neighbourhoods of « € H* with respect to the topology of H* from
Theorem 2.31 are mapped to neighbourhoods of zero. A meromorphic function
on H with period = 1 induces a corresponding meromorphic function f on A*
according to the following diagram

f
H —— C
O

Set )
f(q) =f(7) = Z a,-q", q:eZn'i-r.

n—=—oo

Definition 3.3 (Fourier series). Consider a meromorphic function f on H
invariant with respect to the translation 7" and denote by

Fq) = F(e2™7) = f (1)

the induced meromorphic function f on A*.

1. The function f is named meromorphic at o if f has an isolated singularity at 0,
which is a pole or a removable singularity.

2. If f is meromorphic at e then the induced function f has a Laurent expansion
around 0

fa=Y av-q" g=€"",

n=ng

with ng € Z satisfying a,, # 0 if f # 0. The Laurent expansion is named
the g-expansion or Fourier series of f, and the elements (a,),>n, are the
Fourier coefficients of f.

3. A function f, meromorphic at co, is named holomorphic at « if ny € N, i.e.
if 0 € A is a removable singularity of f. In this case one defines

(=) := f(0).

Note: For a meromorphic function f on H, invariant with respect to T
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f holomorphic ateo <= lim |f(T)| < o0 <
Im T—o0

<= JR>0:]|f(7)| bounded for Im T > R.

Lemma 3.4 (Transformation of the factors of automorphy).

1. The factors of automorphy satisfy the composition rule
h(B-A,t)=h(B, A(7))-h(A,7); A, BE GL(2,R)", T € H.
2. Consider the vector space
Vi={f:H-C}
of complex-valued functions on H. For any fixed k € Z the map
VX GL2,R)" =V, (f,7) = f[V

with
FI(o) = F(¥(7)) -h(y,7)*- (det ), T € H,
is a right group action of GL(2,R)™" on the vector space V.

In the definition of f[y]; from Lemma 3.4 the exponent of det Y is not uni-
form in the literature. We use the exponent (k — 1) from [19, Exerc. 1.2.11],
while [37, Chap. I, §3] uses the exponent k/2. The choice of the exponent (k— 1)
will later simplify Definition 5.11.

Note that in Lemma 3.4 the group GL(2,R)™ is written on the right-hand side of
the vector space V.

Proof. Consider A,B € GL(2,R)" and 7 € H.

A- G) - (A(f)) h(A,7).

Here we distinguish between on the left-hand side the matrix product of A with
a vector and on the right-hand side the fractional linear transformation A(7).

Applying this identity to the product B - A

(B-A)- G) — <(B"?)(T)> -h(B-A,7T).

Left-hand side:
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B (A~ <f>> _B. (<A(1T)> ~h(A,T)> _ (B(Al(”)) h(B,A(T))-h(A, ).

Equating with the right-hand side gives for the lower row
h(B ‘A, T) = h(BaA(T)) ’ h(A7 T)7
hence for the upper row
(B-A)(1) = B(A(7))-

2. Starting with the right-hand side we compute

((fIBl)[AL) (7) = (f[Ble)(A(7)) - h(A, T) ¥ (det A)" =
= f(B(A(1))) -h(B,A(1)) % -h(A,7) % (det BY* ! (der A)! =
= f((B-A)(7))-h(B-A,t)*-(det (B-A))*"" = f[B-Alx(7).

Here the penultimate equality holds due the result from part 1) and due to the
equality
(B-A)(7) = B(A(7))

from the proof of part i). Hence

f1B-Ali = (f1Blo)[A-
O

The Fourier expansion from Definition 3.3 is well-defined for holomorphic
functions f : H — C which are invariant with respect to the translation 7'. The
modular group I has only a single cusp, the orbit comprising oo and all rationals

q€Q.

But Hecke congruence subgroups Ig(N), N > 2, do not have only the single cusp
passing through the point co. In addition, they have one or more cusps, each
comprising a different subset of Q. Fix a Hecke congruence subgroup Iy(N), a

a
weight k € Z, and a rational ¢ = — € Q. How to extend in a meromorphic or
holomorphic way a holomorphic function

fH—-C

with
fk=f
forall y € Ip(N)?

Definition 3.5 (Fourier coefficients for congruence subgroups). Let I5(N) C I3
be a congruence subgroup of level N € N acting on H*, and T € Ij(N) a generator
of all translations in Io(N). For a cusp s C H* and a rational point on it



92 3 The algebra of modular forms
x €QnNs
exists an element
o € I} with x; = a(e)

Then each meromorphic functionf on H, which is invariant under the action
of Iy(N), is in particular invariant under the action of 7. Hence fo a~! develops
into a Fouries series with period the period of T

f(to (Xﬁl) = i an-q", q= ezni((roafl)/hs)’
n=ng

with ng € Z and h, the width of the cusp s. The series is named the Fourier series
of f at the cusp s.

The fundamental object of the whole theory is the modular form. We intro-
duce modular forms of the modular group I respectively its Hecke congruence
subgroups Iy(N) as the coefficient functions of the invariant differential forms from
Proposition 3.1 which extend to oo € H*. It turns out that modular forms are mero-
morphic differential forms on the modular curve X (N), see Theorem 3.17.

Definition 3.6 (Modular forms and automorphic forms).

1. Modular forms and automorphic forms of the modular group: Consider a mero-
morphic function f on H and an integer k € Z.

¢ The function f is weakly modular of weight k with respect to I if for all
ab

fle=f

on the left-hand side using Definition 3.2.

and forall T € H

e The function f is an automorphic form of weight k with respect to I if f is
weakly modular of weight k and meromorphic at co.

e The function f is a modular form of weight k with respect to I if f is weakly
modular of weight k, holomorphic on H and holomorphic at oo.

* A modular form f of weight k which vanishes on the cusp of I, i.e.

is a cusp form of weight k with respect to Ij.
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* An automorphic function f with respect to I7 is an automorphic form of
weight k = 0, i.e. satisfying
foy=1r.

Similarly, a modular function f is a modular form of weight k = 0.

* On denotes by
Ar(IT) D My(I7) D Si(I7)

the vector spaces of automorphic forms with respect to I of weight k, the
subspace of modular forms, and the subspace of cusp forms.

2. Modular forms of congruence subgroups: Consider a congruence subgroup Ip(N)
with a positive integer N € N*.

* A modular form of weight k € Z, k € Z, with respect to Iy(N) is a holomor-
phic function
fH—C

with the following properties: For all y € I(N) holds

fiYle =1,

and for all o € I the function f[o]; is holomorphic at e in the sense of
Definition 3.3.

* A modular form f of weight k € Z with respect to Iy(N) is a cusp form of
weight k € Z with respect to Iy(N) if for all o € I the function flay is
holomorphic at oo, and its Fourier series in the sense of Definition 3.3 vanishes
atg=0.

3. Automorphic forms of congruence subgroups: An automorphic form of weight k € Z,
with respect to Ip(N) is a meromorphic function on H with the following prop-
erties: For all y € I)(N) holds

fik= 1,

and for all a € I the function f[ct]; is meromorphic at e in the sense of
Definition 3.3.

We denote by
A(IB(N)) D Mi(T5(N)) > S5 (V)

the complex vector space of respectively automorphic forms, modular forms, and
cusp forms of weight k with respect to Iy (N).

Definition 3.6, part 2) and 3) generalize part 1): For y € I holds det Yy = 1, hence
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Fk(e) = (PN (g

Note that Definition 3.6 uses the weight convention from [19, Chap. 1.1]. Some
sources use a different weight convention. In the literature also the notation to dis-
criminate between modular functions and modular forms is not uniform.

As a consequence of Theorem 2.18 and Lemma 3.4 it is sufficient to require in
Definition 3.6, part 1) the transformation law only for the two generators S, T of Ij.

Remark 3.7 (Modular forms of odd weight). A modular form of a congruence sub-
group I(N), N € N, of odd weight k € Z satisfies for all T € H and for the particular

element
-1 0
Y= ( 0 1) € Io(N)

the equation

Therefore f = 0 is the only modular function of Iy(N) of odd weight.

3.2 Eisenstein series generate the algebra of modular forms

For the modular group I'1 we will now explicitly construct modular forms Gy of even
weight k > 4, and also a distinguished holomorphic function G, which behaves in
a different way under the Ij-action. To achieve the construction we need the conver-
gence of certain infinite series. Lemma 3.8 provides the necessary prerequisites.

The whole section will use the unbranched covering projection
g:H— A", 7 g(1) = 27,

to study the number theoretic properties of modular forms f in a neighbourhood
of oo by considering the Fourier coefficients of their Fourier expansion

Lemma 3.8 (Fourier series and partial fraction). Assume k € N. Consider T € C

and set
— eZﬂ,’l"L'.

q:
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1. Fork > 2 and Im Tt # 0 holds

i g Im7t>0
y 1L (2w r=1
2 (T+n)k (k—1)! oo
" (- Yy # g Imt<0
r=1

2. The double series

satisfies the prerequisites of the rearrangement theorem, i.e. there exists a
constant K such that for all finite subsets A, B C N* holds

Y d-g"<k
meA, deB

3. Forevenk>2,Im 1 >0,

1 2 2mi)k & .
)» (Z (mT—I—n)k) = = .’;Gk_l(n)q

meZ* \n€Z

is absolutely convergent.

Here for each k > 2 the arithmetic function

Oi—1 : N* — N*, Gk_l(n) = de_l,
din

adds the (k — 1)-powers of the positive integer divisors of n.

Proof. 1. i) We first consider the case Im T > 0. The proof compares the partial

fraction expansion and the Fourier expansion of the cotangent function.

e Partial fraction, see [68]:

I & 1 1
T-cot(mT) = —+ Z +
T O\T+tn T—n

¢ Fourier series

cos(mT 1+ i
m-cot(mT) =7 #: (—im)- T miomi Z q".
sin(n7) l1—gq =

Here the second equality results from the Euler formulas

1 . . |- .
cos 1T = —(e™" + e """) and sin 1T = ?(e”” —e ')

1

95
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which imply

T 4 ominT g+1 .
eim‘_efz'm‘:l'q_]:(il)']_q

cot(nt) =i-

The third equality uses the geometric series

which is absolutely convergent because |g| < 1 due to 7 € H.
Equating both expansions gives

1+°° 1 N 1 o >
P =—Ti—2mi-
T n; T+n T—n : ln:1q

Successive (k— 1)-times differentiation with respect to 7, using ¢" = (€™*)",
shows .
1 —2mi)* &
Z — ( ) . Z nkfl qn
) (k=1

nez n=1

ii) For Im T < 0 we use

(r+n) = (=) (=1—n)"

Hence
1 1 1
=)y —— =Dk Y ——
L el L ey L ey
Part i) applied to —7 implies
1 (—2mi)* ' el
(1) - (DT A g
rgi(—r—i—n)k (k—1)! Z’l

which proves the claim.

2. Consider T € H with g := ¢** 7 real and 0 < ¢ < 1.

For any real x € [0, 1] the geometric series satisfies

i 1
d _
dX::Ox T 1l—x

Taking the derivative and multiplying by x shows
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id'xd: - 2
= (1—x)

For arbitrary but fixed m > 1 setx:=¢" < 1
oo oo oo oo oo qm
Y Xdd|=YX(Xdaw)|=Y ——s
m=1 \d=1 m=1 \d=1
The last series is convergent because for fixed g

lim |1 —¢"? = 1.

m—soo
Set
[=S) qm
K := Z
2
m=1 (1 - qm)
Asa consequence
Z d.qmd <K
meA,deB

For arbitrary 7 € H we have
q:=e*™ with0 < |q| < 1
Hence w.l.0.g. we may assume ¢ real with 0 < g < 1, which proves the claim.

3. We split the exterior summation ) into
mezZ*

Y where Im(mt) <Oand Y where Im(mt) > 0.
m<0 m>0

Due to part 1) for each m € Z* exists the interior series
Z g™ ifm <0
y L @mr =t
(mt+n)k  (k—1)!

nez

Hence for even k > 2

1 it & (& i m
)} (Z (m’c—f—n)k) :2'(k—1)!',,§‘1 ( 1rk - >

meZ* \n€Z

The latter series is convergent: For k > 4 any rearrangement of the original
double series is permitted. For k = 2 the result of part 2) allows to apply the
rearrangement theorem to the double series
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Z r-q™, lq| < 1.

m,r=1

We rearrange the series by changing the indices of summation from (m, r)
to (n=rm,d|n):

i ( - e _qun> = i (Zd"_l -q") = i or-1(n)-q".
m=1 \r=1 n=1 \d|n n=1

Eventually for all even k > 2

1 2mik K

meZ* \n€eZ

Eisenstein series are the lattice constants of normalized lattices
A17T =7Z-1+7Z- -7

when considered as functions of the argument 7 € H. Eisenstein series are explicit
representations of modular forms.

Theorem 3.9 (Eisenstein series, k > 4). Consider an even integer k > 4.

1. The Eisenstein series
1
Gi(1) := [
(Q%‘E’Zz (cT+d)k

is absolutely and compactly convergent for T € H.

The series defines a modular form Gy of I of weight k with

Gy (o) =28 (k).
Here

§(s):= i(l/ns), Res>1,

n=1

denotes the Riemann {-function.

2. The Eisenstein series Gy € My(I1) has the Fourier expansion

(rik & .
‘ Z kal(n) '6]”7 g= 6271'1’['

Gi(1) =200 +2 — =
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Note. The attached prime at
Z !
(c.d)ezZ?
indicates to omit the sumand with index (0,0).

Proof. 1) Convergence and transformation: For T € H consider the normalized lat-
tice

and for k > 4 its lattice constants G, x . Apparently
Gk(T) = GAT,k

The series G4  is absolute convergent due to Lemma 1.11, hence allows arbitrary
rearrangement. With respect to the translation

T -H-H t—T(t):=7+1,
we obtain
Gk(’f) = Gk(’l'—l— 1).

With respect to the reflection

—1
S:H%H, THS(T) ::?

we have

! k:Gk(”L').

B 1 1 li
Gi(S(7)-h(S,7)* = - Gu(~(1/0) = - ¥ /o +ar

k
T T (cdez?
Because S and T generate the modular group, Lemma 3.4 implies for all y € I} and
forall T e H

Gi(7) = Gk(¥(1)) - h(¥,7) 7, ie. G = GV
ii) Fourier expansion and holomorphy: We split the summation over
(¢,d) € Z2,(c,d) # (0,0),

into the simple sum for (¢,d) with ¢ = 0 and d € Z* and the double sum with ¢ € Z*
and d € Z. Then Lemma 3.8, part 3) implies

1 1 1

Gi(7) = =Y —+ -
(c,c§é22 (CT+d>k dé* d* celrdel (CT—‘rd)k

)= _
=%l & (an))! . Z‘lck*l(”) q", q =",

(k
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The Fourier expansion, a convergent power series, proves the holomorphy of Gy
in H and at .
O

In order to get rid of the transcendent values in the Fourier expansion of G; one
divides by the value of the Riemann {-function.

Definition 3.10 (Normalized Eisenstein series). For even k > 4 one defines the
normalized Eisenstein series

Ep = € My(I)

2C()

If it wasn’t apparent by then, at this point it is clear that modular functions like the
Eisenstein series capture a lot of information from number theory:

Corollary 3.11 (Normalized Eisenstein series). For each k > 4 all Fourier
coefficients of the normalized Eisenstein series are rational, more precisely

2k & )
Ex(t)=1——- Z ci_1(n)-q" € Mi(I7), g = ™"

n=1

Proof. 1. Euler relation of Bernoulli numbers: See [22, Kap. VII, Satz 4.1]. We
relate the cotangent function to the Bernoulli numbers (B,),,c. The Bernoulli
numbers are the generators of the power series

We compute

cosz  €i4e ™ P4l 2i
sinz L ek_e ik Uom_1 'Tam_q

and after multiplication by z

22ﬂ

a 21Z = Z 2 n Zzu

2iz 2iz
* t - j A . — 1_7
Z-cotz=1z+ 2] =iz+ + Z 2u)!

where we have used vanishing of all Bernoulli numbers with odd index > 3 and
the first values By =1, By = —1/2

* On one hand from the definition of the Bernoulli numbers - replacing z
by 7z -

mz-cot(mz) =1+ Y (- M By - P

£V
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* On the other hand the partial fraction of the cotangent function

27
2 -2

mz-cot(mz) =14z )

v=1

and the geometric series

imply

Comparing the coefficients of both series representing

7z - cot(mz)
implies the Euler relation
2 CZ . .- 1 _ n+1 22“ 20
. (”)._2.\;1‘/7“_(_1) m'” "By

2. Rationality of the Fourier coefficients: The Fourier expansion of the Eisenstein
series Gy from Theorem 3.9 and Part 1) show

Gy (1) 2k &
Zl—Ek' oi—1(n)-q" € My (7).
n=1

5D = 2¢m)

All Bernoulli numbers are rational due to the recursion formula for N € N*

N
N+1
Z( + )-Bn_OwithBo_l.
n=0 n

As a consequence, all Fourier coefficients of E are rational.
O

Concerning the first values of Bernoulli numbers

(k@(k)ﬁk,—z)
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one has
(2,m°/6,1/6,—24)

(4,7 /(2-3%-5),—1/30,240)
(6,7°/(3%-5-7),1/42,—504)
(8,78/(2-3%-5%.7),—1/30,480)
(10,7'°/(3%.5.7-11),5/66,—264)

(12, 69172 /(3%-5% .77 . 11-13),-691/2730,65520/691)

For the specific indices k € {4,6,8} the numerical value of By implies that all
Fourier coefficients of the corresponding Ej are not only rationals but even integers.

Remark 3.12 (Eisenstein series).

1. Rationality of the Fourier coefficients: The result from Corollary 3.11 is remark-
able. The invariance of the holomorphic function E; under the right action of the
modular group implies: The Fourier coefficients of these holomorphic functions
are not arbitrary numbers from C but rationals from Q. This rationality is the
reason for the “magic of modular forms” revealed by later applications. See also
Proposition 3.14.

2. Weight k > 4: For even k > 2 the Eisenstein series Gy relate to the lattice
constants G x of an arbitrary lattice with positively oriented basis

A=7Zw +7Zwn

as follows: Set T := @, /®; € H. Then
GAJ( = — Gk(’L').

3. Weight k = 2: Similar to the series

oo _lnfl
HZ]( )

n

in one dimension, in two dimensions the series

Y

2
(m,n)ezZ? (mT + n)
is not absolutely convergent. Anyhow, in both cases some specific orders of sum-
mation provide certain finite values. In the 2-dimensional case we define the
Eisenstein series
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il | 1
Gy(1):=2-Y —+ |, ten
Lot b (Z <mr+n>2>

Lemma 3.8, part 3) implies that the sum on the right-hand side is convergent with
Fourier series

GZ(T) =2 C(Z) _872. i o (n) g q= AT
n=1

The equality
{@2)=n*/6
implies for the normalized Eisenstein series of weight k = 2
G2 (7) - o7
Ex(1):= =1-24-) o1(n)-q", g=e"".
28(2) ;

The convergent Fourier representation shows: G is holomorphic on HU {eo} due
to Lemma 3.8, part 3), and invariant with respect to translation.

4. Transformation of G,: With respect to the reflection S € I the Eisenstein
series G, transforms as

(Gal8a) (1) = GalS7) - 73 = Ga() — =

or
(Ga[¥]2)(7) = Ga(7) —2mic-h(y,7)”"

ab
= <cd> €,

see [38, Kap. III, § 6, Abschn. 1] or [19, Exerc. 1.2.8]. In particular, G, is not
weakly modular. The lack of modularity is due to the conditional convergence
of GQ.

for general

Proposition 1.19 dealt with the discriminant of the cubic polynomial from the dif-
ferential equation of the Weierstrass g-function of a lattice. Definition 3.13 shows:
These discriminants are the values of a modular form.

Definition 3.13 (Discriminant form). The discriminant form is the modular form
of I of weight k = 12 defined as

A=g3-27-g5:H—C
derived from the Eisenstein series

82 = 60-G4, 83— 140-G6.
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In Definition 3.13 the letters g, and g3 designate modular functions, not the con-
stants from Theorem 1.17, which denote the value at the period 7 of a given normal-

ized lattice
A=Z-1+7Z-.

Proposition 3.14 (Fourier coefficients of the dicriminant form). All Fourier co-
efficients (T,)ueN of the normalized discriminant form

(22)12€M12(1—i)

are integers:

Alg) &, omi
—==Y T,-q"€Z{q}, g=e"",
(27[)12 ’;) n q {Q} q e
with tg =0and 11 = 1.
In particular A € S1»(I) is a cusp form of weight 12, and the zero at = € H* has
order = 1.

The Fourier coefficients 7,,, n > 0, are the subject of certain of Ramanujan’s well-
known conjectures, see Definition 5.31.

Proof. 1) Fourier series: We refer to Definition 3.10 of the normalized Eisenstein
series and their Fourier series expansion from Corollary 3.11. Using

P 6
¢(4)= 90 and £(6) = 945

we obtain
G4 had
Ei=32.5.2-14240-V o oon
4 o + ng,l 3(n) - q
33.5.7 Gg o
E¢ = 2 'ﬁ:1—504. os(n)-4".
n=1
We have
22 23
gz=60~G4=?n4-E4andg3:14O-G6:3f3n6.E6_
Hence
26 E3_E2 3 _E2?
3 132 2 3 2 2 Egq 6 Rt 6
A=g-3g=nt 5B B = (2m)F e = (2 St

and eventually
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3 2 3 2
A _E}-E E}-E
(2m)2 ~ 26.33 1728

We set as shorthand .
Xi(q) =Y o(n)-q"
n=1

and obtain
A (14-240-X3)% — (1 504 - X5)?
(m)2 26.33
When denoting by
0=0(q)

the numerator of the latter fraction, then
Q= (3-240-X3+3-240% - X7 +240% - X3) + (1008 - X5 — 504> - X2)
i) Fourier coefficients 7o = 1, t; = 1: In lowest order in g with
X3(q) =g+ 0(2) and X5(q) =g+ O(2)

we get
0(g) =3-240-g+1008-g+0(2) = 1728 - ¢+ 0(2)

which proves 79 =0 and 7; = 1.

iii) Fourier coefficients 1, € Z, n > 2: The remaining part of the proof reduces to
the claim that also all other coefficients of the series Q are divisible by

1728 =25.33 = (22.3)* = 12?
We compute
0= (3-240-X3 +3-240% - X7 +240% - X3) + (1008 - X5 — 504> - X2)
Q=3-240-X3+1008- X5 = 12*(5-X3 +7-X5) mod 12°
To complete the proof we have to show that all coefficients of the power series
5-X3+7-Xs
are divisible by 12. We show even more: For all d € Z
5-d*+7-d°>=0 mod 12

According to the Chinese remainder theorem the claim reduces to the two congru-
ences
5-d*+7-d°>=0mod3and5-d*>+7-d° =0 mod 4

or
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&’ =d> mod 3, mod 4.
The latter two congruences reduce to

. Ifd3§é0m0d3thend251mod3,

* and: if d* # 0 mod 4 then d*> = 1 mod 4

The congruences have to be checked for
de{l1,2} c2/3Z={0,1,2} andd € {1,3} C Z/4Z ={0,1,2,3},

which can be easily done.

For the relation between the Ramanujan function and the theory of Monstrous
Moonshine see Section 7.2. O

Definition 3.15 (Modular invariant j). The modular invariant j is the automor-
phic function, defined as the quotient of two modular forms of weight = 12,

3

3
. 8> &

ji=1728-%2—1708. %2
A 8 — 2743

Corollary 3.16 (Modular curve and modular invariant j). The modular invari-
ant is a biholomorphic map

j:X(1) = P!
which maps the cusp of X (1) to oo € P!,

Proof. Proposition 1.19 implies that j is a holomorphic function on H because the
denominator A has no zeros in H. The Fourier expansion of

A
(275)12

from Proposition 3.14 and the equality

Ga() =26(4) #0

from Theorem 3.9 show that j has a pole of order = 1 at the point . Because j is
even an automorphic function, it is a meromorphic function on the modular curve,
i.e. a holomorphic map

jiX(1) =P

Because all fibres of j have the same multiplicity = 1, the map j is biholomorphic.
O
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We now come back to Proposition 3.1 and elaborate on investigating the action of
the modular group I'T = SL(2,Z) as an action on differential forms. We set out to
show: Modular forms of weight k are those meromorphic differential forms on the
modular curves Xo(N) which are multiples of a certain divisor which depends on
the level N and the weight k. Hence modular forms are holomorphic sections of
certain line bundles on the modular curves. Applying the Riemann-Roch theorem
we draw several conclusions. In detail:

¢ We recall the Riemann-Roch theorem on a compact Riemann surface X of
genus g(X) for a divisor D € Div(X), and also Serre duality, see [69]:

dim H(X,0p) —dim H' (X, Op) = 1 — g(X) + deg D.
We will use also the notation
deg Op :=deg D.
The canonical divisor K € Div(X) has degree
deg K =2g(X) —2.

Serre-duality allows to replace the cohomology group H' by the dual of a
cohomology group H’

H'(X,0p)=H(X,0x_p)".
Moreover, for each divisor D € Div(X) with deg D < 0
dim H(X,0p) = 0.

* We derive a formula for the dimension of the vector spaces M (I7). Section 3.3
will generalize the computation to My (Io(N)).

» Further on, Chapter 4 will show: Any complex elliptic curve arises from a
complex torus. More precisely, the elliptic curve is parametrized by the two
meromorphic functions g4 and &, defined on a suitable torus C/A, see
Theorem 4.27.

We recall the canonical projection to the modular curve
p:H" = X :=I\H,

skipping the *-superscript used in the notation from Theorem 2.31. We introduce
the class notation
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and identify this classs and the corresponding point divisor [7] € Div(X). In
addition we use the floor function: For x € R

x| :==max{n € Z: n<x}.

Theorem 3.17 (Modular forms as coefficients of meromorphic differential
forms on the modular curve). Consider the modular curve X = X (1) of the
modular group 17 and fix an even weight k > 0.

1. Differential forms: The map of vector spaces is injective
a: My(I7) — H° (X,///@g Q®’</2) L Frs @ = - (dT)V2
2. The distinguished divisor: Consider the divisor

k k

Dy = {4J i)+ LJ ~[p]+§ [o] € Div(X).

The attachment
U Qp«(U), UCX open,

with
Qr, 1 (U) = {w EHOU, M 26 Q%) : ©+0and div o > —Dk|U} u{o}
is a sheaf Qr, y on X. The sheaf Qr; x
e is a subsheaf of the sheaf of meromorphic differential forms on X, i.e.
Qrix C MR Q%
* and is isomorphic to the line bundle
2k = O 2y k40, € Pic(X)
of multiples of the divisor —((k/2)-K+Dy) € Div(X)) with K € Div(X) the

canonical divisor of X.

3. Meromorphic differential forms on the modular curve: The image of the map o
from part 1) is
a(M(I7)) = H'(X,Qr, ).

In particular, sections of the sheaf Qr, «, i.e. certain meromorphic differential
forms, correspond bijectively to holomorphic sections of the line bundle Z7; ;.

Proof. Cf.[54, §4]. The numbers of the different parts of the proof do not
correspond one-to-one to the sections of the theorem.
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i) Definition of o If f € My (I7) then Proposition 3.1 implies that the modular
group leaves invariant the differential form

(1) (dn)t?

on L. Hence the latter defines a meromorphic form @y on X with pullback

f(1) (@)= prooy :

One considers first the form @y outside the three points which are the orbits of the
two elliptic points and the cusp. Secondly one extends @y holomorphically into
these exceptional points by using Riemann’s extension theorem for bounded
holomorphic functions.

ii) Distinguished divisor: The sheaf Qr, ; is well-defined. The definition of the
divisor Dy results from the following relation between the order of f att € H* and
the order of wy at [t] € X:

ordj,) o +k/2 t=o0
ord, f =
he-ordy o +(k/2)-(hy—1) teH

Here h; denotes the period of ¢. The order of a meromorphic differential form
o € HO (X,.0 @0 Q%1?)
at a point x € X is defined as follows: Choose a chart of X around x
q:U—-VcCC

and represent
o|U = [ (dg)

Then
ordy® := ord,.f,

independently from the choice of the chart. To prove the order relation
fort € {i, p, o} we use the local form of

p:H"—X
and the charts around ¢ from Theorem 2.31 and Proposition 2.30. We denote by 7
points from U; C H and by ¢ points from W, C C:

» Fort = o € H* we recall the chart pow., around ¢ and the chart ¢.. around the
cusp [eo] from the diagram
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: p|Us o(UL)
|
1

POWoo :q)(x,
v
Weo

For 7 € U
q(7) := pows(T) 1= {;27?” Zi:
We denote by 7 the points on U, C H and by ¢ the points on W.. C A C C. Then
dq = 27ig dt and (dq)*/* = (2mi)*/*¢*/* (d7)¥/?

which implies
L (dg)

(2mi)k/2 e

(dr)k/? =
The order relation relates
ordsf = Ord(f; q= 0) = OFd(p*(J)f; T= oo)

to
ordiq ;= ord((9')* wp; g =0) = ord(h; g =0)
with
h(q) (dg)** = (9.")" @y

The commutative diagram

p= ¢*1 o pow. implies p* = pow’ o (¢;])*

On one hand
prop = f(t) (1)
On the other hand,

pow ((9=") @) = pow. (hla) (da)*'*) = q(x)) - (2i)}> - q(x)}/2 (dx)*/>

Hence

£(z) = h(g(2))- 2mi)** - q(k(z))*?
and
Flq) =h(q) - mi)</?. 42

which implies
ord(f; q=0) = ord(h; g=0)+k/2
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or
0rde f = ord., 0 +k/2

» Forr € {i,p} we recall the chart ¢, from the following diagram

p|U:

p(Uy)

o

!
!
|
|
|
|
pow; M
t t

The map ~
A Up = A

is biholomorphic. For the order calculation we assume w.l.0.g.
ﬂ,,:idandU,:A,

The isotropy group I; acts on U; by multiplication by an e-th root of unity with

e=n

For 7 € U;

q(t) := pow, (1) :=1°
Therefore

dg=e-1°'dt and (olq)k/2 = X2 . gk/2)(e1) (ol”L')k/2

If

0y (q) = g(q) (dg)*"?
then

(P 0r)(7) = 0p(q(7)) = g(q(1)) - /2 e 2D (a1)b/2 = f(7) (d7)}/?

As a consequence
1(7) = glq(z)) - W/ 42

By definition
ord;®f = ordog

Hence

ordif =e-ordog+ (k/2)-(e—1) = e-ordywr+ (k/2)- (e — 1) =
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=h -ord[,]a)f+ (k/Z) . (ht — 1)

Summing up
ord, f = ordy 0y ift € 7\ {i, p, e}
ordif =2 ordy @y +k/2
ordp f =3-ordy 0p+k
ordef = ordj. Of +k/2
or, because for all € H* holds ord; f > 0:
ordy @y = ord,f > 0ift € 7\ {i, p, =}
ordjy @p =1/2-ord;f —k/4 > —k/4, hence ord); o > —|k/4]
ordiy) @y =1/3-ordy f —k/3, hence ord),) 0 > —|k/3]
ord|.,) Oy = orde.f —k/2, hence ord|.wy > —k/2

which finishes the proof of the order relations. As a consequence

a(My(I;)) C {a) eH’ (X,///®(;Q®k/2) “diveo > — m i - m Ip

|
N
2
——

Conversely, each @ € H*(X, Qr; 1) defines the modular form f € My(I7) with
£(2) (@02 = pe

iii) Line bundle: It is well known that the sheaves of multiples of a divisor are line
bundles. The sheaf of multiples of the sum of two divisors is the tensor product of
the sheaves of multiples of each summand, see [69].

O

The formulas in the proof of Theorem 3.17, part 2) show: While a modular form f
on H* is holomorphic when considered as a function, the representing differential
form @y on the modular curve X may have poles. Actually, it is the divisor of @
which encodes the information about f.

In the language of line bundles, modular forms of weight = k are the sections of
the line bundle .Z7; ; on the modular curve:

My(L) ~ H(X, % 1)

Example 3.18 (Cusp forms S»(I7)).
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1. There are no cusp forms of weight =2, i.e.
S2(I1) =0.
Proof. Each cusp form
fesI)
is holomorphic on H* and vanishes at o € H*. Hence
ord:f >0, 7€ H, and ordf > 1.
The order relations from Theorem 3.17 imply
wr:=a(f) € H'(X(1),2r )
satisfies for T € 2\ {[i], [p], []}
ordj 0y = ordjg f > 0,
and for k = 2 at the elliptic points and the cusp:
ordyop = (1/2)(ord;f —1) > —(1/2), hence ordjwr >0
ordiy 0f = (1/3)(ordp f —2) > —(2/3), hence ord|,0r >0
ord[(x,] Of =ordef—12>0

Therefore
Q L2~ Q

and @y is holomorphic, i.e.
o€ H'(X,Q)

The group H%(X, Q) vanishes because

dim H*(X, Q) =g(X) =g(P") =0
O

2. Corollary 3.28 will show that the latter formula generalizes to Hecke congruence
subgroups as the isomorphy of vector spaces:

$H(Io(N)) ~ HO(Xo(N), Q)

which implies
dim S>(Iy(N)) = g(Xo(N))

The calculation from Example 3.18 carries over to arbitrary even weights k € Z.
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Corollary 3.19 (Dimension of M, (I7)). The vector spaces My(I7) of modular
forms of even weight k > 0 have the following dimensions:

|k/12] k=2 mod12

dim My (I1) =
im Mi(I1) {Lk/lZJ—i—l otherwise

For the dimension of the vector space Si(I7) of cusp forms see Lemma 3.23.

Proof. We have
M () =~ H (X, % 1)

i) For k = 0 we have on the compact Riemann surface X ~ P!
dim My(I;) = dim H*(X,0) = 1.

Therefore we are left with even k > 0:
ii) Serre duality and Riemann-Roch theorem: By Serre-duality for each k > 0

dim H' (X, 1, 1) = dim H(X, 24, , © ¢ Ok) = dim H*(X,0_ 2 x_p,+x)

Now
deg (—(k/2)-K —Dy+K) = ((k/2) =2) — [k/4] — [k/3] <

<((k/2)=2)—((k/4)—1)—((k/3)—1)=k/2—k/4—k/3=k-(1/2—1/4—1/3) <0

As a consequence
0=dimH'(X, 4 ; ® s Ox) = dim H' (X, 1, )
The Riemann-Roch theorem implies for £f; = & (k/2)K+Dy
dim My(I) = dim H*(X, £33 4) = 1 — g(X) + (k/2)(=2) + [k/4] + |k/3] +k/2 =

=1—k+|k/4]+ |k/3] +k/2=1—(k/2)+ |k/3]| + |k/4]

iii) Evaluating the formula for dim My (I7): We consider the different values of
even k mod 12 separately. We make the ansatz

k=o-1248, B €{0,2,...,10}
and compute for all values of
1= (k/2) + [k/3] + [k/4]
* Residue f =0:
l-6a+4a+3o=1+0a=1+|k/12]

* Residue f =2:



3.2 Eisenstein series generate the algebra of modular forms 115
1—(6a+1)+[4a+2/3]+[3a+2/4|=1—(6a+1)+40+30=0= |k/12]
* Residue B € {4,6,8,10}:
1—(60+p/2)+ 4o+ B/3|+ [3a+B/4] =

—1—6a—B/24+40+|B/3]+3a+|B/4] =1+0a+(—B/2+|B/3]+|B/4]) =

=1+0o=1+|k/12]
O

In particular
dimMy=1,dim My =0, dim My = dim Mg = dim Mg =dim Mo =1, dim M, =2.

The non-zero vector spaces in the last line are spanned by the Eisenstein series G4, Gg
and their products. Only Mj; contains a non-zero cusp form, namely the discrimi-
nant modular form A.

Apparently the numerical value dim H°(X, 2T, x) can be obtained without
applying the theorem of Riemann-Roch and Serre duality in the proof of Corollary
3.19: On the modular curve X ~ P! each line bundle .Z is determined by its degree
m, and form > 0

dimH (P!, ) =m+1.

We gave the proof in the above form, because Theorem 3.26 will generalize the
proof to the modular curves Xo(N) of the Hecke congruence subgroups.

Corollary 3.20 (Weight formula for modular forms). Consider an even integer k > 4
and a modular form f € My(I). Then the sum of the orders of f satisfies the fol-
lowing equation:

1 1 / k
ordx,f—l—iordif—i—gordp f—i—; orale:E

Here the symbol Y, denotes the summation over all points T € P\ {i, p}.

Proof. We recall the relation between the order of f € M(I7) at a point T and
the order of the differential form w; € HO(X,.# ®, Q®*/?) at the point [t] € X
established during the proof of Theorem 3.17:

0rde f = 0rd|.) Of +k/2

ord; f =2 ordy oy +k/2
ordp =3 ordjp) 0f +k
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ords f = ordjy @f, T€ P\ {i, p, o}

The modular curve X has genus g = 0 according to Corollary 3.16. Therefore the
line bundle Qx has degree = —2, and the tensor product Qx /2 has degree

=(-2)-k/2=—k

which implies
deg div(wy) = —k.

Asa consequence

1 1 ’
ordmf—l—iord,-f—&—gordp f—i—; ord; f =

k k k /
= Ord[w] @f+ 5 + ord[i] a)f+ Z =+ ord[p] a)f+§ —I—; Ordm f =

k kK k k k

PR R R T

Corollary 3.21 (Specific values and Fourier coefficents of the modular invariant j).

1. The modular invariant
jiX(1) =P

attains at the elliptic points the distinguished values
J(lil) = 1728 and j([p]) = 0.

2. All Fourier coefficents (by)n>—_1 of the modular invariant

ilg) = i by-q"

are integers, and b_1 = 1.

Proof. 1. Corollary 3.20 implies G4(p) = 0 and G¢ (i) = 0. The definition
3
. 82
=178 ———
/ §2° —27g3%
implies the values of j at the distinguished orbits.

2. To compute the Fourier expansion of
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3

. 8>

—06.33.22

/ A

we use the definition
22 26
&= ?~71:4-E47 hence g% = 3—3-7r12-E27

and secondly the formula from Proposition 3.14

A(7) i Y i
=) T Z =T
G~ & q"€Z{q}, q=e
We obtain
3 6
. 82 6 A3 2 53 1 1
= 26.33).f:(2 .3). N 5 1 N -
J ( A 33 A
R B B
— === = - =
A/(ZTE) Y T, q" q 1+ % Tn.qn—l
n=1 n=2

m
1 d d 1
=—E- Y ()" Y g == (1+0(q)
q m=0 n=2 q
by applying the formula of the geometric series and using

Es(q) =1+ 0(q)

from Corollary 3.11 and the fact, that E4 has integer Fourier coefficents.
O

Corollary 3.22 (The field of automorphic functions).

1. If an automorphic function f € Ay(I;) is holomorphic on H with Fourier series

f(r)= Z gy e #0,

n>—k

for a suitable k € N, then a poylnomial P(X) € C[X] of degree k exists with
« f=P)

o and all coefficients of P(X) are Z-linear combinations of the Fourier coeffi-
cients c_p,...,C—1,Co.

2. The field of automorphic functions equals the field of meromorphic functions on
the modular curve X

Ao(I1) = C())-
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Thanks to Corollary 3.16 the second part of Corollary 3.22 is a disguised version of
the well-known fact that the field of meromorphic functions on P! is C(z), the field
of rational functions in one complex variable.

Proof. 1. The proof goes by induction on the pole order k at co: If k =0 than fisa
modular function, hence equals the constant cq. For the induction step k — 1 — k
consider the function

gi=f—cuj~
The function g has at most a pole of order = k — 1 at co. Therefore the induction
assumption applies to g.

2. Each automorphic function f € Ao (I ) can be considered a meromorphic function f € . (P')
on the projective space. Denote by

A= {x1,...;x,} CHU{eo} and B = {y1,...,yn} C HU {0}

the respective zero set and pole set of f, counted with multiplicity. Both sets have
the same cardinality because a non-constant holomorphic map between compact
Riemann surfaces attains each value with the same multiplicity, see [69]. Then

T J—jlxv)
g:= 1555,y € AT

has the same zero set and pole set as f. The quotient f/g has no poles and zeros
on HU {eo}. According to part 1) a constant a € C exists with

f
ael
g
or
f=a-gecC(j).
O

Lemma 3.23 (Exact sequence for cusp forms). Denote by
e:Mi(I) = C,f = f(e),
the evaluation with kernel Si.(I7) and by
Pa i Mi—12(I1) = My(I1), [ f-A,

the multiplication with the discriminant form. Then for even k > 4: The following
sequence of vector space morphisms is exact

0— Mi_1o(I3) £ M(I7) & € — 0.

In particular:
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e Forevenk > 4:
Mk(l—i) :Sk(l—i)@C'Gk,

and the multiplication by the discriminant modular form A defines a vector space
isomorphism
pa i Mi—12(I7) — Si(I7).
e Fork<O:
dim Mk =0

As a consequence, the formulas from Corollary 3.19 allow to compute the di-
mension of Si(I7). A partial generalization of Lemma 3.23 will be proved in
Corollary 3.28.

Proof. i) Exactness on the right-hand side: For even k > 4 the Eisenstein series G € M(I7)
satisfies

Gi(o) =2- (k) # 0.

Therefore ¢ is surjective.

ii) Exactness in the middle: If f € My (I7) with (f) =0, i.e.

feSIi)
then the quotient
I
8=

is holomorphic on H, because A has no zero on H due to Proposition 1.19. In
addition g is holomorphic at the point o because f has a zero at o and A has a
zero of order 1 at e according to Proposition 3.14. Hence g € Mj_1»(I7). In addi-
tion, the composition

EoUp = 0

is obvious.
iii) Exactness on the left-hand side: Apparently the map i, is injective.
iv) As a consequence
dim Si(I1) = 0 for k € {0,2,4,6,8,10}.
Then iteratively for all even k < 0
dim M(I1) =0
because for all even k € Z
Mi_1a(I) 25 S ()

is injective.
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The result dim My (I7) = 0 if k < O generalizes to Hecke congruence subgroups:
Fork <0

see [?, Prop. 3].

Theorem 3.24 (Algebra of modular forms). The associative algebra
M.(I1) := (@Mzk(l—i)v + ) ,
k>0

named the algebra of modular forms of the modular group I3, is commutative and
freely generated by the two Eisenstein series

Gy € M4(1—i) and Gg € M(,(I—i)
The subalgebra of cusp forms

S.(I) == P Su(li) C M.(7)
k>0

is a principal ideal generated by A € S1,(I).
Proof. One checks for k # k'
Moy (i) "My (I7) = {0}

i) Generated by G4 and Gg: We prove the claim about M (I7) by reducing succes-
sively the weight. The even integer k > 4 decomposes as

k=4-a+6-
with non-negative integers o, B € Z. Hence
GGl e Myand e (G§-GE) #0
Consider an arbitrary element f € M;. For suitable A € C
e(f-2-6¢-68) = (r-1-G¢-Gf) (=) =0.
According to Lemma 3.23 an element g € M1, exists with

f—2-G¢-GP=ag
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The claim follows by repeating the argument with g € M;_1,(I3), and using
M4(1—i) = (C-G4 andM6(F1) = (C~G6

due to Corollary 3.19.

ii) Freely generated: The generators G4 and Gg are even algebraically independent.
Assume the existence of a polynomial P € C[T}, T>] with
P(G4,Gg) =0.
We may assume that all monomials of P(G4, Gg) have the same weight. The case
P(G4,Gg) = a- G} +Gg - P(Gy,Gs), a € CF,
is excluded because G4(i) # 0, but Gg(i) = 0. Analogously the case
P(G4,Gg) =b-Gf' + Gy - P(Gy,Gs), b € C,

is excluded because Gg(p) # 0, but G4(p) = 0. Hence the product G4Gg
divides P(G4,Gg), i.e.

P(G4,Gg) = G4Gg - P(G4,Gg) = 0.
Iteration of the argument for

P(G4,Gg) = 0 with deg P < deg P
proves the claim P = 0 by descending induction.

iii) Ideal of cusp forms: According to Lemma 3.23 any cusp form is a multiple of A.
O

3.3 Generalization to Hecke congruence subgroups I)(N)

In an analogous way to Theorem 3.17, also modular forms of a Hecke congruence
subgroup I5(N), N € N, are meromorphic differential forms on the corresponding
modular curve Xo(N). But one has to take into account that a congruence subgroup
has more than one cusp and that cusps may have distinct width. Therefore the width
of the cusps enters as an additional parameter when determining local coordinates
around the cusps of the modular curve. In addition, one cannot use a standard atlas
like on X = P! but one has to deal with atlases in a generic way.

Recall from Remark 2.33 the branched covering



122 3 The algebra of modular forms

of degree

and the genus formula

Moreover, we recall the canonical projection from the extended half-plane
p:H" = Xo(N) :=Iy(N)\H"

The aid to represent modular forms of M (I5(N)), which are defined as functions
on H*, as meromorphic differential forms on the modular curve Xo(N) are the divi-
sors

Dy = {];J ZN)x—i— {];J Z x—l—; Z x € Div(Xp(N)), evenk >0.

XGXO( XGX()(N) XGX()(N)
x elliptic x elliptic X cusp
hy=2 hy=3
They have degree

deg D £ + i + L
€8 Dk 2| 3| 873
For each fixed even k > 0O the divisor Dy, singles out those meromorphic differential
forms from
HO (XO(N),/// ® ﬁg@o"/z)
which arise from modular forms under the canonical injection
o M(I(N)) = H (Xo(N), M & 02°2) | g @,
with @, the well-defined differential form with pullback
p oy (7) = g(1) (d)2.

Lemma 3.25 (Order relation). Consider a Hecke congruence subgroup I(N) and
an even weight k > 0.

1. Definition of o: The map
o MT(N)) = H (Xo(N), M & 0 2°12) , g @,

with @, the well-defined differential form satisfying
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Py (7) = g(v) (d)?
is well-defined.

2. Order relation: The order of a modular form g and the order of the meromorphic
differential form
w, = a(g)

relate as
ordjy) @ +k/2 [t] cusp
ord;g =
hford[r]wg+k/2'(h1_1) TEH

Proof. Each modular form g € My(Io(N)) is a holomorphic function on H. The
function g defines on H the Iy(N)-invariant holomorphic differential form

g(7) (1)

Therefore g(t) (dt)*/? defines on the open Riemann surface

a meromorphic differential form
0, € H” (Yo(N),.# . Q°2)

with singularities at most the finitely many orbits of elliptic points 7 € H.

Moreover Io(N) has only finitely many cusps, see Example 2.12. For
arbitrary g € Q and

B € It with g = B(e)
each modular form g € My (I(N)) has a well-defined order

ordyg = ord.-g[PBk

independent from the choice of B. Hence w, extends as meromorphic differential
form to the compactified modular curve
%EHOQMMW%®Qﬁ@)
A cumbersome calculation by using charts, see [19, Sect. 3.3.], shows that the order
relations from the proof of Theorem 3.17 carry over: These formula show that the

map o is well-defined. The map « is injective, and via pullback of differential forms
also surjective.
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O

On a compact Riemann surface line bundles and divisors correspond to each
other bijectively, see [69]. Theorem 3.26 introduces the line bundles of meromorphic
differential forms induced by the distinguished divisors Dy on the modular curves.

Theorem 3.26 (The line bundle of modular forms). Consider a Hecke congru-
ence subgroup
Ij(N), NeN,

and an even weight k > 0.

On the modular curve Xo(N) with canonical divisor K € Div(Xo(N)) the line
bundle

L= ﬁ(k/2)~K+Dk € Pic(Xo(N))

corresponding to the divisor

k k k .
Dy = {4J . Z X+ LJ : Z X+ 3 Z x € Div(Xo(N))
x€Xp (N) x€Xp (N) x€Xp (N)
x elliptic x elliptic X cusp
hy=2 hy=3
of degree
deg D k k k >0
== € —|-.€ — €
eg Dy 1| & + 3| & + ) 2
satisfies:
e Meromorphic differential forms:
I~ QN

with the subsheaf of meromorphic differential forms on Xo(N)
Qi C MR Q%
defined by
Qi) :={o e H'U, 4 © ;Q%?) : © £ 0 and div ® > —Di|U} U{0}
Sfor each open U C Xo(N)
¢ Global sections.: Consider the canonical map
a: Mi(IH(N)) = H'(Xo(N),.# ® g Q%), g+ a,
with ®, the unique differential form with

P*wg =g(7) (dT)k/z'
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Here p : H* — Xo(N) denotes the canonical projection. Then
HY(Xo(N), L) = H(Xo(N), Q) =
—im o : My(Iy(N)) — H° (XO(N),///@) ﬁg®k/2)]

e Cohomology: Fork >?2
H'(Xo(N), Zyi) =0

¢ Dimension of the vector space of sections: For k > 2
dim H(Xo(N), L) = (8(Xo(N)) = 1) - (k—1) +deg Dy,
and fork =0
Lo = O, hence dim H(Xo(N), Ly o) = 1.
Proof. We set
g :=8(Xo(N))
i) Estimating the degree of (k/2) - K + Dy: By definition
LNk = Ok)2)k+D,-

Using the estimates

|k/4] > (k/4)—1/2and |k/3] > (k/3)—2/3

and the genus formula for Xo(N) we obtain for the degree of the corresponding
divisor for k > 2

deg ((k/2)-K+Dy) > <§-<2g—2>> n (’jz-ez+";2-es+jem> -

k—2 g 2

k-2 (d
:(2g—2)+2.< e§f> e >2g—2

ii) Vanishing of dim H'(Xo(N), % +): We apply Serre’s duality theorem in the form
H' (Xo(N), Zvi) = H' (Xo(N), Ly @ 02)"
and estimate for even k > 2 due to part i)

deg (—((k/2)-K+Dy)+K) < (2—2¢)+(2¢—2)=0
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Hence

dim H' (Xo(N), L x) = dim H'(Xo(N), £y © 62) =0
iii) Riemann-Roch theorem for £y x: The Riemann-Roch theorem proves the di-
mension formula

dim H*(Xo(N), Zyx) = 1 — g +deg ((k/2)-K+Dy) =

=1—g+deg ((k/2)-K)+deg Dy = (k—1)(g—1)+deg Dy.

Remark 3.27 (Modular forms of Hecke congruence subgroups). Figure 3.1 shows
different modular curves as coverings of P! and the dimension of their vector spaces
of modular forms, see PARI file "Congruence_subgroup_19”. The last column shows
the numerical value

dim H*(X(I3(N)), L x)

computed by applying the Riemann-Roch theorem to the line bundle % 4.

Congruence subgroups_19, Start

lodular forms of congruence subgroups Gamma_@(p**n)

Parameter: p_min = 2, p_max = 7, n_max = 4, weight = 4
= dimension via Riemann-Roch theorem

(2,0),
(2,1),
(2,2),
(2,3),
(2,4),

1, X(Gamma_@(1)): (deg, genus, dim M_4, h@_RR) =
2, X(Gamma_@(2)): (deg, genus, dim M_4, h@_RR) = (3,0,2,2)
4, X(Gamma_©(4)): (deg, genus, dim M_4, he_RR) = (6,90,3,3)
8, X(Gamma_@(8)): (deg, genus, dim M_4, h@_RR) = (12,0,5,5)
16, X(Gamma_@(16)): (deg, genus, dim M_4, h@_RR) = (24,0,9,9)

(1,0,1,1)

A

LU L L I LB 1
muwn N
LI | I | I e 1}

p
p
p
P
p

(3,0),
(3,1),
(3,2),
(3,3),
(3,4),

1, X(Gamma_0(1)): (deg, genus, dim M_4, h@_RR) (1,0,1,1)

3, X(Gamma_©(3)): (deg, genus, dim M_4, h@_RR) (4,0,2,2)

9, X(Gamma_@(9)): (deg, genus, dim M_4, h@_RR) = (12,0,5,5)

27, X(Gamma_@(27)): (deg, genus, dim M_4, he_RR) = (36,1,12,12)
81, X(Gamma_@(81)): (deg, genus, dim M_4, he_RR) = (168,4,33,33)

P
p
p
p
pl\
(5,0),
(5,1),
(532)1
(5,3).!
(5,4),

1, X(Gamma_@(1)): (deg, genus, dim M_4, h@_RR) (1,0,1,1)

5, X(Gamma_©(5)): (deg, genus, dim M_4, he_RR) = (6,0,3,3)

25, X(Gamma_@(25)): (deg, genus, dim M_4, he_RR) = (3e,0,11,11)

125, X(Gamma_@(125)): (deg, genus, dim M_4, he_RR) = (15e,8,43,43)
625, X(Gamma_©(625)): (deg, genus, dim M_4, h®_RR) = (750,48,203,203)

(7.’6)1
(7,1),
(7,2),
(7,3),
(7)4)1

1, X(Gamma_©(1)): (deg, genus, dim M_4, he_RR)

7, X(Gamma_@(7)): (deg, genus, dim M_4, h@_RR) =

49, X(Gamma_0(49)): (deg, genus, dim M_4, h@_RR)

343, X(Gamma_©(343)): (deg, genus, dim M_4, h@_RR) (392,26,105,105)
2401, X(Gamma_©(2401)): (deg, genus, dim M_4, he_RR) = (2744,201,714,714)

Fig. 3.1 Dimension formulas for modular forms of weight k = 4 of Iy(p")

Apparently
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Mo(I5(N)) ~C, N €N,

which implies
dim My(Iy(N)) = 1 and dim So(IH(N)) = 0.

Corollary 3.28 (Codimension of cusp forms of Hecke congruence subgroups).
Consider a congruence subgroup

Io(N), NeN.
1. For even weight k > 4 the subspace of cusp forms
SUT(N)) € Mi(To(N))

has codimension = €., the number of cusps of Xo(N). In particular, the codimen-
sion does not depend on the weight k.

2. For weight k = 2 cusp forms are exactly the holomorphic differential forms on
the modular curve. Hence

dim $>(Io(N)) = g(Xo(N))-

For the computation of €. in the general case see Example 2.12.

Proof. Set
g :=g(Xo(N))
and consider the divisor Dy € Div(Xo(N)) from Theorem 3.26, and define the divisor

Dy := Y (—1)-x+Dy€Div(Xy(N))
ay

and the correponding line bundle
Lk = Okpryk+py € Pic(Xo(N)

with
deg LNy = —€xtdeg Ly

The order relations imply for even k > 2
H° (Xo(N), Zyy) =
={wy € H(Xo(N),Qn ) : ordyay, > (k/2) — 1 for all cusps x € Xo(N)} =
={he M(Is(N)) : ordh > 1 for all t € H" with [r] cusp} = Sk (Io(N))
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1. k > 4: The formula from the proof of Theorem 3.26 shows for even k > 4

k—2 deg f
26

deg Ly >2¢—2+ >2g—2

because deg f > 1. Hence H' (XO(N),,,%](}‘:,() = 0 because

deg (f,{}‘:k)v Qa0 < —(2¢g—2)+(2¢g—2)=0,
and the Riemann-Roch theorem implies
dim Sk (In(N)) = dim H (Xo(N), Zyy) =

= dim H® (Xo(N),- Ly ) — €0 = dim Mi(IH(N)) — €.

2. k= 2: The explicit form of D7 shows
D3 =0¢€ Div(Xo(N)),

which implies
Lin=0g = Q'

and
$2(Xo(N)) = H*(Xo(N), Q)



Chapter 4
Elliptic curves

The present chapter ties quite closely with Section 2.1 on tori. We now bridge
complex analysis and algebraic geometry.

Section 4.1 shows that each complex torus is an algebraic variety in the complex
projective space P2. The variety is the zero set of a cubic polynomial.

Section 4.2 introduces elliptic curves as projective-algebraic varieties of genus = 1
defined over arbitrary fields, in particular over the field C, its subfield Q, and the
finite fields IF, of prime characteristic. We show that the points of elliptic curves
correspond bijectively to the smooth zero set of cubic polynomials, the Weierstrass
polynomials. They build a bridge between complex analysis and algebraic
geometry.

Section 4.3 introduces elliptic curves over the finite field I, and their {-function.

4.1 Embedding complex tori as plane cubic hypersurfaces in P?

Generalizing the 1-dimensional projective space P! we introduce the
higher-dimensional complex projective spaces P".

Definition 4.1 (n-dimensional complex projective space). For n € N the
n-dimensional complex projective space is the quotient

P" = (C"™1\ {0})/ ~
with respect to the equivalence relation
2=(20y-y2n) ~ W= (W, ..., wp) :<=>IAL €C': w=A1-2

The canonical projection onto equivalence classes

129
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m:C"TIN\ {0} = P,z [2).
provides P" with the quotient topology, named the Euclidean topology of P".
For z = (20, .--,24) € C""1\ {0} the expression
(zo:eizn) i =m(z) €P”
is named the homogeneous coordinate of 7(z).
One considers C* C P" via the injection
C"=P", (z1,-z0) = (1121t 1 2p).

as an open subspace.

Definition 4.2 (Standard atlas of P"). The standard atlas of P" is the family

with the open sets
U:={(z0:...:20) €EP": 7 £0},i=0,...,n.

and for each i =0, ..., n as i-th standard chart the homeomorphism

20 Zi—1 » Zi+l Zn
0 Ui —=C", (z0:..:20) — (,..., o1, ,...,)

Zi Zi Zi <i

which is a holomoprhic map. Here the “hat” indicates omission of the term. The
transformation between two charts ¢; and ¢; with i # j is the map

909, 1 9;(UiNU;) = ¢;(UiNU;),

20 Zj—1 ~ Zj+l Zn 20 Zi—1 » Zi+l <n
B A [ ey s L
Zj Zj Zj Zj Zi Zi < Zi

The standard atlas induces a complex structure on P". The latter becomes a complex
manifold, generalizing the 1-dimensional projective line P! and the 2-dimensional
complex projective plane P?.

Theorem 4.3 shows once more the importance of the Weierstrass -function and
its differential equation for & in the theory of complex tori.
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Theorem 4.3 (The embedding theorem for tori). Consider a complex torus
T:=C/A

with lattice
A=7Zw +Zw,.

Set
82:=60-Gp 4, g3:= 140Gy,

and denote by @ = o5 the Weierstrass function of A. The map

6T pis {E(l)fula; ©e) oo

maps the torus T biholomorphically onto ¢ (T) = E, which is the cubic hypersurface
E:= {(xo X1 :X2) €P?t Fpom(x0,x1,x2) = 0}

defined by the homogeneous cubic polynomial

Fhrom(X0,X1,X2) = X3 X0 — (4X] — g2 - X1X5 — 83 X3) € C[Xo. X1, Xo).

The homogeneous polynomial Fyyp(Xo,X1,X2) € C[Xo,X1,X5] is the homogeniza-
tion of the polynomial

F(X,Y)=Y?— (4X° — g2X — g3) € C[X,Y].
Proof. The subsequent proof of Theorem 4.3 relies heavily on the properties of £

and &' from Section 1.2.

i) Equation of ¢(T): The differential equation of the Weierstrass function &
@)V =0 -2 -8
implies
O(T\{0}) CEqpy:={(x,y) €C*: y* =4-° —g2-x—g3}
The closure of the affine algebraic set
E,rp C C* C P?

is the projective algebraic variety E C P2, see Figure 4.1 with abscissa X and ordi-
nate Y, which is the zero set in P2 of

F/mm(XOaXhX2)a

cf. [31, Chap. I, Exerc. 2.9].
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Fig. 4.1 Real points of Err

i1) Holomorphy of ¢: To check holomorphy in a neighbourhood of 0 € T we choose
an open neighbourhood U C T of the origin such that £’ has no zeros in U. On

U*:=U\0
one obtains by dividing the homogeneous coordinate by &'
U =:p:p")=1/p" p/p' 1),
which converges with limit

lim ¢(z) =(0:0:1):=0 € P?

z—0

because g and @’ have poles at 0 of order respectively =2 and 3. Hence 0 € T is a
removable singularity of ¢.

iii) Injectivity of ¢: The holomorphic map
T —P!

is a branched covering of degree = 2, while the holomorphic map
p' TP

is a branched covering of degree = 3. To give an indirect proof of the injectivity
of ¢ assume two distinct points
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z£weT\{0}
with

Then
<@(Z) = (@(W) lmplles w=—z

due to Corollary 1.10 and because £ is an even function due to Theorem 1.12.
Moreover

#'(2)=p'(w) = p'(~2) = —'(2) implies p'(z) = 0.
Lemma 1.13 implies that
z=[0/2], e Aandw=—z€T

are two distinct classes of half-period points of A. But  attains at z the value (z)
with multiplicity = 2, hence @ assumes the value $(z) = @(w) with
multiplicity > 4, a contradiction.

iv) The image of ¢: The only non-affine point is

E\Eyp=0=9(0).

Consider an affine point
(l:x:y)€E.

The g-function is a non-constant holomorphic map
p: T —P
hence closed and open, and in particular surjective: There exists z € T with
#(z) =x.

The function & is even, therefore also

o(=z) = x.
From
V=4 g x—g3=49(2)° — g2 p2) — 83 = 9 (2)°
follows:
¢ FEither
y='(z)and ¢(z) = (1:x:y).
e Or
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v) Smoothness of E:

A point (xp,yo) € C? is a singular point of E, rr iff it satisfies the three equations
0= F(x0,y0) = 5 — (4x0 —Axo— B), A := g2, B:= g3,

oF oF 9
a—y(xo,yo) =2yp =0 and a(xo,yo) =—12x5+A=0

Introducing the cubic poynomial
f(x):=4x> —Ax—B € C[x|
the condition is equivalent to
f(xo) =0and f'(xo) = 0.

The latter condition is equivalent to xo being a multiple zero of f, i.e. to the
vanishing of the discriminant of f

Ap=A%-27B%
Proposition 1.19 implies Ay # 0.

* To prove the non-singularity of E at the point O = (0: 0: 1) € P? we consider
the standard coordinate of P? around the point O

¢ Uy —>(Cz7 (z0:21 ZZz) — (MaV) = (ZO, Zl) .
2 22
We have
02 (ENU2) = {(u,v) €C*: f(u,v) =0}

with
fu,v):=u—(4-v*—A-u*-v—B-ud).

Then the partial derivatives are

8f . 2 af o 2 2
E(M,V)—l—(Z‘A'M'V—3'B'M)andg(u,v)——lz.'v +Alxl
hence

V£(0,0) = (1,0) #0.

The non-singular projective algebraic curve E = ¢(T) C P? is connected, hence
a compact Riemann surface with the induced analytic structure as a
hypersurface of P2.

vi) Biholomorphy: The map
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0:T—E
between Riemann surfaces is a bijective holomorphic map, hence it is
biholomorphic.
O

Example 4.4 (Embedding tori as plane cubics). The PARI script
Torus_to_Weierstrass_equation_01 computes a cubic equation in P?
for a given torus T = C/A, see Figure 4.2. Real values are approximated by ratio-
nals.

Torus_to_Weierstrass_equation_@1, Start

Lattice (omega_1,omega_2) = (I,1), modular invariant (rat. appr.) j = 1728

lattice base = [1, I]

(g_2, g_3) = (189.0727201, ©.00000000000000000000000000000000001841656774), rat. approx. = (1@399/55, @)

Cubic (rat. approx.): Y~2 = 4*X"3-(10399/55)*X - (@), discriminant = 216298077/32

Lattice (omega_1,omega_2) = (-1/2 + ©.8660254838*I,1), modular invariant (rat. appr.) j = @

lattice_base = [1, -1/2 + ©.8660254038*I]

(g_2, g_3) = (©.0000000000, 820.8244371), rat. approx. = (@, 46787/57)

Cubic (rat. approx.): Y*2 = 4*X"3-(@)*X - (46787/57), discriminant = -421683/19

Fig. 4.2 Embedding tori as plane cubics

The embedding result of Theorem 4.3 is a particular case of the general question:
How to obtain holomorphic maps

X — P

with X a compact complex manifold X ?

This question has a general answer, which is not restricted to complex analysis. We
recall the general construction in the context of compact Riemann surfaces X, see
also [69]. The pivotal objects are the twisted line bundle on P" and very ample line
bundles on X. In the following we shall not distinguish between a line bundle and
the invertible sheaf of its holomorphic sections. We shall employ in both cases the
same notation

Z € Pic(X).
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Definition 4.5 (The twisted line bundle on P"). The twisted line bundle O(1)
on P" is defined with respect to the standard atlas of P" by the cocycle

g=(gij) €Z'(%.0")
with

Z' . .
gij(Z():...:Zn);:ij"0§l7é]§n_

1

Proposition 4.6 (Sections of & (1)). The sections of € (1) onP" correspond bijec-
tively to the linear polynomials from HPol(1) C Clz, ....,z,] via the map

HPol(1) — H)(P",0(1)), zx — sp, k=0,...,n.

Here s; € HO(P",0(1)) is defined with respect to the i-th standard chart by the
holomorphic function

2k
Ski Ui = C, spi(z0: .. 120) 1= P
1

Proof. The map defined above on the standard charts provides a section

because

Proposition 4.6 generalizes to sections of the tensor powers
O(k):= 0(1)%*, keN,

which correspond bijectively to the homogeneous polynomials of degree = k, cf.
also [69].

In order that a line bundle .Z on a Riemann surface X defines a holomorphic map
Py X =P

to a projective space, the line bundle £ has to be globally generated.

Definition 4.7 (Base-point, globally generated line bundle). Consider a Riemann
surface X and a line bundle .Z on X.
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1. A point x € X is a base-point of .Z if each section ¢ € H°(X,.%) vanishes at x,
i.e. o(x) = 0. Note
G(X) =0 <= o, e Mm%

with %, the stalk of . at x € X and
my, C Oy
the maximal ideal of the stalk &), of the structure sheaf at x € X.

2. The line bundle is globally generated or base-point-free if it has no base-points,
i.e. if for each x € X exists a section 6 € H%(X,.#) such that the germ o, € %,
generates the stalk .%; as 0-module. The latter condition is equivalent to o(x) # 0.

Proposition 4.8 (Holomorphic maps to projective spaces). Consider a compact
Riemann surface X and a globally generated line bundle £ on X. After choosing a
basis

the map
Pp X =P x— (op(x):...: 0u(x)),

is well-defined - i.e. independent from the chosen trivialization of £ - and holomor-
phic. It induces an isomorphism

97(0(1) =2
with 9%, (O(1)) the pull-back of the twisted line bundle.

Proof. We set
¢:=90e.

i) Definition: We consider the definition of ¢ in a suitable open neighbourhood U of
a given point x € X. On U we choose a trivialization to identify the line bundle .Z|U
with the structure sheaf ¢'|U. Hence sections from H°(U,.#) become holomorphic
functions. Because .Z is globally generated there is an index j € {0,...,n} with

Gj(x) 750.

Hence the point
(0p(x) :...: Op(x)) € P"

is well-defined. It is independent of the choice of the chart and of the isomorphism
LU ~0|U.

Apparently the map ¢ is holomorphic on U.
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ii) Pullback of the twisted line bundle: For each i = 0, ..., n the sets

X; = ¢71(Ui) = {x eX: (Gi)x ¢ mx.,Z}}

form an open covering (X;)i—o, .. » of X because £ is globally generated.
For i =0, ..., n the canonical morphisms between the rings of local sections

O(1)(U) = 0.(L)(U;) = Z(X;) induced by s;|U; — 0;|X;
define a canonical sheaf morphism on P"
o) = ¢.Z
The latter corresponds to a sheaf morphism on X
9" (0(1) = 2,

because the two functors ¢, and ¢*, direct image and inverse image, are adjoint,
see [31, Chap. II, § 5], i.e. there is a canonical group isomorphim

Homg, (0*(0(1)), L) ~ Homg,,(O(1),0.L)

The induced morphism

9" (0(1) =2

between the two line bundles is an isomorphism because it is an isomorphism on
stalks: If for a given i € {0,...,n}

xeX;CXandy:=¢(x)eU; CP"
then according to the definition of the analytic inverse image sheaf

(¢*ﬁ(]))x = ﬁ(l)y ®ﬁpn'y ﬁX,x — %, (S,')y Q1 (G,')x.
O

Theorem 4.9 provides a criterion to ensure that the map provided by a globally
generated line bundle .Z is a closed embedding.

Theorem 4.9 (Projective embedding induced by a line bundle). Consider a com-
pact Riemann surface X and a globally generated line bundle £ on X. Then the
induced map

oy X P

is a holomorphic closed embedding iff £ satisfies both of the following properties:

1. Separating points: For any two distinct points p # q € X exists a section
o € H'(X, %) with (p) # 0 but 6(q) =0

2. Separating tangent vectors: For all x € X the map
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. 0 . 2
dey {ceH' (X,Z): o, e L} = m L /mi %, 60— [0y,
is surjective.

For the proof of Theorem 4.9 see [69].

Remark 4.10 (Separating points and tangent vectors). We explain the meaning of
the two statements from Theorem 4.9.

1. Separating points: The homogeneous coordinates of a given point in P" do not
fix the value of the components. But they determine whether a component is zero
or not zero. Therefore for each pair of points p # g € X

$2(p) # ¢2(q)

if at least one component of the left-hand side is different from zero while the
same component on the right-hand side is zero.

2. Separating tangent vectors: A holomorphic mapping is an embedding in the
neighbourhood of a point x € X if the Jacobi map at x does not vanish. The
latter condition is equivalent to the fact that the push-forward of tangent vectors
at x is injective, equivalently the pull-back of cotangent vectors is surjective: We
consider the isomorphy of &,-modules - respectively of complex vector spaces -

mx,,%(/m}cg =~ (mX/m)zc) Rg, Lx = Txl ®e, Lx

with the cotangent space
T :=m/m]

of X at x. Then the map
dg, {0 €H (X, 2): o em L} — Tl 04, %
is induced by the total differential dy of holomorphic functions: A section
oc HO(X,.,?) with o, € m,.%,
factorizes in a suitable neighbourhood U of x as
c=f0

with a holomorphic function f € & (U) satisfying f; € m, and a holomorphic
section o7 € Z(U). Then

dg(0)=df®01 €T} @0, L
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do(1),y
{se HO(P".0(1)) : s(y) = 0} — " T ®g,, O(1),
0" 071
dfx

{G EHO(X,;.?) : G(x) :O} —_— T)},X®6X.x‘%f

Fig. 4.3 Separating tangent vectors

The commutative diagram from Figure 4.3 with

yi=9(x)
and surjective maps
dﬁ(l),y and (f)*

shows: The pull-back ¢z, is surjective if and only if d # . is surjective.

Definition 4.11 (Very ample line bundle). A globally generated line bundle . on
a compact Riemann surface X is very ample if the induced map

¢$ZX—>Pn

is an embedding.

A globally generated line bundle . on X has enough sections to define a holo-
morphic map
Oy X —P".

If .Z is very ample then there are enough sections that ¢ is even an embedding.
Due to the compactness of X its image under an embedding is always closed.

Notation 4.12. For a line bundle £ on a Riemann surface X and a divisor D € Div(X)
we denote by
Lp =L Ry Op

the sheaf of meromorphic sections of £ which are multiples of the divisor —D. The
sheaf £p is isomorphic to a line bundle.

Consider a line bundle .# on a compact Riemann surface X. Theorem 4.13 states
a numerical criterion for the dimension of the vector spaces
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H(X, %), D € Div(X),

which ensures that the map
Pp: X =P

is well-defined and a closed embedding. This criterion is very helpful in the applica-
tions because the dimension on the vector spaces in question can often be computed
by using the theorem of Riemann-Roch in combination with Serre duality.

Theorem 4.13 (Very-ampleness criterion). Consider a compact Riemann surface X.
For a line bundle £ on X are equivalent:

e The line bundle £ is very ample.

e For any two not necessarily distinct points p, q € X the corresponding point di-
visors
P:=1-p, 0:=1-q€ Div(X)

satisfy
dim H'(X,_(p.q)) = dim H*(X, &) — 2.

Proof. 1) Assume the validity of the dimension formula: The formula implies for any
two point divisors P, Q € Div(X)

HO(X"’?f(PJrQ)) QHO(X,,,%,;)) G HO(ng)

and each proper inclusion has codimension = 1 because it is defined by a single
linear equation.

e The equation
(X, 2 p)=0(X,2)-1.

states that the kernel of the evaluation
H'(X, %) = %, /m, %, ~C, 6+ [0,

has codimension = 1. Hence p is not a base-point of .Z’. As a consequence, the
line bundle .Z is globally generated and

0y X — P"
is well-defined.

e The equation
H(X,.Z_(prg) S H'(X,.Zp)

implies that for any pair of distinct points p, g € X there exists a section

o e H'(X,Z-p)\H (X, Z_(p10))
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i.e. satisfying
o(p)=0but o(q) #0.

Hence the sheaf . separates points.
 The dimension formula shows for any point p € X with point divisor P € Div(X)
H(X, % 2p) CHY(X, 2L p)
has codimension = 1. Hence there exists a section
o € H'(X, 2 p)\H(X,.Z 2p)
which implies the surjectivity of the composition of the canonical maps
HY(X, % p) = wx ,.%p = Wy p.Lp /% %,

due to
dim@(mx7p/m)2(7p) =1

Therefore . separates tangent vectors.

i) Assume £ very ample: Theorem 4.9 implies that . separates points and
tangent vectors. Separating points implies for all point divisors P # Q € Div(X)

dim H'(X,_(p1q)) = dim H'(X, &) - 2.
Separating tangent vectors implies for each point divisor P € Div(X)

dim H*(X, % 2p) =dim H*(X, ) — 2.

Remark 4.14 (Projective embedding of compact Riemann surfaces). As a conse-
quence of the very-ampleness criterion from Theorem 4.13 one can prove: Each
compact Riemann surface X embeds holomorphically into a projective space.

1. If g(X) > 2 then the tri-canonical line bundle Q%3 € Pic(X) is very ample,
see [69].

2. For a complex torus X = C/A holds Q ~ &, hence
g(X) :=dimH’(X,Q) =1

Consider the divisor
D:=3-0€ Div(X)

with the point 0 € X being the origin. Then the line bundle
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£ = Op € Pic(X)

is very ample according to Theorem 4.13: As a consequence of 2 ~ &, for two
point divisors
P=1-p,0=1-q€ Div(X)

holds
dim H'(X,. 2 (prg)) =dim H'(X,0_p,(p10) =0
because
deg (-D+(P+Q))=-3+2=-1<0
Hence

dimH® (X, L (py0)) =1—g(X)+deg £ —2=dim H*(X,£) -2
The Riemann-Roch theorem implies
dim H*(X, %) = dim H*(X,0p) = deg D =3
Apparently, a basis of H(X, 0p) is the family of linearly independent elements

(1L,p,0"),

which gives a second proof for the embedding from Theorem 4.3.

4.2 Elliptic curves over an arbitrary field

Complex analysis of several variables or complex analytic geometry on one hand,
and on the other hand algebraic geometry are mathematical theories with many
concepts in common and several concepts in parallel. The counterpart of

a 1-dimensional torus from complex analysis is an elliptic curve from algebraic
geometry. Before defining elliptic curves in Definition 4.20 we recall some basic
definition and results from algebraic geometry.

We compile the following GAGA-dictionary (Géométrie Algébrique et GEométrie
Analytique).

Proposition 4.15 (Dictionary: Complex analytic geometry - Algebraic geome-
try).
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Complex analytic geometry Algebraic geometry
Complex Manifold Smooth variety
Euclidean topology Zariski topology
Compact complex manifold Smooth projective algebraic variety
Compact Riemann surface Projective algebraic curve
Genus
Stein manifold Smooth affine variety
Structure sheaf Oy

Holomorphic function Regular function
Meromorphic function Rational function

Local ring Ox x

Line bundle

Very ampleness

Divisor

Sheaf Qx of differential forms

Cohomology

Riemann-Roch Theorem

Serre Duality

The table relates concepts from complex analytic geometry on the left-hand side
with concepts from algebraic geometry on the right-hand side. But not any compact
manifold, and not even any compact Kaehler manifold has a counter part in algebraic
geometry. Hence not any instance of a concept on the left-hand side of the table
induces a correponding instance on the right-hand side. On both sides there are
objects which cannot be studied by methods from the other side.
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In algebraic geometry a variety is assumed to be irreducible. Irreducibility cor-
responds to connectedness in the case of manifolds. If one skips the requirement of
smoothness one obtains the irreducible reduced complex space as the analogue of a
variety.

Remark 4.16 recalls varieties as the basic objects of classical algebraic geometry.
Varieties are irreducible by definition, hence they are defined by prime ideals. But
different from manifolds varieties may have singularities. Hence varieties are the
analogue of reduced and irreducible complex spaces. We distinguish between their
field k of definition and the algebraic closure k where the points of the variety have
their coordinates. As a topological space varieties will be equipped with the Zariski
topology.

Recall that a field k is perfect if each irreducible polynomial with coefficients
from k is separable, i.e has pairwise distinct roots in an algebraic closure k. All
fields in the present section will be assumed perfect. The relevant examples of per-
fect fields are the fields k of characteristic = O or the finite fields k = IF, of prime
characteristic = p.

Remark 4.16 (Algebraic variety with structure sheaf). Consider a perfect field k
and denote by k the algebraic closure of k.

1. Affine variety: An affine algebraic variety X is the zero set

7 Tn

X =V(a)C A"(E) =F
of a prime ideal a C k[X|, ...,X,], i.e.
X :={xeA"(k): f(x)=0forall f€a}.

The ring
R:=k[Xy,....X,]/a

is the affine coordinate ring of X.

If a can be generated by polynomials from k[Xi, ..., X,], then X is defined over k,
denoted X /k. The smallest subfield of k with this property is named the field of
definition of X.

2. A projective algebraic variety X is the zero set

X =V(a) CP"(k)

of a prime ideal B
aC k[Xo, ...,Xn],
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generated by homogeneous polynomials, i.e.

X ={(x=(x0:...:xy) € P*(k) : f(x) =0 for all homogeneous f € a}.

3. Zariski topology: Closed sets of A"(k) are the affine algebraic subvarieties and

their finite unions. The Zariski topology on an affine algebraic variety X C A" (k)

is the subspace topology induced from the Zariski topology of A"(k). A basis of
the Zariski topology of X are the sets

Dp:={xeX: h(x)#0}, heR.

Closed sets of P"(k) are the projective algebraic subvarieties. The Zariski topol-

ogy on a projective algebraic variety X C IP" (k) is the subspace topology induced

from the Zariski topology of P" (k).

Non-empty open subsets of an irreducible space are irreducible itself, and are
also dense.

4. Structure sheaf and sheaf of rational functions: Consider an affine algebraic va-
riety X with coordinate ring R and an open set U C X. A function

U=k

is regular if it has locally the form

f= %With g,h € R, hlocally without zeros in X .

Note that the quotient representation of f is only required to hold locally. The
sheaf Ox of regular functions on an affine algebraic variety X is the contravariant
functor

U Ox(U):={f:U — k| fregular }, U C X open,

with the restriction of functions. The sheaf Oy is named the structure sheaf of X.
Sections over a basis open set D;, C X form the ring

O(Dy) =Ry :={g/l": g€ R, neN}

Because the ideal 7
acC k[Xl s ,Xn}

is prime, the quotient R and all rings
Ox(U), U C X open,

are integral domains. The sheaf .#x of rational functions on X is the sheafifica-
tion of the presheaf
U~ Q(Ox(U)), U C X open,
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with Q(Ox (U)) the quotient field of the integral domain O (U). Sections of .#x (U)
are locally quotients
g/h, g, heR, h#0.

For a non-empty open set U C X holds
M (U) = Q(R) =t k(X),

independent from U. The field Q(R) is named the function field k(X) of X. The
sheaf
MM

is the multiplicative subsheaf of non-zero rational functions.

The definitions carry over to projective algebraic varieties, beaucse the latter
have an atlas of affine algebraic varieties.

5. Non-singularity: Consider an algebraic variety X and a point x € X. The local
ring Ox , at x € X is the ring of germs of regular functions defined in a neigh-
bourhood of x € X. Its dimension defines the dimension of X at x € X.

The variety X is non-singular or smooth at x € X if Oy . is a regular local ring,
ie. if
dim Oy x = dimyy (my/ mxz) (Dimension equals cotangent dimension).

Here
K(x) := Ox x/my

denotes the residue field of X at x.

6. Curve over k: A projective algebraic curve C/k is a 1-dimensional, non-singular
projective algebraic variety defined over the field k. If

C C P(k)
then C/k is a plane projective algebraic curve. Its genus is defined as
¢(C) = dim; H°(C,Q),
the dimension of the k-vector space of regular differential forms.

7. Affine schemes: From a modern viewpoint the primary property of a variety is not
the point set B
X C A"(k),

the primary object is the ideal

a Ck[Xp,.... Xn]
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with minimal field of definition &, or its quotient, the ring
R:= k[Xl, ...,Xn]/a

Due to Grothendieck’s reformulation of algebraic geometry, the basic concept is
for arbitrary rings R the affine scheme

(X := Spec R, O%)

Here Spec R is a topological space with points the prime ideals of R. The structure
sheaf Ox has as stalks the localizations

Ry, p C R prime ideal.

We have included the requirement of non-singularity into our definition of a
projective algebraic curve because all curves under consideration will be assumed
smooth if not stated otherwise. Note that any plane projective algebraic curve is
defined by a single homogeneous polynomial. Its degree is the degree of C/k.

Remark 4.16 for X /k involves two fields:

 First, the field of definition k is not necessarily algebraically closed. It is the
smallest field which contains all coefficients of a set of generators of 1(X).

+ Secondly, the algebraically closed field k, used to visualize X from a geometrical
viewpoint as the maximal set of its points. Also the condition on smoothness
refers to k.

But the set X C A"(k) respectively X C P"(k) is not the only point set attached
to K /k. Definition 4.17 introduces point sets X (K) attached to all intermediate
fields k C K C k.

Definition 4.17 (K-valued point pf X /k). Consider a projective algebraic variety X /k
with B
X C P*(k).

Then for any field
kCK

the set of K-valued points of X is defined as

X(K):=XNP"(K) =
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={x=(xp:...:x,) €P"(k):xE€X and x; €K foralli=0,...,n}.

Remark 4.18 (GAGA).

1. Chow’s theorem: Historically, the first GAGA-result is Chow’s theorem: Any
projective complex analytic manifold X C IP" is the variety of homogeneous poly-
nomials, i.e. if X C P" is locally defined as the zero set of holomorphic functions,
then X can be globally defined by homogenous polynomials.

2. Analytification of schemes: To formalize the analogy between complex analytic
geometry and complex algebraic geometry Grothendieck uses the language of
category theory. On one hand, let An denote the category of complex spaces and
holomorphic maps. On the other hand, let Al denote the category of schemes
of finite type defined over C and regular maps. The first step attaches to a
schema X € Al a distinguished complex analytic space X** € Anc. The latter
is obtained via the functor:

@ :Anc — Ens

attaching to a complex analytic space Y the set
®(Y) :=Homc(Y,X)

of morphisms of ringed spaces. The functor @ can be represented by a universal
object (X", ¢), named the analytification of X. The pair comprises a complex
analytic space X“* and a morphism

¢ X" =X,
see [50]. As a consequence: For a given complex analytic space Y each morphism
f:Y—=X
of ringed spaces induces a unique holomorphic map
Y - X

such that the following diagram commutes

The analytification ¢ : X" — X defines for each x € X" a pull-back
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O 2 Ox g(x) = Oxanx

which allows to compare the local ring of regular functions on X and the local
ring of holomorphic functions on X“*. As a consequence one obtains compari-
son theorems between the algebraic properties of the local rings of the structure
sheaves of X and X", see [50, Chap. 2].

In addition, any morphism f : X — Y in An¢ induces a unique holomorphic map
fall : Xaﬂ — Yaﬂ

such that the following diagram commutes

Xlln (PX
f(ln : f
o O

Again, one obtains comparison theorems between the algebraic properties of the
morphisms
f:X—Yand f*: X" -y,

see [50, Chap. 3].
3. Coherent sheaves and proper maps: The morphism
¢ X — X"

from the analytification of X defines the functor analytical inverse image as the
pull-back of module sheaves over the structure sheaf:

0" :Sheafﬁx — Sheafﬁxan, F =0 F

and
[:F =G 0" f:9'F - ¢*Y.

The stalk at a point x € X" of the inverse image sheaf is easy to calculate
((P*j)x = g\qy(x) ®(}X,¢(x) ﬁX{lYl7x

Serre investigated in his GAGA-paper [53] for a projective schema X € Al and
a coherent Oy-module the relation between the cohomology in the algebraic and
the analytic category. Subsequently his results have been generalized to the rela-
tive case: For a proper morphism

f:X—=Y
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in Al and a coherent Ox-module sheaf .% the canonical morphisms in Ang be-
tween the corresponding direct image sheaves

(RIf. 7)™ = RIfo(F), jEN,

are isomorphisms, see [50, Chap. 4].

The literal analogue of divisors on compact Riemann surfaces are divisors on
a projective algebraic curve C/k. A priori, these divisors refer to the points of the
curve C C P"(k) with coordinates in k. In a second step we will consider those
divisors which are defined over k.

Definition 4.19 (Divisors on projective algebraic curves). Consider a projective

algebraic curve C/k with C C P" (k).

1. A divisor on C/k is formal sum

D:Z Ny X

xeC

with integers n, € Z satisfying n, = 0 for all but finitely many indices. For a
point p € C the corresponding point divisor is denoted

P=1-p
Each divisor D € Div(C) has a well-defined degree

deg D := Z ny €7
xeC

The additive group of divisors on C/k is denoted Div(C), its subgroup Divy(C) C Div(C)

contains all divisors of degree = 0.
2. A divisor D € Div(C) is a principal divisor if D =0 or
D=divf

for a rational function f € k(C). Two divisors Dy, D, € Div(C) are equivalent,
annotated
Dy ~ Dy,

if their difference is a principal divisor. The divisor of a rational function f € k
has degree
deg (div f) =0.

Denote by
Prin(C) C Divy(C)
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the subgroup of principal divisors. The quotient
CI(C) := Div(C)/Prin(C)
is named the divisor class group of C. Its subgroup
Cly(C) := Divy(C)/Prin(C) C CI(C)
is the class group of degree zero divisors.

3. A divisor
D= n,-xeDiv(C)

xeC
is defined over k if it is invariant under the action of the Galois group Gy Ik ie.if
for all 0 € Gy Ik
D=D%:=Y n,-x° € Div(C)
xeC

4. For a divisor D € Div(C) we denote by Op the sheaf of multiples of —D, i.e.

Op(U):={fe.#*(U): divf>-D|U}U{0}, U C X open.

For projective-algebraic curves C/k the theorems of Riemann-Roch, Serre duality,
the very-ampleness criterion from Theorem 4.13 and the dimension formula

dimH°(C,0) =1

hold literally in the same form as on compact Riemann surfaces. Also the
canonical divisor K € Div(C) has degree

deg K =2g(C)—2.

Hence we will apply these results also in the context of algebraic geoemtery
without further mentioning.

Definition 4.20 (Elliptic curve over k). An elliptic curve defined over k is a
pair (E, O) with

* aprojective algebraic curve E /k of genus g = 1

* and a k-valued point O € E
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Note. In Definition 4.20 the notation “O” denotes the upper-case letter O, not the
digit 0. We denote by
O« :=1-0 € Div(E)

the distinguished point divisor. It is defined over k. If the specific base field k£ and
the k-valued point O are not relevant for the context, we will often denote an
elliptic curve just by E.

Note that there exist smooth projective algebraic curves C/Q of genus g = 1
without rational points, i.e. with C(Q) = 0. An example is the Selmer
curve C € P?(C) defined by the homogeneous cubic equation

3X344Y3+52° =0

The formula for the genus g of a hypersurface F C P? of degree d is

B (d—1)(d-2)
8=
Hence for the Selmer curve
2-1
S
8(C)=—

It is not an easy task to show that the Selmer curve has no rational points, see the
reference to Selmer’s paper in [60, Chap. I, §2].

The fact g = 1 for an elliptic curve E allows a simple application of the Riemann-
Roch theorem to compute the vector spaces of multiples of a divisor on E.

Lemma 4.21 (Divisors on an elliptic curve). Consider an elliptic curve E and a
divisor D € Div(E). Then

0 ifdeg D <0
dim HO(E7 Op) = 0 l:fdeg D=0,D nO-tpr.incipal
1 ifdeg D=0, D principal

deg D ifdegD >0

Proof. The Riemann-Roch theorem together with Serre duality imply for any
divisor D € Div(E)

dim H*(E, Op) —dim H' (E, Op) = dim H*(E, Op) —dim H*(E, 0 _p k) =

=1—g+degD=deg D

Because an elliptic curve E has genus g = 1, its canonical divisor has degree
deg K =2g—-2=0.

As a consequence
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deg (—D+K) =deg (—D) = —deg D
i) Case deg D # 0: If deg D > 0 then deg (—D) < 0. As a consequence

degD ifdegD >0

dim H(E,0p) =
im H(E, Op) {o if deg D < 0

ii) Case deg D = 0: We consider the sheaf &) as a line bundle. Then
D principal <= Op~ 0
On one hand, D principal implies
HY(E,0p) =dimH(E,0) =1

On the other hand, for non-principal D the line bundle & is not trivial. Hence each
regular section of s € H*(E, Op) has a zero. If s # 0, then deg D = 0 implies that s
has also at least a pole, contradicting the regularity of s. Therefore s = 0.

O

The following Lemma 4.22 will be used in the proof of Theorem 4.23. It indi-
cates why the existence of a k-valued point is requested for an elliptic curve defined
over k.

Lemma 4.22 (Divisors defined over a subfield). Consider a projective algebraic
curve C/k and a divisor
D= Z ny - x € Div(C)
xeX

which is defined over k. Then the finite dimensional k-vector space
HY(C,0p)={f €k (C): div f > —D}U{0}
has a basis of rational functions from k(C), more precisely
HY(C,0p) =k {f €k*(C): div f > —D}U{0}

For the proof see [60, II, Prop. 5.8].

Elliptic curves are by definition subvarieties of a projective space P" (k).
Theorem 4.23 proves that they are even plane curves, i.e. that they embed as
hypersurfaces into P? (k).

Theorem 4.23 (Elliptic curves are plane cubics). For an elliptic curve (E /k,O)
exist two rational functions x,y € k(E) with poles only at O such that the map

(1:x(p):y(p)) p#0

. 2(T
¢.E—>P(k),p»—>{(0:0:1) p=0
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induces an isomorphism onto the plane cubic C C P*(k), which is defined by a
homogeneous polynomial Fj,,, € k[Xo,X1,Xz] of the form

From(X0,X1,X2) = XoX3 + a1 XoX1Xo + a3X3 Xy — (X + arXoX? + as X3 X1 + asX3)

with five suitable constants a; € k,i = 1,2,3,4,6. In particular, C is defined over k
and non-singular.

Proof. We construct a very ample line bundle . = Op on E and define ¢ := ¢ o.
Therefore consider the divisor

D:=3-0. € Div(E).

The line bundle
¥ :=Op € Pic(E)

satisfies the very ampleness criterion from Theorem 4.13: The proof follows from
the dimension formula in Lemma 4.21 because for all points p,q € E

dim H*(E,0p_p) =dim H(E, Op) — 1

and
dim H(E, Op_(p..q)) = dim H*(E, Op) — 2.

Forn>0
H'(E, Ono.)) =1{f € k'(E): f has at most a pole at O of order = n}U{0}
and the dimension formula implies the proper inclusion
HY(E,050.) DHY(E,050.) DH(E,0p,) ~H(E,0) =C.
Hence a basis (1,x,y) of
HY(E, %) =H(E,03.0.)
exists with
» yEH(E,050.) C k(E) has a pole of order = 3 at O and no other pole,

s x€HE,0,.0.) Ck(E) has a pole of order = 2 at O and no other pole,

« 1€HYE,0)=H"(E,0)\0.) C k(E) has no poles.

By assumption O € E (k). Therefore the divisor D is defined over k. According to
Lemma 4.22 we may choose even x,y € k(E). With respect to the basis (1,x,y) the
line bundle . defines the closed embedding

¢ =0y :E—P(k), p— (1:x(p) : y(p)),
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onto a curve C/k in P? (k). The family

(17 X5 Y, x2’ Xy, )CS, yZ)

of seven rational functions from the 6-dimensional vector space H’(E, 0s.0..) is
linearly dependent. Therefore the functions satisfy a linear relation with coefficients
from k. Among them the two functions x> and y? are the only ones having a pole
at O € E of order = 6. Hence their coefficients in the linear relation are not zero.
After division we may assume that their coefficients are = -1 and

Y +aixy+azy =x +ax’ +asx +de
with coefficients a; € k. This relation defines the inhomogeneous polynomial
F(X,Y) =Y+ a1XY 4+ a3¥Y — (X° + axX* + asX + ag) € k[X,Y]
and its homogenization, the polynomial F,,, € k[Xo,X1,X>] with
From(X0,X1,X2) := XoX? +a1XoX1 X2 + a3 XoX§ — (X} 4+ a: X7 Xo + as X1 X§ + asX;)).

The inhomogeneous variables (X,Y) relate to the homogeneous variables (Xo, X, X>)
according to

Xi X5
X=—andY = —.
Xo Xo

The curve ¢ (E) is a subvariety of the 1-dimensional cubic hypersurface
C:=V(Fuom) C{(x0:x1:x2) € IP’Z(%) : Fhom(x0,x1,%2) = 0}.
The cubic C intersects the line at infinity
P! (k) ~ {(xo : x1 : x2) € P?(k) : xo = 0}

in the single point (0: 0 : 1) with multiplicity = 3. Its affine part is the affine variety
of the polynomial F(X,Y) € k[X,Y]

Caft = { (%0 : X1 : x2) € P?(K) 1 Fhom((x0 : %1 :x2)) =0 and xg # 0} =

={(xy) €A*(k): F(x,y) =0} =V(F).

The polynomial F € k[X][Y], considered as polynomial in Y with coefficients from
the ring k[X], is irreducible: It does not split as

FX,)Y)=+b1)(Y +by)

with polynomials by, b, € k[X]. Therefore Cyr and also C are irreducible. Hence the
non-constant regular map
¢0:E—=C
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is surjective, cf. [31, Chap. II, Prop. 6.8], an analogue of the theorem about non-
constant proper holomorphic maps between Riemann surfaces. As a consequence

¢(E)=Cand E ~Coverk

and C is non-singular.
O

In the following we will identify an abstract elliptic curve (E /k, O) with the plane
cubic from Theorem 4.23. We say that (E/k,O), more precisely its affine part, is
defined over k by the Weierstrass equation F(X,Y) = 0.

Definition 4.24 (Weierstrass polynomial and Weierstrass equation, discrimi-
nant and j-invariant). A Weierstrass polynomial over a field k is a cubic poynomial

F(X,Y)=Y>+a1XY +a3¥ — (X3 +arX? + asX +ag) € k[X,Y]
with coefficients
ay, az, az, as, as € k.

1. The equation
F(X,Y) =0,

i.e.
Y2+ a1 XY +a3Y = X2 + X + auX + ag

is named the Weierstrass equation over k defined by F.

2. The discriminant of F is
Ap = —b}bg — 8b3 — 27b% + 9bybsby
with
by = a% +4ay, by :=2a4+ayas, bg := a% +4ag
and
bg := a%aﬁ +4arag — ayazas + azag — ai.
3. The j-invariant of F is
22

, C4 1= b5 —24by,.

3
jF,:Ci
=

Starting from an elliptic curve over a field k the resulting Weierstrass polynomial
is not unique. There exist coordinate transformations defined over k which transform
a Weierstrass polynomial over k to a different form, in particular to a more simple
form.
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Proposition 4.25 (Weierstrass equation in short form, discriminant and j-invariant).
Consider a Weierstrass polynomial

F(X,Y)=Y*+a1XY +a3Y — (X + arX? + asX + ag) € k[X,Y]

1. Short form: If char k # 2,3 then there exists a linear coordinate change
X\ (X W X+r
Y Y') \d Y +s-u? X+t

r,s,t €kuek”

with constants

which transforms F (X,Y) to the Weierstrass polynomial in short form
F'(X'Y)=Y?—(X"+A-X'+B), A, Bek

with discriminant
Ap = —2%. (43 +27B*) e k

and the same j-invariant
Jr = JF

2. Transforming Weierstrass polynomials in short form: Each linear coordinate

transformation over k
X’HX__uzo_X’
Y Y) \o4) \¥Y')"

with u € k* transforms a Weierstrass polynomial in short form
F'(X')Y)=Y"— (X" +A" X' +B) c kiX',Y]
to the Weierstrass polynomial in short form
F(X,Y)=Y>— (X’ +A-X+B) €k[X,Y].
such that the numerical constants relate as
A=u* A, B=ub B, Ap =u'? Ap.
retaining the j-invariant

44)3 4a’"y?
(44)" _ 1pg. (44)
AF AF/

JjF:=1728- =: jp

3. The j-invariant: Two Weierstrass polynomials in short form have the same j-invariant
if and only if they are related by an isomorphism as in part 2) defined over k -
not necessarily over k.
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4. For each algebraic number jo € k exists an elliptic curve E [k(jo) with j-invariant
equal to jy.

For the proof of Proposition 4.25 see [62]: For part 1) cf. Chap. III, §1; for part 2)
cf. Chap. III, Rem. 1.3; for part 3) cf. Chap. III, Prop. 1.4(b); for part 4) cf.
Chap. III, Prop. 1.4(c).

The discriminant Ar € k of a Weierstrass polynomial F(X,Y) € k[X,Y] indicates
whether the projective algebraic variety

C =V (Fom) C P2 (k)

is non-singular or not. If Ap # 0 then (C/k,(0:0: 1)) is non-singular, i.e. an elliptic
curve.

Proposition 4.26 (Singularities of cubics). Assume char k # 2,3 and consider a
plane cubic curve B
C 1=V (Fhom) =C P*(k)

defined by the homogenization of a Weierstrass polynomial in short form
F(X,Y)=Y>— (X3 +AX +B) € k[X,Y]
with A, B € k and discriminant
A = —16-(4A° +27B%).
The curve C has at most one singular point. The curve
e isnon-singular iff Ap # 0
e hasanode iff Ar =0and A #0

* hasacuspiff Ar =A=0.

For a proof of Proposition 4.26 see [62, Chap. III, Prop. 1.4].

Theorem 4.27 is the converse of Theorem 4.3. it shows that the complex points of
an elliptic curve, defined over a subfield of C, can be parametrized by the
Weierstrass function & and its derivative &' of a suitable torus. The proof relies on
the result of Theorem 4.23 that elliptic curves are plane cubics which satisfy a
Weierstrass equation.

A very coarse analogue of the uniformization is the parametrization of the points of
the unit circle by the values of the exponential function ¢>* on the parameter
interval [0, 1].
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Theorem 4.27 (Uniformization of elliptic curves E/C by complex tori). For any
elliptic curve E defined over C exists a torus T = C/A and a biholomorphic map

@:T = E(C).

Here E(C) C P*(C) is provided with the induced Euclidean topology and the ana-
Iytic structure from the complex manifold P*(C).

Proof. Due to Theorem 4.23 we may assume that E is defined as a plane curve,
defined by the homogenization of a Weierstrass polynomial in short form

F(X,Y"):=Y"—(X’+a4-X +ae) € C[X,Y].

The substitution
Y = (1/2)-Y

shows that E can also be defined by the Weierstrass polynomial

F(X,Y)=Y>—(4-X>—-A.-X—B)
with suitable constants A, B € C and discriminant

Ap =A% 278
due to Proposition 4.26. We search for a lattice
A=720+7Zaw, CC

with lattice constants G4 4 and Gy ¢ satisfiying

A=60-Gy, 4and B=140-G4 .
The restriction of the modular invariant

&(7)
83(1) —2783(t)’

is surjective according to Corollary 3.16. Hence a number 7 € H exists with

JH:H—C, j(t):=1728-

A3
() =1728 - —.
J(7) A
If g»(7) = 0 then T = p according to Corollary 3.20. We choose
A=Ay

Similarly, if g3(7) = 0 then T = i, and we choose

A I:Ai.
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Otherwise, the two equations

3 T A3
j(t) = 1728- %: 1728 2=
8 (1) —27g5(7) Ap
and
Ap =A3—278°
imply
(7) A3

g3 (1) —27¢3(r) A3—27-B*

Clearing the denominators by crosswise multiplication implies

3 2
A B B
(82(@) a <g3(7~')>
We choose w; € C with

4 6
A (1N B (1
gz(f)_<w1> ) gz(f)_<w1> '

This choice is possible because we may replace ®; by i®;. In addition, we set

0 =T-0,ie T=wm/ 0.
Then (@, @,) is a positively oriented basis of the lattice
A =720+ 7Zw;.

Its lattice constants are

4 4
Gns= () *Ga(1= (5 ) +(1/60) a®) = (1/60) -4
and similarly
G = (1/140)-B,

i.e.
A=gppand B=gp3.

The ma
’ ¢:C/A —P?

from Theorem 4.3 maps the torus C/A biholomorphically to the cubic hypersurface
with Weierstrass polynomial

F(X,Y)=Y>—(4-X>—gr2-X—ga3)=Y*—(4-X’~A-X —B)
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Example 4.28 (Elliptic curves and cubics with a singularity). The following Figures 4.5 - 4.8
show some elliptic curves. The table from Figure 4.4 shows their invariants. The role
of the conductor will be explained later in Definition 4.39.

Figure 4.9 and Figure 4.10 show the singular cubics

* node with its double crossing
* and the Neil parabola with its cusp.

Both cubics have a single singularity.
For the computation and the plots see the PARI files E11liptic_curve_02
and Elliptic_curve_plot_06.

Figure|Weierstrass equation|  j-invariant  |discriminant|conductor

Elliptic curve

45 | Y?=X3-3X+3 —28.33/5 | —2%.33.523.33.5
46 Y2=Xx34+X 1728 —26 26
47 Y2=x3-X 1728 20 2’
4.8 Y2=x3+3 0 —24.35 | 24.®

Y2=Xx3-X-14 | -25.33/661 | —27-661 | 27-661

Y245XY +Y =X3|53-1013/(2-7%)|  2-7? 2.7

Singular cubic

49 Y2 =x34x? - 0 -

4.10 y2=x3 - 0 _

Fig. 4.4 Numerical values of some cubic curves
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Fig. 4.6 Y2 =X3+X

Fig. 47 Y>=X?-X
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Fig. 4.9 Y2 = X3 +X?

Fig. 410 Y =X3

4 Elliptic curves
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According to Theorem 4.3 a torus is biholomorphic equivalent to an elliptic

curve E/C. Hence we expect that the biholomorphic map ¢ carries over the
abelian group structure on the torus to a group structure on the elliptic curve.
Theorem 4.23 suggests that ¢ maps the neutral elements, i.e. that the distinguished
point O € E becomes the neutral element of the group structure on the elliptic
curve. Our next goal is to make explicit the group structure on E.

Lemma 4.29 prepares the proof of Theorem 4.30 and the Definition 4.31 of the
group structure of an elliptic curve (E /k,O). The lemma shows that for a
pair (p,q) of distinct points from E the divisor

D:=P—-Q¢cDiv(E)

cannot be a principal divisor. Note that the lemma gives also a second proof of
Corollary 1.9.

Lemma 4.29 (No single pole of order one). Consider an elliptic curve (E [k, O)
defined over a field k. There is no ratiomal function f € k(E)* with

div f=P—Q
with P, Q € Div(E) the elementary divisors of two distinct points p # q € E.
Proof. Consider the point divisor

Q € Div(E) of degree deg Q = 1.

Lemma 4.21 implies
dim H'(E,0p) = 1.

Hence the inclusion B
kcH® (E,0p)

implies B
k=H(E,0p).

Hence each f € H(E, 0)) is constant, and therefore f = 0 or
div f =0 € Div(E)

which implies p = ¢, a contradiction, g.e.d.

Lemma 4.29 shows: The obstructions for a divisor D € Divy(E) to be a principal
divisor are divisors of type P — Q or even of type P — Ow. A divisor D € Divy(E) is
the divisor of a rational function up to a divisor of type

P—-0...

Because the point P € E is uniquely determined by D, the obstruction is expressed
by P alone.
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We use the notation from Definition 4.19, notably the equivalence relation for
divisors.

Theorem 4.30 (The class group of degree zero divisors on an elliptic curve).
Consider an elliptic curve (E [k, 0O).

1. For any divisor D € Divy(E) exists a unique point p € E with
D~ P— 0
Denote the corresponding map by
o :Divg(E) = E, D— p.

2. The map o is surjective. It induces a bijective map from the group of divisor
classes of degree =0
G:Cly(E) > E

with inverse
E = Clh(E), p— [P—Ou).

Proof. 1. Definition of o: The divisor D+ O has degree = 1. Lemma 4.21 implies
dimH®(E,0p.0.) = 1.
We choose a non-zero rational function f € k(E)* with divisor satisfying
div f > —(D+ O).

Because
deg (div f) =0butdeg(—(D+ 0)) = —1,

there exists a point p € E with
div f=—(D+O0x)+P

Then
0~—(D+0x)+P ie.D~P—0O.

If for a different point
q€E, q#p,

also
D~Q—-0

then
0=D-D~P-—Q.

Hence for a suitable rational function g € k (E)

P—Q0=divg,



4.2 Elliptic curves over an arbitrary field 167

contradicting Lemma 4.29. Therefore

o(D):=p€E

is well-defined.

2. 1) Surjectivity of o: Consider an arbitrary point p € E. Set
D =P — O. € Divy(E).
Then 6(D) = P by definition, which proves the surjectivity of G.
ii) Induced map G-
D] =[Dy] = P~ O ~P,— 0. => P ~P, = (D)) =0(Dy)
iii) Injectivity of G:
6([D1]) =56([D2]) = o(D1) =0 (D2) =

= dp€E:Di~P—0xand Dy ~P— 0w, = D ~D; = [Dl]:[Dz}
O

Definition 4.31 (Group structure of an elliptic curve). Consider an elliptic curve (E /k,O)
and denote by (Cly(E),+) the group of divisor classes of degree zero. The bijective
map from Theorem 4.30

G:Clh(E) = E, [P— O] — p,
carries over the group structure from (Cly(E),+) to E: The map
D:EXE—=E, p®q:=0([P— O] +[0— 0]),

defines an Abelian additive group (E,®) with neutral element the k-valued point O € E (k).

Corollary 4.32 (Abel’s Theorem for elliptic curves). Consider an elliptic curve (E /k,O).
A divisor
D= n,-PcDiy(E)
peE
is a principal divisor iff

@n,,*p:OEE.
pEE

Here the last equation refers to the group structure @ on E. The product n, * p
means:
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* Taking n,-times the sum of a point p € E if n;, > 0, and

* taking (—np)-times the sum of ©p € E if n, < 0. Here the symbol &p € E
denotes the negative of p with respect to the group structure.

Proof. Because

O=deg D= an
pEE

we have
D=D-Y np-O.=Y n, (P—0.) € Div(E)
PEE PEE

Due to Theorem 4.30, part ii)
D principal <= [D]=0 < O([D])=0€E —

— G(an-[P—Om]> =0€E < P n,*G([P—0.]) =0€E <
PEE pEE

= @Pn,xp=0€E.
pEE

Proposition 4.33 (Group structure of tori and elliptic curves). For a complex
torus T = C/A the biholomorphic map from Theorem 4.3

¢:T—E(C)
onto the complex points of a plane elliptic curve E is an isomorphism of groups.

Proof. 1. i) Denote by Or € T the neutral element of the group (7, ). The canoni-
cal morphism

p:(T,®)— (Divg(T),+), p—>1-p—1-07,
is a group morphism: For j = 1,2 and two points p; € T and divisors from

Divo(T)
Dj:=1-pj—1-OrandD:=1-(p1®py)—1-0r

the difference
Di+Dy—D=1-pi+1-po—1-(p1 B p2)—1-0r € Divo(T)
is a principal divisor according to Abel’s Theorem 1.21 because
POPe(p1®p2)o0r =07 €A

ii) For a point p € T the image
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p(p)=1-p—1-0r € Divg(T)

is a principal divisor iff p = Or, again due to Abel’s Theorem. If we denote by
p:T — Cly(T)

the composition of p with the canonical map Divy(T) — Clo(T) then
p:T —Cly(T)

is injective.

iii) Each divisor

D=Y ns-a—Y ny-beDiv(T), A, BCT,ANB=0,n4,n,>0,
acA beB

pi= (%na~a> e (%nb.b> eT

p(p)=1-p—1-0r € Divo(T)
Due to Abel’s Theorem the difference

p(p)—D=1 ((@na~a> o (@nb-b>> —1-07 — (Zna-a— an-b> € Divo(T)

acA beB acA beB

defines a point

Then

is a principal divisor because ©0r = Or € A. Hence p is surjective.
iv) Part ii) and iii) imply that p is an isomorphism of groups.

2. Due to part 1) and Definition 4.31 the group structures respectively on domain
and codomain of
¢:T—E(C)
are determined by the divisor class groups. Because ¢ is an analytical isomor-
phism it is a group isomorphism.
O

Remark 4.34 (Group structure of an elliptic curve).

1. Geometric version: The group structure from Definition 4.31 of an elliptic
curve (E/k,0) can also be obtained by a geometric construction. It relies on
the fact that a cubic and a line in P? intersect in exactly three points, counted
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with multiplicity. Nevertheless, from a geometric point of view the construction
seems rather exotic.

See Figure 4.11: Two add two points p,q € E \ {O} consider the line L(p,q)
passing through p and g. The line intersects E in a third point r € E. The second
line L(r, O) intersects E in a third point, which is p & ¢. For more details see [69].

Fig. 4.11 Group law on an elliptic curve (Geometric construction)

2. Mordells theorem: The group structure on E(Q) provides also the set E(K)
of K-valued points with a group structure for any intermediate field

QcKkcQ.

Mordell proved: The Abelian group E(Q) of Q-valued points of E is finitely
generated, [62, Chap. VIIL, Theor. 4.1]. As a consequence, E(Q), today names
the Mordell-Weil group of E /Q, decomposes as the product of an Abelian torsion
group and a free Abelian group of finite rank r < oo
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E(@) = E(Q)tors xZ".

Many open questions are related to the rank r.

3. Falting’s theorem: Elliptic curves have genus g = 1. Curves of genus g > 1
do no longer carry a group structure. Mordell conjectured: Projective algebraic
curves C/Q with genus g > 1 have only finitely many points with rational coor-
dinates, i.e.

card C(Q) < eo.

The Mordell-conjecture was proved by Faltings, see [64].

Example 4.35 (Group structure of an elliptic curve). Consider an elliptic curve E/Q.
The PARI file El1liptic_curve_torsion_group investigates the torsion
group of E(Q) for the elliptic curve E/Q with Weierstrass polynomial

V2 =x> —43x+ 166

see Figure 4.12. It shows that the torsion group E(Q);,rs has a factor isomorphic
to Z/77Z. For more information, in particular for the equality

E(Q)t()rs = Z/7Z

see [60, Chap. VII, Theor. 7.5]. It is conjectured that the rank r of the free part of
the group E(Q) equals the analytic rank of E/Q.



172 4 Elliptic curves

Elliptic_curve_torsion_group: Start.

eierstrass polynom.: Y*2 = X3 + (-43*X) + (166)
J-invar.: [-1; 15 2, =75 3, 3; 13, -1; 43; 3]
discr.: [-1, 1; 2, 19; 13, 1], analytic. rank: ©

8] is on curve? 1
8] is torsion point of order 7
8]: [-5, -16]

is on curve? 1
is torsion point of order 7

[-5, 16] is on curve? 1
[-5, 16] is torsion point of order 7
2 * [-5, 16]: [11, -32]

[11, 32] is on curve? 1
[11, 32] is torsion point of order 7
2 * [11, 32]: [3, 8]

[11, -32] is on curve? 1
[11, -32] is torsion point of order 7
2 * [11, -32]: [3, -8]

Elliptic_curve_torsion_group: End

Fig. 4.12 The group E(Q)ors



4.3 Elliptic curves over finite fields 173

4.3 Elliptic curves over finite fields

The present section starts the investigation of elliptic curves defined over Q. Each
elliptiv curve E/Q can also be defined by a distinguished Weierstrass polynomial
with integer coefficients, called a global minimal polynomial, see Definition 4.36
and Remark 4.37.

Entering into the field of arithmetic geometry one may reduce the integer equa-
tion modulo any prime p € Z, each time obtaining an elliptic curve defined over a
finite field IF),. Considered from a general point of view: An elliptic curve defined
over QQ is a family of not necessarily smooth curves defined over all prime fields of
prime characteristic. Or even more general, it is a map to Spec Z, and all but but
finitely many fibres are elliptic curves over prime fields. Reduction modulo p is a
powerful tool to investigate the arithmetic information encoded in an elliptic curve
defined over Q.

Before investigating the family of elliptic curves one has to eliminate redundant
prime powers of the discriminant which otherwise would distort the result. The dis-
criminants of the different Weierstrass polynomials of an elliptic curve differ by
a non-zero rational. After multiplying with a principal nominator they differ by a
non-zero integer. Hence the reduction of the discriminants modulo a prime p € Z
may differ. To generalize the discriminant criterion from Proposition 4.26 one has
to find a unique minimal discriminant. The corresponding Weierstrass polynomial
is named global minimal.

Definition 4.36 (Global minimal Weierstrass polynomial). For an elliptic curve E/Q
a Weierstrass polynomial F € Z[X,Y] with integer coefficients is global minimal if
its discriminant

Ap ==+ H p'?) v(p) e N¥,

p prime

is minimal in the following sense: The elliptic curve E/Q cannot be defined by a
Weierstrass polynomial F/(X,Y) € Z[X,Y] with discriminant Az satisfying for all
primes p € Z

ord,(Apr) < ord,(Af)

and for at least one pg
ordp, (Apr) < ordp,(AF)

“Global minimality” is a global property because it refers to all primes of A

Remark 4.37 (Global minimal Weierstrass polynomial).
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1. Non-unigeness of the discriminant: The Weierstrass polynomial of an elliptic
curve, even if is in short form, is not uniquely determined. In general, an el-
liptic curve does not have a unique discriminant. It is not the discriminant, but
the j-invariant which characterizes the elliptic curve.

2. Global minimal Weierstrass polynomial: The discriminant of a global minimal
Weierstrass polynomial
F(X,Y) € Z[X,Y]

is uniquely determined. The last condition from Definition 4.36 implies for any
prime factor p # 2,3 of its discriminant

ord,(Ar) < 12.

Each elliptic curve over k = QQ has a global minimal Weierstrass polynomial. The
result generalizes to elliptic curves over arbitrary number fields with class num-
ber = 1, see [62, Chap. VIII, Cor. 8.3] and more specific [35, Theor. 10.3]. A
global minimal Weierstrass polynomial is not necessarily in short form.

3. PARI command: The Pari command ellminimalmodel provides the global mini-
mal model for elliptic curves over number fields k with class number = 1.

Example 4.38 (Global minimal Weierstrass polynomial).

1. See PARI-fileElliptic_curve_weierstrass_equation_12.Figure 4.13,
upper example, considers the Weierstrass polynomial

F(X,Y)=Y%?—(X>415.625)

Its discrimant
Ap = _p4.33 512

is not minimal because
5 12 | AF

The global minimal Weierstrass polynomial is
Fain(X,Y) =72 = (X*+1)

with discriminant

Ap,. =—2%.33

min
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Elliptic curve weierstrass_equation_12 = Start.

Elliptic curve parameter = [0, @, @, @, 15625]
Elliptic curve, Weierstrass equation: Y*2 + @*XY + @*Y = X"3 + @*X"2 + @*X + 15625
Discriminant = -105468750000 = [-1, 1; 2, 4; 3, 3; 5, 12]

Elliptic curve, global minimal Weierstrass equation: Y*2 + @*XY + @*Y = X"3 + @*X*2 + @*X + 1
Discriminant = -432 = [-1, 1; 2, 4; 3, 3]

Elliptic curve parameter = [0, @, @, 1/5, 1]

Elliptic curve, Weierstrass equation: Y*2 + @*XY + @*Y = X3 + @%X*2 + 1/5*X + 1

Discriminant = -54064/125 = [-1, 1; 2, 4; 5, -3; 31, 1; 109, 1]

Elliptic curve, global minimal Weierstrass equation: Y*2 + @*XY 4+ @*Y = X3 + @*X"2 + 125*X + 15625
Discriminant = -10559375e@00 = [-1, 1; 2, 4; 5, 9; 31, 1; 109, 1]

Fig. 4.13 Global minimal Weierstrass polynomial

2. The Weierstrass polynomial
F(X,Y)=Y%—(X>—-595-X +5.586) € Z[X,Y]

with discriminant
Ap =227

is global minimal, despite of the exponent 12 of the particular prime factor p = 2.

3. Consider the elliptic curve E/Q with Weierstrass polynomial in short form

F(X,Y)=Y>— (X’ + %~X+ 1) € QX,Y]

which is not global minimal because it has a non-integer cefficient. To obtain a
global minimal Weierstrass polynomial, we make the transformation

A
(?) = (Zg i,) with u := 5
and multiply by u®. We obtain the Weierstrass equation

1
PoxP w2l X b ie Y =X 45 X +56

u

Y =X

Hence E/Q is also defined by the Weierstrass polynomial
Fuin(X,Y) =Y? = (X3 4+5%. X +5% € Z[X,Y]
which is global minimal because

Ap o =-24.57.31.109 € Z,

‘min



176 4 Elliptic curves

see Figure 4.13, lower example.

Definition 4.39 (Reduction mod p). Consider an elliptic curve
E=(E/Q,0)

with global minimal Weierstrass polynomial F(X,Y) € Z[X,Y].

1. Denote by
Fhom € Z[Xo0,X1,X2]

the homogeniziation of F'. For each prime p € N reducing mod p the coefficients
of Fj,m provides a Weierstrass polynomial

Fhom,p S ]Fp[X0>X1 7X2]

with coefficients from the finite field IF,,. The Weierstrass polynomial defines the
projective variety

E, :=Var(Fuomp) = {(x0:1x1 1x2) € IP’Z(FI,) ¢ Fhom,p(x0,X1,X2) =0} C IF’2(FP),
which is named the reduction mod p of E .

2. Ataprime p € Z the elliptic curve E is

* stable if (E,, O) is non-singular, i.e. an elliptic curve over F,.
* semistable if (E,,0) is singular with a node.

* unstable if (E,,O) is singular with a cusp.

3. The conductor Ng g € N* of E/Q is the integer

Nejo:=]1p"
plA

with the primes p of the global minimal discriminant A with singular reduction E),.
The corresponding prime powers are

e, =1 <= E, is semistable,

ep =2 <= p>5andE, is unstable,
e, >2 <= p=2or p=73andE, is unstable

For the exact value in the cases p =2 and p = 3 see [60, App. C, Prop. 16.2].
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According to Proposition 4.26 the distinction between stable and not-stable at a
prime p depends on the reduction of the minimal discriminant. The following
example 4.40 shows why it is necessary to study elliptic curves by considering
global minimal Weierstrass polynomials, not just arbitrary Weierstrass
polynomials.

Example 4.40 (Reduction mod p of a global minimal Weierstrass polynomial). Con-
sider the elliptic curve (E/Q, O) from Example 4.38 defined by the inhomogeneous
Weierstrass polynomial

F(X,Y)=Y*—(X>+15.625) € Q[X,Y]

with discriminant
Ap=-24.33.512¢c 7.

Note 15.625 = 5.

i) The Weierstrass polynomial F € Z[X,Y] is in short form but it is not global
minimal. Reducing its coefficients mod p =5 gives the Weierstrass polynomial in
short form

F5(X,Y)=Y%—X3 € Fs[X,Y]

with discriminant
AFS =0¢cFs.

Hence the Weierstrass polynomial F5 defines a singular cubic over Fs with a cusp.
Note that the discriminant Ar contains the prime factor 5'2.

ii) Therefore we have to apply first the coordinate transformation with the matrix

1/u*> 0 o
( 0 1/u3>7u.5,

which transforms F(X,Y) to the global minimal Weierstrass polynomial
F(X.Y)=y?—(x"+1)

with discriminant
Ap=-2%3cZ.

Reducing the coefficients of F’ mod p = 5 creates the Weierstrass polynomial
FiX'Y)=Y"— (X" +1) e Fs[x",Y']

with discriminant

The reduction of E mod p =5 defines an elliptic curve E5 over Fs.
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Remark 4.41 (Hasse estimate).

1. Important properties of an elliptic curve E /Q are encoded in the function, which
attaches to each prime p with stable E,, the family

E[,(Fpn), ne N*,
of groups of F»-valued points of the elliptic curve E,. These groups collect all
points from E, C P?(F ) having all coordinates in the finite fields F .
We recall the following result of Hasse for the case n = 1:

|(1 +p)—card Ep@p)! <2-vp
For a proof see [35, Theor. 10.5].

Hasse’s result was conjectured by Artin. The value
I+p

for comparison is motivated as follows: The field I, has p elements. A
Weierstrass equation
Y?=X’+AX+B

is quadratic in Y. Hence for each x € I, there exist at most two
solutions (x,y) € A?(F,). Taking into account the point at infinity O € E,(F,)
gives the estimate

card E,(F,) < (1+2p).

In the average, i.e. by choosing the Weierstrass polynomial at random, one
could expect a 50% chance to find a solution (x,y) at all. Therefore (1 + p) is a
plausible average for card E,(F)).

One defines for any prime p the difference
ap(E) == (14+p) —card E,(F))

between the average number and the actual number of F,-valued points of E/Q.

2. Seethe PARI-file E1liptic_curve_Hasse_estimate_05 for the numer-
ical example of the Hasse inequality displayed in Figure 4.14.
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Elliptic curve: y”2

= ¥
Discriminant: -124848 =

m mwmwmnman

31,

48,

54,

60,

49,

FER

72,

64,

84,

84,

%0, |a_p|
1e3, |a_p|

momommmwmmmmmnn

Fig. 4.14 The Hasse estimate

3. The sequence

mmwmwmnnmmuon

nnuwmokE

+ @%x

[-1, 1;

*
*
*
*
P
P
2
2
P
2

11,
e, 2
13,
e, 2
e, 2
e, 2
13,
B, 2
e, 2
1a,
4, 2
e, 2

=0, 2

3,
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+ (-17)
2,4 3, 3; 17, 2]

2.828427125
3.464101615
4.472135955
5.2915082622
6.633249581
7.211102551
8.246211251
* sqrt(19) = 8.717797887
* sqrt(23) = 9.591663047
sqrt(29) = 10.77032961
2 * sgrt(31) = 11.13552873
2 * sqrt(37) = 12.16552566
* sqrt(41) = 12.80624847
2 * sqrt(43) = 13.11487705
* sqrt(47) 13.71130920
* sqrt(53) = 14.56021978
* sqrt(59) 15.36229150
2 * sqrt(6l) = 15.62049935
* sqrt(67) = 16.37070554
* sqrt(71) 16.85229955
2 * sqrt(73) = 17.88800749
* sqrt(79) = 17.77638883
* sqrt(83) 18.22086716
* sqrt(89) 18.86796226
2 * sqrt(97) = 19.69771560
! = 20.089975124

sqrt(3)
sqrt(5)
sqrt(7)
* sqrt(11)
sqrt(13)
sqrt(17)

muw mwn

m mn

(ap(E))p prime

will turn out to be a fundamental characteristic of the elliptic curve E/Q, see
Remark 4.44. These numbers determine also the cardinalities

card Ep(Fpn) = (14 p) —ap(E)

for n > 2. The latter cardinalities will serve as the generators of the {-function

of E/Q, see Definition 4.43.
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Historically, the first example of a {-function is due to by L. Euler. Later this
function was named Riemann §-function.

Proposition 4.42 ({-function and Euler product). The Riemann {-function
{:{seCiRes>1} 5 C {(s):= Y ~
: : - C, =) —
S es S P "

is holomorphic.

1. Meromorphic extension.: The {-function extends to a meromorphic function
on C with a single pole at s = 1. The pole has order = 1 and residue = 1.

2. Functional equation: It satisfies the functional equation with respect to
reflection at the point s = 1

7RI (s/2)-£() = 70 (1-9)/2) - £(1 )
with the I'-function,

3. Product representation: It has the product representation

¢(s) =T —

P l=p™

with the product taken over all primes p.
The Euler-product formula from Proposition 4.42

> 1
Y =11
n=1 P

1
1—p—*

illustrates the importance of the Riemann {-function for investigating the
distribution of prime numbers.

Proof. 1. See [70, Teil 1, § 4].
2. See reference from part 1).

3. For each N € N expand the finite product by using the geometric series and the
unique prime factor decomposition of integers

1 1 1 /1
H = 1+7A+TA+ = -
PP "

p<N 1—p=*

with the sum on the right-hand side taken over all positive integers with all
prime factors less than N. The limit N — oo proves the claim.
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O
From the viewpoint of the ring Z the Riemann {-function is a global object.

Because it considers all primes p € Z and collects as a product the local
information encoded in the geometric series of each p

i (1/p7)"

We now switch from the primes p of Z to the elliptic curves E, /IF,,, which are the
fibres of a given elliptic curve E /Q over its stable primes p. First we study the
local information, i.e. the information encoded in E, /IF,,. The curve E,, contributes
as local information at the prime p the sequence of cardinalities of points with
values in the finite fields of characteristic p

card E,(Fn), n e N*.

Definition 4.43 (Zeta-function of an elliptic curve over IF,). Consider an elliptic
curve E, /IF,. The {-function of E, is the formal power series with generator derived
from the sequence (card E,(IFn))pen-

Z(E,,T) :=exp (i card E,(F ) - 7:) € Q[[T1]].

One checks by formal derivation
T~ilogZ(E T)=T- —:T i card Ep(F7)-T" ) y (card E,(F7)-T")
dT P

n=1 n:]

Remark 4.44 (Properties of the -function of an elliptic curve over F,). The {-function
of an elliptic curve E, /F),

Z(Ep,T) € Q[[T]]
has the following properties:
1. Rationality: The {-function is a rational function over the ring Z, more precisely:
L(EP7 T)
(1-T)-(1-p-T)

Z(Ep,T) = €L(T)

with the quadratic polynomial

L(E,,T) =1—a,(E)-T+p-T?* a,(E) := (14 p) — card E,(F,).
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2. Functional equation: The {-function satisfies the functional equation

1
z (E,,, — T) =Z(E,,T).
p

3. Analogue of the Riemann hypothesis: Both complex zeros o, € C of L(E,,, T)

have modulus
la| =[B| = /P

The proof of these properties is due to Weil, [62, Chap. V, Theor. 2.2].

Weil also stated and proved a generalization for non-singular projective algebraic
curves curves C, /I, of arbitrary genus. If the curve C,, is the reduction mod p of a
curve

c/Q

then Weil’s theorem shows the close relation between the curve C,, and the
complex curve X (C) C P": The degree of the polynomial in the numerator of
the {-function of C,, is the first Betti number of the compact Riemann surface X /C.

Moreover, Weil made a conjecture for the general case of higher-dimensional
non-singular projective algebraic varieties. Deligne proved the Weil conjecture. For
an excellent introduction to the whole subject see [31, Appendix C].

The L-series L(E) of an elliptic curve E/Q collects for each prime p € Z the
local information of the non-singular reductions E),. Hence the L-series is a global
object.

Definition 4.45 (L-series of an elliptic curve over Q). The L-series of an elliptic
curve E/Q is the function

1
L(E,—):{s€C: Res>3/2} - C, L(E,s) := T E—

Remark 4.46 (L-series of an elliptic curve E /Q).

1. The convergence of the L-series and its representation as an absolut convergent
Dirichlet series with respect to the variable s follows from Hasse’s estimate in
Remark 4.41 and the theory of Euler products, see [35, Chap. X, Cor. 10.6].
Hence L(E,—) is a holomorphic function.

Due to the proof of the Shimura-Taniyama-Weil conjecture the L-series of an
elliptic curve extends holomorphically to the whole complex plane. There are
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several unsolved conjectures which arithmetic information of an elliptic curve is
encoded in the L-series. E.g. Birch and Swinnerton-Dyer conjectured

rank E(Q) =r

with r equal to the analytic rank defined as the order of the zero of the L-series
ats=1
r:=ord(L(E); 1).

The PARI script E11liptic_curve_04_2 computes the analytic rank for
some elliptic curves E /Q of higher analytic rank, see Figure 4.15.

Elliptic_curve_04: St

Min. Weierstrass polynom.:
Analytic rank: @

Min. Weierstrass polynom.: (3*X)
Analytic rank: 1

Min. Weierstrass polynom.: (73*X)
Analytic rank: 2

Min. Weierstrass polynom.: (89*X)
Analytic rank: 2

Min. Weierstrass polynom.: (-82%X)
Analytic rank: 3

Min. Weierstrass polynom.: (-X~2) + (-24649*X) + (1355209)
Analytic rank: 4

Min. Weierstrass polynom.: (-856967076*X)
Analytic rank: 4

Min. Weierstrass polynom.: (-X*2) + (-2069247973*X) + (36191779888342)
Analytic rank: 6

Fig. 4.15 Analytic rank of several elliptic curves E/Q

For more results and conjectures see [62, App. C, § 16].

2. The two polynomials in the denominator of the {-function Z(E,,T) evaluate
at T = p~ as values of the Riemann {-function

1 1
?wzg(s) and ng(s_l)

They do not provide new information about the elliptic curve.
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3. If one compares the L-series L(E, s) of an elliptic curve E /Q with the Riemann {-function {(s)
on the level of the two product representations

L(E,s) :HZ(E:Mand o) =]

P p L=p

then for each given prime p the local factor

-8

Z(E,,p~*) corresponds to 7

The geometric series on the right hand side depends only on the prime p, while
the corresponding {-function on the left-hand side depends on p and on the re-
duction of the given elliptic curve E/Q.
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Chapter 5
Introduction to Hecke theory and applications

Hecke theory investigates the modular algebra M, (I") of modular forms by
studying the family
(ﬁn)mEN*

of Hecke operators, which are endomorphisms of the vector spaces My (I"), k € N,
of modular forms of weight k. After introducing a Hermitian scalar product on the

subspaces of cusp forms
Sk(N) € M(Io(N))

the Hecke operators become self-adjoint operators on S, (I").

We recall the general notations for respectively the modular group and the modular
algebra
I':=SL(2,Z) and M,(I") := €P My(I')
keN

5.1 Hecke operators of the modular group and their eigenforms

The first part of this section follows Serre’s approach to derive the Hecke opera-
tors from the corresponding lattice functions, i.e. to deal first with lattices instead
with modular functions. In my opinion the approach via lattice functions is more
transparent and needs less prerequisites than the direct approach. After showing the
equivalence of functions on lattices and modular forms the results about lattice func-
tions easily carry over to modular forms and provide the classical Hecke operators
and their properties.

Notation 5.1 (Lattice and lattice basis). We denote by £ the free Abelian group
with generators the lattices A C C and by A (wy, ) the lattice with Z-basis (o1, @)
satisfying det (;, ) > 0.

187
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Definition 5.2 (Homogeneous lattice function). For k € N* a lattice function
F:Z2—-C

is homogeneous of degree —k if it satisfies for all lattices A (@, @)

FAR - 01,h-0) = 7 Alr,02)

Lemma 5.3 (Lattice functions and modular forms). The weakly modular
Sfunctions of even weight k € N*

fH—-C
correspond bijectively to the homogeneous lattice functions of degree —k

F:¥—C

using the conversion

F(A(o,m;)) = %f <Zo);> , det (0 @n) >0
2

Proposition 5.4 (Isomorphism of I'-modules). For even k € N denote by Wy (I")
the vector space of weakly modular functions of weight k and by £ (—k) the vector
space of homogeneous lattice functions of degree —k.

1. Weakly modular functions: The left I"-action
I'x Wk<F) - Wk(r)7 (%f) ,_)f’J/7
with
f1(7):=f(1(r))), T € H,
introduces a I'-module structure on Wy (I").
2. Homogeneous lattice functions: The left I"-action

I'x % (k)= 2L (—k), (v,F)— FY,

with
FY(A(7,1)) :=F(A(y(7),1)), T € H,

introduces a I'-module structure on £ (k).
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3. The bijective map from Lemma 5.3
Wi([') = (=k), f = F,
with
F(A(r@) = £ [ L) det (o) ) >0
o, =—-f|—|,det (®
1, 02 coé‘ s 1 @
is an isomorphism of I'-modules.

One easily checks that in Proposition 5.4 the resulting lattice function F' is homoge-
neous of degree —k:

A
FIAGROLA®)) = o <£> - ;ka])gf (2) — o F(A(on,02))

Definition 5.5 is a preliminary definition of the Hecke operators. The operators are
not defined on the vector spaces of modular forms but on the Abelian group . of
all lattices in C.

Definition 5.5 (Two lattice maps). We define on .Z two types of lattice maps
which are endomorphisms of .Z:

e Homothetie:
Ry L —=ZL, A—u-A peC

e Sublattices:
Tn: 4 =% A~ Y A, meN

A'CA
[A:A|=m

A latttice A is finer than a lattice A’, if A’ C A is a sublattice. Like a finer sieve has
more and smaller holes so a finer lattice has more and smaller fundamental
parallelograms than a coarser lattice. Denote by [A : A’] the index of the

subgroup A’ C A. The lattice functions 7, from Definition 5.5 sum up all coarse
lattices with fixed index which are contained in the finer lattice.

Before investigating the algebra generated by the maps R, and 7, in
Proposition 5.10 we first have to determine all sublattices A’ of a fixed index
within a given lattice A. These sublattices form the index set in the sum of 7}, in
Definition 5.5. Therefore we add some remarks about integer matrices.

Definition 5.6 (Integer matrices). For m € N* we denote by

Fm = {A = <Z Z) s detA m} C GL(ZvQ)+
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the set of integer matrices with fixed invertible determinant m € N*. The
canonical I'i-left action on I, is the map

l—i XFm _>Fma(,y’7/m) =Y Yn

Proposition 5.7 (complete set of representations). For the I-left action from
Definition 5.6 the set

V(m):—{<gz> eM(2x2,Z):1§a,0§b§d}

is a complete rest system of representatives for the orbit space I / T,,,. The
cardinality is the sum-of-divisors function

card V(m) = o1(m) = Z d
dim

In particular for a prime p

{50 oo

and card V(p) = p+ 1.
Proof. For the proof see [38, Kap. IV, §2 Satz]. We define a map
p L —V(m),

which attaches to each M € I}, a triangular matrix p(M) belonging to the same
orbit. We show that p(M) does not depend on the specific point M but only on the
orbit of M

1. Range V (m): Consider a fixed but arbitrary element

ab
M:(Cd)eﬂn.

_(ap
A__(ya)eI“

_ (aa+Bc ab+Bd )
A-M= (ya—i—Sc yb+5d> € Vim):

We construct a matrix

such that

First, in order to remove the entry ¢ of M we choose coprime integers v,6 € Z
with
Y-a+8-¢c=0.
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In order to obtain a matrix with det = 1 we choose integers , 8 € Z with

a-6—fB-y=1.
Such choice is possible because ¥ and 8 are coprime. Set
A= @ g) er.
Then L
= (45)
and

det (Aj-M)=det M =d -d =m.
In particular d’ # 0 and possibly after replacing Ay by —A; evend’, d’ > 0.

Secondly, because T € I', for any k € Z also

Ay(k):=TF-A €Tl

(1K (dV\ _ (d b+k-d
AZ(")'M_<01>'<0d’)_<0 d )

We choose kg € Z such that

Then

0<b +ko-d <d

and set
A= Az(ko).

2. Dependence on the orbit: The construction from the previous part determines
uniquely the element
A-MeV(m):

Assume two matrices A; € I such that
Ai-M=M;€V(m),i=1,2.
Then

]W:Af1 -M, :A;l -M or Ay - My = My, Ay ::AZ'AII.

_.(aB o (aibi\
A = (Y 5) and M; .= (0 di)’l_l’z'

Set

From
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af\ (arb) _ (ax b
Y ) 0 d; —\0 ds

e v-a; =0, hence y=0.

follows:

* From d, = & -d; follows 8 > 0. Together with &¢- 0 = 1 it implies ¢ = § = 1.
e Asaconsequence a; = dap,d) =d, and by + f -dy = bs.

e Because 0 < by,by <dy =dp we get by = by and § =0.

As a consequence
Ay = ((1) ?) or A1 =A,.
3. Definiton of p: Part i) and ii) show that
p:Ly—=V(m, M—A-M,
is well-defined, and p(M) belongs to the same orbit as M.
4. Surjectivity of p: The map p is surjective because V (m) C I,,. In addition,
p(My) =p(My) < AT withA-M, =M,

<= M, and M, on the same orbit of &P,,.

As a consequence p induces the bijective map
P\L, 5 V(m), M p(M).
5. Cardinality of the orbit space: The equality
card V(m) = o,,(1)

follows at once from the explicit representation of the elements of V (m): Each
coefficient d > 0 satisfies d|m and allows d different coefficients b.

Proposition 5.8 relates these matrices to the sublattices of a given lattice.

Proposition 5.8 (Sublattices of a lattice). Consider a lattice A :== A(w;, ) in C
and a sublattice
A =70 D70 C Alw,w)

1. Then exists a matrix Y, € I, with

(o) =7 (&)
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2. The matrix 'y € I, from part 1 is not unique. All matrices with the property from
part 1 form the orbit of v, under the left I1-operation from Definition 5.6.

3. Consider a fixed lattice A (@, ®). For m € N* and

mi= (40 <vim)

define the sublattice
Aaw) +ban, dan) C A(wr,m)
Then the map
i {A'CA:[A:Al=n}, vy A :i=Aaw; +bwn, dan)

is bijective.
4. Consider a latticeA.

* For all sublattices A’ C A of index n € N holds

n-ACA
 For each pair of distinct sublattices Aj C A, j=1,2 of index a prime p holds
AINAy=p-A

Proof. For the Proof of step 1 - step 3 see [56, Chap. 5, §5.2, Lemma 2]. Step 4
follows from step 3:
i) Assume

A= Ao, @), A =A(o], o)

Y= (8 fl) eV(n)

According to step 3 exists
with

We have to find a matrix 6 € I, with
/!
() =% (&)
(0] W,
() =07 (z)
(0] (0]

equivalently

equivalently
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m-1=056-y
We define
5= (dety)-y " = (‘6’ ;”) er,
Because der 8 =n we have [A': A] =n.
ii) We use the result from part i) to prove the second claim
PA =A[NA,
The investigation of sublattices
A CAwithp-ACA

becomes a matter of linear algebra after the reduction mod p: The
sublattice pA C A has index p?, hence as an Abelian group

A/pA = (Z/pL)* =K

with k = FF,, the prime field with characteristic p. Because [A : pA] = p? the
quotient
W:=A/pA

is a 2-dimensional k-vector space. The two lattices A]‘, Jj=1,2, induce two lines
L; ::AJ/-/pA cW,j=1,2
passing throught the origin

{0} ZpA/pA =L NLy

of W. Hence
PA =A| NA]
O
For two matrices
aj b
M;= eV(ny), j=1,2
0 d;

their product is
ayay ayby+bid;
M, -M, = S 1—;11.,,2
0 did>

We want to show that the product V(n) -V (m) is a complete set of representatives
of the I'-left action on I, .,
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The rest system of a natural number d is the set
{0,1,....d—1}

of the different rests modulo d.

Lemma 5.9 (Restsystems for V (n; - n2)). For j = 1,2 consider two coprime
numbers
njec N*,] =1,2.

1. For each factorization nj = a;-d;, j = 1,2 the map of restsystems
¢:{0,....d  —1} x{0,....dr—1} = {0, ....d) -dy — 1}, (b1,b2) — ay-by+b; -da,
is bijective.
2. The map on the product of complete sets of representatives
V(ni) xV(nz) = Iy, (My,Mp) — My -M>,

maps injectively onto a complete set of representatives of I'\I};, .n,.

V(ny) V() =V(n -m)

Proof. 1. It suffices to show that ¢ is injective because its domain and codomain
have the same finite cardinality. Therefore assume

(b1,b2) € (Z/dZ) x (Z/drZ) with §((b1,b2)) = ¢((b1,b2))
i.e. o
ay-br+by-dy=ay-by+b;-dy moddd;

Then 5 y
a (b2 — bz) = (b1 — bl)dz mod d1d2

which implies ~
ai(by—b) =0 mod d,

Because
ged(ny,np) =1 = ged(ay,dy) =1

therefore y y
bi—b1 =0 moddi, ie. by =b; modd

Both numbers b; and b; belong to the same rest system, which implies
by =b.

Analogously one proves b = by.
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2. In addition to part 1) the coprimality of of N| and n, implies the bijectivity of
the map of divisor sets

{a1 eN": ay|n;} x{ax eN": az|m} = {a e N*: alnima}, (a1,a2) — a1a2
O

Proposition 5.10 (The algebra of lattice maps). The lattice functions from
Definition 5.5 satisfy the following rules:

1.
R)L ORu :Rl.u

RyoT,=T,0R)

3. Commutativity:
TwoT,=T,0T, if (mn) =1

4. Recursion:
Ty 0Ty =Tyi1 +p-Tp1 0Ry if p prime

5. Abelian: The algebra of lattice functions
span < (Tn)men, (Rk)le(c*) >

is Abelian. It is generated by (Tp,)  prime together with (Ry ) cc+
Proof. See [56, Chap. VII, §5.1, Prop. 10]
ad step 1: The proof is trivial.
ad step 2: The proof is an easy calculation with the bases of the lattices in question.
ad step 3: Lemma 5.9 provides the complete set of representatives

V(m-n)=V(m)-V(n) € - C L

Hence
Town=T,0T,

and the left-hand side is independent from the order of both factors.
ad step 4: Consider a lattice A. Both terms
(TproTp)A and Tpuin A
are the sum of sublattices A” C A with index [A : A”] = p"*!. While the term

A" C (T 1Rp)A =Ty 1 (RpA)
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has index [A : A”] = p?. We have to show: For each sublattice
A"CA
which is a summand
a-A"C(TypoTy)A, b-A" C TynA, c-A"C Ty1(RpA)
with non-negative integer coefficients a, b, c € Z the coefficients satisfy
a=b+pc

By definition of the map 7),.+1 each summand of 7} A is a lattice A" appearing
with multiplicity = 1. Hence b = 1, and the claim reduces to

a=1+pc

The idea of the proof is now to distinguish between those A” which are contained
in the sublattice pA C A and those wich are not. Recall from Proposition 5.8 that
each sublattice A’ C A of index n € N contains the lattice r- A.

* A" C pA:Then c = 1 is the multiplicity of A” in A. The lattice T,A is the sum

TyA=A{+..+A,,

Each of these A} contains pA, and hence a posteriori A”, which has index pitl
in A. Hence A” has multiplicity a = 1 + p in Tj»(T,A). In particular

a =1 which equals b+ pc =1

* A” ¢ pA:Then ¢ = 0 because pA = R,A and each sublattice A’ C A of
index p contains pA. Further on, there exists a sublattice A’ C A with index = p
such that A” C A’. Then the number a equals the count of such lattices A’ with

A'CA CA

If A” where contained in two different sublattices A ]’-, j=1,2 of index p, then
also
A" C(A{NA))

Due to Proposition 5.8
ANA,=p-A

Hence A” C pA, which has been excluded. As a consequence

a=1lequalsb+pc=1+0=1
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We now carry over the definition of the lattice functions from Definition 5.5 to
modular forms by using the correspondence from Lemma 5.3. The result are the
Hecke operators.

Definition 5.11 (Hecke operators). For m € N* consider on the dual .Z the map
Tw: % —C,FsT,(F):=FoT,

and define for even k € N the Hecke operators as the maps on modular functions of
weight k

v

Ty : M(L) = My(L), T (f) := """ Tu(F(A(=,1))

- Tn(£)(2) = m - T (F(A(z, 1)), T € HL

Theorem 5.12 (Transformation of Fourier coefficients under Hecke operators).

1. The Hecke operators from Definition 5.11 are well-defined, i.e. for each even
weight k and for allm > 1

1
FEM(T) = Tu(f)=m"" ¥ f’“ﬁZ Y, flvlee Mu(ID)
YEV (m) yev (m)
with the notation f[yi from Lemma 3.4.

2. For a modular form f € My(I") with Fourier expansion
flr) = Z an-q", q= 627ri~r7
n=0

its Hecke transform T, f € My(I") has the Fourier expansion

oo

(Tuf) ()= Y. bu-q"

n=0
with Fourier coefficients

k—1
b, = Z r -Clnm/rZ,l’lEN,

r>0
r|(n,m)

Here the summation is over all common divisors r € N* of the numbers m and n.
In particular
by =ag - ox_1(m) and by = ay,

3. The ideal of cusp forms is stable under all Hecke operators, i.e. for each m € N*

T(S:(I)) C S.(I).
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Due to Theorem 5.12, part 1) we will use the same notation 7, for a Hecke operator
and its restriction to a single modular space of fixed weight.

Proof. 1. By definition
T (f)(1) = m" " T (F(A(1,1) = m - F(T(A(7,1))) =

mLEC Y A=t Y FA) = Y F(A(r(0),1) =

Al Al YeV(m)
[A(T,1):A"] [A(T,1):A"]
m Y F(Alat+bd) = Y flat+b)-d*-m =Y flr(7)
yeV (m) YEV (m) yev(m)

The matrices of the last summations have the form
ab
Y= (0 d) €V(m)

Tn(f) € Mi(T')

which proves the well-definedness of the Hecke operators.

Hence

2. To transform the Fourier series of a modular form of weight k

flr) = Z an-q", q= AT,

n=0

into the Fourier series of the modular form
_ _ b
(100 = £ -htr0) e ', 7= () € Vi)

we employ the following intermediate results:

¢ For each summand

T+b ) .
exp(2min - y(7)) = exp (27rin- ¢ y > = Prin(at/d)  2min(b/d) "y ¢ N,

¢ For the second factor

Y /) — d ifd|n
0<b<d 0 otherwise

The first case follows from

6‘271,'l'b‘(n/d) -1
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for each of the d summands with 0 < b < d. The second case follows from
the formula of the finite geometric series with argument e2mi(n/d).

d—1 s o) 2mid-(nfd) _ o
Z e T Tminjd) 1
b=0 € -

* Simplifying the summand

at+b > at+b
= =) a,-exp|2min- =
F0r(m)) f( . ) r p(n . )

> - at - b
= . 7[ PRE— . 7[ o« —_
n;)an exp in:— | -exp in -~

d-1 o
Y rv(0) =Y d-aw-q""?Y, g=exp(2mint),
=0

n=0

Hence

because

dilf _ i (Zan 2rin(at)/d 27'Cin(b/d)> —

3
Il
o

b=0

= i (an . 2min(at)/d ,di’leZnin(b/d)> _ i g - €2TNAT . —
n=0

n=0 n=0

Due to the second step the third last sum retains only summands with index
=nd.

e Summing up we have

= Y fiM LY h(r )R f(r(n) =

YeV (m) yeV (m)

k—1 -
n ( ) (Foe)-
d>0 n=| da>0 n=0

klzdk Zandqm/dd Z

dim dim
k=1,
-y <’”> (Zan' q(n/d)-(m/d>>
d>0 d n=0
de(m,n)

The last step made in the inner sum the subtitution
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nd—n

The subsequent substitution of index pairs

(d,n) — (t,r) with r :=

-Ean r.—g

provides

Hence

with the inner sum being finite.

3. A cusp form f satisfies ag = 0. The formula for the Fourier coefficients of T, f
from the previous part shows that 7, f is a cusp form again.
O

The following corollary specializes the general formula from Theorem 5.12. It
gives the formula for the Fourier coefficients of the Hecke transform for prime in-
dices.

Corollary 5.13 (Fourier coefficients of Hecke transforms with prime index).
For a Hecke transform T, with a prime index p holds: For a modular form f € My(I")
with Fourier coefficients (a,)nen the Hecke transform Ty, f has the Fourier coefficients (by)nen

with
b = Anp ifptn
n — k_1 .
Aanp +p 'an/p lfp|l’l

Proof. The claim follows from Theorem 5.12, part 2: For the coefficient b, the sum

bn = Z Vk_l 'Cl(m)/rz

r>0
r|(n;t)

has at most two terms, for » = 1 and r = p. The corresponding terms are respectively ap,
and a, .

e If p{nonly r =1 with the coefficent a, remains.

* If p|n then in addition also = p with the coefficent p*~!

O

“@,/p remains.
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Corollary 5.14 (The discriminant modular form as common eigenvector of
Hecke operators). The discriminant modular form

A€ Sp(I)
is a simultaneous eigenform of all Hecke operators
T € End(S12(I")), m € N*.

The Fourier coefficients of the normalized discriminant modular form

A - m

YR

are the corresponding eigenvalues, i.e. for all m € N*

Tu(A) =1y A.

Proof. According to Corollary 3.19 and Lemma 3.23 the vector space Si(I")
of cusp forms of weight k = 12 is 1-dimensional with the discriminant modular
form A from Definition 3.13 as a basis. Hence A is an eigenvector of each Hecke
operator 7,,, m > 1. We recall the Fourier expansion of the normalized discriminant
modular form from Proposition 3.14:

Alr) & 0
)= Y u-d'=u+0Q2), n=1
n=1

If we denote the Fourier series of its Hecke transform by
A(7) S
Tn| —5 | = bu-q"=b1+0(2
then Theorem 5.12 implies for the linear coefficient
b] = Tm

which proves

A A
”(ww%z%xmwm”““:%”

Example 5.15 (Hecke operators). Consider the vector space of cusp forms Sxg(I").
Due to Theorem 3.19 and Lemma 3.23

dim 523 (F) =2.
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The two cuspforms of weight 28
fii=A ~Eff and f> :=A%-E,
are linearly independent because
ord(f1;00) = 1 and ord(fp;00) = 2.
Hence (f1, f2) is a basis of S»g(I"). We consider the Hecke operator
T : Sos(I) — Sos(I).

Figure 5.1 shows

¢ the Fourier series of f; and f;

* the Fourier series of T; f; and T» f;

* the Hecke matrix of 7> with respect to the basis (f1, /)
* the eigenvalues of T,

* the Fourier coefficients of two corresponding eigenvectors (vy,v,) of T, normal-
ized with linear Fourier coefficient = 1,

* the representation of the eigenvectors with respect to (f1, f2)
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Hecke_matrix_©2, Start

Hecke operator T_2: S_28(Gamma_@(1)) ---> S_28(Gamma_@(1))

Basis of S_28(Gamma_@(1)): fl1 = Delta * E_474, f2 = Delta”2 * E_4 with Fourier series:

fl_ser: q + 936*q"2 + 331452*q"3 + 53282368*q~4 + 0(gq"5)

v_1: 1.000000000%q - 18713.59859%q"2 - 3441270.930*q"3 + 215981844.4*q"4 + 0(gq"5)

v_2: 1.000000000*q + 10433.59859%q"2 + 2154990.930*q"3 - 25357748.36*q"4 + 0(g"5)

1.000000000 * f1 + -19649.59859 * f2

1.000000000 * fl + 9497,598595 * f2

Fig. 5.1 Hecke operator 7> € End(Sxs(I"))

Hence the endomorphism
T Szg(r) — Szg(r)

has two distinct eigenvalues, and can be diagonalized.

The result from Figure 5.1 has been computed by the PARI script
Hecke_matrix_02.

It is not by chance that in Example 5.15 the Hecke

endomorphism 7> € End(S»23(I")) can be diagonalized. Theorem 5.17 will show:
The Hecke algebra of a given weight is commutative. And Theorem 5.26 will show
that the Hecke operators are selfadjoint with respect to a certain Hermitian scalar
product on the cusp forms. Hence all Hecke operators on cusp forms can be
simultaneously diagonalized with real eigenvalues.

Definition 5.16 (Hecke algebra of weight k). The Hecke algebra of even
weight k € N
Heckey(I') C End(Mi(I'))

is the subalgebra spanned by the family (7,,|M(I"))nen of Hecke operators.



5.2 Petersson scalar product and level change of modular forms 205

Theorem 5.17 (The Hecke algebras are commutative). For each weight k € N
the Hecke algebra Heckey(I") is commutative. It has the following properties:

1. For coprime n,m € N* Hecke operators are multiplicative:
TnoT, =Ty
2. For a prime power p", r > 1, holds
Ty oTy =Ty +pk71 Ty

In particular
T,r € Z[T))

3. The algebra Heckey(I") is generated by the family T, p prime.

Proof. The proof follows from Proposition 5.10.
O

5.2 Petersson scalar product and level change of modular forms

We now introduce a Hermitian scalar product on the vector space of cusp forms of
a given congruence subgroup
L(N)cr

with the usual notation I = SL(2,7Z) for the modular group.

Definition 5.18 (Hyperbolic volume form). The hyperbolic volume form on H is
the differential form

dxNdy )
du(t):= o T=x+iyeH

Lemma 5.19 (Invariance of the hyperbolic volume form). The hyperbolic volume
Sform is GL(2,R) " -invariant, i.e. for each y € GL(2,R)" the pullback satisfies

ydp =dp
Proof. For each

_(ab +
Y= (C d) € GL(2,R)

we have to show: For all T € H
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(v du)(r) =du(r):

For the proof one uses the usual coordinate transformation

dxNdy = ~dt AdT

2
which implies
P _i dtNdT
=3 U oy
e (x) nd(®)
. i dy(t)Ndy(T
(y du) (1) = 5 s

2 (Imy(1))?
The proof of Proposition 3.1 and the formulas from Remark 2.8

drt
(cT+d)?

crrdP and dy(t) = det(y) -

Im y(t) =det(y) -

imply
(v dp)(t) =du(r)

Proposition 5.20 (Integration over fundamental domains).

1. The standard fundamental domain 2 of I' has the volume

T
vol@::/ au = —
17 3

2. The fundamental domain of a congruence subgroup Iy(N) has the volume

T 1
I 9(T(N ::/ du =T :To(N)]-vol 7= Z.N-TT [14-),
vol Z(IH(N)) ) = :I3(N)]-vo 3 yv ( +p>

independent from the chosen left coset decomposition of I" with respect to Iy (N).

3. Consider a continuous function
Q:H—-C

with fixed group
Io:={Acl': QoA=Q}.

Then for each subgroup K C I'p with £1 € K and for each pair(:F,.%2) of
fundamental domains of K:
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Qdu= Qdu

Z1 P

if at least one of the two integrals is finite.

Proof. 1. From the geometrical description of 2, see Figure 2.1:

/ /11//22< ;ﬁg) dx:/ll/; ((‘U)’)‘?W) dx =

12 dx 12
/1/2m—arcsznx‘_l/z—7r/6—(—7r/6)—71'/3

2. The general formula for
vol (Z(I(N))) = [[": To(N)] -vol 2
follows from
* the representation of a fundamental domain of I(N) as the disjoint union
[:Io(N)]

2(I(N) = |
j=1

of fundamental domains of I', see Remark 2.19,
* the invariance of the volume form dut according to Lemma 5.19,

 and the index formula Proposition 2.16.

3. For A € I the usual transformation formula for integrals and the invariance of
the hyperbolic volume form du imply for each measurable set B C H

/.Qdu:/ Q dy
B A(B)

If one splits H as the disjoint union of the sets A(%#,), A € K, and observes
that +1 act as identity on H, which introduces the factor = 1/2, then

/.Qdu (1/2)- Z/ L, Qdu=0172) A;(/ Q=

A€k

—(1/2)- / .Qd:/ Qd
(/)ZA(%)% w= |, Qdu

A€k
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Definition 5.21 (Petersson scalar product). For each level N € N* and each even
weight k € N, k > 0, the Petersson scalar product on the space S(Io(N)) of cusp
forms is the C-sesquilinear map

< = > SO (V) x ST (N)) = C,

N 200 (Im o)t
<80 ST G oy T D) (1m0 dn(2)

Note
vol 2(I5(N)) < oo because [ : I§(N)] < oo.

Theorem 5.22 will prove that the Petersson scalar product is well-defined.

Definition 5.21, see [19, Chap. 5, Def. 5.4.1], implies: If
I :=Iy(Ny) C I3 :=Tp(N,) and f, g € Si(I3)

then
<f7g>1—i:<f7g>rz

While [38, Kap. IV, 3.2], which considers only the modular group I', employs in
Definition 5.21 instead before the integral the factor = 1.

Theorem 5.22 (Petersson scalar product). For each congruence
subgroup Ig(N) C I'; N € N*| the map

< — = > SeTo(N)) x ST (N)) = C,

from Definition 5.21 is well-defined. It is a Hermitian scalar product on the vector
space Sp(In(N)).

Proof. For the proof see [19, Chap. 5.4]. To abbreviate the integrand in
Definition 5.21 we introduce for fixed f,g € S¢(I9(N)) the function

Q:HxH—C, Q1) := f(r)-g(r) - (Im(1))*

Then
1

<8R g -@(FO(N))./@(FO(N)) @(x) du(z)

ab

1. Transformation of ¢: For all y = (c d

) €I holds Qoy=¢:

Q(y(1)) := f(z)-g(t) - (Im y(1))* =
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= k(D) (T + ) [ (er ) - (Im ) -|(cT+ ) =
= f(1)-5(7)- (Im 7)* = Q(7)

As a consequence, for any measurable set A C Hand y € I”
[ @au®= [ @oyau
YA A

2. Boundedness of ¢: We claim that for cusp forms f, g € S(Ip(N)) and for
all y € I' the function
Qoy:9—C

is bounded. Because the sets
{teH: Imt<y}, y>0,

are compact and £2 o y is continuous, we have to investigate only the behaviour
on neighbourhoods of e in H*of the form

{teH: Imt>y},y>0

We show
lim ¢ (y(t)) =0

Im T—o0

For each cusp of Iy(N) the functions f[y]x, g[v]x have the Fourier development
(@) = ¥ anlf.1) 4 GO = Y an(.7)-df gn =
n=1 n=1

with & € N* the width of the cusp. Both Fourier series are of order O(gy,) with
respect to the limit T — oo, because the Fourier series of a cusp form has no
constant term. Hence the product Q(f,g) o ¥ is of order O(g;)? and the
integrand of the Petersson scalar product is of order

O(gn)* - Im (1)

2mi(t/h)

To express O(gj,)* with respect to the variable T = e we compute

|Qh| _ 6727r(lm T/h)
The term decreases exponentially with 7 > 0, which is stronger than the

polynomial growth of
(ct+d)* - (Im 7)*

Asa consequence
lim Q(y(r))=0

Im T—o0

which finishes the proof of boundedness.
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3. Scalar product: Apparently the map < —, — >p () is a positive Hermitian form,
hence a scalar product.
O

Note. The proof of Theorem 5.22 shows that the Hermitian scalar
product < f, g > (y) is also defined for two modular forms f, g € Mi(I5(N)) if at
least one of them is a cusp form.

Next we prove that the Hecke operators (T},),cn+ are self-adjoint with respect to
the Petersson scalar product. After the preparations in Lemma 5.23 the proof
follows in Proposition 5.24 and Theorem 5.25.

Lemma 5.23 (Complete sets of common representatives for left/right-action).
Consider an arbitrary but fixed prime p, and the left action

Drepy: I x I, =TIy, (v, M) —y-M

1. Besides the set V(p) from Proposition 5.8 the set of symmetric matrices

AN ) 025

is a complete set of representatives of D,y too.

2. Consider a complete set V' of representatives of @5 formed by symmetric
matrices. Then also the system of adjoints

Y= {M': MeV¥}, M = (det M) -M~",
is a complete sets of representatives of Py ;.

Proof. 1. Foreach0<b < p
1 b _ (1 0\ (1 b
b p+b*)  \b 1 0 p
1 b and 1 b
b p+b? 0 p

belong to the same orbit of @y, ;.

Hence the matrices

2. 1) Let
¢right :1—[‘7><F_>1;7 (M7,)/)'_>M,Va

be the corresponding right action of I". For each complete set ¥ of
representatives of @, the set of transposed elements
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v ={T:vev}

is a complete set of representatives of @,;¢,,: Assume v € I,. Then also vie I,
and
vi=A-M

for suitable
Ael'and Me V.

Hence
v=M".AT

withAT eI’'T =T

As a consequence, if # is formed by symmetric matrices, then 7" is also a
complete set of representatives for @y;qp;.

ii) For given w € T, set
vi=(det w)-w™' €L,
Then

v =w* and det v = (det w)*-det w~' = det wand w = (det v)-v~!

Due to part i) exist
AelandMe ¥V

with
v=M-A
Then
det v=det M

and

vi=at.py!
and

w=v !.detv=A""((det M)-M~")

with

Aler-t=r
O

Recall from Remark 2.8 the operation of GL(2,Q)™ and its subgroups on H

Proposition 5.24 (Petersson scalar product). Consider a weight k € N and two
cusp forms f, g € Si(I"). For two continuous functions

hi hy i H — P!
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set - generalizing the function from the proof of Theorem 5.22 -

Q:=Q(hy, hy) :H—=P, Q(hy,hy)(7) :=hi (1) -hy(7) - (Im T)*

Then:

1. Transformation formula for subgroups of finite index: Each subgroup K C I'p
with finite index Iy : K] < oo satisfies

|
[ qu :/ Qd
o : K] /m) = Jow = H

if at least one of the two integrals is finite.

2. Finiteness of the index under conjugation: The extended principal congruence
subgroup of I' of level a prime p

[(p):={Lel: L=+1mod p}
has finite index. With respect to the fixed groups
Io(fMli.8)), M €V(p), and I (Q(f,g[M"]x))

holds the inclusion of subgroups:

['(p) CT(Q(f[Mk,g)) and M™'T'(p)M C I (Q(f[Mlx.3)),
and both subgroups have finite index, and analogously for

[(p) CT(Q(f,8IMk)) and M (p)M~" C L (Q(f,8[M*]1))-

3. Invariance of the index under conjugation:
[T L(p)] =ML (p)M)

Proof. Cf.[38, Kap. IV, §3.3]. Because £ is fixed during the whole computation we
simplify the notation [—] := [—i.

1. Consider a fundamental domain .% of the fixed group I'(€2). Then each
decomposition of I"(£2) into the finite number [I"(£2) : K] of left classes with
respect to K

r@=,m"' K
provides a fundamental domain of K
4 =J,Mv(7)

Proposition 5.20, part 3), applied to each pair (%, M, (%)) of fundamental
domains of I'(£2), implies
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/ _Qd,u:/ Qdy,

My.F F

hence
/ Qdu:/Qdu:Z/ Qdu—
2(K) 9 v JIMy(F)

=Y [ o= K[ o

7(I'(Q))

2. i) According to Proposition 2.16
[[":T'(p)] < oo hence also [I": I(p)] < co.
Each element L € I"(p) C I" with decomposition
L=41+4p-A,AcM2x2,7Z).
has the conjugate
Lo:=MLM "=M(x1+p-AM~ ' = +14+M(pA)M~" = +1 + MAM*

Hence
LoM =ML and Ly € I

which implies
(fIMDIL] = (f[Lo))[M] = f[M].
Because I'(p) C I also
gLl =g

The two L-invariant elements
fIM] and g

satisfy for 7 € H the transformation formula

(/1M]-8)(L(7)) = (f[M]-8)(7) - [A(L,7)* :

We compute
(f[M]-8)(L(7)) = FIM(L(7)) -Z(L(7)) = (fIM][L])(7) - h(L,7)* -Z(L(7)) =

= fIM](7) - h(L,7)*-Z[L](7) -h(L,T)* = f[M](7)-5(7)- |n(L, T)]*

Multiplying by (Im L(t))* both sides of the transformation formula for
fIM] and g
and using the transformation formula for the imaginary part of the argument

ImL(t) = (Im7)-h(L,7)"2
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shows
(fM]-2)(L(7)) - (Im L(7))* = (f[M]-)(1) - (Im ©)*
Q(f[M],g)oL=Q(f[M].g)

Because L € I"(p) is arbitrary we have shown

I(p) CT(2(f[M],g))

The finiteness of the index of I'(p) in the fixgroups follow from the finiteness

[[:L(p)] <o

ii) For arbitrary k € N holds

M-T(kp)-M~' cT(k):
If L€ I (kp) then

M-L-MﬁE:tM-]l-Mjmodkp::I:p-]lmodkp

1 N
M-L-——M'=+1modk ie. M-L-M~" € I'(k).
det M

Now setting kK = 1 shows
ML (p)M~'c T,

while setting kK = p shows

M-T'(p*)- M~ CF(p) or F'(p*) M -F(p)-M

As a consequence

Finally one checks
M™'T(p)M C T (Q(f[M],g))-

iii) The claim about the subgroups related to M* follows from part i) and ii) by
interchanging the role of f and g and the role of M and M.

3. We consider the two subgroups of I' from part 2)
I(p)cTandK:=M"'T'(p)M.

Consider a fundamental domain .% C H of I'(p). Then M~!.% is a fundamental
domain of K: For each x € H also M(x) € H. Hence by assumption exists a
unique y € I'(p) with

Y(M(x)) € Z.
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Then
M (y(M(x) = (M~ yM)(x) e M~ F

The uniqueness of ¥ implies the uniqueness of M~!yM.

We compute the volume of both fundamental domains, hereby using
the GL(2,Q) " -invariance of the hyperbolic volume form du according to
Lemma 5.19
[F:I:(p)]wol@:volﬁ:/y du =
:/ du =vol(M~'.Z) =[I" : K] -vol 9
M-\Fz

Hence

[T (p)|=[I:K]=[:M""T(p)M],

in particular independent from M € I,
O

Theorem 5.25 (Selfadjointness of the Hecke operators). For each even weight k > 0

the Hecke operators
T € End(Sk(I')), me N,

are self-adjoint with respect to the Petersson scalar product, i.e. forall f, g € Si(I")
<Tnf,8>=<fTng>

Proof. Due to Theorem 5.17 it suffices to prove the claim for m = p prime. Due to
Lemma 5.23 there exists a complete set V (p) of representatives of the I"-action

Cblef,:Fpr—H},

such that also V(p)?, the set of adjoints of the matrices from V(p), is a complete
set of representatives.

i) Transformation formula for the integrand: To simplify the notations we set
forM € V(p)

-QM,left = 'Q(f[M]lﬁg) and QMﬂJighz = Q(fvg[Mﬁ]k)
Explicit computation with the definition of the [—];-operation on My (I") proves
Cuttesr = Lyt yign °M,

see [38, Chap. IV, § 3.5].

ii) Existence of the integrals: Denote by
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7=, 1)

the fundamental domain of the fixed group I'(p) resulting from a finite coset
representation of I" with respect to the subgroup I"(p) C I'. We show for M € V(p)

/ Qg 1ef AL exists

by proving for y e I
/ Qg 1ef: AU exists :
")

Similarly to the proof of Theorem 5.22 one checks on 2 an analogue of the
transformation formula. First,

Quefr oy = 2(f[M]k,8) o v = Q((f[M]) [V, 8[VIk) = 2(fIM - VI, 8[¥]k)
Due to Proposition 5.7 there exists a matrix A € I" with
A- (M -y) = L with an upper triangular matrix L € V(p)

Set

Yiepr :=A"' €T,
then

MY = Yief: - L.

Secondly, using that f and g are modular forms with respect to I

Q(fIM - Yk, gl¥lk) = Q(fViess - Lk, g[VIk) = Q((f Ve ]) LIk, g[YIk) =

= Q(f[M}k,g) = QL,left

AS a COnSequenCe
QujefioY = L teft

and
/ Qur e fr du:/ QM,lefzoydliz/ Qp jefr dU
"Z) 9 9

Because L is an upper triangular matrix the Fourier series of the cusp form f can
easily be evaluated at L(7), T € H, while the automophy factor A(L,—) is a
constant and det L = p. An analogous estimate as in the proof of Theorem 5.22,
part ii) shows the boundedness of the integrand on Z. Hence

Qo1 d :/.Q dit < oo
/y(@) M left A1 4 Lleft Al

iii) Left-right switching of [—]x: For given M € V (p)
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Qutters dit = [C(Quprery) : T / Q1o d
/7 st AL = [T(Quzere) : T (p)] S M left A1

because ~
I'(p) CI'(2wm.1es1)

has finite index according to Lemma 5.24, part 2). Concerning the indices
Lemma 5.24, part 3) implies

hence also
[T(Qutiese) : L(p)] = [T (usefs) : M~ 'T (p)M]

Using the transformation formula from part i) and taking M~'.Z as a fundamental
domain of M~'T"(p)M the calculation continues

T (2u4efr) : T(p)] '/@(F(Q lf))QM,left du =
‘M left

— T (Qu ) : MT'T M-/ Qe dit =
[ (Qm, fz) (p) ] DT @) M,left AU

/M*lﬁ -QM,left d[.L = QMﬁ.right OMdl’l = _/Q QMi,right d“

iv) Left-right switching of the Hecke operator:

M-17

<Tfg>= [ @ D@ -tmvf du= [ o194

For any pair of cusp forms 7, f and g the integrand is invariant under the action
of I' as checked during the proof of Theorem 5.22, part i). Hence continuing

R -

T / Q(T,f,g)du =

/) Qg jep dl

1 1
T B e =

MeV(p) MeV(p

Using the result from part iii) and the property of V (p)* the calculation continues

1

1
[Flr(p)] /, M left G = / ME right H=

MeV(p [F'F(p)] MeV(p

1 " 1
m/? Z QMﬁ,rightdu:m'/g Q(f,Tpg)d,u:

MeV(p)
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= [ U e du= [ (- TE)@)-(m du=<fTpe>

Theorem 5.26 (Eigenforms of the Hecke algebra of the modular group). For
each even weight k > 0 the cusp space S;(I') has a basis of eigenforms of the Hecke
algebra Hecke, (I).

Proof. First, Theorem 5.17 implies that Heckey(I") is commutative. Secondly, The-
orem 5.25 implies that all Hecke operators 7,,, m € N, are selfadjoint endomor-
phisms of the unitary vector space (S¢(I"),< —, — >). Hence the claim follows due
to a result from linear algebra about simultaneous diagonalizability of a family of
pairwise commuting, self-adjoint endomorphisms.

O

Remark 5.27 (Hecke theory of congruence subgroups). For each level N € N and
even weight k > 0 one can define Hecke operators on modular forms of M (Iy(N)).
The corresponding Hecke algebras are commutative, and each vector space of cusp
forms of fixed weight has an eigenbasis with respect to the family

Tn, m € Nand ged(N,m) = 1.

For a proof see [36, Chap. 4, Theor. 4.22], [19], [35, Chap. IX, §6].

One should not consider a Hecke congruence subgroup Ij(N) as an isolated object
of a fixed level N. Instead one should take into consideration the whole family of
Hecke congruence subgroups on different levels

Ij(N), NeN

For each weight k € N and positive integer m € N the modular spaces of different
levels
M, (Ip(M)) and My (Io(m-M))

are related. Proposition 5.28 constructs explicitly a map which changes levels.

Proposition 5.28 (Increasing the level M — m - M). Consider a weightk €N, a
level M € N and a positive integer m € N. Set

m Q0

J M (Io(M)) = Mi(Io(m-M)), f = [tk

is a well-defined injection and restricts to an inclusion of cusp forms. The level
change j respect cusp forms.

The map
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Under the assumptions of Proposition 5.28 one has apparently also the injection
Mi(Io(M)) — My(Io(m- M)).
Proof. 1. Conjugation of Iy(M): Denote by
o=, To(M) - o= {1, -7 = Y€ IH(M)} C GL(2,Q) "

the w,-conjugate of Ig(M). If

then

_ I /10 mO0 a b/m
u 1, U, = —- V. — GL Q +
m V" Hm m <O m) v (0 1) (cm d )6 (2,Q)

Claim: For N := m - M holds
['NIG(M) = T(N).

The inclusion
' NI3(M) C Ty(N)

is obvious because
M|c = m-M|c-m, i.e.N|c-m

To prove the opposite inclusion

I(N) c ' NIG(M) :

8= (v a) = (co ) <500

=1 o [ a mb
B =, Y.UmWIthY-—(CM d)'

Each matrix

has the form

Here
det y=der B =1, hence y € I[H(M).

As a consequence
Io(N) C I'" and even Iy(N) C (I NIo(M))

2. Changing right-multiplication to left-multiplication: Claim: For each o € I”
exists Q. € I' such that
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* % +
Wi - O = Ol - 0 % EM(ZXZ,Z)QGL(Q.,@) .

For the proof set
M:= U, o€l

By Proposition 5.8 exists a matrix A € I" such that
A-MelI,

is triangular. Set
Qefr = Aler

3. Weak modularity: Assume f € My (Iy(M)) and set
8 = fltmlk-
Due to part 1) a given 8 € I)(N) has the form
B=ty' 7 tim
with a suitable y € Iy(M). Then
8lBlk = (k) Bk = flttm - Bl = fltm b -7+ M) =

= flr- bk = (F[VI) tmlk = flpmlk = &
Hence f[ty]x is weakly modular with respect to I (N).

4. Holomorphy at the cusps: According to the definition one has to show: For each

g = fltmlk, f € Mi(Io(M)),

and each a € I the function g[ct]; is holomorphic at e € H* according to the
definition of My (I5(N)). Due part 2) there exists a matrix

e €T
such that
.u'm'a:aleft'e
with a triangular matrix

6= (8 Z) eM(2x2,Z)NGL(2,Q)*

Hence
glal = fltm - ok = flGesi - 0] = (f[Cesili) [0k

From the Fourier expansion
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oo

f[alefz]k = Z a,-q", §= 2miT/h
n=0

for a suitable & € N one obtains as a consequence
$l0i(7) = flotepu[O)e(r) ="~ -d 7 Y @, 2O g, g PR,
n=0

Hence g[a];. is holomorphic at eo. And the last Fourier series shows that j maps
cusp forms to cusp forms.
O

If we fix the level N then each prime factor p|N defines a level changing

. 0
(N/p) +— N,using u, = (l(; 1) erl,.

The subspace of My (Iy(N)) generated by the images of the maps

jp,(N/p),k : Sk(l—é(N/p)) X Sk(l—f)(N/p)) - Sk(l—b(N))7 (f?g) ’_>f+g[:up}kv

for all prime factors p|N is named the oldspace, see Definition 5.29.

Definition 5.29 (Oldform and newform of cusp forms). Consider a level N € N*
and a weight k.
1. The image
(Z im jp,(zv/p),k> C Si(Io(N))
pIN

is named the subspace
S{(Io(N)) C Sk(Io(N))

of oldforms. The summation is indexed by the primes p dividing N.

2. The orthogonal complement of Szld (Io(N) with respect to the Petersson scalar
product is named the subspace

SE (IH(N) == SP(To(N) - C Si(To(N))

of newforms.

Apparently, by the same mappings one can also define the oldspace of modular
forms as a subspace fo My (I5(N)). But unfortunately the Petersson scalar product
does not extend from the cusp forms to all modular forms. Hence there is no
orthogonal complement of subspace of old forms.
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Example 5.30 (Oldforms and newforms). See PARI-file Congruence_subgroup_20.
We investigate the level change for the first weights k = 0,2, ...,12.

» Congruence subgroup I(2): Figure 5.2 displays for the Hecke congruence sub-
group Iy(2) of level N = 2 the splitting of the cusp space into oldforms and
newforms.

According to Definition 5.29 one has to consider for the splitting the single prime
factor p = 2 and the cusp forms Si(I9(1)), i.e. the cusp forms of the full modular
group I' = I(1). They inject by the identity id and by 2 - id, which doubles the
argument.

For weight k = 12 one has the 1-dimensional subspace
Sip(I) =C-A C S12(IH(2))
In addition also the modular form
Ay H—-C, 17— AQ2-7)
belongs to S12(I(2)). The computation shows
S12(I0(2)) = spanc < A, Ay >,
all cusp forms in S12(Ip(2)) are old forms induced from S1(I").

» Congruence subgroup Iy(4): Similarly Figure 5.3 considers the modular group Iy(4)
of level N = 4. One has to consider the two level changes

l—4,and2+—4

For weight k = 12: As expected the oldforms of Iy(4) comprise the 2-dimensional
space induced from the cusp forms of Iy(2) and the 1-dimensional space induced
from the cusp form of I'". In addition there is a 1-dimensional space of new forms.

» Congruence subgroup Ip(11): The final Figure 5.4 considers the modular group Ip(11)
of level N = 11. For the splitting one has to consider the level change 1 +— 11.
For weight k = 12: The old forms of Iy(11) derive from the cusp form A
via the identity id and via multiplying by 4 the argument. In addition there is
an 8-dimensional space of new forms.
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Congruence subgroups_20, Start

Modular forms, cusp forms, newforms,
Congruence subgroup Gamma_0(2): Modular forms, oldforms, newforms
Index [Gamma:Gamma_0(2)] = 3
Right cosets: [[e, -1; 1, @], [1, @; 1, 1], [1, @; 2, 1]]
Cusps of Gamma_0(2): [, 1/2]
eight k: (dim M_k(Gamma_@(2), dim S_k_old(Gamma_@(2), dim S_k_new(Gamma_0(2)))
e: (1,

2: {1;
(2)

Fig. 5.2 Ij(2) oldforms and newforms

Congruence subgroups_20, Start

Modular forms, cusp forms, newforms,

Congruence subgroup Gamma_@(4): Modular forms, oldforms, newforms

Index [Gamma:Gamma_0(4)] = 6

Right cosets: [[e, -1; 1, @], [1, @; 1, 1], [e, -1; 1, 2], [e, -1; 1, 3], [1, e; 2, 1], [1, @; 4, 1]]
Cusps of Gamma_@(4): [e, 1/2, 1/4]

: (dim M_k(Gamma_@(4), dim S_k_old(Gamma_@(4), dim S_k_new(Gamma_@(4)))

0
22
4:
6: (4, o,
8

s (815 25
10: (6, 2, 1)
12: (7, 3, 1)

ICongruence subgroups_20, End

Fig. 5.3 I(4) oldforms and newforms
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[Congruence subgroups_2@, Start

Modular forms, cusp forms, newforms,

[Congruence subgroup Gamma_@(11): Modular forms, oldforms, newforms
Index [Gamma:Gamma_@(11)] = 12

Right cosets: [[e, -1; 1, €], [1, e; 1, 1], [e, -1; 1, 2], [e, -1; 1, 3], [e, -1; 1, 4], [e, -1; 1, 5], [e, -1; 1, 6], [@, -1; 1, 7], [
o, -1; 1, 8], [e, -1; 1, 9], [e, -1; 1, 18], [1, @; 11, 1]]

Cusps of Gamma_@(11): [@, 1/11]

: (dim M_k(Gamma_@(11), dim S_k_old(Gamma_@(11), dim S_k_new(Gamma_0(11)))

Fig. 5.4 Ij(11) oldforms and newforms

5.3 Numerology: Lagrange, Jacobi, Ramanujan, Mordell

The present section draws some conclusions from the existence of simultaneous
eigenforms of the Hecke operators. First we prove a conjecture of Ramanujan con-
cerning a certain numerical function. Secondly, we derive the four squares theorem.

The first non-trivial cusp form, the modular invariant A € Sj»(I"), encodes
the Ramanujan 7-function: The values t(n), n € N, are the coefficients of the
normalized modular invariant. The question, how the value 7(n) depends on the
prime divisors p of n, was the subject of intense investigation. Decades after Ra-
manujan made his conjecture on the basis of the first 30 values, it was Deligne who
proved the final part of the conjecture about the modulus |T(p)| as a consequence of
his full proof of the Weyl conjectures.

Definition 5.31 (Ramanujan t-function). The Fourier coefficients (7,),en of the
normalized discriminant form

A(7)

Qm2 Y u-q" g=7,
n=1
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define the Ramanujan T-function

T:N—>Z, n— 1,

According to Proposition 3.14 all Fourier coefficients are integers 7(n) € Z.

Computing the first coefficients 7(n) up to n = 6 gives

AT
(27(r)1)2 = q—24¢° +252¢° — 1.4724" +4.830q" —6.048¢" + O(7)

From these values one verifies at once the product formula
7(2)-7(3) = —24-252 = —6.048 = 7(6),
and as a particular case of the recursion formula
w(p*) =1(p)* —p" - (p°)
the formula for p =2
7(2%) = —1.472 = 1(2)? = 2! = (—24)? —2.048.

From explicit computation of the first 30 values of 7(n) Ramanujan [49]
conjectured in 1916 several generalizations. Figure 5.5 shows equations (103)
and (104) from the original paper with two of Ramanujan’s conjectures.

Note. There is a typo in equation (104) referring to the factor 2. It should read

1z(p)| <2-p"/?

The conjecture was proved inter alia one year later by Mordell [45]. Figure 5.6
shows Mordell’s introduction from his paper.
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Fig. 5.5 Ramanujan’s conjecture on 7(n) from [49]

Fig. 5.6 Mordell’s introduction to [45]
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A film about Ramanujan is to be recommended, named “The man who knew
infinity” (Deutsch: Die Poesie des Unendlichen).

Today Ramanujan’s product formula and recursion formula can be obtained as a
first application of Hecke theory:

Proposition 5.32 (Product and recursion formula of the Ramanujan t-function).
The Ramanujan T-function satisfies:

1. Product formula: For all integers m,n > 1

t(m)-t(n) = Z o t(mn/r?).

r|(m,n)
In particular, for coprime m and n:
t(m)-t(n) =1t(m-n).
2. Recursion formula: For all primes p and integers k > 1
k—l).

t(p)-t(p*) = (P ) +p'" - T(p

Proof. 1. Consider an arbitrary, but fixed m € N. Corollary 5.14 from Hecke theory
for weight k = 12 derives the eigenvalue equation

A B A
T\ @) =T me

When equating for each fixed n € N the terms of order n on both sides of the
equation the coefficent formula from Theorem 5.12 implies:

Z Y t(mn/r?) = t(m) - t(n).

r|(m,n)

For coprime integers m,n we have (m,n) = 1 and the summation reduces to the
single term for r = 1:
t(m)-t(n) =1t(m-n)

2. We set m = p* and n = p in the product formula from part 1). Due to

k
(r*,p)=p
we now have two summands, referring to the indices r = 1 and r = p. We obtain

t(ph) - t(p) = t(p) +p" (P
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Remark 5.33 (Growth estimation of the Ramanujan T-function). The final conjec-
ture of Ramanujan about the 7-function is the growth estimation

17(p)] <2-p"V/2, p prime,

see Figure 5.5 equation (104) (after correction). This conjecture lies much deeper
than Ramanujan’s other conjectures. Deligne proved the growth condition of the t-function
as a consequence of his proof of the Weil conjectures in 1974 [57].

The next application of modular forms investigates the modular form 6 of
weight = 2 of the congruence subgroup I)(4) C I'. The Fourier coefficients r(n),cn
of 6 count how many possibilities exist to represent the integer n as the sum of in-
teger squares. Hence the Fourier series of 0 gives the Four squares theorem.

Fermat recalls in a letter to a friend from 1659 those results from arithmetic
which he considers his most important contribution to this field. One of these results
is the claim that any natural number can be written as the sum of four squares. The
first proof of this theorem has been given by Lagrange in 1770. The more refined
version of Theorem 5.37 is due to Jacobi in 1834. For the history of these results
see [51].

Definition 5.34 (Representing integers as sum of squares). |

1. Multiplicity of square representations: The number of possibilities to represent
a non-negative integer n as the sum of k integer squares defines the arithmetic
function

r:N*xN*“—> N
with
r(n,k) := card {v = (Vi) €ZF in=13 4 .. —&—v,%} .
Note that r(n,k) counts k-tuples with positive and negative components as dif-

ferent, and distinguishes also k-tuples with the same components, but in different
order.

2. Generating function: The series

oo

B(1,k) := Z r(n,k)-q", q:= ™",
n=0

which is generated by the sequence r(n,k),cn, is named a ¥-series.

Proposition 5.35 (Generating function as modular form). The generating
Sunction 6(—,4) from Definition 5.34 is a modular form of weight 2 of the
congruence subgroup I)(4), i.e.
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V(—,4) € Ma(I5(4)).
Its Fourier series starts

¥(1,4) = 1+8q+0(2), g=e&*™".

Proof. Scetch, see cf. [19, Chap.1, §2; Chap. 4, §9], [38, Chap. III.7 Korollar].

i) The congruence subgroup I(4) has the two generators

11 10
T:(o 1) and y = <4 1>

ii) The translation T apparently satisfies
19(734)[7‘]2 = 19(774)

With

B(e):=0(r,1) =Y r(n,1)-¢", g ="
n=0

the product formula
¥ (1,4) = 9(1)*

reduces the weak modularity
(=, 4)[v]2 = 0(—.4)
to the transformation formula for ¥: The difficult part is to prove
B(=1/(41)) = V=2it- 9(1),

see [19, Chap. IV, 4.9], [38, Kap. III, E.3]. Then follows

o )=
4t+1)  \4(—
(L 1
R G T A e

and exponentiation

shows the transformation formula

v (uil“) = (4741 8(0,4) ie. O(—,4)[1)2 = B(—4)
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iii) The Fourier series
9(1)=14r(1,1)-g+0(¢°) =1+2-qg+0(q")

shows
¥(1,4)=(14+2-¢9)*+0(2) =1+8-g+0(2)

Theorem 5.36 (The modular form G, y € M>(I5(N))). Denote by G the Eisen-
stein series from Remark 3.12. For each level N > 1 set

Ly = <1(\)’ ?) € M(2x2,7Z)NGL(2,Q)*

The function
G27N =Gy — GQ[MN]Q H—C

is a modular function
Gav € My(IH(N))

Proof. By definition
(Galun]2)(7) := Ga(a(7)) - det iy - h(pty, 7) > = N - G2(N7)
i) Holomorphy: Due to Remark 3.12 the functions G, and hence also G5 y are holo-

morphic in HU {eo}.

ii) Weak modularity: We have to show for all o € Iy(N):
Gan[at], = Go.

We recall the formula from Remark 3.12
Galla(x) = Ga(¥) — 27 - h(y,7) > for yi= o — (j Z) er

We have to compute the transforms of the two summands of G, y.
. GQ[OC]Q: Set
—a= (") ernw)cr
y=a= cd 0 ’

Then
Ga[a]2(t) = Ga(1) —2mi-¢-h(at,7) 2

* (G2[un]2)[@]2: Then

. Nb
iy~ = By with B = (ch d)
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Here B € I because
c=0modN = ¢/N€Z

Then
(G2[B12)(2) = Ga(z) —2mi- (¢/N) - h(B,2) >

Hence with the argument z = py(7) = NT
(G2[Bl2) (un (7)) = Ga(pn (7)) —2i- (¢/N) - h(B, (7))

Then
(G2[un]2)[]2)(7) = (G2 [t - @]2)(T) = (G2[B - n]2)(T) =

= ((Ga[B2)[un12) (%) = (Ga[Bl2) (un(7)) - h(tay, 7) > -N =
= (Ga(un (7)) —27i- (¢/N) - h(B, un (7)) %) - Ay, 7) >N =
= Ga (v (7)) - h(py, ©) =" - N =27i((c/N)-N) - (h(B, un (7)) - h(pin, 7)) 7 =

= (Galun]2)(t) —27i((c/N) -N) - (h(B, un (7)) - h(n, 7)) 2

Now
h(B,un(t)) =h(B,NT) = (c/N)-Nt+d =ct+d and h(uy,7) =1
and
ha,t)=ct+d
which implies
h(B,un (7)) = h(et, 7)
Hence
((Ga[uwl2)[al2) () = (Galun]2) () — 27i-c - h(ot,7)

As a consequence, the transformation formulas for both summands imply:

Gyylaly = Gola]x — ((Gauw]2)[]2) = Ga — (G2 [un]2) = Go v

iii) Finally one checks the Fourier expansion at the cusps using the Fourier expan-
sion of G, from Remark 3.12, see [19, Chap. I, Exerc. 1.2.8.e] and [35, Chap. IX, §3, Example 4].
O

Theorem 5.37 (Four squares theorem). For anyn € N, n > 1, there are

r(n,4)=8-Y d
d|n, 4d

possibilities to represent the non-negative integer n as the sum of 4 integer squares.
In particular for 4t n
r(n,4)=8-01(n)=8-Y_ d.
din
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Proof. Computation within M»(I(4)):

i) Dimension: dim M»(Iy(4)) = 2 according to Theorem 3.26, see also Figure 5.3.

ii) Basis: According to Theorem 5.36 for each N > 2 the Eisenstein series
Gon(7) :==Ga(T) —N - G2 (NT)
is a modular form of the congruence subgroup Iy(N) of weight 2, i.e.
Gan(T) € Ma(Io(N)).

The Fourier expansion of G, from Remark 3.12 provides for the two Eisenstein
series G and G, 4 the Fourier expansions

2 oo 2
T T
G272(T)=—? 1—|—24'Z Z d| q" :—?(1+Z4q+0(2))
=1 dln
! doldd

and

Gra(t) = —n <1+8~i ( Y d> q"> = —7*(1+8¢+0(2)).

n=1 \d|n, 4n

Comparing terms of order O and 1 in the Fourier expansions shows that both
Eisenstein series are linearly independent. Hence the family (G2, G2 4) is a basis
of M>(Iy(4)). In particular, it generates 6(—,4).

Proposition 5.35 implies by comparing Fourier coefficients of order 0 and 1

1
0(—,4) = - Gaa.

Equating on both sides the Fourier coefficients of order n € N* shows

r(n,4)=8- Z d
din, 4d

Example 5.38 (Modular forms via O-functions). Figure 5.7 shows for some pairs (k, e)
the numbers
r(n,k,e).

Here r(n,k,e) € N is the number of different representations of n as a sum of k
summands, each an e-power. These numbers are the Fourier coefficients of suitable
modular forms. The case

r(n,4,2) =:r(n,4)
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has been investigated in Theorem 5.37. The figure shows the output of the PARI-
script Modular_forms_theta 01.

fodular_forms_theta_@1: Start.
fodular_forms_theta_@1: Fourier coefficients of r(-,k,e) with r(n,k,e) the number,
of different representations of n as a sum of k summands, each an e-power

parameter: (k,e) = (1,2)
Underlying modular space: M_1/2(G_0(4, 1))
Generating modular : 1+ 2%q + 2%*q"4 + 2*q"9 + 0(q"18)

parameter: (k,e)
Underlying modular : M_1(G_e(4, -4))
Generating modular 1 + 4%q + 4%q"2 + 4*q™4 + 8%q"5 + 4*q"8 + 4*q"9 + 0(q"18)

parameter: (k,e) =
Underlying modular : M_3/2(G_e(4, 1))
Generating modular 1 + 6*%q + 12*q"2 + 8%*q"3 + 6%q™4 + 24%q"5 + 24*q"6 + 12*q"8 + 30%q"9 + 0(g"1e)

parameter:

Underlying modular : M_2(G_e(4, 1))

Generating modular 1 + 8*%q + 24%q"2 + 32*%q"3 + 24%q"4 + 48*q"5 + 96%q"6 + 64*q"7 + 24*q"8 + 104*q"9 + 0(q~18)

parameter: (k,e)

Underlying modular : M_4(G_e(4, 1))

Generating modular form: 1 + 16%q + 112%q~2 + 448%q"3 + 1136%q"4 + 2816%q"5 + 3136%q"6 + 5504*q"7 + 9328%*q"8 + 12112*%q"9 + 0(q"18)

Modular_forms_theta_e1: End

Fig. 5.7 Modular functions to compute r(—,k,e)






Chapter 6

Modular functions and imaginary quadratic
fields

Analytic number theory investigates and proves results from number theory by
methods from complex analysis. A typical example is the proof of the class number
formula of an imaginary quadratic field using the theory of modular functions.

Modular functions provide a sequence of finite-dimensional complex
representations of the modular group IT = SL(2,7Z), depending on the
weight k € N.

The modular j-invariant parametrizes the set of compex tori by the values of the
affine part of the modular curve X (I7) ~ P. All complex analytic properties of a
given torus with normalized period lattice (1,7) are encoded in the value j(7) € C
of the modular j-invariant. But j(7) is too coarse to discriminate between the
arithmetic properties of the different members of a class of biholomorphic
equivalent tori.

Section 6.2 restricts to tori with complex multiplication and asks: Which arithmetic
information can be obtained when considering besides j(7) also the values

J(a(7)), 0 € L prim, m € N7

General references for the present chapter are the lecture notes by
Zagier [72, Chap. 6.1] and the essay by Serre [54].

6.1 Complex multiplication

As a first arithmetic property of complex tori and elliptic curves we observe: Com-
plex tori with normalized lattice generated by (1,7) relate for certain numbers

235
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7 € H to an imaginary quadratic field. How to characterize tori with those arith-
metic properties? The answer is given by Theorem 6.6.

As a general reference for number fields we recommend [24], [42], [34].

Definition 6.1 (Number field).
1. A field K is a number field if

Q C K C C with degree deg K := [K : Q] < oo.
If deg K =2 then K is a quadratic number field.

2. The Galois group Gal(K/Q) of a number field K is the group of all field auto-
morphism of K which pointwise fix the elements of Q.

Remark 6.2 (Number field). Consider a number field K of degree
n=[K:Q]

1. Denote by
(&) j=1,..n

a Q-basis of K. For each a0 € K the multiplication
Ug: K=K, x— o-x,

is determined by the values

For o € K norm and trace are respectively defined as

NK(OC) = det(ajk) € @ and l}”K((X) = Z oj; € Q

Jj=1,...n
2. The discriminant of K with respect to the basis (@) j—1,.., is defined as
Ag = det(trk(aj o)) €Q

The discriminant depends on the choice of the basis: It transforms with the square
of the determinant of the base change matrix.
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3. The ring of algebraic integers in K, the number ring of K, is the ring of integers
Ok :={x € K : xintegral over Z}
It is a lattice in K, and K is the quotient field of Ok.

The ring O is the prototype of a Dedekind ring, i.e. Ok is a Noetherian, 1-dimensional
integral domain, integrally closed in its quotient field.

4. An order of K is a subring A C Ok which is a free Z-module of rank = deg K.

5. The number field K has a Q-basis (j);—1,.. . by algebraic integers o; € 0.
Each element o € K has a unique representation

Z.ogq + ...+ Zaoy,
oY==
Ak

6. For a quadratic field K = Q(v/d) with a squarefree integer d € Z one has

4.d ifd=2,3 mod4

Ag =
d ifd=1 mod 4

and

Vd d=2,3 mod4
A+ VA
Ok =207 | X VKl _707.
2 1++d

5 d=1 mod 4

7. Each number field K has a primitive element, i.e.
K=Q(a)
with a suitable o € K. Each primitive element satisfies a polynomial equation

P(a) =0 with P(X) € Q[X] and deg P = deg K.

8. Each quadratic number field has the form
K = Q(V/d) with d € Z squarefree.

If d < 0 then K is named imaginary quadratic, if d > 0 then K is named real
quadratic.
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9. The Galois group Gal(K/Q) of a quadratic number field K = Q(+/d) equals the
group
Zy ~ {0y, 01}

The generator
o:K—K

1 (2) = —z d>0
")z od<o

is

while
op=id

Norm and trace of an element z € K are obtained from the two elementary sym-
metric functions

N(z) = 00(z) - 01(z) and Tr(z) = 0p(z) + 61(2)

Note. Due to historical reasons the symbol & has at least two different meanings in
mathematics. In the context of complex analysis & also denotes the complex
structure sheaf.

Definition 6.3 (Endomorphisms of a torus). An endomorphism f of a torus
(T,0)0=C/A

is a holomorphic map
f:(T,0) = (T,0)

with £(0) = 0.

Recall from Proposition 2.3 that each endomorphism f of a torus fits into a
commutative diagram

with a unique multiplication map U, determined by an element o = oy € C: For
allzeC
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Proposition 6.4 (Endomorphism ring). The set of endomorphisms of a torus
T=C/A

constitutes with respect to addition and composition a ring End(T), the endomor-
phism ring of T. The map

End(T)—={aecC:0o-ACA}, f— oy,

is an isomorphism of rings.

If not stated otherwise by the above ring isomorphism we identify the
endomorphism ring End(T) with a subring of C. Because each torus T is an
Abelian group its endomorphism ring End(T) comprises at least the group Z, the
scalar multiplicaion by integer numbers:

7 C End(T) C C.

Which intermediate rings are possible? The case
End(T)=7

is the general case, justifying a specific name for the exceptional tori with
additional endomorphisms.
Definition 6.5 (Complex multiplication (CM)).

1. A complex number 7 € H is a CM-point and its class [t] € X(I") in the modular
curve is a CM-class, if the corresponding torus

T=C/A, A=Z&Z-1,

satisfies
Z C End(T)

2. The values j(7) C C at CM-points T € H are named singular moduli or singular
values of the modular invariant j.

Theorem 6.6 states a remarkable relation between tori and number fields. It reveals
the arithmetic structure encoded in a complex torus with complex multiplication.



240 6 Modular functions and imaginary quadratic fields

Theorem 6.6 (Complex multiplication and imaginary quadratic fields).

1. A point T is a CM-point <= Q(7) is an imaginary quadratic number field.
2. For CM-point T € H the corresponding torus
T:=C/A¢, Ay =Z+7Z-7,
has a non-trivial ring of endomorphisms
Z CEnd(T)CC

which is an order of the imaginary quadratic number field Q(7).

According to Theorem 6.6 a singular value j(7) € C defines a quadratic imaginary
number field K := Q(7). The ring of endomorphism of the torus 7 with

lattice A (1, 7) is an order in the ring of integers Ok C K. Note that any order of an
imaginary quadratic number field is a lattice of rank = 2.

Proof. 1. 1) Consider a CM-point 7 € H. By definition exists oo € C\ Z with
a-Ar C Az

We obtain a matrix
ab
Y= (C d) eEM(2x2,7)

()-r ()

a=a+b-1,x-t=c+d-7,

with

Then

which implies b # 0, because o ¢ Z, and
b-t*4(a—d)-T—c=0.

Because 7 € H is not a real number, the number field Q(7) is imaginary
quadratic.

ii) Assume that T € H belongs to an imaginary quadratic number field. Then for
suitable integers a,b,c € Z with a # 0 because 7 € H

a-t*+b-T+c=0.

(at)- (i) = <_Oc —ab> ' (D

follows at € End(T), ot ¢ Z, and T has complex multiplication,

From
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2. Assume that T has complex multiplication and consider an
endomorphism f € End(T) operating as multiplication L, with a complex
number . Alike to the proof of part 1, i) we obtain a matrix

ab
Y= (c d) EM(2x2,7)

“()-r ()

Therefore « is an eigenvalue of ¥ and satisfies the eigenvalue equation, which is
an integral equation:

with

o’ —(d+a) -a+ab—cd=0.
As a consequence & € Ok, which implies
7 - Ei’ld(T) C Ok

Because O is free of rank = 2 the same holds true for End(T), and the
subring End(T) is a sublattice of Ok, i.e. an order
O

We consider in detail the two elliptic points of the modular group I', see
Theorem 2.18:

Example 6.7 (CM-points).

1. Elliptic point i: The point i € H determines the normalized lattice of Gaussian
integers
Ai=2+7-i

The torus T = C/A; has the endomorphism ring
End(T) = A;

The endomorphism ring
End ( T) = A,’

equals the ring

Ok CK:=Q(i)=Q(v-1)
of algebraic integers from K. Recall from Corollary 3.21

jli)=1728=12°.3c 7.

2. Elliptic point p = ¢*™/3: The point p € H determines the normalized lattice
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A =Z+Z-p
The torus 7 = C/A, has the endomorphism ring
End(T) = Ap
The result is similar to the first example: The endomorphism ring
End(T) = A,

equals the ring

Ok CK:=Q(p) =Q(v-3)

of algebraic integers from K. Recall from Corollary 3.21
j(p)=0€Z.
Also the element 2p € H belongs to K. The torus
T =C/Ayp

with the normalized lattice

Aop =Z+7Z-2p
has as endomorphisms the multiplication with arbitrary elements

o€ Ayp.

For the proof one uses the equation

p*+p+1=0.
The endomorphism ring is
End(T)=0
with
o :A2p 9 ﬁK

is a proper order of K. Note j(p) =0 € Z. A PARI-calculation shows

j(2p) = 54000 € Z.
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6.2 Modular polynomials

The present section takes up the study of imaginary quadratic fields K from the view-
point of modular forms. The main result is Theorem 6.18 about the singular values
of the modular invariant j. The theorem shows that each singular value j(7) € Cis
an algebraic number. For the proof one has to find a number m € N* and a polyno-
mial

D, € Z[X] with &, (j(1)) =0

The proof relies on Theorem 6.6 which shows that the field K = Q(7) is an imag-
inary quadratic number field. To construct the polynomial &,, Definition 6.11 in-
troduces the modular polynomials. The modular polynomials are a family of poly-
nomials (Fy,(X))men+ which extract properties of the j-invariant j € .# (H) from
its transformation behaviour with respect to the different operations of the modular
group I7. The structure of this section follows the essay of Borel in [9, Chap. III].

First we complete our investigation of the integer matrices I, from Section 5.1.
Different from Proposition 5.7 which considers the I'j-left action on the matrices
from I, we now consider a subset I, ,.im C I, and a complete set of
representations V (m, prim) of the I-action on I, prim. See Definition 6.8,
Proposition 6.9 and Corollary 6.10.

Definition 6.8 (Integer matrices with coprime entries). We define the set

b
L prim = {(CCI d) e€l,,: ged(a,b,c,d) = 1} CIy

of matrices with coprime entries.

Proposition 6.9 (Action on I, ,ime)-

1. For each m € N* the I-left action on I, restricts to a Ii-left action on I, prin,
I—i X En,prim — Fm,prim

A complete set of representatives of the Ii-left action on Iy, prip is the set of
matrices

V(m, prim) :— {(g 2) €V(m): ged(a,b,d) = 1} cV(m)

2. The cardinality of V(m, prim) is the value of the Dedekind y-function

card V(m,prim) = y(m) :=m-] | (1 + l)



244 6 Modular functions and imaginary quadratic fields

the product taken over all prime divisors of m.

Proof. 1. For the proof consider any

_(ap _fab '
A= (7/ 5) el'and M = <c d) € Ly prim.

The ideal generated by the coefficients of the product matrix A - M
I:=(aa+PBc,ab+pd,ya+dc,yb+38d) CZ
contains the element
6 -(aa+Bc)+(—B)-(ya+d¢c) = (ad —By)a+ (6B —BO)c=a
and similar for b, ¢, d with the other generators of /. Therefore
(1)=(a,b,c,d) CI

which implies
(1) =1

Hence the coefficients of the product matrix A - M are coprime, i.e.
D, (A,M)=A-M € L, prim

2. For the proof see [40, Chap. 5.1].
O

Corollary 6.10 (Complete representatives of the orbit set). Foreach yeI:

1. The set
V(m) Y Cly

is a complete set of representatives of the orbit set I'\I,,, i.e. with respect to the
canonical projection
I, — I\IL,,, M — [M],

holds the equality of sets
P\Ly = {[M]: M€ V(m)} = {IM-7): M € V(m)}.

2. The set
V(m, prim) -y C Ly prim
is a complete set of representatives of the orbit set I'\I} pyim.
Proof. 1. Consider a given y € I'. We show: For arbitrary but fixed M € V (m) exist

an element
M, € V(m)
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and a unique matrix A € I" such that
A-M=M-y.

According to Proposition 5.7, applied to M - y~! € I;,, a unique element A € I"
exists with
My :=A-(M-y ") €V(m).

Then
M, ’}/:AM

Hence M| - v lies on the same orbit as M. As a consequence, the map
V(m) = V(m), [M]— [M-v,
is well-defined and injective.

2. Analogously.
O

There is the following analogy to the family of Hecke operators (7}, ),en+: The
latter extract the Fourier coefficients of a given modular form f € M (I3) from the
transformation behaviour of f with respect to the operation of the modular group I

I xI,,— I,
on the set of matrices I,,. The Hecke operators are the family of linear maps with

Tu(f):= Y, fIMk

MeV(m)
defined as the weighted sum of over a complete system V (m) of representatives.

Similarly the modular polynomials are the family

En(X)= [ X—joM)e.#(H)X]

MEeV (m,prim)

defined as the product over the complete set V (m, prim) of representatives from
Proposition 5.8. Each modular polynomial F,,(X) is a normed polynomial of
degree y(m) in X. Its coefficients are polynomials in the modular invariant j.

Definition 6.11 (Modular polynomials). Consider m € N* and the complete set V (m)
of representatives of the orbit space I7\I,,. The m-th modular polynomial is the
polynomial

Fa(X):= [ (X—ju)e#()X].

MeV (m,prim)
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Note. The modular invariant j is constant along the orbits of the action of the
modular group I7. Therefore the value of jj; in Definition 6.11 does not depend on
the choice of a complete system of representatives of I'\I3, yim

The field Q(;) is the function field of rational functions on the modular curve
X(I;) ~ P!

Each modular polynomial F;,(X) € K[X] is a normed polynomial of degree & (m)
with coefficients from the function field Q( ). From this point of view the
factorized form of Definition 6.11 defines the modular polynomial F,,(X) as the
product of its zeros, which are the functions jy, M € V(m, prim).

Example 6.12 (Modular polynomials). The PARI-scriptmodular_polynomial_01
computes for several m the modular polynomials F,, see Figure 6.1.

modular_polynomial

Modular polynomial F_2 : x*3 + (-j~2 + 1488*j - 162000)*x 2 + (1488*j 2 + 40773375*j + 8748000
000)*x + (j*3 - 162000*j~2 + 8748000000*j - 157464000000000)

Modular polynomial F_3 : x*4 + (-j"3 + 2232%j2 - 1069956*j + 36864000)*x3 + (2232*j"3 + 2587
018086*j~2 + 8980222976000*j + 452984832000000)*x"2 + (-1069956*j"3 + 8900222976000*j~2 - 7708
45966336000000%j + 1855425871872000000000)*x + (j~4 + 36864000*j 3 + 452984832000000*j 2 + 185
5425871872000000000*7 )

l.m=2
y(2)=3
and
B(X,j)=X+
(=2 + 1488 % j — 162000) + X2+
+(1488 % j2 + 40773375 * j -+ 8748000000) * X +
+(j — 162000  j2 + 8748000000 * j — 157464000000000)
2. m=3:
y(3)=4
and
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+(— 2 +2232 % j2 — 1069956 * j + 36864000) * X3+
+(2232% j2 +2587918086 * ;2 4 8900222976000 * j +452984832000000) + X >+
+(—1069956 * j> +8900222976000  j> —770845966336000000* j+ 1855425871872000000000) % X +
+(j* 436864000 j> +452984832000000 % j> + 1855425871872000000000 ;)

The roots of the modular polynomial £, (X) € .# (H)[X] are class invariants
Jm € V(m, prim) of the operation

Fl X Fm,prim — Fm,prim

i.e. they are constant along the orbits of the action. We now take a closer look on
the coefficients of the modular polynomials. We denote by

S‘u, J: 17"'5W(m)7

the elementary symmetric functions in y(m) variables. Then up to sign the
functions

Sli(jla'"ajl//(m)) € %(H)7 j= 17"'a"’(m)a

are the coefficients of the modular polynomial Fy,(X). E.g., the last function s,
provides the constant term

(=1)Y s Gt oes Jigm)) = (= DY iy,

and the first function s provides the coefficient of the second-highest term X y(m)—1

(_1) 'S1<j15"'ajlll(m)) = _(jl ++]l[1(m))

Theorem 6.13 proves: The coefficients of the modular polynomials are
polynomials in the modular invariant j with integer coeffcients, i.e. the coefficients
belong to the subring

Z[j] C A (H).

See Example 6.12 to exemplify the last statement.

Theorem 6.13 (Coefficients of the modular polynomials). For each m € N*

F(X) = (H )(X_jM) € Z[j][X]
MeV (m,prim

Le. the coefficients of F,,(X) are polynomials in the modular invariant j with
integer coefficients.

Proof. For arbitrary but fixed index yt = 1,..., y(m) we consider the coefficient



248 6 Modular functions and imaginary quadratic fields
c:=cp:=5p(J1,- Jym)) € A (H)
of the modular polynomial
Fin(X) € A (H)[X].

The coefficient ¢ € .# (H) is a meromorphic function. Step by step the proof will
show that this function is a polynomial in the modular invariant j with integer
coefficients, i.e. ¢ € Z[J].

1) Weakly modularity of the function c: According to Corollary 6.10 right
multiplication with an element y € I] permutes the orbits of the I-left
operation &,

{IM], oo My )|} = {IM1 -7, s My ) - V-

Hence right multiplication does not change the value of the elementary symmetric
functions: For all j = 1,..., w(m)

Su (]1 ) -~~ajl[/(m)) =Su (]1 oY, ""ju/(m) o }/)
Therefore ¢ is weakly modular of weight k = 0.

ii) Holomorphic on H: The modular invariant j is holomorphic on H according to
Corollary 3.16. Therefore also the function ¢ is holomorphic.

iii) Meromorphic at o: The coefficient c is weakly modular according to part 1).
Hence c has a Fourier expansion

()= Y av-g", g =",
VEZ

We have to show that the singularity g = 0 is a pole of c. For the proof we estimate
the growth of ¢: According to Corollary 3.21 the modular invariant has the Fourier
expansion

ﬂw=;+mm

with P a convergent power series with integer coefficients. For an upper triangular
matrix

ab .
M= <O d> € V(m, prim)

the Fourier series of the class invariant jo M derives from the Fourier series of j by
substituting the variable g = ¢*** by

P2FM() _ 27i(b[d) . glafd)

The equality
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a-d=m
implies
eZﬂ:ilx(r) _ C)fzb . (ql/m)a2 with Cm — eZm'/m

a primitive m-th root of unity. In particular

(oa(0)] < o+l

for a single class invariant. Hence for suitable constants k, K

for small g € A\ {0}. The estimate proves that jo o has a pole at T = co.

iv) Integrality ¢ € Ok[j]: Due to the part already proved, Corollary 3.22 implies
that the function c is a polynomial with complex coefficients in the modular
invariant, i.e.

c e C[j].

We show that the coefficients are even algebraic integers from the cyclotomic field
of m-th roots

K:=Q(¢n) CC
ie.
(S ﬁK[]]

For the proof we recall from part iii) the substitution of g by
& (g"/my”
n .

As a consequence the class invariant jo o has a Fourier expansion with respect
to ¢'/™, namely

jla(e) = P (@7 6,)

(ql/m)az - Cm

with P a convergent power series in the variable ¢'/”. Therefore the coefficients
of ¢ € CJ[j] are algebraic integers in Ok, i.e.

c € Ok [j]
v) Integrality ¢ € 7Z[j]: We sharpen the result from part iv) and show

CEZK[]']
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i.e. the algebraic integers from part iv) are even integers. The operation of the
Galois group of the m-th cyclotomic field

Gal(K/Q) ~ (Z/mZ)*
extends to an operation on the set {ji, ..., jy/(m)} of class invariants

GQI(K/Q) X {jlv"ﬂju/(m)} - {jl7"-ajul(m)}7 (X7JIJ) }_>jlle7

which is defined as follows: Assume the automorphism y € Gal(K/Q) maps
Gn = x(&n) = §,° with (e,m) =1,

and let j, be the class invariant of the matrix

ab .
M= (0 d> € V(m, prim)

Then we define j,* as the class invariant of the matrix
X
x_ (@ b
- (6%)

0<b<dandb* =e-b modd.

with

Because the polynomial

c.= S#(jl,...,jw(m>) € ﬁK[]]

is symmetric in the class invariants ji, ..., jy(m) its coefficients from Ok are
invariant under the operation of Gal(K/Q). Hence they belong to the fixed field Q
of Gal(K/Q) and even to Ox NQ =7, i.e.

¢ € Zj]

We now evaluate the modular polynomials
Fn(X) € Z[j][X]
on the diagonal {X = j}, i.e. we consider the polynomials of the single variable j

D, (]) ::Fm(j?j): H (]_]M)GZ[]]
MeV (m,prim)
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Example 6.14 (The polynomials ®,,(j) € Z]j]). Taking up Example 6.12 Figure 6.2
shows some polynomials &,,. The PARI script Modular_polynomial_02 com-
putes their factorization:

1.m=2:
Dy (j) = F(j, j) = —j* +2978 % j° +40449375 % j> + 17496000000 j — 157464000000000
splits into the factors
j—8000, j— 1728, (j+3375)*
2. m=3:
D3(j) = F3(j,j) = —j® + 4464 % j°> +2585778176 % j* + 17800519680000 * ;>

—769939996672000000 * j* 4 3710851743744000000000 * j

splits into the factors
j— 54000, (j—8000)2, j, (j+32768)>

3. The example Ps(j) shows: In general @,,(j), m prime, does not split into linear
factors over Z.

modular_polynomial_02: Start

Polynomial Phi_2 : -j~4 + 2978%j~3 + 40449375%j~2 + 17496000000*j - 157464000000000
= [j - seee, 1]
= [j - 1728, 1]
[§ + 3375, 2]

Polynomial Phi_3 : -j~6 + 4464*j~5 + 2585778176*j"4 + 17800519680000*j~3 - 769939996672000000*"2 + 37108517437
14000000000+ j
= [j - 54eee, 1]
= [j - seee, 2]
= [i, 1]
[j + 32768, 2]

Polynomial Phi_5 : -j~1@ + 744@*j°9 + 1665990262720*j"8 + 215757860427776000*j 7 - 440440798293848579637248*5 6
+ 53797234800359280738891202560*5 + 4726025910884027749483397649530880%j~4 + 7366996272355613764702158779599)
0017600%j~3 - 250688456991364600842741491417948646014976%52 + 106548661606848850900840320546713018302464000* ]
|+ 141359947154721358697753474691071362751604672000
1= [j - 287496, 2]
= [j - 1728, 2]
= [j + 32768, 2]
= [j + 884736, 2]
[§~2 - 1264000*j - 681472000, 1]

2
3
4
5

modular_polynomial_@2:

Fig. 6.2 Some polynomials &,, and their factorization

Lemma 6.15 (The leading coefficient of the modular polynomials). If m > 2 is
not a square, then the polynomial
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Pu(J) € Z]J]
has leading coefficient +1.

Example 6.12 illustrates Lemma 6.15 by
Dy(j) = —J' +0(3), P3(j) = —j°+0(5) and @s(j) = ="+ 0(9).

Proof. The function
D,(j):H—C

is an automorphic function. Consider its Fourier expansion

C, Cl—
Dy (j)(7) = qfi-i- %+ higher terms

Because j has a pole at T = o« of order = 1, the coefficient ¢ of the Fourier series is
also the leading coefficient of @, as polynomial in j. The coefficient is the product
of the highest negative coefficients of the factors

j_j,u? u= 1,,1[/(771)

with j, = joM for a suitable representative M € V (m, prim). For arbitrary but fixed
index u the representation

ﬂﬂ=;+PM)

with a convergent power series P implies

) ) fat+b e~ 2mi(b/d)
Ju(T)Z(JOM)(T)=J< y >= 77

P (qa/d ) ezm(b/d))

with

ab .

M= (O d) € V(m, prim).

The leading terms of j — j,, are

1 e—2mi(b/d)

e
The assumption that m = a - d is not a square implies a # d equivalently a/d # 1.
Hence the two summands have different order in ¢ and cannot canel. Exactly one

of them is highest negative term in the Fourier expansion of j — j,. Apparently its
coefficient is a root of unity, and the same holds for the coefficient ¢ of the product

o= JI G-ju)-

MeV (m,prim)
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Because ¢, € Z we have ¢, = £1
O

We recall a simple version of the elementary divisor theorem.
Proposition 6.16 (Elementary divisor theorem).

1. For each matrix
Mecl, me N,

exist two matrices Y1,%, € I’ with

"h-B-p= (68 f) satisfying the divisor relation e |e;.
2

2. For each pair of primitive matrices
My, M, € Fm,prim7 me N*,
exist two matrices Y1, € I' with
My=y-M-%.

Proof. The Smith normal-form theorem [44, Chap. V, Theor. 1.2] holds over a
principal ideal domain like Z. It provides for a matrix M € M(2 x 2,7Z) two
matrices A, B € GL(2,Z) with

di 0

wwn= (0

) EM(2x2,7)

Up to permutation the numbers d;, dp are uniquely determined and satisfy the di-
visibility relation
d|da

Because det A = det B= +1 we may assume w.l.o.g.

det A=det B=1

For a primitive matrix M € V (m, prim) the numbers d; and d, are coprime, which
implies dy = 1, dp = det M = m and

10
A-M-B= <0m>

We apply the result to M| and M, and obtain corresponding matrices such that
A|-M|-Bi=Ay-M-B)

or
(A3'A1)-My =M, - (ByB} ")
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Set
"= (A;'A1) and 1 := (BB )

According to Theorem 6.13 the modular polynomial

y(m)
Fu(j,X) = Fu(X) = [T (X —jn) € Z[,X]
u=l1

is a polynomial in the two variables j and X with integer coefficients. It expands as

N
Fm(jax) = Z < Z Crs'jr'XS> , Crs € 2.

n=0 \r+s=n

Proposition 6.17 will show that F;,(j,X) is symmetric in both variables, i.e. the
coefficients satisfy

Crs = Cgr-

As a consequence, the highest exponent of j in F,(j,X) is y(m).

Proposition 6.17 (Symmetry of the modular polynomials). The modular
polynomials
Fn(j,X) € Z[},X], m € NY,

are symmetric with respect to j and X, i.e.

Fu(j,X) = Fu(X, J).
Proof. We set R := Z][j] with quotient field

K= Q(R) = Q()).

i) Irreducibility of F,,(X) € R[X] over K: By definition the roots of the modular
polynomial

FaX)= JI (X—ju) €RIX]
MeV (m,prim)

are the class invariants
Ju=joM, M €V(m,prim).

They are pairwise distinct which can be shown by comparing their Fourier
coefficients. To prove that F;,(X) is an irreducible polynomial we show that the
Galois group

Gal(L/K)

of the splitting field
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L=K(ji,-s Jym)

of the polynomial F;,(X) € R[X] acts transitively on the roots. Then no root belongs
to the fixed field K.

Elements of the Galois group can be obtained as follows: Any matrix y € I;
defines the automorphism

L:K(jl?"'aju/(m)) =L, f—for.

Consider two class invariants
Jusdvy 1< 0, v < y(m)
corresponding to the matrices
My, My €V (m, prim)
One has to find y € I such that
Jv=JuoY
i.e. one has to find y,y’ € I3 such that
v My =M, -y,

which is achieved by Proposition 6.16, part 2). Therefore Gal(L/K) operates
transitively on the roots of F,(X), and the latter polynomial is irreducible over K.

i) Common root of Fy(j,X) and F,,(X, j): We consider the two polynomials
F(X) 1= Fu(j,X) € RIX] and g(X) = Fu(X, J) € RIX]
)

For any matrix M € V(m, prim) the class invariant jy; = joM is a root of the
modular polynomial f(X) € R[X]. In particular for

M:= (é 2) € Vm,prim
holds for all T € H
0= f(jm(7)) = Fu(j(7),jm(7)) = Fn <j(r),j (;) )

Replacing the argument T by M - m shows for all 7 € H

0= Fn(j(7-m), j(7)) = En(ipr (), (7)) = 8(ar (7)) ie. g(Jpr) = O

with
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m 0
M = <O 1> S Vm,prim

Also f(jyr) = 0 because M' € V,, prim. Hence both polynomials f(X),g(X) € R[X]
have the common root jz.

iil) Symmetry: Due to Lemma 6.15 and part i) the polynomial f(X) € K[X] is
irreducible with leading coefficient =1. Hence f(X) is the minimal polynomial of
the field extension K C K[jg], and g(X) is a multiple of f(X), i.e.

with a polynomial 2(X) € K[X]. According to Theorem 6.13 both

polynomials f(X) and g(X) have their coefficients already in the ring R = Z[].
The ring R is factorial as a ring of polynomials over the factorial ring Z. The
Lemma of Gauss implies that also the polynomial z[X] has all coefficients from R,
and the equation

holds in R[X]. Set
H(j,X) = h(X) € RIX] = Z[j][X].

Then

Considered as an equation in the ring Z[j, X| of polynomials in two variables the
last equation is invariant when interchanging the role of j and X. Hence also

As a consequence

and
H(X,j)=H(j,X)==+1.
In case H(X, j) = —1 the previous equation
Fm(j7X) :H(Xaj)'Fm(XJ)
would imply
Fn(X,j) = —Fn(j,X) and Fu(j,j) = —Fn(Jj, J)-
Then

Fm(jvj) =0
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which contradicts the fact that &,,(j) = F,,(j, j) has leading coefficient +1
according to Lemma 6.15. Therefore

H(X,j)=1
and

Fm(jax) :Fm(x’j)
O

Theorem 6.13, Lemma 6.15 and Proposition 6.17 correspond to Borel’s theorem
from [9, Chap. 111, §4, Theor. 1].

We now derive from the theory of modular polynomials that all singular
values j(7) € C are algebraic integers.

Theorem 6.18 (Singular values of the modular j-invariant). For
each CM-point © € H the j-value j(t) € C is an algebraic integer. More precisely:
There exists m € N* such that j(t) is a root of the polynomial ®,,(X) € Z[X].

Proof. Consider a CM-point 7 € H. Theorem 6.6 implies that T belongs to an
imaginary quadratic field

K =Q(Vd)

with a squarefree d € Z, d < 0. The subring
Ok CK
of algebraic integers of K is a free Z-module of rank = 2
Ok =7®ZL-z
with a Z-basis (z, 1), z € H. For the admissible values of z see Remark 6.2.
i) Matrices o € Iy, pyin, fixing z: For each matrix o € Iy, pyin holds
a(t) =1 < j(a(c) = j(x)

After having found a number m € N* and a corresponding matrix & € I, prim We
replace o by a matrix M € V (m, prim) from the same orbit under the left action
of I7. Then jy(7) is a root of the polynomial &,,(X) € Z[X].

We now determine a pair
(m,o) € N* X Iy, prim With a(z) =z

The element
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Vd d< -1
&=
1+i d=-1
is an algebraic integer. Its norm
N@E)=¢Eel

is squarefree. Multiplication with & € Ok defines an injective Z-linear
endomorphism
ﬁK%ﬁlﬁ x»—>§~x.

Denote by

o= <Z Z) €M(2x2,Z)NGL(2,R)*

its matrix with respect to the basis (z, 1) of O%. Define

m:=det o0 € N*

é.@:a.(f)

with multiplication in the ring Ok on the left-hand side, and matrix multiplication
on the right-hand side. In components

£9)-62)

e The first form shows: The matrix

Then

o EM(2%2,7)

which represents the Z-linear multiplication byﬁé has the eigenvalue & € C\ R
and by conjugation o = @ also the eigenvalue & # &. Because d is sqarefree,
also & - € is squarefree which implies

(a,b,c,d) =1

and therefore
ael, m,prim

due to Definition 6.8.
* The component form shows: Considered as a fractional linear transformation

B a-w+b
T cowHd

H—H w— o(w):
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the matrix matrix & € GL(2,R)™ satisfies

_aztb Sz

Ccozhd &1

a(z)
and fixes z.

ii) j(z) is an algebraic integer: Proposition 6.9 implies the existence of a matrix
M e V(m,prim), u € {1,...,y(m)},
with the same I-orbit as o with respect to the left action
Do prim = 11 X L prim = I prim, (A, M) —A-M,

wl.o.g. 4 = 1. Then
joM=joa

because the value of j is constant along each orbit of the I"-operation. Due to part i)

which implies: The function

Pu()=[I G-in)€Zlj]
MeV (m,prim)

vanishes at z € H:

The polynomial
(/) € Z[J]

has integer coefficients, and leading coefficient +1 due to Lemma 6.15. Hence
0= Pu(j(2))

proves that j(z) is an algebraic integer. In particular, the subring
Zljz)] cC
is integral over the ring Z.
iii) j(7) is integral over 7] j(z)]: The given element
TeK=0Q+Q z

has a representation
az+b

T=8(2): y
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with a primitive matrix

B = (g Z) € l—r‘n’,primv m :=a-d.

Alike to the argument from part ii) the I7-orbit of B passes through a
matrix M’ € V(m', prim) which proves

J(1) = j(B(2)) = (joM)(z) = jw(2)-
Theorem 6.13 and Lemma 6.15 imply that j,, is integral over the ring Z[j]. Hence
J(®) = jw(2)
is integral over Z[j(z)].
iv) j(7) is an algebraic integer: When combining part iii) and part ii) the
transitivity of integral dependence proves the integrality of j(7) over Z, i.e. T is an

algebraic integer.
O

Example 6.19 (Singular values of the modular j-function). Continuing Example 6.14
we consider a CM-class [t] € X(I7) and choose the level

m=2.
1. According to Example 6.14 the polynomial
2(j) € Z[Jj]
has degree = 4 and factorizes with the three factors
j— 8000, j— 1728, (j+3375)°

2. Which property is expressed by these factors, how are the values j € {8000, 1728, —3375}

related?

According to Theorem 6.18 we determine a complete set of representatives

o € I3 prim, j=1,2,3,

with fixed points a;(z;) = z;, z; € H:

1+iv7
2

o = G _02) has fixed point z; =
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which defines the lattice

1+v=7
A= <1,

5 > = Ok, C K1 :=Q(V/-7)

of the torus 77 := C/A;.
o = <_11 i) has fixed point zp =i

which defines the lattice

Ay =< 1,i >= Ok, C Ky :=Q(vV/~1)
of the torus 75 := C/A,.

o3 = (g _01> has fixed point z3 = iv2
which defines the lattice

A3 =< 1,iV2 >= Ok, C K3 :=Q(v/-2)

of the torus 75 := C/A;3.

3. Hence the three resulting fields K;, j = 1,2,3 are imaginary quadratic. Due to
Theorem 6.6 each of the three fields relates to a torus with complex multiplica-
tion. In addition Theorem 6.18 shows that the tori have their j-values from

{8000,1728, 3375}

We already know j(z) = j(i) = 1728. A PARI-computation completes at once
the remaining values

j(z1) = —3375 and j(z3) = 8000.

One knows that all three fields have class number 2 = 1, which will later confirm
Corollary 6.34.

6.3 The class number

A further application of the modular j-invariant to number theory is the
investigation of imaginary quadratic number fields and their class number.
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Of course the class number is a concept which refers to number fields and their
rings of integers. Nevertheless, for those students who are familiar with complex
analysis we start with an analogue from the theory of Riemann surfaces, cf. [69]. A
divisor is a concept which captures the order of poles and zeros of meromorphic
functions on a Riemann surface X. A divisor is locally defined as the equivalence
class of meromorphic functions modulo holomorphic functions without zeros. This
idea is made precise by the divisor sequence on X.

Remark 6.20 (Divisor sequence and Picard group). Consider a compact Riemann
surface X.

1. The divisor sequence on X is the exact sequence of sheaves
10" > H"—P—0

Here the sheaf of divisors Z is defined as the quotient of the sheaf .Z* of
locally non-zero meromorphic functions modulo the subsheaf &* of
holomorphic functions without zeros. On a compact Riemann surface the
induced long exact sequence of vector spaces is

1->C"— . #"(X)— Div(X) = Cl(X)—0
Because

Div(X)

0 *)=C*, Div(X) :=H° = =
H(X,0") =C", Div(X) =YX, 2) =, CUX) := = ]

There are no further terms because
H' (X, .#*)=0

which is a result from the theory of compact Riemann surfaces. It implies the
isomorphy
CI(X) = H'(X,0%) = Pic(X)

between the group of divisor classes and the Picard group of isomorphism
classes of holomorphic line bundles on X.

2. Picard group: The kernel of the degree map
deg: Pic(X) > Z

is the subgroup Pico(X) of all line bundles, or divisors, of degree zero. The
corresponding exact sequence of Abelian groups

0 — Pico(X) — Pic > NS(X) =0

with Nero-Severi group as quotient
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NS(X) := Pic(X)/Pico(X)

splits:
Pic(X) = Pico(X) ®NS(X)

Here the degree zero part of Pic(X) is a finitely generated free Abelian group,
its rank depends on the genus g of the compact Riemann surface X

Pico(X) =78,
while the discrete part of is free Abelian of rank 1

NS(X)=1Z

For number fields the analogue of divisors are fractional ideals, see [4, Chap. 9].

Definition 6.21 (Fractional ideal). Consider a number field K with ring of integers Ok C K.

1. A fractional ideal of K is defined as an Ok-submodule a C K for which there
exists an element d € Ok, d # 0, with

d-aC Ok.

Hence a fractional ideal is a subset of the form

aCK
a=-—
d

with an ideal @ C Ok. The element d is named a common denominator of the
fractional ideal a, and the ideal @ C Ok is named an integral ideal of K.

2. Fractional ideals generated by a single element o € K
a=(a0):=0g-a

are named principal fractional ideals.

3. For two fractionals ideals a, b C K the product
a-b

is the fractional ideal generated by all products a-b, a € a, b € b.

4. For a fractional ideal a # {0} the set
ali={xeK: x-acC O}

is named the inverse of a.
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Remark 6.22 (Fractional ideals). Consider a number field K with number ring 0.

1. Each non-zero ideal of Ok and each non-zero fractional ideal of K is a lat-
tice of rank = deg K. The fractional ideals of K are the finitely generated Ok-
submodules of K.

2. Because Ok is a Dedekind ring, for a fractional ideal
a#{0}CK
the inverse a~! is also a fractional ideal, see [4, Theor. 9.8]. It satisfies
a-a”l=(1)

3. With respect to multiplication the set of fractional ideals is an Abelian group J(K).
Its quotient by the subgroup of principal fractional ideals is named the ideal class
group or simply class group of K

CI(K) == J(K) /im[K* — J(K)]

The canonical map is
K* = J(K), x— (x).

Hence two fractional ideals
ap, ap € J(K)

define the same class in CI(K) iff
ar = a - a; for a suitable a € K*.
As a consequence there is an exact sequence of multiplicative Abelian groups
l— 0 - K" = J(K)—Cl(K)—1

which is completely analogoue to the long exact divisor sequence on a compact
Riemann surface from Definition 6.20.

4. Comparing the exact sequence of a number field with the exact divisor sequence
of a Riemann surface from Remark 6.20 one easily observes the analogy between
corresponding objects:

|C0mpact Riemann surface X |Number field K |

oy o%
N K*

Div(X) 7(K)

CI(X) = Pic(X) CI(K)
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Definition 6.23 (Class number of a number field). The class number of a
number field K is the cardinality

hy := card CI(K)
of the set of classes of fractional ideals from K.

A number ring Ok is a principal ideal domain iff

hg =1

The class group CI(K) of an algebraic number field is always a finite Abelian
group. We now set up to proof for imaginary quadratic number fields K the
finiteness of the class number /g . Herefore we characterize each ideal class of K
by a distinguished fractional ideal. To motivate Definition 6.24 and the proofs of
Proposition 6.25 and Proposition 6.26 see [70, §8, Satz 1]. The background is the
theory of quadratic forms. For an introduction with focus on the historical
development see [51].

Definition 6.24 (Reduced fractional ideal). Consider an algebraic number field K
and the class of a fractional ideal a C K. The ideal is reduced if it has the form

a=7Za®Zw, witha>0and @ =s-1-w with

e sEZ
() 1 1

e 7:= —satisfying — =-Re 7 < = and |T| =1,
a 2 2

* and Re >0 for |t| = 1.

Proposition 6.25. Each ideal class in a quadratic imaginary number field contains
exactly one reduced ideal,

Proof. Denote by D < 0 the discriminant of K and consider the reduced ideal

b++vD

=Za+7-
a a—+ )

It satisfies
b*—D

|b| < aand a|N(w,) = 2

Hence for suitable ¢ € Z holds

b*—~D=4-acorD=0b*—4ac<0
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While

()]
a

>1 = N(w)>d® = b*—A>4a> = —D>3d’

Proposition 6.26. Proposition| Finiteness of the class number] The class
number hi of an on imaginary quadratic number field K is finite.

Proof. Denote by D < 0 the discriminant of K and consider a reduced fractional

ideal of K
b++D

=7. 7.
a a® >

Then
2

|b| <aand a|N(w) <0

implies the existence of ¢ € Z satifying b*> — D = 4ac, D = b*> —4ac < 0.

1 2 2 2 2 D|
—|>1 = N(w)>a" = b"—D>4a" — —D>3a" = 0<a< 5
a

as an upper bound for a. As a consequence the class number is finite.
O

For the finiteness of the class number see also [42, Chap. 5, Cor. 2]
and [34, Chap. 12, §2].

Example 6.27 (Class number).

1. There are exactly 9 imaginary quadratic fields
K = Q(v/—D), D > 0 squarefree integer,
with class number ig = 1. They belong to the values
De€{1,2,3,7,11,19,43,67,163}.

Recall that for D = 1 the field K := Q(i), the ring of integers Ok C K, is made
up by the Gauss’ integers

a+i-bwitha,beZ

2. The imaginary quadratic field

K=Q(V-5)
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has class number ig = 2. The class of the ideal
(2,1+v=5)C Ok

is not principal. It generates CI(K), see [42, Chap. 5].

Remark 6.28 (Dedekind { -function of a number field). Let K be an algebraic num-
ber field.

1.

The ring of integers Ok C K is a Dedekind ring. Hence each ideal of Ok uniquely
factorizes into a finite number of prime ideals from Ok. As a consequence the
Dedekind {-function of K

Ck(s) = Za:N(l(x)S with Re s > 1,
equals the Euler product
1 1
L L=

Here the sum on the left-hand side considers all non-zero ideals of O and their
norm, and the product on the right-hand side considers the norm of all prime
ideals of O, see [70, §11].

. The Dedekind {-function of K extends holomorphically to C\ {1}. The pole

at s = 1 is of first order with residuum

21 (2m)"
res(Gi 1) = = R
w-/|D

The formula combines the characteristic parameters of K: r; the number of real
embeddings, r, the number of pairs of complex embeddings, w the number of
roots of unity, D the discriminant, hx the class number, and R the regulator,
see [46, Kap.VII, Kor. 5.11].

. For the special case of the imaginary quadratic number field

K = Q(+v/—5) with discriminant D = —20

the class number sk can be obtained via explicit computation of the Dirichlet
character yp. The function {x factorizes as the product of the Riemann {-function
and the L-series of xp as

Ck(s) = &(s)-L(s: xp)
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see [70, §11, Kor. zu Satz 1]. One knows
res(§;1) =1

Moreover, the discriminant D = —20 is a fundamental discriminant, see [70, §5 Def.].
Explicit computation of the L-series shows

w/2 |D|-1 1 D1
hg = ——- n-xpn)=——- n-xp(n

The values of
xp(n), n=1,...,19,

derive from the Legendre symbol, see [70, §5 Def.]:

D .
2io15= (2). o

0 D=0 mod 4
xp(2):=11 D=1 mod 8
—1 D=5 mod 8

(P pe) = xp(p)™ - X (pi)™

The only non-zero values for the indices n from the interval [1, 19] are
xp(n)=1 <= ne{1,3,7,9} and yp(n) = -1 < ne {11,13,17,19}
Hence

hg =(=1/20)- (143 +7+9—11—13—17—19) = (—1/20) - (20 — 60) =2

We now apply the theory of complex multiplication to the investigation of the class
group of a quadratic imaginary number field K. The goal is to derive an estimate
for the class number /g. Herefore we consider the ring of integers Ox C K and
determine the isomorphism classes of complex elliptic curves E with

End(E) ~ Ok

The proof uses Theorem 4.3 on the uniformization of complex elliptic curves by
complex tori.

Proposition 6.29 (Ideal classes and tori with given endomorphism ring). For
each imaginary quadratic field K with ring of integers Ox C K exists a bijection

CI(K) = {[T]: T torus with End T = Ok}
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between the ideal class group Cl(K) and the set of classes of biholomorphically
equivalent complex tori with endomorphism ring Ok. The bijection maps

Ideal class [a] — torus equivalence class [T = C/A(1,7)] with A(1,7) € [q]
Its inverse maps
torus equivalence class [T = C/A(1,7)] + Ideal class [A(1,7)]

Proof. 1. Well-definedness of the map: Starting with a fractional ideal a C K there
exists a common denominator d € O with d - a € Ok, according to
Definition 6.21. Then
[d-a] =[a] € CI(K)

and
A:=d-aC Ok

is a lattice. Due to Proposition 6.4 the torus
T:=C/A
has the endomorphism ring
End(T)={acC: a-A CA}
Because A is an Og-module one obtains
Ox CEnd(T).

For the opposite inclusion consider a number o € End(T), i.e. ¢+ A C A. The
normalization Z +Z - T = A implies

a-l=aecA.

2. Well-definedness in the opposite direction: We start with a torus class [T]. We
may assume 7 = C/A with a normalized lattice

A = A(1,7) satisfying End(T) = Ok

We have to show that A C K is a fractional ideal. After choosing
a Z-basis (1, ®) of O the assumption

Ok =End(T)={aeC: a-A(l,7) C A(1,7)}

the multiplication by @
Al T) 22 A(1,7)

provides a matrix
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(if Z) eM(2%2,7)

o 1\ _f(ab) (1
t) \cd T)°
The last vector equation combines the two scalar equations

w=a+b-tandw-T=c+d-T

* The second equation implies

hence A(1,7) C Q(0k) =K.

* The lattice A(1,7) C K is an Okx-module because both equations taken
together imply
LLo,t,0-t€ A(1,7T)

* Finally the first equation implies
b-A(l,T)CZ+Z-b-tCLBDZL 0= 0k
As a consequence A(1,7) C K is a fractional ideal of K.

3. Bijectivity: By construction the two maps from part i) and ii) are inverse to each
other.
O

Corollary 6.30 (Ideal classes and ellipic curves with given endomorphism ring).
For each imaginary quadratic field K with ring of integers Og C K exists a bijection

CI(K) = {[E] : E elliptic curve with End(E) ~ O}

between the ideal class group CI(K) and the set of classes of biholomorphically
equivalent elliptic curves with endomorphism ring Ok.

Proof. The proof follows from the uniformization of elliptic curves E/C by com-
plex tori 7" according to Theorem 4.27 and by applying Proposition 6.29.
O

Proposition 6.31 (Extending the Galois group). For an algebraic number field K
each automorphism from Gal(K /Q) extends to the Galois group Gal(C/Q).

Note. The extension in Proposition 6.31 is not canonical.
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Proof. A given automorphism s € Gal(K/Q) extends in two steps:

1. Extension from K to Q: The proof uses Zorn’s Lemma. For a given
automorphism s : K — K from Gal(K/Q) we consider the family

F :={(M,p):KCMCQ, p:M— M automorphism with p|K = s}

of intermediate fields M and extensions p : M — Q of s, equipped with the
partial order

(My1,p1) < (Ma,p2) <= M; C M, and p>|M; = p;
Each ascending chain (M, p;) je; has a maximal bound
(M™,p™)
defined as

M~ = UMf and T : M” — M”, ©°(x) := 1j(x) if x € M for suitable j € J
jel

Note that all elements of M* are algebraic, hence M~ C 0. Now Zorn’s Lemma
provides a maximal element (P, ) of .7.

We prove P = Q by an indirect proof: Assume P C Q. Then choose an
element & € O\ P and consider the intermediate field P(ct) with

PCP@)CQ
and the extension of s
p:P(a) — P(a) defined by p|P:= ¢, p(a) =«
Then (P(@),p) > (P, ¢), a contradiction.

2. Extension from Q to C: The field extension C/Q) is a pure transcendental
extension. After choosing a transcendence basis of C over Q each
automorphism from Gal(Q/Q) extends to an element of Gal(C/Q) which a
posteriori is an element of Gal(C/Q). Here one uses again Zorn’s lemma to
prove the existence of a transcendence basis.

O

Theorem 6.32 (Estimating the class number of imaginary quadratic number
fields). The class number of an imaginary quadratic number field K satisfies the
estimate

deg K :=[K:Q|] < hg
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See [61, Chap. II, Rem. 2.2.1].

Proof. Theorem 6.6 provides a uniquely determined CM-point 7 € H
with K = Q(j(7)). According to Corollary 6.30 there exists an elliptic
curve E = E/C with End(E) ~ Uk.

The elliptic curve E C P?(C) is the variety E = Var(F) of a homogenous
polynomial
F € C[Xo,X1,X5]

Hence each automorphism s € Gal(C/Q) operates on the coefficients of F. It
transforms F into
F’ e (C[XQ,X],Xz]

and E into an elliptic curve E* := Var(F*). The invariant j(E) € C is a rational
function of the coefficients of F. Hence s transforms j(E) into the invariant

For an endomorphism ¢ € End(E) = Ok holds ¢° € End(E*), hence
End(E) ~ End(E®) ~ Ok

The invariant j(E) determines the isomorphy class of the elliptic curve E, while
J(E*) = j(E)* determines the isomorphiy class of E*.

According to Theorem 6.18 the field extension Q(j(7))/Q is algebraic. Therefore
it has a finite degree

m:=[Q(j(7)) : Q]

Denote by L the splitting field of Q(j(7)). Then there are m

elements sy, ..., s, € Gal(L/Q) - and a posteriori in Gal(C/Q) due to
Proposition 6.31 - with pairwise distinct values s¢(j(7)),k = 1,...,m. Hence the
corresponding, pairwise non-isomorphic elliptic curves

E% k=1,..,m,

with endomorphism ring O determine m distinct isomorphy classes. According to
Corollary 6.30 these isomorphy classes determine m pairwise distinct ideal classes
in CI(K), which implies
[Qi(7)) : Q] = m < hg
O

Lemma 6.33 shows, that the only order of &k which is isomorphic to a subring
of End T is the subring itself.



6.3 The class number 273

Lemma 6.33 (Rigidity of orders). Consider an imaginary quadratic number
field K, an order A C Ok and a subring R C K. If A ~ R as ring isomorphism
then A = R.

Proof. For the proof assume A = Z + Z - T and consider a ring isomorphism

f:A—R
For suitable a,b € Z holds
2=a-17+b.
Then
f()?=flat+b)=a-f(t)+b =
= (f(0)—0)-(f(D+1) = f(1)’ T’ =a-f(r) +b—T" =
=a-f(1)+b—a-t—b=a-(f(r)—1)
Hence

f(t)=tor f(r)=a—rt
In both cases

=fZ+Z-1)=Z+Z-f(r)=Z+Z- 1.
O

Corollary 6.34 (Integer values of the modular invariant). Consider an imagi-
nary quadratic number field K with class number hg = 1 and number ring

Ok =1L+7Z-t
Then j(7) € Z.

Proof. The proof follows from Theorem 6.18 and Theorem 6.32.
O

Theorem 6.32 brings together quite a series of results from complex analysis,
algebraic geometry and number theory:

* Both, complex tori and complex elliptic curves are the same mathematical
object. The Weierstrass g-function transforms the view on it from complex
analysis to the view from algebraic geometry.

* The action of the discrete modular group SL(2,7Z) and its congruence subgroups
on the upper half-plane have compactified orbit spaces, the modular curves.
They are compact Riemann surfaces X with the modular forms as differential
forms on X of bounded order pole order.
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e The arithmetic of number fields and their Dedekind rings of integers on one
hand. And on the other hand lattice theory and complex multiplication on
complex tori. The theory of modular forms may serve as a bridge to the class
field theory of imaginary quadratic number fields.



Chapter 7

Outlook: Modular elliptic curves, monstrous
moonshine

7.1 The modularity theorem

The relation between elliptic curves E/Q and modular forms is given by Wiles’
theorem, the proof of the Shimura-Taniyama-Weil conjecture for semistable elliptic
curves. These are those elliptic curves which have for each prime p a stable or
semistable reduction E/F, according Definition 4.39. Shortly after the proof has
been generalized to all eliptic curves E/Q by Breuil, Conrad, Diamond and Taylor
in [11]. It is now named the modularity theorem.

The case of semisable elliptic curves was sufficient for Wiles’s proof of the Fer-
mat conjecture.
The modularity theorem relates for each elliptic curve E /Q the numbers

a,(E) :==1+p—card E,(F,), p prime,

to the eigenvalues of Hecke operators acting on a suitable cusp form as common
eigenform. The numbers a,(E) measure the deviation of the numbers of I ,-valued
points of the reduction E /F, from the average value, see Remark 4.41.

To contextualize the last modularity result we start with an analogue - not for the
cubics of elliptic curves but for guadrics.

Remark 7.1 (Law of quadratic reciprocity). The Legendre symbol considers an odd
prime p € N, and determines for each integer d € Z whether d is a square mod p.
The Legendre symbol is defined for odd prime p as

4 +1 d #0mod p and d quadratic rest mod p
() =4 —1 d#0mod p and d not quadratic rest mod p
P 0 d =0mod p

275
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The law of quadratic reciprocity relates the Legendre symbol of two odd

primes p # ¢ as
-1 g—1

(£) ()T

It has the two complements for odd prime p

(;) ~ (1D = {1_1 i

(2):(_1)(p21>/s: I p==+l mod8
P —1 p=43 mod8

S

1 mod4
3 mod4

Remark 7.2 (Reduction of quadrics modulo primes).

1. Consider an arbitrary, but fixed integer d # 0 and the quadratic polynomial
F(X):=X*>—dcZ[X]
which defines the affine quadric Q/Q
{xeC: F(x)=0}.
For each prime p we consider the reduction mod p
Fp(X):=X*—d, € F,[X]
and the set Q(FF,,) of points of Q with coordinates from IF,.
Analogously to Remark 4.41 for elliptic curves we define
ay(Q) := card Q(F,) — 1.

The value 1 in the definition is the average number of solutions mod p.
Apparently, a,(Q) equals for an odd prime p the Legendre symbol

d
a,(Q) = (> while ay(Q) =1—-1=0
p
The values extend to a,(Q), n € N, and satisfy the product rule

anm(Q) = an(Q) : Clm(Q)

like the numerator of the Legendre symbol. As a consequence a,(Q) = 0 for
each even n. Due to the Law of Quadratic Reciprocity the Legendre symbol
depends only on the residue class p mod 4d.



7.1 The modularity theorem 277

2. We now represent the sequence (a p(Q))p prime 85 @ sequence of eigenvalues of a
simultaneous eigenvector for a suitable sequence of linear
endomorphisms (), prime. Our aim is to formulate an analogue of the modular
group, of modular functions and of Hecke operators:

Set
N =Ng :=4/d|,

and consider the multiplicative group
G:=(Z/NZ)*,
and the complex vector space of functions defined on G
V:={f:G—C}.

Eventually, as an analogue to the Hecke operators we introduce the family of
linear endomorphisms (f",,) » prime Of V defined as

f(p-n) piN

(Fp)(n) = {0 "N

for n € G. We claim: All endomorphism (f‘p) p prime have a simultaneous
eigenvector, namely the distinguished function

fQ :G=C, f(n> = an(Q)

Note that f is well-defined on the residue classes of G because the Legendre
symbol depends on the residue class p mod 4d. Computing the eigenvalues we
getforallne G

T, (fo)(n) = {fQ(P'") = c(l)pn(Q) = a,(Q)-a,(Q) im

As a consequence, for all primes p € Z

fp(fQ) = ap(Q) - Jo-

Theorem 7.3 (Wiles’ modularity theorem). The Shimura-Taniyama-Weil conjec-
ture is true.

For Wiles’ proof of Theorem 7.3 in the stable and the semistable case see the sympo-
sion [16]. Concerning the remaining cases subsequently proved by several authors
see [11].
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When comparing rational elliptic curves E/Q and cusp forms f € Si(Io(N)) one
compares the L-series of both mathematical objects. For the elliptic curve E/Q
recall the L-series L(E, —) arising from the numbers (@, (E))p prime, Se€
Definitions 4.43 and 4.45, and also Remark 4.44.

For the cusp form f see Definition 7.4.

Definition 7.4 (L-series of a cusp form). Consider a level N € N* and a
weight k € N. For a cusp form f € S (Io(N)) with Fourier series

fO) =Y cu-q", g:="7,
n=1
one defines its L-series

L(f,~): {s€C: Res>1+(k/2)} > C, L(f,s) := i%

Remark 7.5 (L-series of a cusp form).

1. The L-series L(f,—) of a cusp form f € Si(Iy(N)) from Definition 7.4 is well-
defined. One obtains L( f, —) from the Mellin transform of f, see [35, Chap. VIIL, §5].

2. The L-series L(f,—) of f € Sx(Iy(N)) extends to a holomorphic function on C
and satisfies the functional equation with respect to the reflection at k

1
(27)

—(s)-L(f,s) = (—1)"/2. -T(k—s)-L(f,k—s)

see [35, Chap. VIII, Theor. 8.1]

The textbook [19] does not prove Theorem 7.3. But it gives an excellent
introduction to the problem and it highlights different views onto the theorem.

Theorem 7.6 (Versions of the modularity theorem).

1. Complex elliptic curve: Each elliptic curve E /C with rational modular

invariant
1728 - g3

76@
e —27-83

JE=

is uniformized by a modular curve, i.e. there exists an integer N € N and a
surjective holomorphic map

XO(N) _>E/(C,

see [19, Theor. 2.5.1].
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2. Uniformisation of elliptic curves: Each elliptic curve E /Q is uniformized by a
modular curve defined over Q, i.e. there exists an integer N € N and a surjective
regular map over Q

see [19, Theor. 7.7.2].

3. Jacobi torus: For each elliptic curve E /C with rational modular invariant

1728 -3
JE=5—775€Q
82783

exists an integer N € N and a surjective holomorphic map
Jac(Xo(N)) = E,

Sfrom the Jacobi torus of a modular curve Xo(N), N € N, which is a group
homomorphism, see [19, Theor. 6.1.3].

4. Cusp form, version with coefficients: For each elliptic curve E /Q with
conductor Ng € N exists a new form

1@) = L ) d" € $:05(4))

satisfying for all primes p € N

see [19, Theor. 8.8.1].

Recall from Definition 4.39 for an elliptic curve E /Q with global minimal
Weierstrass polynomial F € Z[X,Y] the conductor

condE:H pr €7,
P

having the same prime factors p as the discriminant Ap and exponents e, € N*
deriving from the type of singularity of the reduction E(F ).

5. Cusp form, version with L-series: For each elliptic curve E /Q with
conductor Ng € N exists a new form

@)=Y alf)d" € 5:06(0)

with
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see [19, Theor. 8.8.3]

Remark 7.7 (Forerunner of the Shimura-Taniyama-Weil Conjecture).

1. It is known that a non-constant holomorphic map

as required in Theorem 7.6 is defined by two automorphic functions, see Defini-
tion 3.6,
u,v € Ag(I(N))

which satisfy a Weierstrass equation of E /Q.
2. If the level N is minimal such that a non-constant holomorphic map
Xo(N) — E(C)
exists, then the map is induced by a new form f € S5 (I5(N)).

3.1If the new form f € S5"(I(N)) from the previous step has integer-valued
Fourier coefficients then

and N is the conductor of E.

4. The Fermat conjecture once stated that the Fermat equation
X"+Y"=Z7",neN, n>3,
has no non-trivial integer solutions.

For the particular exponents n = 3,4 the Fermat conjecture was proved by Euler.
In addition it was known: The general case follows from the case of prime expo-
nents n =1 > 5. Before 1995 the conjecture was open for general primes / > 5.

Assuming for an indirect proof of the Fermat conjecture the existence of a
non-trivial solution

(a,b,c) € Z, gcd(a,b,c) =1,

of the Fermat equation with prime exponent [ > 5 Frey proposed to study the
elliptic curve Erg/Q with Weierstrass equation

Y2=X-(X-d)-(X-¢),
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today named the Frey-Hellegouarch curve. The relation between non-trivial so-
lutions of the Fermat equation and points on elliptic curves had already been
considered by Hellegouarch, see [32]. The curve Ery has discriminant

A =24 (abc)?

and modular j-invariant
3
j= f with ¢y = 2*- (a® — (ac)' 4+ )

The global minimal Weierstrass polynomial of Ery has conductor

N:Hp

plabc

Serre and Ribet proved that the existence of Ery would contradict the validity of
the Shimura-Taniyama-Weil conjecture. Hence Wiles’ modularity theorem, The-
orem 7.3, implies that the Frey-Hellegouarche curve Ery does not exist. Hence
the Fermat conjecture is true.

A reference for all issues of this remark is [35, Chap. XII, § 1 and 4].

Example 7.8 (Modularity theorem). Figure 7.1 shows different elliptic curves E/Q
defined by a minimal Weierstrass polynomial, their conductor N, and a sample of
coefficients of their L-series and of the Fourier coefficients of the new-forms in

$2(I6(N)) = H*(Xo(N), Q),

see Corollary 3.28. The numerical result from the PARI scriptE11iptic_curve_taniyama_10
confirms the Modularity Theorem that a rational elliptic curves arises from a mod-
ular form.
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Case 1: Global minimal model: Y~2 + (Y) = X3 + (-X)

§(E) = 110592/37, minimal discr.: 37 = Mat([37, 1]), conductor: 37 = Mat([37, 1])

Genus X_0(37) = dim S_2(Gamma_0(37)): 2

L-series: q - 2*q*2 - 3*g"3 + 2*q*4 - 2*g"5 + 6*%q"6 - q"7 + 6%q"9 + 4*q"1@ - 5*gq"1l - 6%q~12 - 2*g~13 + 0(q~14)

01d forms: S”old_2(Gamma_@(37)) has dimension: @
New forms: S”new_2(Gamma_©(37)) has dimension: 2
q + Q3 - 2%qP4 - g7 - 2%q79 + 3%qA1l - 2%qA12 - 4%qr13 + 0(qhl4)
q - 2¥q*2 - 3*g"3 + 2%q™4 - 2*g"5 + 6*%q"6 - q°7 + 6*q"9 + 4*q"10 - 5*q"11 - 6%q 12 - 2*%g~13 + 0(q™14)

Case 2: Global minimal model: Y”2 + (YX) + (Y) = X*3 + (-X)

§(E) = -15625/28, minimal discr.: -28 = [-1, 1; 2, 2; 7, 1], conductor: 14 = [2, 1; 7, 1]
Genus X_0(14) = dim S_2(Gamma_©(14)): 1

L-series: q - gq"2 - 2*q"3 + q"4 + 2*q"6 + q"7 - q"8 + q"9 - 2¥q"12 - 4*q*13 + 0(q"14)
01d forms: S”old_2(Gamma_@(14)) has dimension: ©

New forms: S”new_2(Gamma_©(14)) has dimension: 1

basis_1: q - gq*2 - 2*g"3 + g4 + 2*q"6 + q"7 - q"8 + Q"9 - 2¥g"12 - 4*%q"13 + 0(q"14)

Case 3: Global minimal model: Y~2 + (YX) + (Y) = X3 + (-11*X) + (12)
(E) = 128787625/98, minimal discr.: 98 = [2, 1; 7, 2], conductor: 14 = [2, 1; 7, 1]
Genus X_0(14) = dim S_2(Gamma_©(14)): 1
1 q - qt2 - 2¥q*3 + q*4 + 2*q"6 + q*7 - q"8 + q"9 - 2*q"12 - 4*gq”13 + 0(q"14)
: S"old_2(Gamma_0(14)) has dimension: ©
New forms: S”new_2(Gamma_©(14)) has dimension: 1
basis_1: q - gq*2 - 2*q"3 + q™4 + 2*q"6 + q*7 - q"8 + q"9 - 2*q*12 - 4*q*13 + 0(q"14)

Fig. 7.1 Relation between rational elliptic curves and new forms

7.2 Monstrous moonshine

What is “monstrous moonshine”? Monstrous moonshine in mathematics is a syn-
onym for the relation between modular forms on one side and finite simple groups
on the other side.

That type of moonshine was detected in 1979, then formalized as a conjecture,
proved by Borcherds in 1992, and finally honored by a Fields Medal awarded to him
in 1998.

For an introduction see [8] and [65], on a more advanced level see [26] and [27].

Definition 7.9 (Simple group). A group G is simple if it has no normal, proper
subgroup H C G, i.e. satisfying

H#{e}andH #G

If a finite group G has a proper normal subgroup H C G then one may investigate
G by studying the smaller groups H and G/H. Proposition 7.10 generalizes this
construction. It formalizes in which sense simple groups are the building blocks of
all finite groups.
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Proposition 7.10 (Jordan-Holder theorem). FEach finite group G has a finite,
strictly increasing sequence of subgroups, a composition series,

Go={e}CG C..CG,=G

such that for eachi=1,....n
Gi_1 CG;

is a normal subgroup with simple quotient group
Qi:=G;/Gi

All composition series of G have the same lenght. Each two composition series of G
have - up to permutation - the same simple quotients counted with multiplicity.

For a proof see [40, Chap. IV, §4].

Example 7.11 (Composition series). The cyclic groups Ci; has the following dif-
ferent composition series
{0}CcGsCcCeCCpy

{0} CCCCyCCyp
{O} CC,CCiCCrp

Each composition series of C}; has the same family of simple quotients (C»,C>,C3)
up to permutation.

Definition 7.12 (Group representation). Consider a group G.

1. A G-action on the vector space V
GXV =V, (g,v)— gV,
is a group morphism to the automorphisms of the vector space V
p:G— GL(V)
As a shorthand one calls the vector space a G-module.

2. Each group representation
p:G— GL(V)

with a finite dimensional vector space V induces a group representation on
the 1-dimensional vector space C, which is named the trace of p

trace p : G — C* = GL(C), xp(g) :=trace p(g),
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The G-representation for monstrous moonshine is infinite-dimensional. But it splits
as the direct sum of finite-dimensional representations. For a finite-dimensional
representation the trace of an element g € G only depends on the conjugacy class

of go
[g0) :={g-80-8': g€ G}

because invariance of the trace under cyclic permuation shows for gg, g € G
trace p(g-go-g ') =trace(p(g)-p(g0)-p(g) ') =

= (trace(p(g0) - p(g) ™" - p(g)) = trace p(go)

Apparently the trace of the neutral element equals the dimension of the
representation
trace p(e) =dimV € N.

Theorem 7.13 (Complete reducibility). Consider a finite group G.
1. Any G-module is completely reducible, i.e.
V=0V
iel

with irreducible G-modules V;, i € I.

2. The irreducible G-modules correspond bijectively to the conjugacy classes of G.

Proof. See [55, §2, Theor. 7].

Remark 7.14 (Classification of finite simple groups).
1. Each finite simple group falls into exactly one of the following classes

* aset of 18 infinite sequences of groups

e aset of 26 groups, named the sporadics.

2. To the first class belongs the sequence (A, ),>5 of the group of alternating permu-
tations of n elements, the sequence C(p), prime Of cyclic groups with p elements,
and a series of Lie type groups like (PSL(n,F )

3. The sporadics can be distinguished by their order. The next-to-biggest sporadic
is Fischer’s baby monster B with

ord B=2.33.5.72.11.13.17-19.23-31-47 ~ 4-10%
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4. The largest sporadic is the monster M with
ord M =2%.320.59.76.112.133.17.19-23-29.31-41-47-59-71 ~ 8-10°3

The monster has 194 conjugacy classes and therefore - due to Theorem 7.13 -
exactly 194 irreducible representations. Their dimensions are well-known and
tabulated, cf. [58].

Example 7.15 (Monstrous Moonshine). Figure 7.2 shows for all indices n < 18
* on the left-hand side the Fourier coefficients ¢(n) of the g-expansion of the

modular j-invariant

* and on the right-hand side for the monster M the dimensions a(n) of the
irreducible, complex M-modules V,, ordered by dimension.

. -1 1 n a(n)
10 744 - L
: 1 196884 € 136885
: 2 21493760 3 2leod/9
: 3 864299970 4 842609326
: 4 20245856256 5 18538750076
: 5 333202640600 6 19360062527
1 6 4252023300096 7 293553734298
: 7 44656994071935 8 3879214937598
: 8 491490886656000 9 36173193327999
: 9 3176440229784420 10 125510727015275
£2267393309503600 11 190292345709543
146211911499519294
-
4872010111798142520 :
25497827389410525184 14 110934446051 6150
126142916465781843075 15 2374124840062976
593121772421445058560 16 8980616927734375
2662842413150775245160 it} 8980616927734375
11459912788444786513920 18 15178147608537368
Coeff. of g-expansion of modular j-invariant Dimension of irred. represent. of monster M

Fig. 7.2 Monstrous Moonshine

What later was named “monstrous moonshine” started with the observations from
Figure 7.2, line 1 and 2,

c(=1)=a(1)=1and ¢(1) = 196.884 = 1 + 196.883 = a(1) +a(2)
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by McKay in 1978. The formula states
c(—=1)=a(1) and c(1) = a(1) +a(2)

relating two coefficients of the g-expansion of the modular j-invariant to the
dimensions of the two lowest irreducible M-modules. As Borcherds remarks
“moonshine is not a poetic term referring to light from the moon. It means foolish
or crazy idea (Deutsch: Verriickte Idee).”

Definition 7.16 (Moonshine group and ”Hauptmodul’).

1. Moonshine group: A discrete subgroup G C SL(2,R) is a group of moonshine
type if for a suitable level N € N*

Iy(N)CcG
and for a translation

1b
Y= (01>EG<:>I9€Z,

i.e. G contains all integer-valued translations and no other translations.

2. Hauptmodul: The orbit space of the canonical action of a group G of moonshine
type on the extended upper half plane H*

¢:GxH" - H*
is a compact Riemann surface X (G), the modular curve of G. For G with

genus X(G) =0
the unique meromorphic function Jg € .# (X (G)) with Fourier expansion nor-
malized as

1 & .

Jo(t)=—+ Z an-q", g= eZTCz-T’
9 n=1

n—=

is the Hauptmodul of G.

Moonshine groups G C SL(2,R) are congruent to the modular group I” in the
following sense: The intersection

H:=6NnrIr

satisfies the equality of indices
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[G:H]=[":H].
In particular, the index is finite because
[[:H] <[:TH(N)] < oo.

For a moonshine group G of genus X (G) = 0 the modular curve X (G) is P!, and Jg
is a distinguished generator of the field of meromorphic functions

A (X(G)) = C(Jo)-

Example 7.17 (Hauptmodul).

¢ The Hauptmodul of the modular group I is the normalized modular j-invariant
Jr(q)=j(q)—744= (1]+ 196'884 - ¢ +21'493'760 - ¢* + 864'299'970 - ¢° + O(4)
» The Hecke congruence subgroup I5(2) has the Hauptmodul
Ine) = ;+ 276-q—2'048-¢> +11'202-¢> + 0(4)

* The normalizer of I(2) in SL(2,IR), the moonshine group
Ip(2)+ C SL(2,R)

has the Hauptmodul

1
In @)+ = ;+4’372~q+96/256 4> +0(3)

Remark 7.18 (Forerunner of the Monstrous Moonshine Theorem).

1. Thompson conjecture: Thompson conjectured the existence of a graded,
infinite-dimensional Ml-module

Vi= PV,

neN

satisfying: The graded components Vnu split as the direct sum of
irreducible Ml-modules with a certain multiplicity. The M-module V7 is
characterized by the family of series, later named McKay-Thompson series

Tig(v) = Y trace(g|Vy) ¢, g € M,
neN

see [66].
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2. Conway-Norton conjecture: Each McKay-Thompson series 7jg is the
Hauptmodul of a moonshine group I}, with modular curve of genus = 0.

Thompson decoded the data from Figure 7.2 as follows:
c(2) =21'493'760 = a(1) +a(2) +a(3)

and subsequently
c(3)=2-a(1)+2-a(2)+a(3)+a(4)

c(4)=3-a(l)+3-a2)+a3)+2-a(4)+a(5)
c(5)=4-a(1)+5-a(2)+3-a(3)+2-a(4)+a(5)+a(6)+a(7)

If the irreducible representations p;, i € N, of M are ordered acccording to
increasing dimension then the first summands of the representation from Remark
7.18 are

(Vo,p1), (Vi =1{0}), (V2,p1 ® P19er3s3), (V3,01 Proersss © P217296/'876)

The series generated by the dimensions (dim V,,),cn has the Fourier expansion

oo

Y (dim Vo) -q" =J(7) =

n=—1

1
= —+196/884 - ¢ +21'493'760 - ¢* +21'493'760 - ¢°> + O(4)
q

with J (1) := j(1) — 744, g = 277,

The open problem was to find explicitly a representation with the properties from
the Conway-Norton conjecture, see Remark 7.18. The final solution came from
Borcherds. He proved proved in 1992 Theorem 7.19, see [6].

Theorem 7.19 (Monstrous Moonshine). The monster group M has a representa-
tion as automorphism group of the monster vertex algebra V. The representation
satisfies the properties of the Conway-Norton conjecture.
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