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2 Introduction

Introduction

Fig. 0.1 The Stein garden (Aussichtspunkt = viewpoint)
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The theory of Stein manifolds originates as a generalization of the theory of open,
i.e. non-compact Riemann surfaces: Each Riemann surface is either compact or a
Stein manifold.

A Stein manifold X is characterized by its wealth of holomorphic functions: There
exist enough holomorphic functions f; on X to define a closed embedding

=01, fu): X=0C"

for a suitable n € N: Hence each Stein manifold X is a closed submanifold of an
affine space C".

Of course the theory develops the other way round: How to find intrinsic properties
of a complex manifold X which allow a closed affine embedding of X? The proper
means to answer this question is sheaf cohomology.

In somewhat more detail, these lecture notes have the following content:

Chapter 1 carries over concepts and results from 1-dimensional complex analysis
to complex analysis of several variables on open subdomains of C". We emphasize
those results which carry over literally and those which need additional assumptions.

Chapter 2 generalizes the concepts and results from Chapter 1 to complex
manifolds. We introduce the language of sheaves on a complex manifold X. Sheaves
glue local results to global results on X. We introduce as our running example the
two Cousin problems. They generalize the problems from 1-complex analysis to
find respectively meromorphic functions with prescribed principal part and mero-
morphic functions with given orders of zero and poles. We show how the Cousin
problems can be stated as questions about the sheaves of holomorphic resp. mero-
morphic functions on a complex manifold. Then we solve the Cousin problems for
polydiscs.

Cohomology theory in Chapter 3 uses the language of sheaves to measure the
obstructions against globalizing local results on manifolds. The chapter introduces
Cech cohomology as an example of a cohomology theory for sheaves. We show that
each sheaf has a flabby resolution. It allows to compute sheaf cohomology by acyclic
resolutions, thanks to the abstract de Rahm theorem. As an application we compute
the Dolbeault groups for the holomorphic cohomology on a complex manifold X.
As a consequence, the vanishing of certain cohomology groups is sufficient to solve
the Cousin problems on X. The results generalizes the solvability of the Cousin
problems on polydiscs.

Chapter 4 introduces the concept of coherence for module sheaves over the struc-
ture sheaf of a complex manifold X. This property is fundamental for the whole the-
ory of complex manifolds. The chapter starts with the necessary results from Local
Analytic Theory: The Weierstrass preparation theorem and the Weierstrass division
theorem imply a series of algebraic properties of the ring R of convergent power
series. From cohomological algebra we recall Hilbert’s syzygy theorem for finitely



4 Introduction

generated modules over R. Locally a coherent sheaf is the cokernel of a morphism
of finitely generated &-modules. Hence coherence extends the commutative alge-
bra of finitely generated modules over R to the theory of module sheaves over the
structure sheaf of X.

Chapter 5 introduces and proves Cartan’s lemma about the splitting of matrices of
invertible holomorphic functions defined on the intersection of two adjacent product
domains. Using Cartan’s lemma on holomorphic matrix functions we carry over
the syzygy theorem to coherent sheaves on a polydisc. As an application, coherent
sheaves are acyclic on a shrinked polydisc.

The class of Stein manifolds is introduced in Chapter 6. We prove the main re-
sults of the theory: Theorem A and B about the cohomology of coherent sheaves
on Stein manifolds. The proof of Theorem B starts with the local version for poly-
discs. It extends to the global result via Runge approximation for coherent sheaves.
The signpost on this path is the choice of an exhaustion of the Stein manifold by
analytic polyhedra. The applications clarify in which sense the complex analysis
of Stein manifolds generalizes the theory of open Riemann surfaces to the higher-
dimensional case.

The final Chapter 7 gives an outlook to some more advanced topics from the
theory of Stein manifolds, e.g to the embedding theorem, the spectrum of a Stein
algebra and the duality for coherent sheaves on Stein manifolds. In addition, we
make some remarks about admitting singularities, i.e. about generalizing the results
to Stein spaces. A last section emphasizes the parallel between Stein spaces from
complex analysis and affine schemes from algebraic geometry.

The theory of Stein manifolds is named after Karl Stein (1913-2000). Joint work
with his teacher H. Behnke on Riemann surfaces laid the foundations around the
midth of the 20th century. For a historical scetch see [16, Einltg.], which is also the
standard textbook on Stein theory. See also and [29] and [12].

All smooth and complex manifolds in these lecture notes are assumed to satisfy
the second axiom of countability.



Chapter 1
Holomorphic functions of several variables

1.1 Convergent power series

Complex analysis of several variables starts with holomorphic functions defined
on open subsets of the n-dimensional complex space C". Locally these functions
are given by a convergent power series in several variables. Each point z € C" is
an n-tuple

2= (21,2n)

of complex numbers z1,...,z,. As a consequence, one has often to consider multi-
indices
i=(i1y...,in) € N".

As experience shows, it takes some time to become familiar with the multi-index no-
tation. A good practice is to read formulas about functions of several variables alike
to the familiar formulas from one variable. Many results from the 1-dimensional
theory carry over to the n-dimensional theory. But there are some remarkable ex-
ceptions where one discovers surprisingly different results. We will indicate those
differences during the course of these notes.

Notation 1.1 (Multi-index and polydisc). Consider n € N.
o Factorial: For a multi-index i = (iy,...,i,) € N" set
=i, eN
* Modulus: For a multi-index i = (iy,...,i,) € N" set
il := i1 + .. i
» Exponential: For a multi-index i = (iy,...,i,) € N" and a point z = (z1,....,2,) € C"
set

i

=zl reC
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* Disc and polydisc: In one dimension, for a € C and r € R’ we denote by
D(a;r):={z€C: |z—a|<r}
the open disc around a with radius r. In several dimensions, for
a=(ai,...,an) € C" and a polyradius r = (ry,...,r,) € (R} )"

we denote by

={z= (21, 2n) €C"t 2y —ay| <ry, v=1,...n} CC"

the open polydisc around a with polyradius r. The polydisc A(a;r) is a product
domain; it is the Cartesian product of 1-dimensional discs.

Proposition 1.2 (Convergence of power series). Consider a complex power series
in several variables z = (z1,...,2,) € C"

flz) = Z ci-7,ci € Cforallie N".

icN"
Assume that the power series is convergent for a given point
w=(wi,...,w,) €C"
with respect to a suitable ordering of indices. If there exists a polyradius
r=(ri,..ra) € R, withry, <|wy|,v=1,...n,
then f(z) is absolutely and uniformly convergent in the closed polydisc
A:={z€C":|zy|<ry, v=1,..,n},

see Figure 1.1. Moreover, f(z) is convergent for all 7 € A with respect to each or-
dering of indices, and the value f(z) € C is independent from the chosen order.
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l'z,) 2

_,,,,- — > lz4)

Fig. 1.1 Compact convergence of power series

Proof. Forv =1,...,n set

v

6\/.

<land 6:=(6y,...,6,).

a [wy|

There exists a constant M such that for all z € A and all i € N”
lci-w| <M

The estimate

=——|wy|=06y-|wy|, v=1,...n,

implies ' o ‘
lei-Z'| <|ci-w'|-0"<M-6'

The formula for the geometric series

. 1
Y M-8 =M ATy =6y

ieNn

shows that the assumptions of the rearrangement theorem are satisfied, and finishes

the claim of the theorem. O

We define holomorphic functions as analytic functions, i.e. as functions which

locally expand into a convergent power series.

Definition 1.3 (Holomorphic function). Consider an open set U C C".

1. A function
f:U—C

is holomorphic if f expands into a convergent power series locally around each
point of U, i.e. for each point a € U exists a neighbourhood V C U of g and a

power series convergent in V
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Z Ci'(Z_a)i

ieN"

such that forall ze V

f@=Y ci-(z—a)

ieN”
2. A map
F=(F,.. F):U—Ct

is holomorphic iff each component function Fj, j=1,...,k, is holomorphic.

Alike to functions of one complex variable also for functions f of several complex
variables z = (z1,...,z,) € C" the following concepts are equivalent, see [8, § 1]:

* Analyticity of f, i.e. f is locally expandable in a convergent power series.
» Existence of continuous partial derivatives of f with respect to all real variables
xy and yy with zy =xy +i-yy, v=1,...,n,

which satisfy the Cauchy-Riemann differential equations

af
Tzv— O, V= 1,...,”.
Here
0 0 0

PEVAR TV

» Existence of a complex-linear approximation for f at each point (Total complex
differentiability).

As a consequence sum and product as well as the composition of holomorphic
functions are again holomorphic.

Notation 1.4 (Ring of holomorphic functions). For an open set U C C" we denote
by O'(U) the ring of holomorphic functions on U. It is a commutative ring with unit
and even a C-algebra.

Remark 1.5 (Partial holomorphy). Each holomorphic function is continuous due to
the compact convergence of its local power series from Proposition 1.2. Due to the
same proposition each holomorphic function of several variables is holomorphic in
each variable separately, i.e. if
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f:U—C, UcC" open,

is a holomorphic function of several variables and if a = (ay,...,a,) € U, then for
each index v = 1, ..., n exists a radius r, > 0 such that

Uy ={a1} x..x{ay_1} x{z; €C: |z—ay| <ry} x{ays1} x ... x{a,} CU

and the restriction
flUy:U, - C

is holomorphic as a function of the distinguished single complex variable zy .

Theorem 1.6 (Osgood’s lemma). Consider an open set U C C" and a continuous
function
f:U—->C

Then f is holomorphic in the sense of Definition 1.3 iff f is holomorphic in each
variable separately.

Proof. Due to Remark 1.5 only the direction ”<="" needs a proof. Assume that f is
holomorphic as a function of each variable separately. Holomorphy is a local
property. Consider a point a € U and choose a polydisc

A:=Aa;r)
with A C U. Set
e:=(1,..,1)eN"
For each index tuple K = (ky,...,k,) € N" define

N (0
X T oo a6

Note that the integral is a multiple integral
d¢=dg...dg,
along the compact set dA C C".

Claim: In A the function f expands in a convergent power series around a

flz) = Z ek (z—a)k

KeN?
with coefficients
1 oy @
ck=————(a
K! az’]‘l...azﬁ”

We proof the claim by induction on the number 7 of variables.



10 1 Holomorphic functions of several variables

Induction start n = 1: The result is one of the main results from complex analysis
in one variable: Each holomorphic function f is analytic and has derivaties of each
order. Due to the Cauchy integral formula the coefficients of the power series
expansion derive from the derivatives of f as claimed above.

Induction step n — 1 +— n: Split
a=(d,a,) €eUN(C" ' xC), K= (K" k) eN"'xN, z=(¢,2z,) € (C" ' xC)NA4,

e= (e, 1) withe =(1,...,1) e N*!

and set
A :=ANnCH!

Define for each k € N and 7/ € A’ the 1-dimensional integral with respect to the last
variable {, and depending on the first variables as the parameter 7’

el?): l/c Md@.

N 27” _an‘:rn (Cn_an)k+l

The integral is well-defined because the integrand is continuous along the compact
path of integration. By induction start

f o) = Y @) (an—an)t
k=0

and the coefficient ¢, (') depends continuously on 7. Because

of
—=0,v=1,...,n—1
aZv ,V 9 1 9

the function ¢y is even partially holomorphic - with respect to all variables of 7.
The induction assumption applies to each function ¢, k € N. It provides the
convergent power series expansions with respect to 7/

@)=Y cwp (@ —d)
K'eNn—1

and the well-defined n — 1-dimensional integral

o1 / ck(§") ac =
(KR iy o al=n (& —a)KTe

! /)
~ T Jppp T a

=1,...,

satisfies
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1 8‘K'|ck
CKK)= o~ . \a
’ K” ki kn—1
dzy'...0z,"|
Due to the induction start

1 okf
cr(d) = 0 Tzk(a)
° n
we eventually get
1 oIkl f
K= K0T gy o )
102
O

The proof of Theorem 1.6 contains in particular the Cauchy integral formula for
several complex variables, see Corollary 1.7.

Corollary 1.7 (Cauchy integral formula). Consider an open set U C C" and a
holomorphic function
f:U—C.

Then all partial derivatives of f exist as holomorphic functions and can be repre-
sented by the following integral formula: For each point a € U and for each polydisc

A = A(a; r) with closure A C U

holds for all z € A and each multi-index j = (ji,..., ja) € N the Cauchy integral
formula

My / &) e
ozl...0z) (i)t Jreaa (§—2)ite
with the shorthand
=(6,..,&),dt=dg..dg,, e=(1,...,1) e N"
Proof. See the inductive proof of Theorem 1.6. 0O
Remark 1.8 (Hartogs’ theorem). It is a remarkable result due to Hartogs that

in Theorem 1.6 one may dismiss the continuity of f as an explicit assumption,
see [24, Chap. III, Theor. of Hartogs] or [21, Theor. 2.2.8].

1.2 First applications of Cauchy’s integral formula

In this section we prove some basic results from complex analysis by reduction
to the 1-dimensional case. In addition, we draw some further conclusions from
Cauchy’s integral formula for several variables.
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Definition 1.9 (Domain). A domain G C C" is a non-empty, open and connected
subset of C".

Theorem 1.10 (Identity theorem). Two holomorphic functions on a domain G C C"
f,g:G—~C
are equal if they coincide on a non-empty open subset of G.
Proof. By definition the set of local coincidence
X :={x € G : For a suitable neighbourhood U of x holds f|U = g|U}

is open and non-empty. The set X is also closed with respect to the topology of G:
Consider an arbitrary point
20 € dXNG.

We have to show zp € X, i.e. for a polydisc A around z( holds
fla=glA

We choose a polydisc A C G centered around z9. Because
ANX F#0

there exists a point
acANX.

For arbitrary z € A the function & of the single complex variable ¢
0(t) :=fla+i-(z—a))—glati-(z—a))

is holomorphic in a connected, complex neighbourhood in C of the real interval [0, 1],
see Figure 1.2.
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Fig. 1.2 Identity theorem

By assumption both functions f and g coincide in a suitable neighbourhood V, C C”"
of a. Hence the identity theorem of complex analysis in one variable implies

=0,
in particular
o(1) =0, ie. f(z) =g(z).
Because z € A has been choosen arbitrarily, there holds

flA=glA.

It implies z9 € X by definition of X. As a consequence X C G is also closed in G,
and the connectedness of G implies

X=0G.

Corollary 1.11 (Integral domain). For a domain G C C" the ring 0(G) of holo-
morphic functions is an integral domain.

Proof. We have to show for f,g,€ 0(G):
f-g=0= f=00rg=0.

If f = 0 then there exists a point a € G with f(a) # 0. By continuity f|V # 0 for a
suitable neighbourhood V of a. Hence g|V = 0. Theorem 1.10 implies g =0. O
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Apparently, the conclusion of Corollary 1.11 does not hold for an open subset
G C C" with at least two connected components.

Corollary 1.12 (Open map). Consider an open subset U C C" and a holomorphic
map

f:U—-C
which is not constant on any component of U. Then f is an open map.

Proof. Consider an arbitrary point a € U. Choose an open polydisc A C U around a.
Theorem 1.10 implies the existence of a point b € A with

fla) # f(b)
If L C C" denotes the complex line passing through a and b then the restriction
flILNA

is a non-constant holomophic function of one variable. The open mapping theorem
for holomorphic functions of one variable implies that

f(LNA)

is an open neighbourhood of f(a) in C, and as a consequence also the superset

f(A) D f(ANL).

Corollary 1.13 (Maximum modulus theorem). Consider a domain G C C" and
a holomorphic function f € O(G) which attains the maximum of its modulus at a
point a € G, i.e. for all 7 € G holds

[f(@)]| > | (2)]
Then f is constant in G.

Proof. The proof is indirect. Assume that f is not constant. Then |f(a)| # 0 which
implies
[f(@)] =sup|f(G)| =:r>0
Corollary 1.12 implies that f(G) C C is open. Moreover
f(G) C A,(0) CC,

and therefore
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A (0)N f(G) = 0.

But
f(a) € 94,(0)Nf(G),

a contradiction. 0O

Figure 1.3 shows a Hartogs figure (P, H) C C", n > 2, with
P:=GxA(rn), H=UxA(rn)UGx (A(rn)\A(r)), 0<r <r

The following Theorem 1.14 shows that each holomorphic function in H extends
holomorphically to the bigger domain P.

This property is in striking contrast to complex analysis of one variable: For each
domain B C C exists a holomorphic function f € &(B) which does not extend
holomorphically across any boundary point zy € dB, see [27, Kap. 5.§2].

m=A

Fig. 1.3 Hartogs’ figure (P, H) with P =G x A(r;) CC" ! xC

Theorem 1.14 (Hartogs’ extension theorem). Let G C C"' n > 2, be a domain.
Consider the following geometric situation: A non-empty open set U C G, and two
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radii 0 < ry < rp defining the 1-dimensional complex domains
S:={z€C: |zl <n}(disc)and R:={z€ C: r| < |z| < r2} (annulus),

Set
P=GxS, H:=UxXxSUGXR

which defines the Hartogs’ figure (P, H) from Figure 1.3. Then each holomorphic

function
fed(H)

extends uniquely to a holomorphic function
feow).

Proof. Choose an intermediate radius r| < p < ry, and define foraeach z = (7,z,) € GXR

7@): 1/| f(Z/’C)dC

B 2mi . t=p C—n

The resulting function f is holomorphic on
Gx{z, €C: |zy| < p}
On the non-empty open set
U:=Ux{z,€C: |z <p}CUxS

holds
U= flU.
Theorem 1.10 implies f|(U xS U GxR) = f. O

The domain
H=UxSUGXR

from Figure 1.3 is named a Hartogs figure in C".

Corollary 1.15 (Hartogs’ Kugelsatz). For n > 2 consider two polyradii
r=(r1,....;tn) and ¥ = (F1,...,7y) with rj < Fj forall j=1,...n.
Then the canonical restriction
O(A(P) = (AR \A(r))

is surjective, see Figure 1.4
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(z 2l

-

- K/‘f/////
yAY
= e
e
AL
! e A W |
Ta Ty

Fig. 1.4 Kugelsatz

Stein theory allows a far reaching generalization of Corollary 1.15, see Corollary 6.28.

Theorem 1.16 (Weierstrass’ convergence theorem). Consider an open set U C C"
and a compact convergent sequence (fy)yen of holomorphic functions

fv:U—=C,veN.

e There exists the limit

fi= lim £,
as a holomorphic function
f:U—>C

» For each multi-index j = (j1,...jn) € N" also the sequence

) 9l
(f(]))veN = (8“?”’)
0% ) ey

of partial derivatives is compact convergent in U with limit fU).

Proof. 1) It is well-known that the limit of a compact convergent sequence of con-
tinuous functions exists as a continuous function. In addition, Weierstrass’ conver-
gence theorem from complex analysis of one variable implies that the limit f is
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holomorphic in each variable separately. Theorem 1.6 implies that f is holomorphic

as a function of several variables.

i) In order to prove the compact convergence of the sequence of partial derivatives
it suffices to prove the claim for the partial derivatives

0
<fv> ,k=1,...,n,
07k
veN

of order = 1 and to apply the result in an iterative way.

For given k = 1,...,n consider an arbitrary compact K C U. There exist a
radius r > 0 and a compact K’ with

KCcK cU

such that for all z= (z1,...,2,) € K and { € C with |{| < r also

(Zla"'7zk—17zk + C?Zk—Fla "'7Zn) S K/

Then each holomorphic function g € €/(U) satisfies according to the 1-dimensional
Cauchy integral formula for z € K

dg

% z _i/ g(zly-~-,Zk717Zk+C,Zk+1,,,,’zn)
oz 7 2mi Jigl=r [

The substitution _
C=r- e'f

shows: The norm with respect to the compact sets K and K’ satisfies the estimate

Applying this estimate to each function

dg

1
< .
ol < lele

K

g::fv_fa VGN7

proves the compact convergence of the sequence of all derivatives of order =1 as a
consequence of the compact convergence of the sequence (fy)yen. 0O

Definition 1.17 (Fréchet space).

1. A topological vector space V is a vector space such that addition and scalar mul-
tiplication are continuous functions. In the following the base field is C, provided
with its Euclidean topology. In the following, all topological vector spaces will
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be assumed to be locally convex, i.e. each neighbourhood of any point x € V
contains a convex neighbourhood of x.

2. A seminorm on a complex vector space V is a map
p:V—=>R,

satisfiying:
i)Forall A € CandforallveV

p(A-v) =[A]-p(v)
ii) For all vi,v, € V

p(vi+v2) < p(v1)+ p(v2) (Triangle inequality).

A seminorm p is a norm if

p(v)=0 = v=0.

3. A complete locally convex topological vector space V is a Fréchet space if the
topology of V is defined by a countable family (py)yen of seminorms, i.e. a
neighbourhood basis of 0 € V is given by the finite intersections of sets of the
form

V(v,e):={veV: py(v)<e}, e>0,veN

Apparently the concept of Fréchet spaces generalizes the concept of Banach
spaces by replacing a fixed norm by a countable family of seminorms. A sequence

(fv)veN

of elements of a Fréchet space V is a Cauchy sequence if for each neighbourhood
of zero W C V exists N € N such that forall v, u > N

fv—fuew.

Each Fréchet space V is metrizable, e.g. by the metric

=1 Pvf g)
V=L g T8V

Remark 1.18 (Fréchet space).
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1. Subspace and quotient: Consider a Fréchet space V: If W C V is a closed sub-
space then also W and V /W are Fréchet spaces with the induced topologies.

2. Countable product of Fréchet space: For a countable family (V;);c; also the

product
V=[]V
icl

becomes a Fréchet space when provided with the product topology.

3. Open mapping theorem: A continuous surjective linear map ¢ : V — W between
two Fréchet spaces is an open map.

A good introduction to Fréchet spaces are the first chapters of Rudin’s book [28],
see also [19, App. B, Theor. 6].

Proposition 1.19 (Topology of compact convergence). Consider an open set U C C".
Provided with the topology of compact convergence both vector spaces

CU):={f:U—C: fcontinuous}

and

OU):={f:U— C: f holomorphic}

are Fréchet spaces. Moreover
oU)CEU)
is a closed subspace. For open' V- C U the restriction map
o) = OW), fr IV,
is continuous.
Proof. One chooses an exhaustion (Uy )yen of U by relatively compact subsets
Uy ccUyyCcCcU,veN,
and defines the seminorms
Py EWU) = Ry, py(f) = | fllu, == sup {|f()]: z€ Uy}
The finite intersections of the sets
V(v,e):={febU): py(f)<e}, veN, >0,

are a neighbourhood basis of 0 € €' (U) of a Fréchet topology on €' (U).
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A sequence of continuous functions on U is convergent in the Fréchet topology
of € (U) iff the functions are uniformly convergent on compact subsets of U. Here
one uses that the sequence (Uy )y is an exhaustion of U by relatively compact open
subsets. The subspace

oU)cCE ),

provided with the subspace topology, is closed as a consequence of Weierstrass’
convergence theorem, Theorem 1.16. Hence &'(U) is a Fréchet space with respect
to the topology of compact convergence. The continuity of the restriction maps is a
direct consequence of the definition of the topology, because a compact subset of V
is also a compact subset of U. 0O

1.3 Dolbeault’s lemma

Dolbeault’s lemma deals with the exterior differential operator d” on smooth and
holomorphic differential forms on polydiscs. It is the basis for the computation of
many cohomology groups in later chapters.

We recall some basic results about differential forms defined in an open set
UcQC'~ RZn
The complex coordinates z = (z1,...,2,) € C" split ino their real and imaginary part

y =Xy +i-Xppy, V=1,..,n.

Remark 1.20 (Differential forms and exterior derivation).

* Smooth functions: We denote by & (U) the complex vector space of smooth,
i.e. C”-functions
f:U—=C

» Smooth alternating differential forms: For 1 < r < 2n we denote by &"(U) the
complex vector space of smooh differential forms on U of degree = r. Each

differential form @ € &"(U) has with respect to the real coordinates (xi,...,x2,) € R

the form
W= Z fjl ,,,,, jr-dxh/\.../\dxh
1<ji <o jr<2n

with elements fj _j € & (U). Due to the complex structure on U C C" the
vector space &”(U) splits as the direct sum

s'U)= P €M)

1<p,q<n
pq=r
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with &74(U ) the vector space of all (p, q)-forms. A differential form @ € &P4(U)
has the form

0= Z Siveipivodg A2jy N oo Ndzj, NdZj, N ...dZ),
I<ji<..<jp<n
1<ji <...<jg<n
with fj, _j,ji...j, € &(U). Here
dzy = dxy +1i-dx,1y (holomorphic differential)

and
dzy = dxy —i-dx,+y (antiholomorphic differential)

We often use the shorthand

O):Zf[j dzyNdzy € EP9(U)
7

Linear differential operators: There are C-linear differential operators
d:&U)—= W), df = Z i
. 5 . = azv v
and
d":&U) = &), d"f = Z ﬁdzv
7 v=1 9Zy

and
d:=d +d":&£U)— &)
A function f € &(U) is holomorphic if and only if d” f = 0.

Exterior derivation of higher order: For p,q € N the linear differential operators
from the previous step extend to C-linear differential operators

d': EPI(U) — EPTA(U)

and
d": EPUU) — EPTN(U)

as follows: For
o =f-dzyNdZy € EP(U)

define
dw:=dfNdzyANdZy € EPTU) and d” @ == d" f Ndz NdZy € EPITHU)

and extend the definition by C-linearity.



1.3 Dolbeault’s lemma 23

Proposition 1.21 (Exterior derivation as a chain map). For an open set U C C"
the composition of exterior derivations satisfies

d/od/:d//od//:()
Proof. Consider a single summand

o= f-dzy Ndzg € EPU(U)

Compute
do= Zn: a—de'/\a’z AdZ,
P 81.,- J J K
and
d(d o) = zn: ﬁdz NdzjNdzg NdZx =
k=11 9749Z; TR
= 7]_
n aZf aZf -
= _— de/\de/\de/\dZKZO
1<k<j<n 8Z1<8Zj aZj8Zk

and analogously for d”. The vanishing depends on the following fact: For smooth
functions the higher partial derivations do not depend on the order of
differentiation. O

Definition 1.22 (Holomorphic differential forms). Consider an open set U C C".
The elements

w=Y frdz:= Yy Firoig A2y Ao Ndzj, € EPO(U) with £, _j, € O(U)
I

1<j1<<jp<n

form the vector space Q' (U) of holomorphic differential p-forms.

Note
QP(U) = ker [a’" : @@I"O(U) — &Pl (U)]

Remark 1.23 (Fréchet topology on the vector spaces of smooth differential forms).
Consider an open set U C C" ~ R>",

1. Smooth functions: After choosing an exhaustion (U;) jen of U by relatively com-
pact open sets one defines the family of seminorms on & (U)

p(i,k): £U) = Ry

with
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akl +...+k2,,f

il k2n
ox}...0xy)

p(J,k)(f) = {sup (2)

: ZEUjandk1+-~-+k2n§k}a J keN

The family of seminorms provides & (U) with the structure of a Fréchet space.

2. Smooth differential forms: The Fréchet structure on & (U) carries over to the
coefficients of the differential forms, and eventually to the vector spaces &7 (U)
and &7 (U).

3. Holomorphic differential forms: Similarly, the Fréchet structure on &'(U) from
Proposition 1.19 carries over to a Fréchet structure on Q7(U),p > 1.

4. One checks that all Fréchet structures are independent from the choice of the
exhaustion.

There are closed inclusions of Fréchet spaces

QP(U) c &P°U) and O(U) C EU) C €(U).

Now we are ready to enter into Dolbeault theory. Consider an open set U C C",
and recall that a differential form @ € &74(U) is named

* closed with respect to d” if
d"w=0¢c &)
* and exact with respect to d” if
owo=d"c
for a suitable o € &P4~1(U).

Due to the chain condition
d// Od// — 0

each exact form is closed. Dolbeault’s lemma investigates the opposite direction:
Which properties of U ensure that each d”-closed @ form is also d”’-exact? The
answer: The Dolbeault groups

ker [d": &P4(U) — EPITHU))]
im [d" : P4~ (U) — &P4(U)]

measure the obstructions against exactness on U.
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From the viewpoint of the differential operator d” one has to integrate for given ®
the differential equation on U
d'c=o.

Hence the basic differential equation from Dolbeault theory is the inhomogeneous
linear differential equation

af B

gz ¢

for a given smooth function g = g(z,s) with 1-dimensional variable z and
parameter s. If g has compact support with respect to the variable z then a
solution f can be obtained by an integral formula with the Cauchy kernel, see

Theorem 1.24.

Theorem 1.24 (Solving the d-problem). Consider an open U C C" and a smooth
function
g:CxU—=C.

Assume that for each s € U the restriction to the first variable
g(—,5):C—>C

has compact support. Then the function

f=CxU—=C, f(z,s) ::;m'/égéc_,sz) d¢ndt

is smooth and satisfies
_ af
df = —=
f FERRE
Proof. i) The integrand has no singularities: Fix z € C and introduce polar
coordinates in C _
§=z+re?
such that B
diNdE = —2irdrndd
Then
1 — ,
s dendC = —2ie ™ drnd¢
-z

Because of the compact support of g(—,s), for each (z,s) € C x U the integral

1 rg(,s) —
ﬁ/«: P dlndg

is well-defined and finite.
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ii) Computing the d-derivative: After translating the variable ¢ to { + z, which
removes the parameter z from the denominator, we get

1 ) 8(C>S)

2mi Jo {—z

1 d¢ndt
me-/cg(CH,S) z

[(z9):= dindg =

and compute

af 1 dg(z+C,s) dE ndC
Tz(z’s)_fm'/(c oz ¢
We now retranslate § + z to {, evaluate at the point (a,s) € C x U, use the compact
support of g with respect to the variable {, and apply Stokes’ theorem for
the d-operator

af 1 dg

B d{ndg
Tz(a’s)ifﬂji. (Caz -

{—a

27 lsw /ICfaIZs 83@7 ) —a  2mi lsw /;a>ed< {—a dC) -

1 g(Cas) 1 20 0
=5 —li df = —-li -€'%.5)do =
27 éig/m_a‘:g T_a 6= 3z lim [ slate-e.s)dd=glas)

(€s)

Here the exterior derivative is calculated as

d <gf_j} d@) —a (gf_j dC) i (gf_z) dc> -

./ g(gvs) 7@ — 772 _
=d (C—a dC) —a? d{nd = z—adCAdC

O

As a consequence of having solved the d-problem in Theorem 1.24 the fol-
lowing Proposition 1.25 shows: On a polydisc each d”-closed differential form is
also d"-exact - after possibly shrinking a bit the domain of the solution.

Proposition 1.25 (Solving the d”’-equation after shrinking). Consider an open
polydisc A C C" and a concentric, relatively compact polydisc

A’ CCA.
For each pair p,q € N, g > 1, and for each closed differential form
we &EM(A)withd"® =0
exists a smooth differential form

o egral(al)
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satisfying
d'c=o0|A

Proof. The proof relies on Theorem 1.24. It proceeds by induction on the high-
est index v of the differentials dz, which enter into the definition of @: For
each v =0,...,n define

Ay(A) = {T[ e&MI(A): 1 :Z Z ary dZ[/\dZJ}
1 J<v

Here
J<v

indicates that each tuple (ji,..., j;) € J satisfies
js<vfors=1,...,q.

We prove by induction on Vv the statement .27 (v): The claim of the proposition holds
for all polydiscs A and all 7 € A, (A).

Induction start v =0: Then Ag(A) = {0} because g > 1. Set
c:=0ec&PT(A).
Induction step v — 1+ v: We choose a concentric polydisc A” with
A'ccA"ccA.

The polyradii
1

¥,/ rofA'ccA’ccA

satisfy
Fr<r<r

We decompose a given 1) € Ay (A)

=YY fudzAndzy withd"n =0

1 J<v

as
n=dw No+p
with
o= Z Z arydzpNdzy € (a@p’qil(A)

1 J<v—1

and
B EAV_I(A)

Then
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d'o=Y) Y ( Z i dZm Ndz Adzm>

T J<v \m=1 I

The assumption d”n = 0 implies for m > v

o _

- ()7
0Zm

i.e. the coefficients f;; depend holomorphically on the final variables

Zvls e T

Each coefficent a;; agrees up to sign with a coefficent fy,» for a suitable pair of
indices I'J’. Because
A"ccA

there exists a smooth function d;; € &(C") with
supp dy C A and day|A" = apy|A”

At this point one has to shrink the domain from A to A” to extend a;; to a global
smooth function @;ywhich has compact support. In particular d;; has compact
support with respect to the distinguished variable z, and depends holomorphically
on the final variables zy41,....,2,. Hence Theorem 1.24 applies to the function

(C X (Cn71 — Ca (C?Z/) = d[](Z] ey Zv—1, CaZV+| ’ ---7Zn)
It provides the smooth function
cyy € (g)(AH)

defined as

dfndC

1 511(21,---,Zv717C,Zv+17---,Zn)
011(117---,Zn)1 c

It satisfies

dc
- ay|A" = ay|A”
7y
Like d;; also the function c¢j; depends holomorphically on the
variables zy1,....,2,. We define
Y= Z Z cyydzy Ndzy € &ra-l (AN)
I J<v-1

Then on A”
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v o9
dyi=Y ¥ | ¥ 5 dmmndzndz | =dzAa+sesraa”)
T J<v—1 \m=1 9%m

with a form
6 cAy_ (A”)

having coefficients independent on the final variables zy 1, ...,z,. Then
n-d'y=p-8€cA, 1(A")
The induction assumption applies to
B-86cA, (A"

because
d//(B _5) :d//n _ (d//od//),}/: O

The induction assumption provides a form

g e &Pal(a))

satisfying

d'e=B-6=n-d"y
Set

o:=y+ec &P (A
On A’

d'c=d"y+d"e=n

which finishes the induction step and terminates the proof. O

The proof of Proposition 1.25 introduced the intermediate polydisc A” to obtain
the functions dy; with compact support. It obeys the strategy

"obtaining solutions after shrinking”
The counterpart is the proof strategy
“extending solutions by exhaustion”
The latter strategy applies in Proposition 1.26, and we will see more examples of

these two principles in subsequenct passages.

The standard method to extend the local solutions on relatively compact poly-
discs from Proposition 1.25 to a global solution on arbitrary polydiscs is to exhaust
the latter by relatively compact polydiscs and to apply the Mittag-Leffler principle
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of induction. Proposition 1.26 considers the general context how to extend approx-
imative solutions after small changes step by step to a global solution. Specifically
for the d”-problem, the existence of the global solution is ensured by the Dolbeault
lemma from Theorem 1.27.

Proposition 1.26 (Mittag-Leffler principle of exhaustion). Consider a sequence
(M;,d;)ien
of complete metric spaces, My # 0, together with continuous maps
pi:Mi—=M_1,i>1
with dense image. Then the projective limit satisfies

L(Miapl) # 0

1

i.e. there exists an infinite ascending sequence of elements

(fi € Mi)ien

which satisfy the compatibility condition

p(fi)=fi-1,i> L

The idea of the proof is to construct the required sequence step by step by induction.
Step k — 1 constructs a chain of lenght kK — 1. At step k each element of the chain is
corrected by a difference of order at most 1/2*, such that the resulting chain can be
continued further by one element, see Figure 1.5.
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Ars £
MZ————> My =P My
t=0 o
-:’—
<z
'ﬁ:” ;-’-‘ 1/2_ ® — e
ﬁ=2 §:1/2L ¢« —> ° -

,,,,,

of length k of compatible elements gf? €M;, i=0,...,k, satisfying
d.(gh,8i7") < 1/24,

i.e. fori=0,....,k— 1 holds
di(gf.gf") < 1/2"

1) Induction start k = 0: Choose an arbitrary element g8 € Mj.

ii) Induction step k — 1 — k: Consider the chain of length k — 1 formed by the
elements

(&5 )ico. a1

from the induction assumption. Due to the continutity of the restriction maps p;
and the resulting continuity of their finite composition there exists

0<8<1/2k

such that each element in the §-neighbourhood of the final element
gﬁ:i € My

maps into the (1/2F)-neighbourhoods of the elements

& i=0,.,k-2,
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by the corresponding composition. Because
P My — My

has dense image, one may choose as the seed of the new chain of length k an
element
8r € My with py(gf) € My

in the §-neighbourhood of gi:} € M. Defining the elements
k L
giE€EM;, i=0,. k-1,

as the iterated images of gi ends the induction step. O

Theorem 1.27 (Dolbeault’s lemma). Consider an open polydisc A C C". For
each p € N the following sequence of complex vector spaces and morphisms is exact

0 QP(A) = &0 L gyt s L eaypn S0

Exactness of the sequence means that the kernel of each morphism equals the
image of the previous morphism. In Theorem 1.27 we relax the condition on the
polyradius

F={(r1y...;7n)

and allow also the component radius 0 < r; = oo,

We illustrate the idea of the proof of Theorem 1.27 by the special case of the
exactness

&79(a) L gr1(a) L £72(4)

Consider a given
o€ &P (A) withd" o =0

The polydisc A C C" is not necessarily relatively compact. But there exists an ex-
haustion of A by a sequence (A;);en of relatively compact polydiscs A;—; CC A;.
For each i € N Proposition 1.25 provides a local solution o; on A; satisfying

d"o; = 0|A;

The family (o;); faces two problems: First, the members of the family are not nec-
essarily compatible with respect to the restriction from A; to A;_;. Secondly, in
general a given form o;_; does not even extend approximatively to A;, because the
smooth 0;_1 has no approximation by Taylor polynomials. The local solutions o;
transform the second problem into a question about holomorphic p-form on A;. To
solve the first problem one shows that the resulting twisted maps
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Q7 (&) = QP (A1)

have dense image due to the Taylor approximation of the holomorphic coefficient
functions. Then the Mittag-Leffler principle of induction solves the problem of com-
patible extension.

Proof (Theorem 1.27). Recall from Remark 1.23 that each vector space &74(P), P a polydisc,
carries a Fréchet topology, hence is a complete metric space. Exterior differentiation
satisfies

d"|QP =0andd"od" = 0.

Hence it remains to show that each closed form is also exact, i.e. if
o€ &EP(A) withd"w =0

then

e ifg=0
we QP (A)

» respectively if ¢ > 1 there exists
o€ &P A) with o =d'o.

Choose an arbitrary but fixed p € N. Exactness at the index ¢ = 0 is well known,
hence we prove exactness at a given index g > 1.

i) Exhaustion by relatively compact concentric polydiscs: We choose an exhaustion
of A by a sequence of relatively compact concentric polydiscs

Ay CC A CC...CCA;CC...

For given g > 1
we &EM(A) withd"w =0

we consider for each i € N the affine vector subspace of £7471(A;)
M; Z:Ml"q = {G € gp.q—l(Ai) cd'o = (1)|Ai}7 ieN,

of solutions over A; CC A. Due to Proposition 1.25 we can choose for eachi € N a
fixed local solution
o; € M;.

Fori> 1 let
pi:M;— M

denote the canonical restriction. The proof of the claim is by induction on g > 1.

ii) Induction start g = 1: We show for each i € N the exactness of

&r0(a) L er1(a) L £P2(4y)
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The map
Vi QF(A) = Mi, n— 0; 4+,

represents the space M; of solutions on A; as the affine subspace
M; = 0;+ Q7 (4A;) C EP0(A)) -
Each element o € M; has the form
c=0;+(0c—0)

with
N =0 —0; € QP(A;) satisfying d"n = 0.

Due to Remark 1.23 each vector space Q7 (A;) with its Fréchet topology is a
complete metric space. For i > 1 consider the continuous maps between complete
metric spaces

71 QP (A) = QP(Ai1), 1= (N +(0i—0i-1))|Ai-1
Each map 7; has dense image: The holomorphic form
(0 —0i-1)|Ai-1 € QP (A1)

can be approximated by using the Taylor polynomials of its holomorphic
coefficients. Hence each holomorphic form ¢ € Q27(A;_;) can be approximated by
using the Taylor polynomials of the coefficents of the holomorphic form

(G— (o; — Gi_1)>|Ai_1 S _Qp(Ai_l).

The following diagram commutes

QP(A) —s QP(ALY)
Vi l‘lfi—l
M; pi My

The Mittag-Leffler principle, Proposition 1.26, applies to the family
(27(4i), T)ien
It provides a compatible family
(n: € QF(A;))ien with 7;(1;) = Miy

For each i € N define
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G, :=Vi(Mi) = Gi+ 1M € M;
obtaining the compatibility of the adapted solutions &;
6ilAi—1 = (pioyw)(Mi) = (Wic10T) (M) = Wic1(Mi—1) = Gi1
The family (6;);en defines the form
o € £P0(A) satisfying 6|A; = 6;, i € N, and d"6 = .
iii) Induction step g — 1 — g, q > 2: We show for each i € N the exactness of
grala) s graa) Ly grati(ay)
Consider the space of local solutions
Mi:=M;,:={ce&P'(4): d'o=wlA}, ieN,
Any pair of local solutions o7, 0, € M; satisfies
d"(61—02)=0
Hence by induction assumption there exists 1 € &7972(A;) with
d'n=o0—0,
As a consequence, the space M; is the image of the map
vt EPIEH A — EPTN (A, = o +d'n,
namely the affine subspace
M;=o;+d" &P (A) C E7971(A)
The map y; is surjective: For a given element 6 € M; the form
§:=0—0;c &P

satisfies
d"§ =0.

By induction hypothesis exists
n € &P972(A;) with d'n = 6.

Therefore
vin)=o0i+d'm=0,+8=o0.

The element
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0 —0i_1 € &P (A;_)) satisfies d” (6; — 0;_1) =0
Hence the induction hypothesis provides a form
Y1 € EPIT ()

with
d”}’,;] =0;—0;_1 € gp,q—l(Aiil)

For each i > 1 consider the "twisted” continuous map between Fréchet spaces, in
particular between complete metric spaces,

T EPI2(A) = EPH(Ar), 1 A+ Y,

The map has dense image: For each compact set K C A;_1 choose a smooth
function s € £(4;) with

supp s C Ai—j and s|K = 1.

Multiplying by s allows to extend smooth functions on A;_| to smooth functions
on A; without changing their values on K. The following diagram commutes

Ti
EPI2(A) — EPIA(Ai)

Wlﬂ l‘l’i—l
pi

M; M;

The Mittag-Leffler principle, Proposition 1.26, applies to the family
(EP972(A), Tiien.
It provides a compatible family
(i € EP972(A))jew with T;(1;) = N1
Hence
(oi+d"nmi)|Ai-1 = (piowi) (M) = (Wie107) (M) = Wit (Mi-1) = 011 +d"Miy
and the family determines a form
o € &7 (A) with 6|A; = 6;+d"n;, i €N.

As a consequence
d"c =wo.

O



Chapter 2
Complex manifolds and sheaves

The present chapter leaves the domain of complex analysis on polydiscs and open
subsets of C”". It investigates the theory on complex manifolds. A manifold is only
locally but not necessary globally an open subset of C”. It is a topological space,
locally modeled on complex polydiscs. An analogous step of generalization is well-
known from topological manifolds and from smooth varieties in algebraic geometry.
A further step would be to include singularities. It then leads to the concept of a
complex space with local models the closed analytic subsets of polydiscs.

In all cases one makes use of the concept of sheaves. In its most simple applica-
tion, a sheaf glues local functions to global functions.

2.1 Complex manifolds

Definition 2.1 (Topological manifold, chart, complex atlas and complex struc-
ture).

1. A topological manifold X of real dimension = k is a topological Hausdorff
space X such that each point x € X has an open neighbourhood U with a homeo-
morphism, named a chart around x,

o:U=>V
onto an open set V C R,

2. A complex atlas of a topological manifold X of real dimension 2n, i.e. complex
dimension = n, is a family <7 of charts

o = (¢;: Ui = Vy)ier

with open subsets

37
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Vi C C" ~ IRZn7
such that

x=Ju

iel

* and for all pairs i, j € ] and
Uij:=U;NU;
the transition map of the two charts
Wi = ¢io (9;1Ui) " : 9;(Uy) — ¢i(Uyy) C C"

is holomorphic, i.e. each component function of y;; is holomorphic on the
open set ¢;(U;;) C C", see Figure 2.1.

» Two complex atlases <] and % of X are compatible if their union
AU

is again a complex atlas. A maximal set of complex, biholomorphically com-
patible atlases of X is a complex structure X on X.
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Fig. 2.1 Charts of an atlas defining a complex structure

The characteristic property of a complex manifold X, which allow complex analysis
on X, is the holomorphy of the transition functions y;;.

Definition 2.2 (Complex manifold, holomorphic map).

1. An n-dimensional complex manifold is a pair (X, X) with a connected, topologi-
cal manifold X of real dimension 2n, which has a countable base of the topology,
and a complex structure X on X.
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2. A continuous map
f: (X7EX) - (Y72Y)

between two complex manifolds is holomorphic if for each point x € X exists a
chart around x from an atlas of Xy

o:U—=V,
and a chart around f(x) from an atlas of Xy
v:S—T,
such that f(U) C S, and the composition
yofo(oluns ()" 1 o(UNfT(8) =T CC", m:=dimc Y,

is holomorphic. Note that the definition is independent from the choice of the
charts.

3. A holomorphic map f : X — Y is biholomorphic or an isomorphism iff there
exists a holomorphic map g : ¥ — X such that both maps satisfy

gof=idyand fog=idy
4. A holomorphic function on X is a holomorphic map
f: (X,Zx) — C.

Here C is considered a complex manifold in the canonical way. For each open
set U C X the ring of all holomorphic functions on U with respect to addition
and multiplication is denoted &% (U) or €/(U) for short.

Remark 2.3 (Fundamentals from topology).

1. An open covering % of a topological space X is locally finite if every point x € X
has an open neighbourhood V which meets only finitely many sets of the cover-
ing.

2. A Hausdorff space X is paracompact if every open covering of X has a locally
finite subcovering. Each locally finite covering of a topological space has a sub-

ordinate partition of unity, see [?, Chap. VIII, Theor. 4.2]

3. Each locally compact, second countable topological space is paracompact.
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4. Consider a Hausdorff space X. A subset U C X is relatively compact in X if the
closure U C X is compact. For two subsets Uy, U, C X the notation

U ccl,
means: U] is relatively compact in X and U C Uy.

5. Each locally-compact topological space X has an exhaustion (Uy)yen by rela-
tively compact open subsets, i.e.

Uy CCUys,veN, andX = | J Uy.
veN

6. Each regular, second countable space is metrizable, see [?, Chap. IX, Cor. 9.2].

7. Each subspace of a metric space is a metric space with respect to the restricted
metric.

8. Each metric space is paracompact, see [?, Chap. IX, Theor. 5.3].

9. Each locally-finite covering % = (U;);e; of a paracompact topological space X
has a shrinking
V= (Vi)ieh

i.e. the open covering ¥ satisfies for all i € I
‘/i cC Ui7

see [31, Satz 9.2.1] or [?, Theor. VIL.6.1].

Remark 2.4 (Holomorphic versus smooth).

1. Often one uses for a chart of an n-dimensional complex manifold (X,X) the
suggestive notation
z:U—=VcCcC.

Then the decomposition into real part and imaginary part
y=xy+i-yy, Vv=1,..,n,
and the identification C" ~ R?" defines a chart
(X1, Y150y Xns¥n) : U = V C R

of a smooth structure X,,,, on X: When considering a holomorphic transi-
tion function y as a function of 2n real variables then g has partial derivatives
of arbitrary order. Hence the transition function is smooth, i.e. differentiable of



42 2 Complex manifolds and sheaves

class C*, and the complex structure X induces a smooth structure X, on X,
such that

(X ’ Z:smooth)

is a 2n-dimensional paracompact smooth manifold.
2.If (X, X) is a complex manifold then a map
f:X—=C

is smooth, if f is smooth on (X,Z,00n). For an open set U C X the ring
of all smooth functions on U with respect to addition and multiplication is
denoted & (U), or & (U) for short.

In the following we will denote a complex manifold (X,X) simply by X if the
details of the complex structure X are not relevant.

We now investigate holomorphic maps
f:X—=Y

between two complex manifolds from a local point of view. The basic objects at a
point x € X are

* the tangent spaces
TxX and Tf(x)Y7

of X at x € X resp. ¥ at f(x) € Y, complex vector spaces of dimension equal
to dimc X resp. dimc Y,
¢ and the tangent map at x
Lf : X = Tpy)Y,
the complex-linear map which approximates f in a neighbourhood of x.

The local properties of f at a point a € X derive from the corresponding properties
of the tangent map
Tof s TX = Ty Y

The map f is
* alocal isomorphism, if it maps sufficiently small open neighbourhoods of a point

isomorphically onto neighbourhoods of the image point,

e an immersion, if it maps sufficiently small neighbourhoods of a point isomorphi-
cally onto a coordinate slice of the image point,

* and a submersion, if it splits sufficiently small neighbourhoods of a point in the
domain of f as a product, and projects the product onto a neighbourhood of the
image point.
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Definition 2.5 formalizes these properties, while Proposition 2.6 relates them to the
rank of the tangent map.

Definition 2.5 (Local isomorphism, immersion, submersion). Consider a holo-
morphic map

f:X—>Y
between two complex manifolds and a point x € X. The map f is named

* local isomorphism at x if open neighbourhoods
UofxinX,Vof f(x)inY
exist such that the injections
ju:U—=X,jy: V=Y

extend to the commutative diagram

f
X Y
Jju Jv
U -~V
flu
with the biholomorphic restriction
flu:u=Sv,

* immersion at x if open neighbourhoods
UofxinX,V of f(x) inY,W of 0 in K™
exist such that the injections
ju:U=X,jy: V=Y,
and the embedding onto a coordinate slice
J=[U=Ux{0} =UxW)|

extend to a commutative diagram
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f
X Y
Ju [jv

U 1%

o

j L

UxW
with a biholomorphic map
UxW =V,

* submersion at x if open neighbourhoods
UofxinX,V of f(x)inY,W of 0 in K™
exist such that the injections
Jju:U=X,jy: V=Y,

and the projection
pry VW =V

extend to a commutative diagram

f
X Y
Ju Jv

Vv

S
o~ ® N /;rv

VxWw
with a biholomorphic map
USV W,

 respectively local isomorphism, immersion, submersion if the corresponding lo-
cal property holds for each point x € X, see Figure 2.2.
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Fig. 2.2 Immersion (top) and submersion (bottom)

Proposition 2.6 (Local isomorphism, immersion, submersion). A holomorphic
map
f:X—=>Y

between two complex manifolds is at a given point x € X

* alocal isomorphism iff the tangent map T, f is bijective.
e an immersion iff the tangent map T, f is injective.

e a submersion iff the tangent map T, f is surjective.

For the proof see [30, Part II, Chap. II1.9].

The composition of two immersions is an immersion. The composition of two
submersions is a submersion.
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Definition 2.7 (Embedding). Consider a holomorphic map

f:X—=Y
between two complex manifolds and provide the set f(X) C ¥ with the subspace
topology.
* The map is an embedding if f is an immersion and the induced map X — f(X)

is a homeomorphism.

o If f(X) C Y is also closed, then f is named a closed embedding.

Theorem 2.8 (Analytic submanifold). Consider an open set U C C" and a subset
AcCU,

which is closed with respect to the induced topology of U. For a number k € N the

following statements are equivalent:

1. Zero set: Each point a € A has an open neighbourhood V. C U and holomorphic
functions

fisees fo—k € ﬁ(V)

such that
ANV ={zeV: fi(x)=...= fu_i(z) =0}

and forallx e ANV

2. Parameter representation: For each point a € A exists an open neighbourhood V C U,
and an open set T C CK with holomorphic functions

Oy, O € ﬁ(T)

such that
O:=(¢1,....0): T ANV CC"

is a homeomorphism satisfying for allt € T

a¢v
rank < Btj> =k

3. Locally a k-dimensional affine plane: For each point a € A exists an open
neighbourhood V. C U, and an open neighbourhood W of the origin in C" with
a biholomorphic map

D:VW
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satisfying
@(AQV) = Wﬁ{Z = (Zh...,Zn) e (Cn . Tkl = .. =2n :O}

For a proof see [11, § 14]. The proof is analogous to the case of smooth manifolds.

Definition 2.9 (Analytic submanifold). Consider an open set U C C" and a
subset A C U, closed with respect to the induced topology of U. Then A is an ana-
lytic submanifold of U, if A C U satisfies the equivalent properties from Theorem 2.8.

Theorem 2.8, part 3) shows that each analytic submanifold of an open set U C C"
is a complex manifold. The number k € N from Theorem 2.8 is the dimension of A.

2.2 Sheaves and their stalks

We define presheaves (presheaf = Prigarbe) and sheaves (sheaf = Garbe) of Abelian
groups first. But the definition and results transfer to other objects of Abelian cate-
gories, i.e. to commutative rings R or R-modules and also to the category of sets.

See [3] for a short summary of the basic properties of sheaves and the role of
coherence in complex analysis.

Definition 2.10 (Presheaf of Abelian groups).

1. A presheaf & of Abelian groups on a topological space X is a family of Abelian
groups
F(U), U C X open,

and for each pair V C U of open subsets of X a homomorphism of Abelian groups
py : F(U) = F(V)

satisfying:
Py =idz )

and
pyopl =py forWcCVcuU.

The maps p‘(/ are often named restrictions and denoted

fIV=p{(f)

for fe . Z(U), V CU open.
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The elements of a given Abelian group
F(U), U C X open,
are named the sections of # on U.

2. A morphism
[ F -9

between two presheaves of Abelian groups with families of restrictions

p = (py )u.v resp. 0 = (6} Juy

is a family of group homomorphisms
fu:ZFU)—=¥%U), U CX open,

such that for any pair V C U of open subsets of X the following diagram com-
mutes

)2 gw)
py l oy
fv
F(V) g(V)

Remark 2.11 (Presheaf as a functor). Consider a fixed topological space X. Denote
by X the category of open subsets of X:

* Objects of X are the open sets U C X

* and morphisms exist only for pairs of open sets V C U, and here the only mor-
phism is the injection V — U, i.e.

{v—sU} VCU
0 otherwise

Mor(V,U) := {

Then the presheaves .% of Abelian groups on X are exactly the contravariant func-
tors
F . X—Ab

to the category Ab of Abelian groups. A morphism
F =Y

between two presheaves is a functor morphism (natural transformation) from .% to ¢.
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In general the concept of a presheaf is too weak to support any strong result on
complex manifolds. The stronger concept is the sheaf. It satisfies two additional
sheaf axioms. According to these conditions local sections which coincide on their
common domain of definition glue to a unique global section.

Definition 2.12 (Sheaf). Consider a topological space X. A sheaf .# of Abelian
groups on X is a presheaf of Abelian groups on X, which satisfies the following two
additional axioms:

For each open U C X and for each open covering % = (U;),c; of U:
L. If two elements f, g € % (U) satisfy forall i € I
f1U; = g|Ui

then
f=g

i.e. local equality implies global equality.

2. If a family
fie FU), i€l

satisfies for all pairs i, j € I of indices
filUinU; = f;|U;NU;
then an element f € % (U) exists satisfying for all i € I
Ui = fi,

i.e. local sections which agree on the intersections glue to a global element.

A morphism of sheaves is a morphism of the underlying presheaves.

If one paraphrases a presheaf as a tool to handle local objects, then a sheaf is
a tool which glues compatible local objects to a unique global object. If it is not
possible to make the parts fit, then cohomology theory is the powerful means to
measure the obstruction, see Chapter 3.

Definition 2.13 (Subsheaf of Abelian groups). Consider a presheaf .% of Abelian
groups on a topological space X.

1. A presheaf of Abelian groups ¢ on X is a subpresheaf of
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 if for all open sets U C X

is a subgroup, and

* if the restriction maps of ¢ are induced by the restriction maps of .%.

2. If F is a sheaf, then a sheaf ¢ is a subsheaf of 7 if ¢ is a subpresheaf of .7.

Similar to presheaves and sheaves of Abelian groups one defines presheaves and
sheaves with other algebraic structures, e.g. with rings or modules, see Definition 4.25.

Example 2.14 (Sheaves and presheaves).
1. Let X be a topological space.

e Sheaf € of continuous functions: For any open set U C X define
€U):={f:U— C| f continuous}

as the complex vector space of complex-valued, continuous functions on U.
The presheaf
€ (U), U C X open,

with the restriction of functions
py C(WU) = C(V), frs fIV,V CU,
is a sheaf. It is named the sheaf € of continuous functions on X.

» Sheaf 7 of locally constant functions: Consider a topological space X, and
provide Z with its discrete topology. For each open U C X define

FU):={f:U—=7Z]| f constant}
and take the canonical restriction morphisms. The family
F:=F(U), U CX open,
is a presheaf.
In general, the presheaf .% is not a sheaf: Assume
X=XUX,
with two connected components. Then the family

(fi,f2) € F(X1) x F(X2)
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with
fii=1€Zand f,:=2€Z

does not arise from a global section
feZFX)=2

as
fi=fIX1and fo = f|X»

with a constant section f € % (X).

A slight change in the definition of .% provides a sheaf on X: A function on an
open set U C X is locally constant if each point x € U has a neighbourhood V/,
such that the restriction f|V is constant. One defines

Z(U):={f:U — Z| f locally constant}.

Then
Z(U), U C X open,

with the canonical restrictions is a sheaf. The sheaf is often denoted Z like
the ring of integers. The context has to clarify whether the symbol denotes the
ring of integers or the sheaf of locally constant integer-valued functions.

Similarly one defines the sheaf C of locally constant complex-valued func-
tions. Note that both sheaves Z and C are named constant sheaves - although
they are defined by sections which are only locally constant.

2. Let X be a complex manifold.

o Sheaf O of holomorphic functions: Consider for each open U C X the ring
OU):={f:U — C| f holomorphic}
the ring of holomorphic functions on U. The presheaf
O(U), U C X open,

with the canonical restriction of functions is a sheaf of rings. It is named the
sheaf & of holomorphic functions on X or the structure sheaf of X.

o Sheaf O* of holomorphic functions without zeros: Consider for each open U C X
the multiplicative Abelian group

O*(U):={fe0U): f(x)#0forallxc U}.

The presheaf
0*(U), U C X open,
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with the canonical restriction of functions is a sheaf. It is named the sheaf &*
of holomorphic functions without zeros on X. Apparently &* is the sheaf of
units of 0.

o Sheaf & of smooth functions: Consider for each open U C X the ring
EWU):={f:U—C| f smooth}

The presheaf
&(U), U C X open,

with the canonical restriction of functions is a sheaf of rings. It is named the
sheaf & of smooth functions on X or the smooth structure sheaf.

Definition 2.15 (Stalk of a presheaf). Consider a presheaf .% of Abelian groups
on a topological space X, and a point x € X. The stalk .7, of % at x is the set of
equivalence classes with respect to the following equivalence relation on the union
of all .Z (U), U open neighbourhood of x:

fre Z(Uh) ~ f€ F(U)
if for a suitable open neighbourhood V of x with V. C U; NU,

flV = fAIV.

Apparently, the stalk .%, is an Abelian group in a canonical way, and each canonical
map

il F(U) = Z,
is a group homomorphism. The elements of the stalk .%, are named the germs of %
at x, see Figure 2.3.

The stalk .%, of a presheaf .% at a point x € X is the inductive limit of the sections
from .% (U) for all neighbourhoods U of x:

[a—

F, =lim F(U)
(S

s
<

A sheafis when you do vertically algebra and horizontally topology, see Figure 2.3.
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Fig. 2.3 Sheaf on X with section and stalk of germs.

Each subpresheaf of a sheaf is again a sheaf. The quotient of a presheaf . with
respect to a subpresheaf is again a presheaf. But even if .% is a sheaf the quotient
subsheaf is not necessarily a sheaf: A family of quotients is not necessarily the
quotient of a global sections, see the counter example of the logarithm in Proposi-
tion 2.24. Sheafification from Theorem 2.16 attaches to every presheaf a sheaf. The
method is used to define the quotient of a sheaf as the sheafification of the quotient
presheaf, see Definition 2.17.

Theorem 2.16 (Sheafification of a presheaf). For each presheaf % on a topolog-
ical space exists a sheaf % on X and a presheaf morphism

F—F

which induces for each x € X an isomorphism of stalks
Fe— Fy

The sheaf Z is named the sheafification of the presheaf 7.

Proof. 1) For an open set U C X define the Abelian group

w(F)(U) =[] %

xeU

as the Cartesian product of the corresponding stalks. Together with the canonical
restrictions
w(F)(U) - w(F)(V), VCU open,
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we obtain a sheaf w(.%) on X. The sheaf w(#) is an example of a flabby sheaf
(deutsch: welke Garbe).

i) For an open set U C X a family of germs

¢ = (¢x)x€U € W(ﬁ)(U)

is compatible if locally the family arises from sections, i.e. if each x € U has an
open neighbourhood V C U and a section

feZ(V)satisfying f, = ¢, forally e V.
For each open U C X define the presehaf
FU):={¢p ew(F)(U): ¢ compatible}
with the canonical restrictions
F(U)— Z(V),V CU open.

iii) The presheaf Z is a sheaf with the same stalks as .%: One checks that the
construction via stalks and compatible sections of w(.%) satisfies the two sheaf
axioms. One also checks that the induced maps on stalks %, — fjx are
isomorphisms. 0O

Definition 2.17 (Quotient sheaf). Consider a topological space X and two sheaves
FCY
of Abelian groups. The quotient sheaf
F |9
is defined as the sheafification .% of the quotient presheaf
U~ ZU)/9(U), U C X open,
with the canonical restrictions.

A section of the quotient sheaf .% /¥ is represented by a family of local sections
from .%.

A meromorphic function on a complex manifold is a compatible family of quo-
tients of holomorphic functions which are locally defined. Because the denomina-
tors may have zeros a meromorphic function does not necessarily have a value at
each point of the manifold.
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From a general perspective the concept of a meromorphic function uses the al-
gebraic construction of localisation, i.e. taking the modules of fractions of rings of
holomorphic functions. Here one has to exclude as denominators those holomorphic
functions which vanish identically on a component of their domain of definition.
Hence one localises each ring of holomorphic functions with respect to its subring
of non-zero divisors. To obtain a sheaf in the end one sheafifies the algebraic con-
struction.

As so often, the whole prodedure is to globalize a local construction from com-
mutative algebra by using sheaves, see [1, Chap. 3].

Definition 2.18 (Sheaf of fractions). Consider a topological space X and a sheaf
of rings Z on X.

1. Consider the multiplicatively closed family of sections with non-zero divisor
germs

S(U):={g € Z(U) : g« € %x non-zero divisor forallx e U}, U C X open.

On each Z(U) x S(U) consider the equivalence relation

(f1,81) = (f2,82) <= IneSU): n-(g2fi—g1f2) =0€ Z(U).

Denote by Z(U)(y) the ring of equivalence classes, and denote by ! e ZU)sw)
the equivalence class of a given pair (f,g) € Z(U) x S(U).

2. The sheafification Q(Z) of the presheaf
U Z(U)swy, U C X open,

is named the sheaf of fractions of % with respect to the family S(U )y .

Definition 2.19 (Sheaf of meromorphic functions). On a complex n-dimensional
manifold X for each point x € X the stalk &, of the structure sheaf & is isomorphic
to C{z1,...,2x}, the ring of convergent power series. Hence &, is an integral domain.
The sheaf of fractions

M = Q(0)

is named the sheaf of meromorphic functions on X. A section
fe#U),UCKX,

is named a meromorphic function on U.

Hence a meromorphic function on X is a compatible family of fractions (f;/g;)ies
of locally defined holomorphic functions with g; # 0 on any open subset. Two
fractions f1/g1 and f»/g» are identified due to the rule
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fi/lgi=F/gr: = efi=g1f

Proposition 2.20 (Field of meromorphic functions). Consider a complex manifold X.
For a domain G C X the ring .# (G) of global meromorphic functions is a field.

Proof. The claim follows because €(G) is an integral domain, cf. Corollary 1.11.
O

The sheaves & and .# are sheaves of rings. The sheaves &* and .#* are sheaves
of multiplicative groups. They are the sheaves of units of repectively & and .# .
Sections from .#*(U) are meromorphic functions on U which do not vanish on any
open subset of U.

Sheaves of holomorphic and meromorphic functions are the basic objects on
complex manifolds. While sheaves of locally constant functions like Z, R, C are
important for homology and cohomology in the context of algebraic topology.

Remark 2.21 (Stalks of the structure sheaf and quotient fields).

1. Let X be a complex manifold. For a point x € X consider the stalks
R:= Oy and K .= .
Using a chart around x shows
R = C{z}, the ring of convergent power series with center = 0,

and
K = Q(R), the quotient field of R,

a statement about germs.

The ring R is a local ring, i.e. it has exactly one maximal ideal, namely
m:=<7z,....,2n >CR,

the ideal of non-units of R.

2. In general, the local statement about meromorphic germs does not necessarily
generalize to a global statement: On one hand, for X = C one has

due to the Weierstrass product theorem, a statement about global sections. The
same statement holds even for any domain X C C. On the other hand, on a com-
pact complex manifold X one has
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oX)=C
but possibly
M(X)#0(0(X)) =0Q(C) =C, e.g., #(P') = C(2).
For more advanced results see [27, Kapitel 4* §1.5 Satz, §2.4].
3. Any morphism of presheaves on X
[ -9
induces for any x € X a morphism
i F— Y,

of the corresponding stalks such that the following diagram diagram commutes

7w) —L 9w
nﬁ’l nd
F, Jx 7

Here the vertical maps are the canonical group morphisms from Definition 2.15.
In general, these maps are not surjective. But each germ f, € %, has a represen-
tative f € % (V) in a open neighbourhood V C X of x, which may depend on the
germ.

4. On a complex manifold X sections of a sheaf like the holomorphic structure
sheaf & can be considered at least from the following different viewpoints:
* At a point x € X one considers the value f(x) € C of a function f which is
holomorphic in an open neighbourhood of x.

* Ata point x € X one considers the germ f, € C{z} of a function f which is
holomorphic in an open neighbourhood of x.

* Ina given open neighbourhood U C X of a point x € X one considers a holo-
morphic function f € O(U).

* One considers a globally defined holomorphic function f € &(X).

Definition 2.22 (Exact sheaf sequence resp. presheaf sequence). Consider a
topological space X.
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1. A sequence of sheaves on X is a family
(fi: Zi—= Fin)icz

of morphisms of sheaves. The family is a complex if for all x € X on the level of
stalks the induced family of morphisms of Abelian groups

(ﬁ,x : c@i.x — <Q\I‘Jrl,x)iEZ

satisfies for all i € Z
fi,xofifl,x =0.

The family is exact if for all x € X on the level of stalks the induced family of
morphisms of Abelian groups

(ﬁ,x : %.x — <Q\I‘Jrl,x)iEZ
is exact, i.e. if foralli € Z
ker[fi,x : %,x — %-H,x] = im[ﬁ—l,x : fii—l,x — '%,x]~
2. A short exact sequence of sheaves is an exact sequence of sheaves of the form
07595 7 o0

3. A morphism of sheaves
[ F -9

is respectively, injective or surjective or bijective if the corresponding property
holds for all x € X on the level of stalks

fi i F— Y,
4. A sequence of presheaves on X is a family
) fi
(fi: Fi = Fis1)ien

of morphisms between presheaves. The sequence of presheaves is exact if for
each open U C X and each i € Z on the level of sections

ker fi,U =im fi*l,U

for
ficru fiv
e

Zi1(U) Fi(U) = Zi1(U)

Remark 2.23 (Exactness of a sheaf sequence).
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1. A sequence of sheaf morphisms is studied on stalks, while a sequence of presheaf
morphisms is studied on the level of sections.

2. An exact sequence of sheaves satisfies for all i € Z
fix10fi=0.

A sequence of morphisms between sheaves may be exact when considered
as sequence of sheaves, but not when considered as sequence of presheaves.
Exactness of a sheaf sequence is a statement about the induced morphisms of
the stalks. It is not required that the corresponding sequence of morphisms of
sections

fiv 1 Zi(U) = Fip1(U), U open neighbourhood of x € X, i € Z,
is exact.

3. One has to distinguish between a statement on the level of germs and a local
statement on the level of sections. It is exactly the task of cohomology theory,
see Chapter 3, to measure the difference between exactness on the level of germs
and exactness on the level of sections, in particular on the level of global sections.

Proposition 2.24 (Exponential sequence). The exponential sequence on a com-
plex manifold X is the following exact sequence of sheaves of Abelian groups

0256 6" =0
Here the morphism j is the canonical inclusion. And the exponential
0= 0
is defined for open sets U C X as
exy: OU)— 0*(U), fr— exp(2mi- f).

Proof. To prove that the sheaf sequence is exact we consider for arbitrary but
fixed x € X the sequence of stalks

O%Zx:Zji)ﬁx&)ﬁ;HO

i) Exactness at O): Each holomorphic function f defined on a domain and satisfying

A —
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is an integer constant and vice versa.
ii) Exactness at O : The surjectivity of the morphism ex, follows from the fact,

that any holomorphic function without zeros, which is defined on a simply
connected domain, has a holomorphic logarithm. O

Note that in general the exponential sequence from Proposition 2.24 is not exact
on the level of global sections: For X = C* the morphism
O(X) S 0%(X), frs exp(2mi- f)
is not surjective, because the holomorphic function
1/z€ 0% (X)

has no logarithm.

Definition 2.25 (Direct image). Consider a continuus map
f:X—=Y
between topological spaces and a sheaf .# on X. The presheaf on Y
(fo:Z)(V) :=.Z(f'V), V C Y open,

is a sheaf, named the direct image f..# of .% with respect to f.

Note. Taking the direct image is a covariant functor:

id,.# =% and (go )T = gu(fF)

We now generalize the concept of a complex manifold and its structure sheaf to
the concept of a ring space. The new concept is general enough to comprise also
complex spaces with singularities, see [7].

Definition 2.26 (Ringed space).

1. A ringed space is a pair (X, %) with a topological space X and a subsheaf #Z C ¢
of the sheaf & of complex-valued continuous functions on X.
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2. A morphism of ringed spaces
(f.f): (X, o) — (Y, 2)

is a pair (f, f) with a continuous map f : X — Y and a morphism of sheaves of
rings

fB— fodd

3. The morphism (f, f) is an isomorphism of ringed spaces if there exists a mor-
phism of ringed
(8:8): (V. %) — (X, )

* satisfying for the continuous maps
gof=idyx, fog=idy
* and satisfying for the composition of the sheaf morphisms
17 % 6.8 5 o (foct) = (go f)ut = ] = id,y

and analogously for the composition in the opposite order.

Proposition 2.27 (Local models as ringed spaces).

1. Local model of complex manifolds: For each open U C C" the pair (U, Oy) is a
ringed space. If
UcC'andV CcC"

are open, then a continuous map
o:U—V
is holomorphic iff ¢ induces a sheaf morphism
¢:0y — 9.0y
by pullback of holomorphic functions
Oy (W) = Ocn(W) = (9:00)(W) = Oy (9~'W) = Ocn (97'W)

f—=fo¢p, WCV open.

2. Local model of smooth manifolds: For each open subset U C R" the pair (U, &y)
is a ringed space. If
UcCR"andV C R"

are open, then a continuous map

o:U—V
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is smooth iff ¢ induces a sheaf morphism
¢ — 0.8y
by pullback of smooth functions.

3. Local model of reduced complex spaces: Consider an open subset U C C" and
an analytic subset A C U. Its ideal sheaf .9y C Oy defines the quotient sheaf

Op = Oy | s,
induced from the exact sequence
0—= Iy =0y —04—0
The pair (A, 04) is a ringed space.
Proof. 1. If ¢ induces by pullback the sheaf morphisms
Oy — ¢.0y
then in particular for the holomorphic coordinate functions
z;eOy(V), j=1,..,m:
the functions 5
¢(zj) =zjo9
are holomorphic, i.e. all component functions of ¢ are holomorphic. Hence
o:U—=V

is a holomorphic map in the sense of Definition 2.2.

2. The proof is analogous using the real coordinate functions. O

Corollary 2.28 (Complex manifolds as ringed space). Consider a connected
topological manifold X with second countable topology, and on X a subsheaf of
rings

ZCE

of complex-valued continuous functions. Then for each open covering % = (U;)ier
of X with homeomorphisms

¢:U;i =V, ViC C" open, icl,

are equivalent:
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1. The family (¢;)ic; is an atlas of a complex structure on X with holomorphic
structure sheaf Ox = %.

2. Each homeomorphism
91U = Vi, i €1,

induces by its pullback §; an isomorphism of ringed spaces

(0i,0) : (Ui, Z2|U;) = (Vi, Oy,)

Corollary 2.28 literally carries over to smooth structures on the topological
manifold X and its structure sheaf &y.

Moreover, a reduced complex space is defined by using the local models of analytic
sets from Proposition 2.27, see [7, Section 0.14].

2.3 The Cousin problems

Definition 2.29 (Cousin problems). Consider a complex manifold X.

1. An additive Cousin distribution on X is an open covering % = (U;);c; of X and
a corresponding family of locally defined meromorphic functions

hi € #(U;),iel,
such that for all pairs i, j € I the differences are holomorphic, i.e. they satisfy
hi|Uij 7hj|U,‘j IS ﬁ(Uij), Uij - =U;NUj.

A solution of the additive Cousin distribution is a global meromorphic function 4 € . (X)
with holomorphic differences

(hlU,) —h; € ﬁ(Ui), iel.

2. A multiplicative Cousin distribution on X is an open covering % = (U;);e; of X
and a corresponding family of meromorphic functions

hi € 4% (U;),i €1,

such that for all pairs i, j € I the quotients are holomorphic without zeros, i.e.
they satisfy
hi|Ui;
hjlUij

€ ﬁ*(Uij), Ui . =U;nUj,
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A solution of the multiplicative Cousin distribution is a global meromorphic
function i € .#*(X) with holomorphic quotients without zeros
h|U;
hi

c " (Uy), i€l

Remark 2.30 shows: The additive resp. multiplicative Cousin problems are the
analogue to the problems of Mittag-Leffler resp. Weierstrass from complex analysis
in one variable, see [?, Kap. 3, Kap. 6]. The Cousin problems ask for a global mero-
morphic function, which satisfies certain conditions referring to the sheaf & resp.
referring to the sheaf .

Remark 2.30 (Solution of the Cousin problems).

1. Each solution of an additive Cousin distribution defines a global meromophic
function
he #(X)

with the given “principal parts” (h;);e;. Each two solutions differ by a holomor-

phic function from &'(X).

2. Each solution of a multiplicative Cousin distribution defines a global mero-
mophic function

he . *(X)

with the same pole and zero orders as (h;);c;. Each two solutions differ by a
holomorphic function without zeros from &*(X).

3. The main difference to the 1-dimensional case is the fact that the zeros and poles
of holomorphic resp. meromorphic functions of several variables are no longer
isolated points.

Our first goal is to solve the Cousin problems for polydics A C C". We start the
solution with a step botfom-up, see Proposition 2.33.

Definition 2.31 (Adjacent product domains).

1. A product domain in an open set X C R" is a set of the form
Q=1 x..xI,C X withintervals I; CR for j=1,...,n.

Depending on the type of all intervals one distinguishes open product domains
resp. compact product domains.
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Fig. 2.4 Adjacent product domains

2. Two compact product domains Q1,02 C X are adjacent if after renumbering
Or=hixhx..xLand Q) =Dh 1 xhx..xI,
with adjacent first intervals
L1 =la,b], b1=[b,c]CR,

see Figure 2.4.

Notation 2.32 (Set of all contained compact product domains). For an open set
X C C" denote by 2(X) the set of all compact product domains contained in X.

Proposition 2.33 (Cousin’s principle of induction). Consider an open setX C RV
and a map
A:2(X)— {TRUE,FALSE}.

Assume that the truth-function A satisfies the following two properties:
e Small product domains: Each point x € X has an open neighbourhood U C X
with A(Q) = TRUE forall Q € 2(U)

* Fusing adjacent product domains: For each pair of adjacent product domains Q1,02 € Q(X)
holds
(A(Q1) =A(Q2) =TRUE) = (A(Q1UQ,) =TRUE).

Then for all Q € 2(X)
A(Q) = TRUE
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Proof. For a given product domain
0=1I x..Iye2(X)

we have to show A(Q) = TRUE.

i) Cutting Q into small adjacent product domains Q' with A(Q") = TRUE: For
each k € Nand for all j = 1,...,N we split each interval /; = [a;, b;] into k adjacent
intervals
Ii=1U..Ulj with I;; = [aj+(l— 1)-hj,aj+l~hj}
bj — a/-
k

and define for each N-tuple (iy, ...,ix) of indices i; < k the small product domains

hji= Jl=1,..k

Qi]...iN ::I]i] X ... X INiN

from the induced splitting of Q. Due to the first property of the function A there
exists a finite open covering % of the compact set Q such that each element U of
the covering % satisfies

A(Q') = TRUE for all Q' € 2(U).

The covering % of the compact metric space Q has a Lebesgue number € > 0.
For k big enough, each of the small product domain Qy, . ;, has diameter < €, and
is therefore contained in an element U of the covering % . Choose a fixed k € N
with this property. Then each of the small product domains

Qi ...iy
is contained in an element U of the covering % . As a consequence
A(Qiy...iy) = TRUE
for all N-tuples (i1, ...,in).

ii) Edge fusing bottom-up: We now enlarge step by step the size of the product
domains Q' C Q with A(Q') = TRUE. Form =0, ..., N set

Qi1-~-i;;1 = 11,'1 X ... leim X1m+1 X ... X]N

as a product domain, built within Q from m small product domains as first factors
and N — m large product domains as last factors. We prove by descending induction
onm

A(Qi,...i,,) = TRUE for all tuples (i1,...,in—1)

Induction start m = N: The result has been proved in part 1).

Induction step m + 1 — m: We illustrate the induction step for the induction steps
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2—+m=1land1—m=0

in the 2-dimensional case
O0=ILxhLCXCR?

and k = 3 partitions, see Figure 2.5: The bold lines indicate the common borders
across which the adjacent product domains are fused during the induction

step m — m — 1. The fusing is possible due to the second property of the
function A.

For a formalization of the general step see [8, § 4, Satz 3]. O

M= m = A
= | =
TN
g X4 T,

Fig. 2.5 Cousin principle of induction

A first application of Cousin’s principle of induction within the field of complex
analysis is Proposition 2.36 about solving the Cousin problems in an open neigh-
bourhood of product domains. Proposition 2.34 provides the local patching.

Proposition 2.34 (Cousin’s patching lemma for holomorphic functions). Con-
sider two adjacent product domains

0, 0" cC, C"=R>,
and in an open neighbourhood U C C" of Q' N Q" a holomorphic function
f € 0(U) (additive case)
resp. a holomorphic function without zeros
g € O*(U) (multiplicative case).

Then there exist

* two open neighbourhoods of Q' and Q" in C"
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U >Q andU" > Q"
and an open set U C C" satisfying
U'nt">0>(@nQE"
* together with two holomorphic functions
feol)and f"€o(U")
resp. two holomorphic functions without zeros
gdeco*(U)andg c 0*(U")
satisfying over U

/

g
f=f—f"resp.g=">;
g

Proposition 2.34 decomposes the holomorphic function f on a neighbourhood of
the intersection of the two product domains as the difference of two functions on
neighbourhoods of each product domain resp. analogously the holomorphic
function g as a quotient. The whole construction is worked out in the first
component C. We use Cauchy’s integral formula in the 1-dimensional case,
considering the remaining variables as paprameters.
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i

L
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Fig. 2.6 Cousin’s lemma for holomorphic functions, view onto the first factor of C* = C x C"*~!

Proof. 1) The geometric situation: See in Figure 2.6 the projection of the product
domains and the relevant neighbourhoods onto the first factor of C x C"~!:

O =R xQand Q" =R"xQ

The first factors are the adjacent product domains R, R” C C and the second factor
is the common product domain Q C C"~!. The intersection

Q/ N Q//

is contained in an open set
U=UyxV

with Uy C C an open neighbourhood of R’ NR" and V C C"~! an open
neighbourhood of Q.

i) Additive case: Consider the holomorphic function
felyxV

Compactness of R' N R” and openness of Uy provide a product domain R ¢ C
satisfying
RNR'"CRCRCUycC

We decompose the boundary as
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oR=C'uc”
with the orientation from Figure 2.6, and choose two open neighbourhoods
U >R, U DR’
satisfying
cnu' =Cc"nu” =0.

For each point (z,s) € R x V the Cauchy integral formula with respect to
the 1-dimensional integration d{ shows

f(z,S)—L F(6.5) dg_i (&,9) dC—L f(E.s)

T omi or §—z T omi c §—z 27 cr §—z

dg
Define the functions

11 f(C,s) .
VR / L ) r_ gyt
U ><V—>(C,f(z,s).——2m,'c/ - d¢, U :=U"xV,

and
1 J(E.s)

T2 Jon {—z

1 U"xV =C, f(z,5): d¢, 0" .=U"xV,

Both functions are holomorphic due to Theorem 1.6. By construction their
difference on
U:=UNU")xV
is
f — f/ _ f//
iii) Multiplicative case: The case of the given holomorphic function g € *(U)
reduces to the additive case from part ). Set

U:=UyxV
simply connected and consider the holomorphic function
logge O(UyxV)

e.g., choosing the principal branch of the holomorphic logarithm in C*. By part ii)
there exist holomorphic functions f’ in an open neighbouhood of Q" and f” in an
open neighbourhood of Q" satisfying in an open neighbourhood of Q' N Q"

logg=f—f"
Then the holomorphic functions without zeros

g/ 1= exp f/ and g” = exp f”
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satisfy in an open neighbourhood of Q' N Q"

8=
g//

Remark 2.35 (Cousin’s lemma). Grauert-Remmert in [16, Kap. III, §1] give a variant
of the proof for the additive part of Proposition 2.34 which applies a more elabo-
rated conclusion of the Cauchy integral formula. Their approach starts with splitting
the holomorphic function in the category of smooth functions. Here the splitting can
easily be obtained by choosing two characteristic functions for the real part of the
first component of the two adjacent product domains. The obstruction against holo-
morphy of the smooth solution is measured by the partial derivation

dh
71
of a smooth function /. Subtracting a solution % of the d-problem

dh=h

according to Theorem 1.24 makes the obstruction disappear.

As a consequence of Cousin’s lemma from Proposition 2.34 one obtains with
Proposition 2.36 a solution of the Cousin problems after shrinking. This is a prepara-
tory step for solving the Cousin problems on polydiscs in Theorem 2.37.

Proposition 2.36 (Solving the Cousin problems in an open neighbourhood of a
product domain). Consider an open set X C C". Then each additive or multiplica-
tive Cousin distribution

¢ = (Ui, fi)ier
on X has for each each product domain Q € 2(X) a solution in a neighbourhood

of 0.

Proof. The proof applies Cousin’s principle of induction, Proposition 2.33, together
with the Cousin’s lemma from Proposition 2.34. We consider the map

A:2(X)— {TRUE,FALSE},

defined as

A(Q) = TRUE ¥ is solvable in a neighbourhood of Q
FALSE otherwise

The map A satisfies the assumptions of Proposition 2.33:
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 For a given x € X choose an index i € I with x € U;. The function f; € .# (U;)
solves the Cousin problem in Uj, in particular for all Q € 2(U;).

* Consider two adjacent product domains Q', Q" € 2(X) and assume open neigh-
bourhoods
U'>Q andU" > Q"

with solutions

frea), f"enU")

of the induced Cousin distributions on U’ respectively U”.

i) Additive case: On U’ NU" the function
f/ _f//
is holomorphic because for each i € 1
(f' =NV U= (f = fi) = (f" = fi) e 6U'NU" ")
Proposition 2.34 provides two open neighbourhoods
V' 2@ and V" > Q" withV' NV cu' nU”
with corresponding holomorphic functions
gdeoV)andg" e o(V")
satisfying on V' NV”
f/ *f" _ g/ 7g// ie. f/ 7g/ _ fl/ig//
They define a meromorphic function
f — (f/ _g/7f// _g//) c %(V/UVH)

which solves € in the neighbourhood V' UV"” of Q' UQ". Hence
Proposition 2.33 implies

A(Q) =TRUE for all Q € 2(X).
ii) Multiplicative case: On U’ NU" the function

r
f//

is holomorphic without zeros because for each i € 1
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The multiplicative case of Proposition 2.34 provides two open neighbourhoods

V' >0 and V' > Q" with V' NV’ cu'nuU”

with corresponding holomorphic functions

geco*(V)andg" € 0*(V")

satisfying on V' NV"
g . f

— le. ===

e e e
They define a meromorphic function

f= <f, f,,> e (V'uv”).
g8

Again Proposition 2.33 implies

A(Q) =TRUE for all Q € 2(X).

Theorem 2.37 (The Cousin problems in polydiscs). In an n-dimensional polydisc

A(r):={(z1,..sz0) €C": |zy| <1y, v=1,..,n}

with polyradius

r= (}’1,...,7‘"), O<rv §°°, V= 1,...,}’[7

each additive or multiplicative Cousin problem has a solution.

The proof rests on the existence of solutions after shrinking from Proposition 2.36
and the subsequent extension step thanks to the Mittag-Leffler exhaustion from

Proposition 1.26.
Proof. Consider a given Cousin distribution on A(r)
¢ = (Ui, fi)ier-

We choose an exhaustion
(X)) jen

of A(r) by relatively compact, open polydiscs satifying X; CC X1, j € N.
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i) Solution on X;: For two polydiscs
AccAcc

the Riemann mapping theorem applies to each factor of A. It provides a
biholomorphic map

9:4=0
with a product domain
Q CcC"~ R2n
The compact subset B
¢(A)=¢(A)CQ
has an open neighbourhood
Qcco,

which is a product domain Q. Proposition 2.36 provides a solution of the induced
Cousin problem on Q in a neighbourhood of Q. It pulls back via ¢ to a solution of
the original Cousin distribution over A.

As a consequence, there exists for each j € N a solution of the Cousin
distribution & over the polydisc X;. For each j € N* denote by M; the set of
solutions of ¢ on X and by

pj:Mj— Mj-

the canonical restriction.
ii) Additive Cousin problem: For each j € N the set M; is the affine space
Mj=fi+0(X;))
with an arbitrary, fixed solution f; € M;. In particular the map
T 0Xj) =M, ¢ — fi+0,

is bijective. The translation-invariant Fréchet space structure of &'(X;) carries over
to M; and provides M; with the structure of a complete metric space. The metric
structure is independent from the choice of f;: Consider a second solution f j’ and
the corresponding map

T O(X;) = Mj, ¢ — fi+9,

Choose a fixed translation-invariant metric 8 on ¢ (X;). Then the induced metrices
d resp. d’ satisfy:

d(f,8)=08(f—fi,.e—f))=8(f—fi+(fi—f).e—fi+(fi—f})=
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In order to show that each restriction p; : M; — M;_| has dense image one
considers the commutative diagram

0(X;) — O0(Xj-1)

l Tj7 l
pj

M — M,

Tj

with the horizontal map
0(Xj) = O0(Xj1)

the canonical restriction. The latter map is continuous with dense image, because
holomorphic functions on X;_; can be approximated on each compact set by their
Taylor polynomials, which are defined on all of C". By construction of the
topologies the restrictions

pj:Mj— M

are continuous with dense image. The Mittag-Leffler principle of exhaustion,
Proposition 1.26, applies to the sequence (M}, p;) jen and provides a sequence
(fj)jen of local solutions f; € M such that

pi(fj) = fi-1
for all j € N. The sequence defines a global meromorphic function
f e (A(r))

satisfying for all j € N
f1Xj = fi-

iii) Multiplicative Cousin problem: Because each polydisc X;, j € N, is a simply
connected domain, the exponential and its inverse, the logarithm, control the space
of local solutions, i.e. the local meromorphic functions which define the Cousin
distribution %’. For each j € N the map

Y ﬁ(X]) —>Mj, ¢ '—)fj-€¢,
is surjective. The twisted restriction

0;:0X;) = OXj-1), 0 — 0|X;_1+hjq,

i(1Xi—
/’lj,1 :=log (fl]l> S ﬁ(Xjfl)

with

fi1



76 2 Complex manifolds and sheaves

is continuous. Here /;_; expresses as a quotient the difference between local
solutions. The map o; has dense image, because holomorphic functions over a
given compact K C X;_; can be uniformly approximated by their Taylor
polynomials. One checks the commutativity of the following diagram

Oj
O(X;) — O(Xj-1)
Vv l V-1
pj

The Mittag-Leffler principle of exhaustion, Proposition 1.26, applies to the
sequence of morphism between complete metric spaces

(0(X)), o) jen-
It provides a sequence (g;) jen of compatible holomorphic functions
gj € 0(X;), withoj(gj) =0j_1, jeN.
The commutativity of the diagram above concludes
(fj-e)|Xj1 = fj-1- e8!
Hence the sequence (f; - €%/) jen defines a global meromorphic function
fe#(A(r) with f|X; = fj-e%, jEN,

which solves the multiplicative Cousin problem. 0O

Remark 2.38 (Solving the Cousin problems).

1. Theorem 2.37 solves the Cousin problems on n-dimensional polydiscs. Cousin’s
proof constructs the solution bottom-up over neighbourhoods of adjacent product
domains (Cousin’s principle of induction). For each step Cousin uses a mild ver-
sion of a result, which was later generalized as Cartan’s lemma.

A second proof for the solvability of Cousin’s problems in polydiscs will be
given in Corollary 3.24. The second proof relies on Dolbeault’s lemma and uses
basic results from cohomology theory.

2. Complex analysis in the 20th century was driven by the search for solutions of
the Cousin problems for complex manifolds X which are more general than poly-
discs. For an intermediate result see Corollary 3.24. The Corollary gives coho-
mological conditions for the solvability of the Cousin problems. The final result
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is Corollary 6.27. The main tool is the cohomological formulation of the Cousin
problems as a statement about the cohomology of the sheaf &y of holomorphic
functions and about the topological cohomology group H?(X,7Z).






Chapter 3
Sheaf cohomology

Consider a complex manifold X and denote by Shy the category of sheaves of
Abelian groups on X and by Ab the category of Abelian groups.
For each open subset U C X the covariant functor sections on U

I'u,—):Shy — Ab, ¥ —I'(U,.F):=F(U),
is left exact, i.e. for any exact short exact sequence of sheaf morphisms on X
07 La s
the induced sequence of morphisms of Abelian groups
0—ZU) % 9w) 2% 2 )
is exact. But in general, for a surjective sheaf morphism g the induced morphism

on sections
2U) 2% o (U)

is not surjective, see Remark after Proposition 2.24.

Cohomology, or right-derivation of the functor sections on U, is the means to
extend for an exact sequence of sheaf morphisms

oﬁﬁﬁgi%—m

the exact sequence of Abelian groups

0— 7)) % 9w) 2% )

further to the right-hand side to a long exact sequence of Abelian groups. One sets

H°(U,.#):= I (U,.7) and analogously for & and .;#

79
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and constructs Abelian groups
HY(U,%#), H(U,9), H(U, ), ¢ > 1,

and corresponding group morphisms to obtain a long exact sequence in Ab. The
length of this sequence measures the failing of right-exactness of the section
functor I" (U, —).

3.1 Cech cohomology groups

There exist several different cohomology theories for sheaves on X. We first
investigate Cech cohomology. It starts with upen coverings of X and eventually
defines the cohomology groups as the inductive limit of such coverings.

Definition 3.1 (Cech cohomology classes with respect to an open covering).
Consider a topological space X, a presheaf .# of Abelian groups on X and an open
covering % = (Uj);er of X.

* For each g € N the g-th cochain group of .% with respect to % is the Abelian
group

cu, )= [] ZWU,n..nU,), (%, F):=0.

(ig---ig)€ldt!

Hence a g-cochain is a family
f= (fl'ouiq)io‘..iqe[‘i*l

of sections f;, i, € .7 (U, N...NU;,) over the g+ 1-fold intersections
U; = Uioﬂ...ﬂU,-q

00eig

of the open sets of the covering. The group structure on C?(% , %) derives from
the group structure of the factors.

* For each g € N the coboundary operator
8 CUU ,F) — CT (U ,.F)
is defined for f € C1(% ,.F) as
0lf :=g:= (<S’z'()...t'q+1)(io...iqﬂ)em+z

with the cross sum of restrictions
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q+1 .
gi0~"iq+l = Z (_]> ’ -fio...fkik+] ...iq+1 |Ui0~~~ik~“iq+l
k=0
Here i, means to omit the index iy.
* For each g € N one defines the group of g-cocycles
29U, F) = ker[CU(U , T) 2 TV (w0, 7)),
the group of g-coboundaries
—1
BU U, F) = imlct N (u, 7)) 2 clw, 7)),

and after checking the chain condition, see Remark 3.2,

8708771 =0
the g-th cohomology group
Z9U ,F)
HU U ,F) = ————=
- 7) = jw. 7)

Elements from HY(% ,.7) are named g-th Cech cohomology classes of .F with
respect to the covering % . Two cocycles from Z9(% ,%) with determine the
same cohomology class in H4(% ,.#) are named cohomologous.

Remark 3.2 (Cohomology).

1. Cocycle relation: The meaning of cocycles of dimension ¢ = 0,1 can be stated
explicitly as follows:

s g=0: A family (f;); € C%(%,.F) is a O-cocycle iff for all i, j € I
fi—fi=0onU;NUj,
i.e. if the cochain satisfies on the intersections
Uij:=U;NU;

the cocycle condition
fi=fi

If 7 is a sheaf, then O-cocyles correspond bijectively to global sections f € .#(X),
because by definition
BY%,F)=0

and because the two sheaf axioms imply that the canonical map
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3 Sheaf cohomology
<g\(X) %ZO(%WQ\) :HO(%V%\)? f'_> (fl = f|Ui)iEl7

is an isomorphism.

e g=1: Afamily (f;;);; € C'(%,F) is a l-cocycle iff for all i, j,k €
0=fix—futJij
i.e. the cochain satisfies on the 3-fold intersections
Uijk =U;NU;NU;
the cocycle condition
Jik = Jij+ fik-

Iteration of the coboundary operator: One checks that the composition of the
coboundary operator from Definition 3.1 satisfies for each g € N the chain con-

dition
890871 =0

)

i.e. cochains and coboundary form a complex of Abelian groups. For the proof
one uses that the sum in the definition of the coboundary operator is an alternating
sum. For example for g = 1:

A, 7) L N, 7)) S A, 7

satisfies
8%((fidier) = (81 := fi = fidijer € C1(% ,F)
and
8" ((ij)ijer) = ((hije = gju — gix + &ij)ijker) € C (U, F).

As a consequence

hije = (fe— fj) — (fi = fi) + (fi = fi) = 0.
Hence

B\ (%, 7)cz\(u,F)

and the first cohomology group is well-defined as
Nw ,.F)

Hl(%,y) I:W

Cocycles and coboundaries are a suitable language to express the Cousin prob-

lems from Definition 2.29.

Proposition 3.3 (The Cousin problems formulated with Cech cohomology).
Consider a complex manifold X and an open covering % = (U;)icr of X.
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1. An additive Cousin distribution with respect to % is a 0-cochain with values in
the sheaf H#
c:=(h)ie1 € COU , M)

It provides a 1-cocycle with values in the sheaf O
Ac:= (hij=hj—h)i; € ZN%,0)
The Cousin distribution c has a solution iff Ac is even a coboundary, i.e. iff
AceB (%,0)or [Ac]=0c H (%, 0).

2. A multiplicative Cousin distribution with respect to % is a 0-cochain with values
in the sheaf H#*
C .= (/’l,’),’g S CO(%,.//*)

It provides a 1-cocycle with values in the multiplicative sheaf O*

h4
Ac:= <h’> ez w,0")
1 ij

The Cousin distribution c has a solution iff Ac is even a coboundary, i.e. iff
Ace B % ,0%) or [Ac] =0 H (% ,07).
Proof. 1. The cochain
Ac = (/’l,’j),’j € Cl (%, ﬁ)
is a 1-cocycle:
]’l,’j—l-]’ljk = (h] —I’li) +(hk—hj) =hy—h; = hy
Assume that
AceZ (% ,0)
is even a coboundary, i.e.
Ac=8eB (%,0)
with a suitable
8= (gi)i € CO(%vﬁ)a
then on each U;;
hij=hj—hi = (88)ij =g;— 8
ie.
hj—gj=hi—gi

Hence

h:= (hl _gi)iel S ZO(%,//) = %(X)
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is a solution of the additive Cousin distribution. Reverting the argument proves
the opposite direction of the claim.

2. Analogous to the first part. 0O

The question whether a given Cousin distribution has a solution translates into the
question: Is the 1-cocycle from the Cousin distribution a coboundary? Hence the
solvability of a Cousin distribution is equivalent to the vanishing of the induced
cohomology class

[Ac] € H' (% ,0) resp. [Ac] e H (% , 07).

The cohomological formulation of the Cousin problems provides an example that
the first cohomology group
H' (%, 7)

collects the obstructions against glueing local solutions of a problem to a global
solution of the problem. Proposition 3.21 will show that on a smooth manifold all
obstructions with values in the smooth structure sheaf or in the sheaf of smooth
differential forms vanish. An analoguous result does not hold in the category of
holomorphic functions on an arbitrary complex manifold. Hence it is an important
result to prove the vanishing theorems on Stein manifolds in Chapter 6.

Our next aim is to remove the dependency of the cohomology on a given open
covering of the complex manifold X. We show how to abstract from the covering to
obtain a cohomology theory which only depends on X and on the sheaf .%.

Definition 3.4 (Refinement). Consider a topological space X and two open cover-
ings of X
U = (Ui)iel and V' = (Va>aeA

The covering 7 is a refinement of the covering %, notation
V<u,
if there exists a map, named refinement map,
7:A— Isuchthatforalla € A: Vg CUgq).
The refinement map attaches to each open subset V of the finer covering an open

subset U of the coarser covering with V C U. In general, the refinement map of
a refinement ¥ < % is not uniquely determined. But any two refinement maps
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induce homotopic maps between the cochain groups with respect to the coverings #
and 7% . And due to the homotopy both maps induce the same map in cohomology.

Proposition 3.5 (Chain homotopy). Consider a topological space X and a presheaf %
on X. For each pair of refinements

U = Ui)ie1 <V = (Va)aca

the refinement map
T:A—=1

induces a map
tf =) H (U, F)—H(V,F)

as a family of morphisms
t9:HI (U, F)— HI(V,F), g N.
These morphisms are independent from the choice of T.

Proof. 1) Construction of the morphisms: For each ¢ € N the refinement map T
defines a restriction on the level of cochains, namely the group morphism

9 ClN U, F) = CIUV,F), E= (‘gio...iq) s t(E) = (T]oco...ocq)7
with
nOto...ocq = éf(%)_._r(aq) |V0to n...N Vaq

The group morphism is compatible with the coboundary operator, i.e. the following
diagram commutes

C%,7F) cu v, 7
q+l(%’ ) q+1

Hence the morphism induces a group morphism on the level of cocycles
t1: 29U, F) = 24V, F),

on the level of coboundaries
t9:BY U ,F)— BI(V,F),

and on the level of cohomology

1 HY U, F) — HI(V, F).
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ii) Chain homotopy: Assume two refinement maps
TiA—= 1, j=1,2,

and denote by ¢;, j = 1,2, the induced families of restriction maps. We construct a
family of group morphisms

hHYN %, F) — HI(YV ,.F), g €N,

as homotopies between the family #; and the family #,, i.e. such that with respect to
the following diagram - add the correponding upper indices of the morphisms -

Ct YU, F) Y CUU,F) _5, Ccr Y (U, F)
{z/// 1\ //’iz/
- Vg 6 4 g 6 +1
Ci— (v, F) CI(V,F) CIv (v, F)
holds
t1—tp=80h?+hit108.
Define
W CU U F) — CTN Y, F), frsh(f),
with
q—1 '
(hqf)ao...ocq,] ::l;) (=1 'frl(ao)...n (ak)rz(ak)...rz(ocq_l)w
for

V=V ﬂ...ﬂVa{Fl C (UTI(O(()) N NUg ) NUgy(a) ﬁ...ﬂUTz(aqin),

and check
f —ty = 8o h? 4 hat! 08:CUU,F)— CIYV ,.F).

As a consequence, for a cocycle f € Z9(% , F)
n(f) —n(f) = 8(h(f)) +h"1(8(f)) = 8(h(f)) € BI(V, F)

or

1 (] = [(N)] =0 HU(V,F).

Proposition 3.6 (Injectivity of the refinement). Consider a topological space X
and a sheaf F on X. Each refinement of two open coverings
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V<U
induces an injection on the level of the first cohomology
H%,7)—=H'(V,7).

The refinement map is not necessarily injective in higher dimensions. Moreover,
in general the claim does not hold for a presheaf.

Proof. 1) Refinement: For % = (U;)ic; and ¥ = (Vi) qea the refinement map
7:A— I withVy C U
defines on the level of cochains the restriction
0:CH U, F) = CH(V . F), (&) = (Nap)
with
Nap = Er(aye(p)|Vaps Vap = VaNVp.
The map is also a restriction on the level of cocycles
t:ZNU,F) = 72NV, F).
ii) Injectivity: Consider a cocycle

§=(&j) ez (u,7)
and assume that
1(§) = (Nap) €Z'(V,.F)
splits as a coboundary
(Map) = 8((8a)) With (ga) € CO(V,.7).
We have to construct a cochain

f=(f) eC(% . F)with& =5f:

Consider an arbitrary but fixed index k € I. Using the sheaf axioms for % we con-
struct a section f; € . (Uy) by gluing local sections on open subsets of Uy: Consider
the open covering of U induced by #

uny
and the corresponding cochain

(gO!|UkaO!) € CO(Ukﬂ“I/,ﬂ),
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see Figure 3.1.

Fig. 3.1 Covering a given Uy by ¥, dashed Uy NV,

On U; N (Ve NVg) holds

ga— 88 = Npa = Se(B)r(a) = Se(pk + Skr(a) = Ee(Byk — Erak
Hence for all o, € A
8o+ &k = 8p + Eepik
The second sheaf axiom for .# provides the section
fi:= (8a+Ex(a) € F (Ur)
Then for each o € A holds on (U; NU;) NVy
Sij = Sir(a) t Se(a)j = 8o = fi) + (fi —8a) = fi — fi

Hence the first sheaf axiom implies on U; NU;
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Sij=fi—fi

As a consequence
O

For a topological space X and a presheaf .% on X the family of all open coverings
of X and restriction maps

%

HY U, F) L HI(V ,F) for ¥V < U
is an inductive family: The identity
id: U — U
induces as refinement map the identity tZ// = id, and for refinements
W <V<U

holds
~ ) 17
tyotl =tl.

Moreover, for each pair of open coverings % = (U;); and ¥ = (Vy),, the covering
% ﬂ% = (Ul m‘/a)l‘7a

satisfies

(ZNY)< U and (UNYV)< V.

These properties of the refinement maps allow to define the inductive limit with
respect to all open coverings of a given manifold X.

Definition 3.7 (Cech cohomology as inductive limit). Consider a topological
space X and a presheaf .%# on X. With respect to the inductive family of all open
coverings of X and their refinement maps one defines for each ¢ € N the g-th coho-
mology group of X with values in .% as the inductive limit

H(X, F) = lim HY(% ,.7)
4

The cohomology from Definition 3.7, defined as inductive limit with respect to all
open coverings % of X, is named the Cech cohomology of X. The corresponding
cohomology groups are often written with the Cech accent like in 4 (X, %), but
we will not use this notation in the lecture notes. For cohomology based on
resolutions by flabby sheaves see [13, Chap. II, §4.3].
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Corollary 3.8 (Injection of the first cohomology). Consider a topological space X
and a sheaf F on X. For each open covering % of X the canonical map

H (% ,7)— H' (X, 7)
is injective.

Proof. The proof follows from Proposition 3.6 by explicit calculation, see [8, Satz 4].
O

3.2 The long exact cohomology sequence

Taking sections is a functor I'(U, —). Hence each morphism
f: 7 =%

induces at once a morphism of the cochain groups

CU U, F1) = CUU ,TF?)
Not so obvious is the fact that a short exact sequence of sheaf morphisms

0=>F 29> -0
induces connecting morphisms 8 = (&,) with
Oy HU U , ) — H™ %, F), €N,

which map the g-cohomology of the third sheaf .7 of the short exact sequence to

the (¢ + 1)-cohomology of the first sheaf ..

Proposition 3.9 (Long exact cohomology sequence for presheaf morphisms and
a fixed covering). Consider a topological space X and an open covering % of X.
Each short exact sequence of presheaf morphisms on X

oéyﬁgi%—w

induces a sequence of morphisms 8* = (8, )4en, named connecting morphisms,
& HUU )= H" (U ,F)

such that the following sequence, named long cohomology sequence, is exact

0— H %, )% o ,9) P oo, ) 2y
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& 8¢

X v w7 S B (. 9) P B ) s

& 5
e, ) S e ) B e ) 2

Proof. For each open set U C X the assumed exactness of the presheaf morphisms
implies the exact sequence

0= FU) % aw) P rw)—o

Generalizing the result to cochain groups provides the following commutative dia-
gram with exact rows for each g € N

B

0 CUU ,F) —— s CUU G ———> CUU , H) —— 0

5 5 5

aq+l Bqul

0 Cr\ (U, F) —— CTN(U,9) CtHY (U, #) —— 0

5 5 5

) Og+2 5 ﬁq+21 2

0 Cr( U, F) —— C12(U,G) —— CI2HU , ) —> 0

i) Definition of 6*: Define the map
* 1
& HUU, )= H" (U ,F)

by descending stairs backwards along the arrows highlighted in the above diagram
to increase level g to level g+ 1: Consider a given class § € HY(% , )
represented by the cocycle ¢ € Z9(% , ). The surjectivity of

By : CUU,9) — CU U, )
provides a cochain b € C(% ,¥) satisfying
By(b) =c
Because
0=35(c) = (80By)(b) = Byr1(5(b))
the exactness of the middle row provides a cochain a € C?*! (% ,.F) satisfying

0g+1(a) = 6(b)

Because

0g+2(8(a)) = (Ag+208)(a) = (80 @y11)(a) = (§06)(b) =0
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the injectivity of o4, implies 6(a) =0, i.e.

aeZ N w , F)
is a cocycle. Define now

8,(8):=la e H"" (%, 7)

One checks that the class [a] does not depend on the choices made during its
definition.

ii) Exactness at H1(% ,.7¢): We have to show the exactness of

. 9) 2 v, ) 2 g\, 7
* Claim ker 6; C im B;: Consider a given class
§E =€ HY(%, ) with §;(§) =0 € H Y (%, F).
We have to find a cocycle
n € Z4(% %) with B,([n]) = &.

Choose a representing cocycle

ceZUU ) with [c] = &.
By construction from part i) there exists a cochain

beCl (U ,9) with B,(b) =c¢
and a cocycle

a €z U, F) with a1 (a) = 8(b) € B4 (% ,9)
Then
5:(6)=a]=0 = 3d €CY%,F) with §(d') =a € B (% ,.7)
The vanishing
5(b—ay(a')) = 8(b) = (80 0y)(d') = 5(b) — tg41(a) =0

implies
b—oy(d)eZU%,9)).
Set
n:=[b—oy(d) € HI(%.9)
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Then
Bulb— (@) = By(b) — (Byo ) (@) = By (b) = c.
Hence

Po([n]) = &.

s Claim im fB; C ker 8, Consider a class & € HY(% , /) represented as
& =|[c]withc e z9(U,)
and assume the existence of a cocycle
beZ9(%,9) with B,(b) = c.
By construction exists
a €74 (U, F) with a,(a) = 5(b)

From

S(b)y=0eCc\ (%, 9)
follows due to the injectivity of ¢ 41 the vanishing
a=0ez (U, 7).
Hence
* — — +1
6,(8)=al=0eH" (U, 7).

iii) Exactness at H1(% ,%): We have to show the exactness of

HUw,F) % v, 9) P w0
* Claim ker B, C im a;: Consider a class
[b] € HI(% , %) with B,([b]) =0 € HY (%« ,5¢)
Then B,(b) € B1(% , ), i.e. there exists
e CT YU, ) with §(c') = B,(b)
The surjectivity of B, provides a cochain
b e CrT (U ,9) with B, () = ¢’

The commutativity
00By—1 =400
implies

By(b—3(5)) =0.
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The exactness at C?(% ,%) provides an element
a€Cl%,F) with ay(a) =b— (V)

Using the commutativity
Ogp100 =000y

and the injectivity of 0,11 shows 8(a) =0, hence a € Z4(% ,.#) and
ay(la]) = [b—8(6)] = (o]

* Claim im ot; C ker fB;: The claim follows from the cochain property f3, o &t; = 0.

iv) Exactness at H1(% ,.%): We have to show the exactness of

*

HI Y, 0) 25 g, 7) S v )
* Claim ker atg C im 8;_,: Consider a class [a] € HY(7% ,.#) with
oy ([a]) = [0y (a)] =0 € (% .9)
Then the cocycle a,(a) € Z9(% ,%) is a coboundary, i.e.
oy(a) = 0(b) € B U ,9)
for a suitable b € CI~! (% ,%). As a consequence
8(B,-1(6)) = (50B,-1)(b) = (B0 8)(b) = By(e) = (B0 ay)(a) =0,
which implies B,_1(b) € Z¢~' (% ,. ). By construction
la] = 8,1 ([B4-1(P)])

e Claimim 5(]*_1 C ker oy;: Consider a class

y—1(&) = la] € HI(U ,. ) witha € Z!(U , F)

satisfying
a,(a) = §(b) for a suitable b € C1~ (% ,4)
Then
oy([a]) = [y (a)] = [6(b)] =0 € HY (% ,¥)
O

Note that Proposition 3.9 and Corollary 3.10 speak about short exact presheaf se-
quences. Even when the presheaves are sheaves the result does not apply to short ex-
act sequences of sheaves, because a short exact sequence in the category of sheaves
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is not necessarily exact in the category of presheaves. Nevertheless, the similar The-
orem 3.12 holds for short exact sequences in the category of sheaves.

Corollary 3.10 (Long exact cohomology sequence for presheaf morphisms).
Each short exact sequence

0—-F =9 —H#—0

of presheaf morphisms on a topological space X induces a long exact cohomology

sequence
8*
0—HX,7) - H'(X,9) = H' (X, ) >

S H(X,F) > H' (X, 9) = H' (X,.2) 2 .

8 o
N HTPY(X, F) - HTPN (X, 9) — HIP (X, .00) 25 .

Proof. One applies the functor inductive limit to the long exact sequence from
Proposition 3.9. The functor is exact, see [1, Chap. 2, Ex. 19]. O

Lemma 3.11 uses the sheafification from Theorem 2.16 to prepare the proof that
on a complex manifold X the long exact cohomology sequence from Corollary 3.10
also originates from an exact sequence of sheaf morphisms - not only presheaf
morphisms.

Lemma 3.11 (Sheafification and cohomology). On a paracompact topological
space X a presheaf F and its shedfification % have the same cohomology, i.e.
the canonical map

%

F —
induces for all g € N isomorphisms
HY(X,F) = H1(X,.7).

Proof. See [25, Satz 33.7], the book uses the term “Garbendatum” which means
“presheaf™. The proof relies on the following properties:

 For a presheaf ¢ on a paracompact topological space X with sheafification 4=0
all cohomology groups vanish, i.e.

Hi(X,¥9)=0forallqg €N,
see [25, Satz 33.6].

» Sheafification is an exact functor on short exact sequences of presheaf mor-
phisms. O
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Theorem 3.12 (Long exact cohomology sequence for sheaf morphisms). Con-
sider a paracompact topological space X. Each short exact sequence of sheaf mor-
phisms on X

0—%?&%&%”%0

induces a long exact cohomology sequence
5*
0—-H'(X,7) S H' (X, 9) - H (X, ) 2

6* 3*
L H\(X,.7) > H' (X, 9) - H' (X, ) .

q+1

5 5
oo 5 HINX,F) — HITN (X, 9) — HTT (X, ) 2 .

Proof. We consider the quotient presheaf 2 on X
2(U) := coker [Z(U) 259U =4 (U) /oy (F(U)), U C X open,
with the induced restrictions, and obtain the short exact sequence of presheaves on X

0—-F 920

Corollary 3.10 provides the corresponding long exact cohomology sequence which
contains the cohomology groups H?(X,.2). We have

D=ur
and Lemma 3.11 concludes

HY(X,#)=HY(X,9)~H!(X,2),

which finishes the proof. 0O

3.3 Acyclic sheaves and applications

Acyclic sheaves have no higher cohomology groups. The abstract de Rham theorem
states: On a paracompompact topological space the cohomology of any sheaf .7
can be computed by using an acyclic resolution of .%, e.g., the canonical flabby
resolution of .%.

Definition 3.13 (Acyclic sheaf, flabby sheaf). Consider a topological space X.
1. A sheaf .# on X is acyclic if for all g > 1

HI(X,.7) =0.
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2. A sheaf % on X is flabby or flasque (deutsch: welk) if for each open set U C X
the canonical restriction

F(X) = FU), f— fU,

is surjective, i.e. if each section of .# over any open subset of X extends to all of
X.

Proposition 3.14 (Flabby sheaves are acyclic). Each flabby sheaf F on a topolo-
gial space X satisfies for each open covering % = (U;)icr of X and for all g > 1

HY(%,F)=0.
In particular F is acyclic.

Proof. Assume g > 1 and consider a cocycle

é = (éio---iq)(,-o

clatl € Zq(%vy)

o)

i) Splitting over small open sets: If i* € I and Y C U+ open, then & splits over Y:
Define
n-= (nio...iq,] )(io,....iq,l) € Cq_l (% myﬂgz)

as the family of sections
niOa“wiq—l = éi*io-~-iq71 |Y7
see Figure 3.2.

Fig.3.2 Y C U, dashed Y NU;

0--ig—1

Then
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6" 107 Z 1 10...5,1...1,,

The cocycle condition with repect to %

68Nty =Gty Y (DT E s

implies

hence
on =¢&Jy
ii) Maximal splittings due to Zorn’s lemma: Consider the set of local splittings
Split(&) == {(Y,n): Y C X open,n € C* (% NY,F) with 6n =E&|Y}
Due to part i) the set Split(&) is not empty. The set is partially ordered by
Y, <Y.n):= yYcYadn'|y =1.

For each totally ordered subset § C Split(€) consider the open set

=|J{¥ cXx: 3 ny with (Y,ny) € §}

The definition of the partial order and the second sheaf axiom provide a cochain
onY
fectYun?, F)

satisfying for all ¥ with (Y,ny) € §
Y =ny and 67|Y = 5(A|Y) = ony =&Y
The first sheaf axiom ensures
on=_&Jy,

which shows that § has the upper bound (¥, 7). Zorn’s lemma provides a maximal
element

(Z,n) € Split(&).

iii) Global splitting: We now apply the assumption that the sheaf .7 is flabby. We
give an indirect proof that a maximal element (Z,n) € Split(&) from part ii)
provides a splitting of & on X.

If Z # X then exists an index iy € I with U, ¢ Z. Set

Y :=ZUU;,
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Part i) provides a cochain a € C7~1 (% NU;,, F) satisfying

da=¢&|Uj,

As a consequence on (ZNUj,) C Uj, holds §(n —a) = 0. We now consider the
cocyle
n—acziN%n(ZnU,), 7).

* Case g > 2: The cocycle
n—aczi % n(zZnU,),F)

does not extend to the cover
wny

of Y’ as a cocycle, because extending sections does not necessarily preserve the
cocycle condition. Therefore we extend a suitable cochain
from C12(% N (ZNU;,), F).

Part i) provides an element b € C92(% N (ZNUj,), F) satisfying
db=n-a

Because (U;, N Z) C Uj, the flabbyness of .7 allows to extend b to an element

b€ CT (U NU;,, F) with b|(U;, NZ) = b
We define an element ' € C4~1 (% NY',.7) as

| onZzZ
T =Yarop on Uj,

It satisfies
n'|Z =1 and 60’ = £|Y’ because 8(n’'|U;,) = 8a|U, = &|U;,
e Case g = 1: By assumption
n-acZ’(% N (ZNU,),F)=F(ZNU;,)
The flabbyness of .# extends the section 11 — a to a section
be Z(U,) withb|(ZNU;)) =N —a

Using
beZ’(w NU,, F) c (U nU;,.F)

we define the cochain ' € C! (% NY',.F) as
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0= n onZ
' a+b onU;
obtaining
n'|Z =1 and 60’ = £|Y' because 8(a+b)|ZNU;, = 6n|ZNU;, = &|ZNU;,
In both cases we obtain a proper extension (Y’, 1) satisfying
Y',n')>(Zmn)butY' D7, Y #2,

a contradiction to the maximality of (Z,n). O

Theorem 3.15 (Canonical flabby resolution). Each sheaf % on a topological
space X has a canonical resolution by flabby sheaves

0=F W'yl .

Proof. We construct the resolution from left step by step by induction.
i) Induction start #: Set
WO =w(F),

the sheaf from the proof of Theorem 2.16. The sheaf w(.%) is flabby because each
section sy € w(.%)(U) extends by zero to a global section s € w(.%#)(X). The maps

T = W(ﬁ), ¢ = (¢X)XEU7 UckxX open,

define a morphism of sheaves .# — w(.% ) which is injective. Hence the sequence
of sheaf morphisms
0—F —w°

is exact.

ii) Induction step k — k+ 1: Assume an exact sequence of lenght k of sheaf
morphisms with flabby sheaves #, i =0, ...,k

0.7 W0 — . okt By ok

The sheaf
coker oy_1,

the sheafification of the corresponding presheaf according to Theorem 2.16, fits
into the canonical exact sequence of sheaf morphisms

1 O—1 by
w1 22 ok 28 coker a1 — 0

Set
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WL = w(coker oy_1)

and consider the canonical injection, a sheaf morphism,
P k+1
Ji:coker o1 — W

Then the sequence
k=1 Bl ok OEZIOM okt ]

is exact and extends the assumed exact sequence of flabby sheaves. O

Proposition 3.16 (Abstract de Rahm theorem). Consider a paracompact space X
and assume that the sheaf % on X has a resolution by acyclic sheaves 4/, j € N,

0—F >4 g — .

Then the cohomology of F can be computed as

ker [99(X) — 4911 (X)]

HY (X, F) ~ im [99-1(X) — 94(X)]

,q€N.

Here 9~!:=0.
Proof. 1) Case q = 0: The resolution implies
F ~ker [9° — 4]
The left exactness of the functor I'(X, —) with
I'X,9):=9(X)
for a sheaf & on X ensures the exactness of
0—Z(X)—=9°X)—9'(X)

which implies
H(X,.7) =.F(X) ~ ker [9°(X) = 41 (X)]

and proves the case ¢ = 0.

ii) Case g > 1: The idea of the proof is to split the long exact sequence of sheaf
morphisms from the resolution into a family of short exact sequences. For each
short exact sequence one considers the long exact cohomology sequence, and takes
into account that the sheaves ¢" are acyclic. For n € N set

A" =ker [9" — %"H]

and consider the canonical short exact sequence of sheaf morphisms
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0— A" —9" — 7" 50,

Theorem 3.12 provides for each g > 1 the following section of its long exact
sequence

0=HIYX,9") — HI(X,#") RN (X, ™) — HIT (X, 9") = 0.
Hence the connection morphisms are isomorphisms
& HIX, ™) ~ HIY (X, ™),
which implies successively for g > 1
HIX,7)=H!X, %) ~H" (X, ") ~H" (X, #97"),

and for
0= g™t 5 7150

the exact sequence
0 g—1 0 g\ S g1 g—1 _ gl g—1
H' (X, 9" )->H X, *?) —-H X, #97")>0=H (X,97")
The last exact sequence implies

HO(X, %)

1 q—1\ ~
X, 20~ [HO(X,949=1) — HO(X, ¢'9)]

Inserting the result into the second last isomorphy implies

7 HOX, %) _ ker [99(X) 5 977 (X)]
HI(X, F)~ — [HOX, 94 1) = HOX, #9)]  im |99 1 (X) — 94(X)]

Here we use the apparent equalities
H(X, . #) = ker [H*(X,97) — H(X, %™ )]

nd
) im [9971(X) = X)) = im [971(X) = 99(X)]

Corollary 3.17 (Cohomology via flabby resolutions). Consider a paracompact
topological space X and a sheaf % on X. Each resolution of F by flabby sheaves

0=F W'yl .

induces for each q € N an isomophism
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ker [W4(X) = W (X))
% X)) = #AX)]

S HIX,Z), W =o0.

Proof. The proof follows from Proposition 3.16, because flabby sheaves are acyclic
due to Proposition 3.14. O

Lemma 3.18 (Navigation in a double complex). Consider a double complex of
morphisms of Abelian groups

0 0 0
0 Chi Cir Cii
0—> C? COO COl COZ -
0 CI] ol cll cl2—, .
0 C12 —> (20 c2! c2—

Assume: With the possible exception of the first column and the first row all other
columns and rows are exact . Then the cohomology of the first column is isomorphic
to the cohomology of the first row, i.e. for all g € N

ker [C] — ] . ker [c4 — it

H = — L 1 _~pgi.—
im [CT" — ] im [C4 ' — ¢4

7 -

Proof. All squares of a double complex are commutative. The proof of the lemma is
by stair climbing from the first column to the first row. The above diagram highlights
the path on the level of cocycles to define the morphism

q q
H; — Hy,

for g = 2, and also to define its inverse. [0
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Next we deal with the question: Which condition has a pair (%,.%) of an open
covering 7 of a topological space X and a sheaf .# on X to satisfy in order that
the cohomology with respect to that single covering already gives the cohomology
of # onX, ie.

H (% ,%)~H*(X,%)

A covering which satisfies this condition is named a Leray covering with respect
to Z.

Theorem 3.19 (Leray’s theorem). Consider a metrizable topological space X with
an open covering % = (U;)iecr and a sheaf F on X. Assume: On each intersection
U.ip = Uy N..NUi,, g EN, i, .yig € 1971

0---iq q°

the restricted sheaf
FUi..i,

is acyclic. Then for all g € N the canonical maps
HY(%,%#)— HI(X,7)
are isomorphisms.

Theorem 3.19 makes the assumption that X is metrizable. The assumption ensures
that the open sets of the covering % and their finite intersections are also metrizable
and therefore paracompact. Note: In general, paracompactness is not inherited by
open subspaces. The assumption of metrizability is satisfied in the context of com-
plex analysis, because each complex manifold is a regular space and has to satisfy
the axiom of second countability, see also Remark 2.3.

Proof. 1) Construction of a double complex: Theorem 3.15 provides a flabby reso-
lution of %
0= F s#' syl ..

The corresponding morphisms extend to a double complex of global sections and
cochain groups: The horizontal maps derive from the morphisms of the flabby reso-
lution, the vertical maps are the coboundary maps.
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0 0

0 #O(X) w(X)
0 (%, F) co(w, w0 o uW — ..
0 c\(%,7) clw, w0 clwu, vy —, ..

Because all sheaves #/, j € N, are flabby, Proposition 3.14 ensures that with
the possible exception of the first column all other columns are exact, while the first
column with the cochain groups of .% is a complex.

i) Exactness of the rows with index > 2: For given g € N and index
tuple (io, ...,iq) € 1971 consider the intersection of the covering sets

U :=UpyN...NUgsy

The open set U, is metrizable because X is assumed to be metrizable. In
particular U, is paracompact. The restriction of the original resolution to U,

0— Z|U, =7, —#'U, — ...

is a flabby resolution of the restricted sheaf .%|U,. Proposition 3.16 implies

forjeN

. ker [#1(U) — #7T1(U

i) 0 = W)
im (W= (U,) — 7 (Uy)]

Due to the acyclicity of .7 |U; holds for each j > 1

=0

HI(U,Z)=0
Hence the sequence
0= .ZU) -7 U)—=7'U)— ..

is exact. Varying g € N and the tuple (i, ..., i) € 1971 implies the exactness of the
complex of cochain groups of the corresponding row
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0—CUU,F)—=CU U W)l U W) — ...

iii) Navigation in the double complex: Corollary 3.17 provides for each ¢ € N an
isomorphism

ker [#1(X) — W (X))

T im [N (X) = W a(X)]

Lemma 3.18 applies to the double complex from part i) and provides isomorphisms

= HIX,.F)

ker [#9(X) — #9T(X)]
im W1 1(X) = #X)]

0, HI(U , F) = , g €N,

such that the following diagram commutes

HUU ,.F) Pa HI(X,F)

.

ker [#/9(X) — W+ (X)]
im [V (X) — #4(X))

&y

Because oy, and ¢, are isomorphisms, also p, is an isomorphism. O

Theorem 3.20 shows that on a smooth manifold X the cohomology of its
structure sheaf & does not provide any additional information about X. That’s
quite different for the structure sheaf ¢ on a complex manifold X. It is well-
known that for a compact Riemannian surface X, a 1-dimensional compact com-
plex manifold, the dimension of the vector space H' (X, €') equals the genus of X. It
vanishes only for the complex projective space P!. A main theorem of Stein theory
implies H4(X,0) =0, g > 1, for all Stein manifolds X, see Theorem 6.23.

The importance of the smooth structure sheaf & for a complex manifolds X lies
in the fact that & and the sheaves of smooth differential forms on X provide acyclic
resolutions for & and the sheaves of holomorphic differential forms on X.

Theorem 3.20 (Acyclicity of the smooth structure sheaf). The structure sheaf &
of a smooth manifold (X, &) is acyclic with respect to each open covering

U = (Ui)ier

of X, i.e.
HY (U ,&)=0,qg> 1.

As a consequence
H1(X,£)=0,q>1.
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Proof. 1) Partition of unity: Because X is paracompact there exists a partition of
unity (1;);es subordinate to %, i.e. the family of smooth functions

ne&X), iel,

satisfies

* Range: Foreachicl
T’,(X) C [0, 1] CcR

e Adaptedto % suppn; CCU;, i €1

* Locally finite: The family (supp 1;)ies is locally finite, i. each point of X has a
neighbourhood that intersects supp 1; for only finitely many indies i € I.

o Splitting the identity:

Zni =1

icl
The sum is well-defined because the family (supp 1;)ic; of supports is locally
finite.

ii) Cocycles are coboundaries: Consider a given cocycle
§ = Gig.iy) €Z1(% &)

Set
Uig...iyy == Ui N...NU;

q—1

with last index i, 1. For each i € I the function
i+ Giig...iy 1 € E(UiNUjy iy )
extends by zero to a smooth function on Uio---iqu see Figure 3.3. Here one uses

supp n; CC U;.
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Fig. 3.3 Extending a section from U; N Uio,._iq_1 to Uio---iq-1 after shrinking

Varying i € I provides a covering of U, ; 1 The extended functions define
the ¢ — 1-cochain

¢= (Cio,...,iq_l)(io,...,iq_l)elq € Cq_l(az/’g)
with

gio,...,iq_l = Zﬂi : ‘ﬁiio...iq_l

icl
Note that the last sum is well-defined.

Claim: 6¢ = &. Compute

(5§)io...iq = i(_l)k'cio..fk...iq = i(—l)k' (Zni'éiio...fkiq> =
k=0 k=0

icl

iel k=0

_ Zn" . (i (—1)k. giio...fk.,.iq)

The cocycle condition §& = 0 implies
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q

0=C&ii,— Y, (_l)kgiio,,,?k,,.iq
k=0
Hence
(80)ieiy = XM+ Gig.ig) = iy Y M0 = iy
iel iel
O

Proposition 3.21 (Sheaf of smooth differential forms). On a smooth manifold X
the sheaves &P of smooth (p,q)-forms are acyclic with respect to each open
covering U of X.

The proof is analogous to the proof of Theorem 3.20.

The most prominent link between a complex manifold and its underlying smooth
structure is Dolbeault’s theorem, Theorem 3.22.
Theorem 3.22 (Dolbeault’s theorem). On a complex manifold X for all indices p,q € N

d//
ker [£P9(X) L5 gpatl(x
HI(X,QP) = er [E7(X) (X)]

im [£pa=1(x) L gpa(x)]

Proof. The sheaves &P9 are acyclic due to Proposition 3.21. Dolbeault’s lemma,
Theorem 1.27, implies: For each p € N the sequence of sheaf morphisms

0 0 d// 1 d/l d// .
0—- Q7" 5 &P — &P — L —= EP" =0, ni=dim X,

is exact. Hence the claim follows from the abstract de Rahm theorem, Proposition 3.16.
O

Corollary 3.23 (Acyclicity of the sheaf of holomorphic differential forms on a
polydisc). The structure sheaf O and all sheaves QP on an open polydisc A C C"
are acyclic.

Proof. The Corollary follows from Dolbeault’s lemma, Theorem 1.27, and Dol-
beault’s Theorem 3.22. O

Corollary 3.24 (Solution of the Cousin problems). Consider a complex manifold X.

L If
H'(X,0)=0

then each additive Cousin problem on X is solvable.
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2. If
H'(X,0)=0and H*(X,Z) =0

then each multiplicative Cousin problem on X is solvable.

3. On the polydisc A C C" each additive and each multiplicative Cousin problem is
solvable.

Note that the solvability of the multiplicative Cousin problem considers both a
condition on the complex cohomology and also a condition on the topological
cohomology.

Proof. 1. Due to Definition 2.29: An additive Cousin distribution
c:= (hi)ier

with respect to an open covering % = (U;);cs is a cochain h € CO(% ,.# ). By
assumption its coboundary is holomorphic, i.e.

ShezZ (% ,0).

The canonical map
HY(%,0)— H'\(X,0)

is injective due to Proposition 3.6. Hence
H'(X,0)=0 —= HY(%,0)=0
Proposition 3.3 implies that the Cousin distribution c is solvable.
2. The exponential sequence on X, see Proposition 2.24,
05Z— 0 0"=0

provides the following segment of the long exact cohomology sequence

H'(X,0) % H' (X, 0%) A, H*(X,7Z)
If the two cohomology groups at the left and right end vanish then
H'(X,0%)=0.
Analogous to part 1) Proposition 3.6 implies for each open covering % of X
HY (% ,0%)=0.

Proposition 3.3 implies that each multiplicative Cousin distribution on X is solv-
able.
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3. Corollary 3.23 states
H'(A,0)=0

Because A is contractible also H*>(A,Z) = 0. Hence the claim follows from
part 1) and 2). O

Corollary 3.24 gives a second proof for the solvability of the Cousin problems in
polydiscs. Recall that Theorem 2.37 gave a first proof.

Applying cohomology theory to the exponential sequence provides a logarithm
on simply connected domains X C C". Hence Corollary 3.25 provides a second
proof for this result, independent from covering theory.

Corollary 3.25 (Existence of a logarithm). Consider a complex manifold X with
H'(X,Z)=0.
Then each holomorphic function f € 0*(X) has a holomorphic logarithm, i.e. there
exists g € O(X) satisfying
eZﬂi'g — f
Proof. The exponential sequence on X

05720500

provides the following segment of the long exact cohomology sequence

5*
H'(X,0) % HO(X,0") =5 H' (X, Z)
The vanishing H'(X,Z) = 0 implies the surjectivity of

H'(x,0) % H(X, 0%)

Remark 3.26 (Cohomology theory). Consider a topologcial space X.

1. A cohomology theory for sheaves of Abelian groups on X is a family of covariant

functors
(HY(X,—))gen : Shy — Ab

which satisfies the following axioms:
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» Connecting morphisms: For each short exact sequence of sheaf morphisms
on X
0-F 29— —0

exists a family 6 = (6;) en of morphisms
8 HI(X, ) — HT"\(X,.F)

such that the induced long cohomology sequence - analogous to Theorem 3.12
- is exact and functorial with respect to morphisms between short exact se-
quences of sheaf morphisms.

* Normalization: For each sheaf .# on X there is a canonical isomorphism of
global sections
H'(X,7) S T(X,7):=FX)

 Acyclicity: For a flabby sheaf .% on X
HIX,#)=0,qg>1.

2. A cohomology theory for sheaves of Abelian groups on X is uniquely determined
up to canonical isomorphisms, see [25, Satz 19.3].

3. For each sheaf .# of Abelian groups on X the canonical flabby resolution from
Theorem 3.15
0—=ZF W

provides a cohomology theory for sheaves of Abelian groups on X by defining
forge N
ker [W9(X) — w1 (X
o, 7 K 1) ()
im (W1 1(X) = #1X)]

L =0,

see [13, Chap. I, §4].

4. For paracompact X also Cech cohomology from Definition 3.7 is a cohomology
theory.



Chapter 4
Local theory and the coherence of sheaves

The chapter introduces the concept of coherent modules over the structure sheaf &
of a complex manifold. Coherence allows to extend results from the local analytic
geometry of a given stalk to all stalks in a neighbourhood. Insofar, coherence
sheafifies the local theory from commutative algebra.

A good source for the present chapter is [15], see also [9].

4.1 The ring of convergent power series

The present section deals with some results from local analytic geometry and
commutative algebra which are needed for the global theory of coherent sheaves.

We investigate the ring
R, :=C{z1,....20}

of convergent power series in n complex variables

flz) = Z e, cr€C, z=1(z1,....20) €C"
IeN"

The ring R, contains as a proper subring the ring R, of convergent power series
in the first (n — 1) variables. Halfway within between

Rnfl — Rn

is located the ring R,,_1[z,] of polynomials in the last variable z,, with coefficients
the convergent power series in the first (n — 1) variables. The latter ring R, [z,] is
a hybrid between polynomials and convergent power series. This property, when
formalized by the concept of a Weierstrass polynomial, makes R,,_1|z,] ideally
suited for use in proofs by induction.

113
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The ring R, is a local ring: The maximal ideal m C R, is the ideal of all non-units
m:=<2zy,....2n > CR,

Units f € R, are all convergent power series with £(0,...,0) # 0. Hence the residue
field is
R,/m=C

The ring R, is an integral domain as a consequence of the identiy theorem,
analogous to Corollary 1.11.

In the 1-dimensional case the ring of convergent power series
Ry =C{z}

is a principal ideal domain: Each non-zero ideal a C R; is generated by a well
defined monomial z¥, k € N. Because each f € Ry, f # 0, has a unique
representation
fz) = Zaj~zj =ZF. ) ajir-7’
Jj=k JjeN
with a; # 0. The number k € N is the order of the zero of f in 0 € C.

The situation is different for n > 2: A non-zero ideal a C R, is not necessary a
principal ideal. And a non-zero principal ideal a C R, is not neessarily generated
by monomials.

First we investigate the question about the generators of non-zero principal ideals
in R,, n > 2.1It’s good practice in complex analysis to visualize an ideal by its zero
set. Hence we take a geometric view point and ask for the zero set of a
holomorphic function, or more precisely: For the zero set of the germ of a
holomorphic function. It turns out that the zero set has an algebraic character. This
property is brought out by the concept of a Weierstrass polynomial and its role in
the Weierstrass theorems, Corollary 4.7 and Theorem 4.9.

Definition 4.1 (Power series distinguished in z, and Weierstrass polynomial).

1. A power series f € R, is distinguished in z,, of order k € N* if its restriction has
the form
£(0,...,0,2,) = Y cn-2) € Clza] with ¢,(0,...,0) #0,

v=k

i.e if the restriction f(0,...,0,—) € R; has a zero of order k in 0 € C.
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2. A polynomial f € R,_[z,] is a Weierstrass polynomial in z,, of degree k € N if

k
f(Zla'“aZn) = Za]'(zla"-aznfl) ’Zil GRnfl[Zn}
=

with coefficients a; € R, satisfying

a;j(0,..,0)=0, j=0,....k— 1, while 4(0,...,0) =1 € C.

Hence a power series f € R, is distinguished in z,, of order k if the restriction

£(0,...,0,2,)

has in 0 € C a zero of order k. The identity theorem from complex analysis of one
variable implies that f € R, is distinguished in z, for a suitable order £ € N if and
only if the restriction f(0,...,0,—) € R; is not zero.

Each Weierstrass polynomial f € R, of degree k is a monic polynomial
distinguished in z,, of degree k. All coefficients

aj €R,_1, j=0,....,k—1,

are convergent power series of the variables (z1,...,z,1) € C"~! and vanish at the
origin of C"~!. The polynomial character in z, with coefficients from R, makes
a Weierstrass polynomial a suitable tool to prove results about R, by induction

on n: As a first result Corollary 4.7 shows that a power series from R,,, which is
distinguished in z,, of degree k, agrees up to a unit from R, with a Weierstrass
polynomial from R,,_[z,] with the same degree.

Figure 4.1 shows the zeros of a Weierstrass polynomial of degree k as branches
over the variables (z1,...,z,—1) varying in a neighbourhood of 0 € C"1. The zeros
form a branched covering over an open set in C"~!.
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\\

-

L]
(zm-—-)znm) e

Fig. 4.1 Zero set of a Weierstrass polynomial

A counter example against being distinguished in one of the variables is the
element
flznm) =212 €R,

It satisfies f # 0, but it is neither distinguished in z; not in z;. Lemma 4.2 shows
how this shortage can easily be cured by a linear coordinate transformation.

Lemma 4.2 (Linear coordinate transformation). For each finite set of non-zero
power series

fla"'vfr ERy,

exists a linear isomorphism
¢:.C"—C"

such that for each j =1, ..., r the transformed power series
fj o ¢ ER,
is distinguished in z,, with a degree kj > 1.

Proof. First, choose an open neighbourhood U C C" of 0 € C" and apointa € U \ {0}
satisfying the following property: For each j = 1,...,7 the power series f; defines a
holomorphic function in U and f;(a) # 0. Secondly, choose a linear isomophism
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p:C"—=C"

which maps the z,-axis to the line passing through a and the origin. O

The main input from complex analysis for the local theory is the Cauchy formula
in the form of the Laurent splitting in annuli, depending on holomorphic parameters,
see Theorem 4.3.

Theorem 4.3 (Laurent splitting in annuli). Consider a domain U C C"~! with 0 € U,
two radii 0 < r < R < oo, and a holomorphic function

f:Ux(AR)\A(r) = C, (t,2) — f(t,2).
defined on an annulus with respect to the coordinate z,.
1. There exist two uniquely determined holomorphic functions
fil:UxAR)—Cand f, :U x (C\A(r)) = C
with the following properties:
s OnU x (A(R)\ A(r)) the function f splits additively as
f=h+h
* Foreacht € U holds

lim f>(t,2,) =0

Ip—ro°

2. For each t € U and for each p with r < p < R both functions are defined by the
same Cauchy kernel: For |z,| < p

1 f(t,8)
fl(taZn)_%'/C‘:p C_Zn dCy
and for |z,| > p 0
1 f(t,
foltzn) = Tm‘/m:,, e

3. The functions fi and f> have the convergent power series

oo

filt,z) =Y, ev(t) -z, |zl <R, and fo(t,22) = Y ey (1) -2, |aal > 1,
v=0 v=I

with coefficents ¢y (t),v € Z, t € U, obtained for arbitrary p > Q0 withr < p <R
as

L ft,0)
cv(1) /‘ d

~ 2w Jig—p O
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Proof. For fixed t € U the proof uses from complex analysis of a single variable
the unique Laurent representation by the Cauchy formula for holomorphic func-
tions defined in an annulus, see [32, Chap. 3]. To prove the uniqueness: Assume an
analogous second pair f] and f} with

f=A+h
Then on U x (A(R) \ A(r)) holds
h=fi==(— 1)

Hence the pair
(fi—fi, (2~ 1))

defines a function 4 on U x C satisfying for each t € U

lim A(t,z,) =0

Ip—roo

The maximum principle for one complex variable implies that for each t € U the
holomorphic function A(t, —) vanishes. Hence h =0 and f; = f},j = 1,2.

Because the integrand of the Cauchy integral from Theorem 4.3 depends holo-
morphically on the parameter ¢ € U, both functions f; and f, are holomophic. O

Remark 4.4 (Counting zeros). Consider two radii 0 < » < R and a holomorphic func-
tion of one variable
f:AR)—C

without zeros in the annulus A(R) \ A(r). Then the number k of zeros of f can be
computed for any p > 0 with » < p < R by the integral formula

1 7€)
k=—- —=dC.
i Jao 70
For the proof see [32, Chap. 6].

We use the equality from Remark 4.4 to define the global order for holomorphic
functions of several complex variables which are defined in an annulus.

Definition 4.5 (Order with respect to z,). Consider a domain U C C"!, two
radii 0 < r < R and a holomorphic function

F:UxAG)—=C

without zeros in U x (A(R)\ A(r)). The number
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d
i gpod )
T | Feowg e Pk

[Cl=p

is named the order of f in U X A(R) with respect to z,,.

For each t € U the value of the integral is an integer which depends continuously
on t. Because U is connected, the value is constant.

Theorem 4.6 (Weierstrass preparation theorem: Analytic version). Consider a
domain U C C"!, two radii 0 < r < R, and a holomorphic function

f:UXA(R)—C

without zeros in U x (A(R) \ A(r)). Denote by k the order of f with respect to z,.
Then exist

e a monic polynomial in z, of degree k

k=1 A
p:UXC, p(t,z,) =25+ Z aj(t)-z)
j=0

J

with holomorphic coefficients
aj:U—=C, j=1,..,k-1,
e and a holomorphic function
u:UxA(R)—C*

such that in U x A(R) holds
f=u-p.
Both functions p and g are uniquely determined by this equation.

The following proof is due to Stickelberger (1887). It uses the Laurent splitting.

Proof. 1) Existence: Because the function f has order = k with respect to z,, the
induced function

U (ARNA) = C, (1a0) = .20,

n

has a well-defined logarithm: During one loop of

7 € A(R)\ A(r)
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the logarithm of the first factor changes by the additive summand —2k7i and the
second factor by the additive summand 2k7i. Theorem 4.3 provides the Laurent
splitting of the function

n

F:Ux(AR)\A(r)) = C, F(t,z,) := log <Zlk~f(t,zn)> ,

in the form
F=F+F

with two holomorphic fuctions
Fi:UxA(R)—Cand F>:U x (C\A(r)) — C satisfying Z}liLnOOFz(t,zn) =0,r€U.
Taking the exponential of F' provides the multiplicative splitting
f(t,20) = exp Fi(t,20) -2, exp Fa(t, zn)
On one hand, define the function
u:UxAR)xC.u(t,zy) :=exp Fi(t,z,)

which is holomorphic without zeros and therefore invertible. On the other hand, for
eacht e U
lim F(t,z,) =0

Ip—roo
implies
lim exp F>(t,z,) =1
In—roo

and for all (¢,z,) € U x (A(R)\ A(r)) :

exp Br(t,za) =1+ Y ay(1)-z,”
v=1

resp.
z],j-exp F(t,zn) = Zf,' (1 + Z ay(t) 'va>
v=1

The last function decomposes into the two summands: The polynomial
from &(U)|z,] of degree = k

k
p(t,z,) =2+ Y av(r) kv

v=1

and the second summand
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h(t,zy) := Z arv(t)-z,".
v=1

We obtain
f=u-(p+h)

(1) oo

is a Laurent splitting of zero. The uniqueness of the Laurent splitting, see
Theorem 4.3, implies the vanishing of both summands, hence 2 = 0 and

The representation

f=up

i) Uniqueness of the factors: For each t € U the two holomorphic functions of one
variable
f(t,=):AR) > Cand p(t,—): A(R) - C

have the same k zeros. The monic polynomial p(t,—) € C|z,] of degree k is
uniquely determined by its zeros. In the open complement of the zeros holds

f(tv_)
p(t’_)

:M(t7_)

Hence the identity theorem determines u(z, —) and a posteriori u. O

Two elements of a ring are named associated if they differ multiplicatively by a
unit. Hence Corollary 4.7 states: Each power series from R,, distinguished in z,, is
associated in R, to a Weierstrass polynomial from R,,_[z,].

Corollary 4.7 (Weierstrass preparation theorem: Algebraic version). For each
power series f € Ry, which is distinguished in z,, of order k, exist

* a Weierstrass polynomial p € R,_\[z,] of degree k

* andaunitu € R,

such that
f=u-p.

Proof. The given element f € R, can be represented by a holomorphic function
fUxAR)—=C

with U € C"~! a domain containing 0 € C"~! and a radius R > 0. Because the
restriction f(0,...,0,z,) has a zero at 0 € C of finite order k, we may assume —
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possibly after shrinking U and R — a second radius » > 0 with 0 < r < R such that
the restriction

flU X (A(R)\ A(r))

satisfies the assumptions of Theorem 4.6. The theorem provides a holomorphic
function
u:UxA(R)—C”

and a polynomial

k—1
p:UXC—C, p(t,zn) =2+ Y. a;-2),
j=1

with
f=urp

And both functions are uniquely determined by these properties. O

For later use we prove Lemma 4.8.

Lemma 4.8 (Multiples of a Weierstrass polynomial). Consider a Weierstrass
polynomial p € R,_1[z,] of degree k. If a polynomial g € R,_1[zn] is a multiple
of p

§=¢-p
with the factor ¢ € R, then already

¢ S Rnfl [Zn]

is a polynomial, i.e. g is a multiple of p in Ry_1[zy)-

Proof. Set
R:= Rn,1 .

The Euclidean algorithm of division in the polynomial ring R[z,], applied with the
normed polynomial p € R[z,] as divisor, provides polynomials
q, r € R[zy) with deg r < deg p
such that in R[z,]
§=q-ptr
There exist 6 > 0, € > 0 such that

* all coefficients of the polynomials g,q, p,r € R[z,] are holomorphic in the poly-
disk
U = {(zl,...,z,,,]) cecr . lzj| < 8,j=1,...n— 1}

* the function ¢ is defined and holomorphic in U := U’ x A(¢),
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* and for each ¢ € U’ all zeros of the polynomial p(t,z,) € Clz,] satisfy |z,| < €.

As a consequence, for each fixed ¢ € U’ the polynomial

g(t,zn) =¢-p€ (C[Zﬂ]

has at least k zeros, and a posteriori likewise the polynomial
rit,z) =q-p—¢-p=(q9—9¢) peClz)]
But the polynomial (¢, z,) has the degree
deg r(t,zy) <k—1
which implies r = 0. As a consequence
§=0-p=q-p,

hence
‘P = q E Rn—l[zn];

which proves the claim. O

Theorem 4.9 proves the analogue of the Euclidean division for power series dis-
tinguished in z,. The theorem is due to H. Spath (1929) though it is generally named
after Weierstrass.

Theorem 4.9 (Weierstrass division theorem). Consider a power series f € R,
which is distinguished in z, of order k.

Then for each power series ¢ € R, exist

* apower series q € R,

* and a polynomial r € R,,_|[z,] of degree < k
such that

¢=q-f+r
Both elements q and r are uniquely determined.

Proof. 1) Uniqueness: Two different representations of ¢ provide a representation
of zero

O=q-f+r

with g € R, and r € R,_[z,] a polynomial of degree < k. We consider the
elements ¢, f, r as holomorphic functions

UxA(R)— C, U cC" ' adomain with0 € U, R > 0.



124 4 Local theory and the coherence of sheaves

If r # 0 then exists ¢ € U such that the polynomial r(z,z,) € C[z,] does not vanish
identically and therefore has at most k — 1 zeros. But the convergent power series

r(t’_) = (_1)'Q(t7_)'f(ta_) E(C{Zﬂ}

has at least k zeros, a contradiction. As a consequence r = 0, which implies ¢ =0
because R, is an integral domain.

ii) Reduction to the case of f being a Weierstrass polynomial: Corollary 4.7 applies
to f and provides a representation

f=up
with a unit u € R, and a Weierstrass polynomial p € R,,_[z,] of degree k. It

suffices to prove the claim for the particular case of a Weierstrass polynomial

f=pec Rnfl[Zn] :
Because a representation
¢=q-ptr
implies
¢ =u! ~(u-p)—|—r:1fl -f+r

with the searched power series ¢ :=u~' € R,.

iii) Proof for f a Weierstrass polynomial: We consider f and ¢ as holomorphic
functions
UxA(R)—C

with U € C"~! a domain with 0 € U and with suitable radii 0 < < R such that f
has no zeros in the annulus

Vi=U x (AR)\A(r)).

The choice of such radii is possible, because f(0,z,) € C[z,] has a zero in 0 € C of
positive order, which is therefore an isolated zero. Theorem 4.3 applies to the
holomorphic function

¢ V—=C
f

and provides the Laurent splitting
¢
Z=4qth
f

with the two holomorphic summands

q:UxAR)—C
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and
f2:U x (C\A(r)) — C satisfying liLn folt,zn) =0, t €U,
in—r°

Expanding the Weierstrass polynomial

th _Zn Zaj n

and

I
(aok
o
<
=
=
=
N
S

f2(t’Zn)

implies

k oo
f(thn) falt,z) = (Zﬁ—’_ Zaj(t) 'Zﬁj) ’ <Z CV(t) 'va>
=1 v=1

Arranging in the product the powers of z, in decreasing order gives
ft,zn) - fa(t,z) = (bl(t) Dbyt )+ Z by(t
v=-—1
with holomorphic coefficients
by:U—C,veZ.

Splitting the product (f - f1)(z,z,) into the sum of the two summands

k

l’ Z}’l . Z -V h t Z}’l N Z bv
v=1 v=-—1

provides the representation
0=g-f+r+h

with the polynomial r € R,,_{[z,] of degree < k. The vanishing i = 0 follows from
the uniqueness of the Laurent splitting of zero

=(=¢+q-f+r)+h

Corollary 4.10 (Weierstrass theorem on module finiteness). Each element q € R, [zy],
which is distinguished in z,, of degree k, induces a surjective morphism of R,,_1-modules

Y: Ry _>R§—17 f'_> (Cl(),...,akfl)-

Here the tuple (ay, ...,ax—1) results from the division with rest
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f=8q+r
with
k—1 _
gER, r=Y a;-3.
j=0

The map vy induces an isomorphism of R,_1-modules
Ru/(q-Ra) = R

Proof. The claim follows from Theorem 4.9. O

While Corollary 4.10 considered two R,_i-module structures, the following
Corollary 4.11 compares two C-algebra structures.

Corollary 4.11 (Weierstrass isomorphism of C-algebras). Consider an element f € R,
distinguished in z, and denote by ® € R,,_|[z,) the well-defined Weierstrass polyno-
mial with

f=u-o

with u € R, a unit. The injection
Rnfl [Zn] — Rn

is a morphism of C-algebras. It induces an isomorphism of C-algebras
Ry 1/(@-Ry1) = Ro/(f - Ry)
Proof. Because u € R, is a unit there holds the equality of ideals
fRh=wm-R,CR,

The injection
R, [Zn] — Ry

induces a morphism of C-algebras
o :Ry_1[zn]| = Ry/(®@-Ry) =Ry /(f-Ry)

The morphism « is surjective, because each g € R, is congruent modulo g to a
polynomial r € R,,_|[z,] due to Theorem 4.9. The injectivity follows from Corollar
4.8. One has

kera=(@0-R,) NRy—1[zn] = 0 R,_1.

Hence N
Ry-1/(® Ry—1) = Rn/(f - Rn).
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Corollary 4.12 (Primality of Weierstrass polynomials). For a Weierstrass poly-
nomial f € R,_1[z,] are equivalent:

o fisaprimeinR, |z,

e fisaprimeinR,.

Proof. We use the well-known characterization of primes in a ring A: An element
ac€A, a #0,

is prime in A if and only if the quotient A/ < a > is an integral domain. Hence
Corollary 4.11 proves the claim. 0O

Recall that a ring is Noetherian if and only if each ideal of the ring is finitely
generated.

Theorem 4.13 (Hilbert-Riickert ideal basis theorem). The ring R,, n € N, is
Noetherian.

Proof. The proof is by induction on n € N.

Induction start n = 0: The ring Ry = C is a field and has no proper ideal different
from {0}.

Induction step n — 1 — n: Consider a proper ideal

{0} #aCR,

Due to Lemma 4.2 we may assume w.l.o.g the existence of an element

0#peca

which is distinguished in z,,. For each f € R, Theorem 4.9 provides a
representation

f=ap+tr
with r € R, [z,] of an order k < ord f. Hence the ring

R:=R,/<p>=~R'_,

is a free R,—1-module of finite rank. Because the ring R, is Noetherian by
induction assumption the ring R is a Noetherian R,,_-module. Therefore also the
quotient ring R,,/a is a Noetherian R,_1-module, generated by finitely many
residue classes

fla"'afra f] GRm ]: 1,...,]".

As a consequence, the ideal a C R, is generated by the elements (p, fi,...,fr). O
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Recall that an integral domain A is factorial if each non-unit a € A is the product of
finitely many prime elements from A.

Proposition 4.14 (Factoriality). The ring R,,, n € N, is factorial.

Proof. The proof is by induction on n, see [15, Chap. I, §5, Satz 5].

Induction start n = 0: Because Ry = C is a field, each non-zero element of Ry is a
unit.

Induction step n — 1 — n: Assume that R, is factorial. Then also the ring
Ry—1[zn] is factorial by Gauss’ theorem.

To factor a given non-unit f € R,, f # 0, as a product of primes, we may assume

f € Rnfl [Zn]

a Weierstrass polynomial according to Corollary 4.7. In particular f € R, [z,] is
not a unit in R, [z,]: By induction assumption

F=11/ €Ru1lzd]
=1

with primes f; € R,—1[zn), j=1,...,r. Because f is a monic polynomial we may
arrange that f; monic for each j = 1,...,r. Then the monic polynomial

f] ERnfl[ZnL J: 1,...,}’7

is a Weierstrass polynomial, prime in R, [z,]. Corollary 4.12 implies
that f;, j=1,...,r,1is also prime in R,,. Hence the given element f € R, factorizes
into a product of prime elements. O

Corollary 4.15 (Normality). The ring R,, n € N, is normal, i.e. R, is closed in its
quotient field with respect to integral extensions.

Proof. The claim holds for each factorial ring: Denote by Q := Q(R,) the quotient
field of the integral domain R,,. Consider an element f € Q which is integral over R,,
i.e. f satisfies an integral equation

k=1
fk — Z aj . f/
Jj=0
witha; € R, forall j =1,...,k — 1. The factoriality of R, provides a representation

f=

S 09
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with g, h € R, without common prime factors. Then

k—1

k—1
gk: Z aj-gj-hkﬂ:h- <Z Clj-gj'kk1]> €R,
J=0 J=0

Hence & divides g¥, contradicting the fact that & and g have no common prime factor.
O

Hensel’s lemma is well-known from algebraic number theory: For a Diophantine
polynomial f € Z]t] each solution

f(a) =0mod p

with a prime p, which satisfies f’(a) # 0, lifts to a solution mod p", n € N, hence
to a p-adic solution in Zp.
Proposition 4.16 carries over this lifting principle to an analogous statement from
complex analysis: Assume that a monic polynomial f € R,_[z,] with coefficients
in R, factorizes at

Z=(0,..,00eC"!

into a product with roots ..., 0, € C. Then the factorization extends to a
neighbourhood of 7 in C"~! as a product of coprime monic polynomials

=117
=1

Corollary 4.18 will apply Hensel’s lemma to prove the parameter representation of
an analytic set outside its branch points.

Proposition 4.16 (Hensel’s lemma). Consider a monic polynomial f € R,_1[z,],
and assume that the restriction factorizes as

m
f(ov---aOaZn) = H (Zn_aj)bj7 bj S N* forj: 1,...,}’}’[7
=1

with zeros A, ..., 0y, € C. Then exist uniquely determined, pairwise coprime, monic
polynomials
f17 afm € Rn—l[Zn]

satisfying
£i(0,..,0,2,) = (za— )%, j=1,....m,

such that f factorizes as

=117
=1
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Proof. 1) Existence: The proof is by induction on m. The induction start m = 1 is
obvious.

Induction step m — 1 — m: The monic polynomial
g(t,zn) == f(t,zn+011) € Ry—1[z,]
is distinguished in z, of order by. Corollary 4.7 provides a representation
g=u-p

with uniquely determined unit u € R, and Weierstrass polynomial p € R,,_1[z,] of
order b;. Lemma 4.8 ensures u € R,,_1[z,]. Define the two polynomials
from R, 1[z,]

fl (tazn) = p(tazn*al) andf:: u(tvzn*al)

Both polynomials fi, f € R,_1[z,] are monic. They satisfy
- m
£1(0,...,0,24) = (zn — )" and £(0,...,0,2,) = [ (zn— )"
j=2
The induction assumptions applies to f and provides monic polynomials

f27---afm S Rn—l[Zn]

satisfying
. m
£i(0,..,0,2)) = (n— )", j=2,...,m, and f =[] f;
j=2
Hence

which terminates the induction step.

ii) Uniqueness and coprimality: The ring R, [z,] is factorial according to
Proposition 4.14 and Gauss’ theorem. Consider the prime decomposition

f=m .7

Because f is monic we may arrange that the prime elements 7;, i =1, ..., s, are also
monic polynomials. Then the factors are uniquely determined up to numbering.
The restriction provides in the factorial ring C|[z,] the representation

ﬁm(O,...,O,zn) = ﬁ (zn — @)% € Clz,]
=1

j=1
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Because each monomial (z, — ;) € C[z,] on the right-hand side is a prime
element, for each i = 1, ..., s holds

!
7(0,...,0,24) = [ ] (2 — ;)" with multiplicities 0 < b;; < b;
=1

If for fixed index i were b;; # O for at least two indices j; # j», then part i) of the
proof would produce a reducible representation of 7; € R,,_;[z,], contradicting the
primality of ;. Hence 7;(0, ...,0, a;) vanishes for exactly one j € {1,...,1}.
Accordingly, for j =1, ..., we define

Fi € Ry_1[zp) := H ;
ie{l,...,s} with
7(0,...,0,0)=0

The monic polynomials Fi, ..., F; are pairwise coprime. Their product satisfies
3 t

[15=F=]1%

Jj=1 J=1

Hence the monic prime elements on both sides coincide. As a consequence, for
each j = 1,...,t the prime factors of F; andf; on both sides coincide, which
implies F; = f;. O

Corollary 4.17 (Irreducibility and Weierstrass polynomial). Each normed, irre-
ducible polynomial f € R,_1|z,] satisfying

is a Weierstrass polynomial.
Proof. The restriction of the given polynomial f € R,_[z,] factorizes as
m
£(0,..,0,z) =[] (zn— )", b; €N for j=1,....m,
j=1
with pairwise distinct roots
(VS C, j=1,....,m, o =0and by 750.

Proposition 4.16 implies the existence of normed polynomials

fl7"'5fm ERnfl[Zn]
satisfying for j =1,...,m

fj(oﬂ "'707Zn) = (Z" - aj)bj
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and
m
f= H fj ERn—l[Zn]
=1
The irreducibility of f € R,_1[z,] implies that for each j = 2,...,m the factor

fj7 J: 27"'ama

is a unit, hence b; = 0. As a consequence f = f] is a Weierstrass polynomial. O

Corollary 4.18 (Parameter representation of the germ of hypersurface). Con-
sider an open set U C C"~! and a holomorphic function f € €(U)|z,] of the form

k
[iUXC—C, f(Z,z) =2+ Y aj(@)-27, aje OU),j=1,...k,
j=1

If for a fixed point ¢ € U the restricted polynomial

f(C,Zn) € R[Zn]

has pairwise distinct zeros o; € C, j=1,...,k, then there exists an open neighbourhood V. .C U
of ¢ and holomorphic functions

0;:V—=C, j=1,...k, satisfying ¢j(c) = oj, j=1,...,k,

such that for all (,z,) € U x C holds

k
f@z) = [T G —9;)).

Figure 4.2 visualizes Corollary 4.18 as the representation of a hypersurface outside
its fibres with branch points.
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t ze WL

Fig. 4.2 The germ of a hypersurface outside its fibres with branch points

Proof. We assume ¢ = 0 € C"~!. Then f restricts to

Proposition 4.16 provides normed polynomial

f17"'7fk ERn—l[Zn]

which factorize
k
f= H fj satisfying £;(0,...,0,z,) =z — ¢, j=1,....k,
Jj=1

Hence for each j =1, ..., k, the polynomial f; has degree = 1 and therefore the form

fi=z—¢;with¢; €R, 4

ThenV C U of ¢ may be choosen as a neighbourhood if ¢ where all functions f; € R,—1, j=1,...

are represented by holomorphic functions. O

Note: For the rest of the present section we denote by R := R, the ring of conver-
gent power series in n complex variables. The results holds for more general local
rings from commutative algebra.

Proposition 4.19 (Nakayama lemma). If a finitely generated R-module L satisfies
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L=m-L

then L =0.

Proof. The proof is indirect. Let

{fi,.fitCL

be a minimal set of generators of L, and assume k > 1. Then in particular

k
=Y, mj-f
=

for suitable coefficients
mjem, j=1,..,k

Hence

k-1
(L—mp) - fi=Y, mj-fj
s

The element
1—m; €R

is a unit because 1 —my, ¢ m. Hence

a contradiction to the minimality of {fi,..., fx}. O

Corollary 4.20 (Implications of the Nakayama lemma). If M is a finitely generated R-module
and N C M a submodule with

M=m-M+N

then
M=N.

Proof. By assumption
M/N=(m-M+N)/N=m-(M/N)
Hence Proposition 4.19 implies

M/N=0,ie.M=N.
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Proposition 4.21 (Krull’s intersection theorem). If the R-module M is finitely
generated then for each submodule N C M holds

N=[)(N+m* M)
k>1

For a proof see [15, Anhang, §2, Satz 2, Folgerung].

From local homological algebra of finitely generated R,-modules we need the
following results, which will be later generalized to certain modules over the struc-
ture sheaf of a complex manifold.

Definition 4.22 (Homological dimension and syzygy modules). Consider a finitely
generated R-moduls M.

1. The homological dimension hdgr M of M is defined as the minimal lenght d of a
finite resolution of M by finitely generated free R-modules

0— R 24y gl Oy g P ar

2. Each such resolution of M of lenght = hdrM is named a Hilbert resolution of M.
3. The R-modules
S; = im [RN+ 2L RR)  R5 e {0, d)
from a Hilbert resolution of M are named i-th syzygy modules of M.
Proposition 4.23 (Homological dimension in exact sequences). Consider an ex-

actsequence
0O—-K—F—M-—0

of R-modules with a free ,-module F of finite rank, and assume hdgr M > 1. Then

hdg K = (hdg M) — 1.

Note that in Proposition 4.23 both R-modules M and F are finitely generated.

For a proof of Proposition 4.23 see [15, Kap. II1, §5, Satz 4 u. HS 5]. In order to
apply HS 5 of the reference note the relation between homological dimension and
profondeur of an R-module:

profgr M = prof R—hdr M and profg K = prof R—hdgr K
which implies

hdg M > 1 =hdg F <= profg M < (profg F)—1.
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Theorem 4.24 shows that each finitely generated R-module M has finite
homological dimension.

Theorem 4.24 (Hilbert’s syzygy theorem for finitely generated R-modules).
Each finitely generated R-module M has finite homological dimension

hdrM < n.

For a proof of Theorem 4.24 see [15, Kap. I11, §5, Satz 6] or [19, Chap. II, Sect. C, Theor. 2].

4.2 OKka’s coherence theorem for the structure sheaf

We now leave the field of sheaves of Abelian groups and focus on sheaves of rings
and sheaves of modules over these of rings. On a complex manifold the most im-
portant sheaf of rings is the structure sheaf &'.

Definition 4.25 (Module sheaf). Consider a topological space X and a sheaf % of
rings on X. A sheaf .% on X is an %Z-module sheaf or just an Z-module if

* for each open U C X the set % (U) is a module over the ring Z(U) via a map
satisfying the usual algebraic properties

Z(U) x F(U) — F(U)

 such that for each open V C U the resulting diagram with vertical restrictions

Z(U) x Z(U)

commutes.

In complex analysis the most important examples of &-module sheaves are the
coherent &-modules, see Definition 4.26.

Definition 4.26 (Coherence). Consider a complex manifold X.
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1. Finite type: An O-module .# on X is of finite type iff each a € X has a
neighbourhood U C X and finitely many sections

fl,...,fk € y(U)

such that for all x € U the germs (fiy,..., frx) generate over the ring O, the
stalk .%,:

k
yx:Z f/x

2. Sheaf of relations: Consider an open set Y C X and finitely many sections

Ji, fie € F(Y)

of an Oy-module .F on Y. Their sheaf of relations

%(fh"'afk) C ﬁk

is defined as the sheaf on Y

k

%(fl,...,fk)(U)::{(sl,., ye ofU Z (fjlU) = },UCYOpen,

with the canonical restrictions.

3. Coherence: An 0-module .% on an open set X C C”" is coherent if it satisfies the
following two conditions:
* The sheaf .Z is of finite type

* For each open subset Y C X and finitely many sections fi, ..., fy € % (Y) the
sheaf of relations over Y

e%(]{‘17"'7.][‘/()
is of finite type.
Note: The condition on finiteness of .# means: For all x € U the generators of the

stalks .%, result from a common set (f1,..., fr) € % (U). A similar requirement does
not hold for the coefficents from &,.

Remark 4.27 (Coherence). Consider a complex manifold X and an &-module .#
on X.

1. The sheaf .% is of finite type if and only if every point @ € X has an open neigh-
bourhood U and for suitable k € N over U an exact sequence of sheaf morphisms

o~ Z =0
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2. The sheaf .% is relation-finite if and only if for each ¢-module morphism
o5 T

over an open set U C X holds: Each point x € U has an open neighbourhood
V C U and over V for suitable m € N an exact sequence of sheaf morphisms

N

Theorem 4.28 (Oka’s coherence theorem). The structure sheaf O of a complex
manifold is coherent.

The proof of Theorem 4.28 is rather challenging. It is a clever entanglement of
two different induction steps and a consequent application of the Weierstrass theory,
as it has been developed so far.

Proof. (Theorem 4.28)

Coherence is a local property. Therefore we may assume that the complex
manifold is an open set X C C".

Apparently the structure sheaf & is of finite type. Hence it remains to show that it
is also relation-finite. For technical reasons we show: For eachm € N

the &-module O™ is relation-finiteness. We consider an arbitrary open

subset D C X and finitely many sections

fl7"')fk€ ﬁm(D)
They define the sheaf morphism
F:0"= 0" ejvsfi, j=1,..k

with (e;)j—1 ...« the canonical base of &*. We prove that the sheaf of relations of F

RB(fi- fr) C OF

is of finite type. The proof will be given by induction on (n,m) € N x N* according
to the following scheme:

m-induction: (n,<m) = (n,m+1)

and
n-induction: ¥, (n—1,m) = (n,1)

1) Induction start n = 0: We have

X =C"={0}.
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Hence & is concentrated on the point 0 € {0} with stalk the field C.
ii) m-induction step (n,< m) = (n,m+ 1): The induction step increases the rank
of the image of the morphism

ok — o

under consideration. We consider sections fi, ..., fy € 0! (D). They define on D
the sheaf morphism

k
F:ﬁk%ﬁerl, (S17...,Sk)'—> Z Sj'fj,
j=1

We have the exact sequence of &-module morphisms
005 emt om0
with injection as first component
ii0L% 0™ i(s) = (s,0,...,0)
and projection onto the remaining m components

DSty ey Smt1) = (825000, 8m)-

Define
F':=poF:0%—= o™

with the commutative square at the right-hand side of the following diagram

o5 -- i,d, > O
K i i GokK
v v
o -- g_ > ﬁk ' om
H' lF id
0 é i ﬁm-&—l P om 0

The induction assumption for the exponent m € N* applies to the morphism F’:
Each given point a € D has an open neighbourhood U in D and on U an &-module
morphism

G:0"— o*

which provides an exact sequence
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The composition F o G satisfies
po(FoG)=0.

Because the lower row of the above diagram is exact, one obtains an &-module
morphism

H:0 =0
such that the lower left-hand square in the above diagram commutes. The induction
assumption for the exponent m = 1 applies to the morphism H: For the given
point a € D and possibly after restricting the neighbourhood U there exists on U

an -module morphism
K:0°—=0"

which provides an exact sequence
. K H
0' =0 =0

By construction the upper square of the diagram is commutative. A final diagram
chasing proves the exactness of the vertical sequence on U

GoK F
0 =5 0F 5 o

and terminates the induction step.

iii) n-induction step V,, (n— 1,m) = (n,1): The induction step increases the
dimension of the underlying domain of definition of the sheaves. One has to show
that the relation sheaf

R(f1s- i)

over an n-dimensional open neighbourhood U C C" of the origin is of finite type
under the induction assumption that the claim holds over n — 1-dimensional open
neighbourhoods U’ C C"~! of the origin. The proof comprises the following parts:

¢ Replacing the holomorphic functions fi, ..., fy by Weierstrass
polynomials py, ..., px.

* Replacing the holomorphic relations of (p1, ..., px) by relations which are
polynomial in z, with bounded degree.

* Showing that the sheaf of polynomial relations with bounded degree is of finite
type.

iii,1) Replacing the original sections by Weierstrass polynomials: In case of an
index j € {1,...,k} with f; = O the sheaf of relations skips f; and satisfies

%(fl""%fk) :<%(‘f‘17"')‘f‘,\j7"'7.f‘k)@6>
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Due to the exact sequence of sheaf morphisms derived from the direct product
0= O —RB(fiyr fir) = B(f1y oo [y oon fi) = 0
holds the equivalence:
R(f1,--, fi) is of finite type if and only if Z(fi, ..., f},-.., fi) is of finite type

Hence we may assume
fi#Oforall j=1,..k

Moreover:

* Because w.l.o.ga =0 and f; € R, is distinguished in z,,, see Lemma 4.2, we
may assume: All holomorphic functions (fi,..., fx) are polynomial with resepct
to the variable z,,.

* The Weierstrass preparation Corollary 4.7 provides open zero-neighbourhoods
U'cc!'uyccC
andin U := U’ x Uy C D representations
fi=uj-pj, j=1,..k,
with invertible holomorphic functions u; € ¢'(U) and Weierstrass polynomials
p; € O(U")[z).
We obtain on U an isomorphism of ¢-modules
R(fis-ees f) = B(P1 s Pk)s (fiseees fi) = (€17 fiyoesen fi)
Hence w.l.0.g. the original functions from &'(D) are Weierstrass polynomials
Plseos Dk € OUNza), j=1,...,k,

with p; a polynomial of highest degree, say = d.

1i1,2) Reduction to polynomial relations with bounded degree: After having reduced

the original holomorphic sections (fi, ..., fi) to Weierstrass polynomials
from O(U')|z,]

(pla'-'7pk)

we now prove that the holomorphic relations of the latter are already generated by
polynomial relations with bounded degree.

Consider an arbitrary but fixed point
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x=,x,) eU=U"xU
We show that the stalk of the relation sheaf
K=K (D1, Pi)x

contains a finite set of polynomial relations, which generate %, as Ox-module, and
the degree of all involved polynomials is bounded by d.

For each point x = (x',x,) € U the Weierstrass preparation theorem from
Corollary 4.7 splits

fi=ep

with a unit e € 0, and a Weierstrass polynomial

p € C{Z —x'}zn — x4
of order < d. Lemma 4.8 shows that

e € C{7Z —x'}zn — xn)
is a polynomial.
Apparently, the /(U )-module

Z(p1,.-px)(U)

contains the specific relations

vy = (7p27p1a03 70)

vi=(-pj,0,...,0,p1,0,..0), (p: at position j)

Vi = (_Pka07~~707p1)~

These relations are polynomial because each p;, j=1,...,k, is a Weierstrass
polynomial.

Consider now an arbitrary but fixed relation

(P = (¢]v~-~7¢k) e*@(p]a"wpk)x - ﬁ)lc(

Weierstrass division from Theorem 4.9 reduces the holomorphic components of the
relation ¢ modulo the Weierstrass polynomial p as
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¢j =0o;-ptrj, j=1,...k,

with o; € O and the rest
rj € Cle —x][zn —x]

a polynomial of deg r; < deg p.

We verity that the difference
k
A=¢-) a; vje%
j=2
between the two relations is polynomial: If the first component of A is denoted
k
B:=0¢1—) a; (—pj) €0

then
k
A= (ﬁ,Vz,...,Vk) =¢— Z OV € Ry
=2

It remains to show that the first component 3 € O is a polynomial from
C{Z —x'}zn —xn) :

Note that

k
B-pi=- Z rj-pj € C{ —x'}zw — ]
=

is a polynomial, and that
B-p1=(B-e)-pey
with the Weierstrass polynomial p € C{z' —x'}[z, — x,]. Lemma 4.8 implies that
B-ecC{Z —x}zu—x)
is even a polynom. Summing up:
k k
0= Z oj-vi|+A= Z aj-v; +e b (e-B,e-rayy...,e 1) € %y
=2 =2

represents ¢ as an O, -linear combination of polynomial relations from %, with
degrees bounded by d, because

 therelations v;, j=2,...,k, with

degv;<d, j=2,..,k,
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* the element ¢- B, and

deg (ef) +deg p=deg (B(ep)) = deg (Bp1) < deg p+d = deg (eff) <d

* and the elements e-rj, j=2,....k, with

deg(e-rj) <dege+deg p=deg(e-p)=deg fi =d

iii,3) Finiteness of the sheaf of polynomial relations with bounded degree: We show
the existence of an open neighbourhood V C U of the origin and of finitely many
polynomial relations

Sty SLE R (f15 - fi)(V)

such that for each point x € V each germ

Oy € %(fl,mafk)x

of a polynomial relation of degree < d is an O)-linear combination of the germs

STxyeoySlx

How to make use of the induction hypothesis on C"~!? We derive a morphism
between free &-module sheaves on C*~!: For each s € N consider the sheaf 7,
on C"~! defined as

J

P(W') = { Vi zh € Ocns (V)za]: wj€ OFT (W), j= 1,...,s}, w ccr
=0

of polynomials of degree bounded by s with holomorphic coefficients

from On1 (V). Because of the bounded degree s of the polynomials the
sheaves &, have finite rank over the structure sheaf of C"~!. There are canonial
isomophisms

d
ﬁgﬂl = Py, (Yo, Wa) = Y W3],
j=0
The Weierstrass polynomials

D1y, px € O(U)

of bounded degree < d define over U’ the morphism of 0, 1-modules
. k
F'e P Poa. (91,8 = ) 0500
J=1

and we apply to F’ the induction hypothesis (n — 1,2d + 1): There exists an open
zero-neighbourhood



4.2 Oka’s coherence theorem for the structure sheaf 145
vV cu' ccr!
and finitely many sections
S1,..,5 € ker F'(V')
such that for each y € V/ each germ
Oy € ker F,
is a linear combination of the germs
STys-esSly
with coefficients from &.-1,y. For € > 0 small enough such that
Vi=V'x{z,€C: |zs| <€} CU
there is a canonical embedding of sections
Zi(V') = O (V)

with the consequence
S350 €A (P1y -, Pi) (V)

For x = (¥, x,) € V each polynomial relation of degree < d
6 ER(P1y-, Pi)x
can be considered an element ¢ € ker F),. Part iii,2) implies the representation
!
o= g sy withgy € Ogn1 v C Ocn
A=1

This representation of ¢ finishes the proof of the claim from part iii,3), and
therefore finishes the proof of the n-induction step

Vi (n—1,m) = (n,1)
The results of the parts iii,1-3) finishes the proof of the n-induction step
Vm (n—1,m) = (n,1)

As a consequence the proof of the theorem is completed. O

Corollary 4.29 (Coherent ideal sheaf of an analytic submanifold). Consider a
complex manifold X and an analytic submanifold A C X. Then the ideal sheaf of A
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£, W C Ox

is coherent.

Proof. Recall Definition 2.9 for an analytic submanifold. If the analytic submanifold
is locally defined as the zero set of finitely many holomorphic functions fi, ..., fx in
an open set U, then these functions from O (U) generate each stalk of .74 over U.
Hence .#, is a locally finite Ox-module. The coherence of the structure sheaf ac-
cording to Theorem 4.28 implies the coherence of .#4. O

4.3 Coherent /-modules

The present section investigates how coherence behaves under morphisms. In most
cases, the proofs are a consequent diagram chasing.

Proposition 4.30 (Coherence of the ideal sheaf of an analytic submanifold).
Consider an open subset U C C". Each analytic submanifold A C U has a coherent
ideal sheaf

jA C ﬁU

Here 4 is defined as the sheafification of the presheaf
Ve {feoy(V): fIANV =0}, V.C U open.

Proof. Due to Oka’s Theorem 4.28 the structure sheaf Oy is coherent. Hence it
remains to prove that the subsheaf .74 C Oy is of finite type. Consider a given
pointx € U.

e Case x € A: The question is local, we may assume x = 0. According to Theorem 2.8
exists an open neighboorhoud W C C” of x and an integer k € {0,1,...,n} such
that

A=WNE;withEy ={(z1,..s20) EW: Z41 =... =2, =0}

We claim that the functions
Tt 152 € Ia(W)
generate the restriction .4 |W: Assume
yeWand f € (Ha)y

i) If y € W\ A then exists an index j € {k+1,...,n} with z;(y) # 0. Hence

f
Zjy #0€ (ﬁU)y and 7 € (ﬁy)y
75y
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which implies
f
f=——2zjy €0y 9
Zjy
i) If y € A = W NE} then

y=01,--%0,...,0)

The function f is defined by a convergent power series

flz)= ) c1~(zlfy1)i1~...~(zkfyk)ik-z;fj}~...«zf{’
I:(i],...,i,l>€Nn

The vanishing f|E; = 0 implies that for at least one index j € k+1,...,n each
summand of the power series contains the variable z;. Hence in a neighbourhood
of y

n

f= Z Sj-Zj

j=k+1

with holomorphic coefficients s;.

* Case x ¢ A: Because A C U is closed we have (#4), = (Oy ), which implies
(S0 = (),

for y in an open neighbourhood of x. Hence the constant 1 generates .%4 in a
neighbourhood of x.
O

The result of Proposition 4.30 holds more general also for analytic subsets, which
are not submanifolds: The ideal sheaf .#4 of an analytic subset A in an open subset
U C C" is a coherent Oy -module, see [9, §16, Satz 1] and [17, Chap. 1V, §2, Fund.
Theor.].

Coherence of an &-module allows to extend properties of a given stalk to all stalks
in a neighbourhood. Proposition 4.31 assumes only that the &-module is of finite

type.

Proposition 4.31 (Stalks of an &-module of finite type). Consider on a complex
manifold X an O-module sheaf & of finite type. For each point

xeX with #, =0
exists an open neighbourhood V of x with

Fy=0forallyeV.
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Proof. Because .% is of finite type there exists an open neighbourhood U of x and
over U an exact sequence of &'|U-modules

ok~ F -0

for a suitable k € N. The canonical base (e;);—1 . x of the ¢(U)-module 0*(U)
provides a family of sections

fi,n fre Z(U)
such that for each y € U the germs
fiys e foy € Fy
generate the stalk .%, as 0)-module. The assumption
Fx=0

implies according to the definition of stalks: In a common neighbourhood V C U
of x each section fi, ..., f,, restricts to zero, as a consequence its germ

fj’y < gy, y S ‘/7

vanishes. Hence .#, =0 forallyec V. O

Proposition 4.32 (Kernel and cokernel of morphisms between coherent &-modules).
Consider a complex manifold X and a morphism

oY
between two coherent O-modules. Then the O-modules on X
ker o and coker o
are also coherent.
Proof. i) Coherence of ker a: The &-module
H i=keroa C.F

is a subsheaf of the coherent sheaf .%. Hence it suffices to show that %" is of finite
type, i.e. each x € X has a neighbourhood U; and over U; a sheaf epimorphism

om By

We construct the following commutative diagram with an exact row:
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e o*

B e

0 A 7 2. g

Coherence of .%# provides an open neighbourhood U of x with a sheaf epimorphism
oL 7.

The sheaf of relations

% = ker [0 “Ps 4]  o*

is of finite type because ¥ is coherent. Hence over an open neighbourhood U, C U,
of x exists a sheaf morphism

oL oF

with an exact sequence
The exact sequence

induces the exact sequence over U,

om B v o

which proves that %" is of finite type.

ii) Coherence of coker o: The proof is by diagram chasing. The induced sequence

ﬁgggcokera—)O

is exact. Because ¥ is of finite type, also coker ¢ is of finite type. We have to show
that for each morphism over an open set U C X

or L coker
the sheaf of relations is of finite type:

First, the sheaf &7 is a free &-module. On the level of sections for each
open V C X the &/(V)-module &P(V) is free. Denote by

(ei)i=1,...,p
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its canonical base. Due to the surjectivity of 3, for given x € X exist on the level of
stalks germs
8ix € Y., i=1,...,p,

with
Bi(gix) = %(eix) € (coker o)y

There exists a common open neighbourhood V C X of x and for i = 1, ..., p sections
&Y (V)
which represent the germ g; , € %,. Setting
vie) =g i=1,.,p,
defines a morphism of &-modules over V
y:0P -9

such that the following diagram of sheaf morphisms over V commutes

4§ —— coker o —> 0

Secondly, by assumption .7 is of finite type. Hence each x € U has an open
neighbourhood W C V and over W an epimorphism

oSz

Combining the latter two results provides over W the diagram of sheaf morphisms

o — s om0 —E— or 0
5 £ w Y
F « 9 il coker o —> 0
Here
e 0"PO? Y9

is defined as the sum
&(a,b) :=a(6(a)) +y(b)

and
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o" L 6" @ OP and O™ @ OP ~ O™ x 0P T OoF

are the canonical injection and projection. The diagram is commutative wih respect
to its vertical and horizontal morphisms. By construction

y=Boy

Because
Boa=0

the restriction
m|ker € : ker € — ker ¥

is well-defined. The restriction is surjective: Consider a point x € W and a
germ ¢ € OF with
0=17(c) = B(y(c)).

Then exist a germ a € .%, satisfying

v(c) = a(a),
and a germ
de oy
satisfying
6(d)=a

Then (—d,c) € (ker €), because

e(—d,c) = —a(d(a)) + y(c) = —y(c) + y(c) =0

and
n(—d,c) =c,

which finishes the proof of the surjectivity of
ker € — ker .
Because ker € is of finite type, also ker v is of finite type, which proves that the
relation sheaf of v is of finite type, and finishes the proof. O
Corollary 4.33 (Morphisms between coherent &-modules). Consider a morphism
I
between two coherent sheaves on a complex manifold X. The subsets
Inj(¢) :={x€X: ¢ : F — % injective}

and
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Surj(¢p) :={x € X : ¢ : Fx — Y surjective}

and
Iso(¢) :={xe€X: ¢, : F — Y, isomorphism}

are open subsets of X.

Proof. According to Proposition 4.32 the &-modules ker ¢ and coker ¢ are coher-
ent. The injectivity of ¢, is equivalent to (ker¢), = 0 and the surjectivity of ¢y is
equivalent to (coker ¢), = 0. Hence the claim follows from Proposition 4.31. O

Proposition 4.34 (Coherence in short exact sequences). Consider a complex
manifold X and a short exact sequence of O-modules on X

0%?&%&%%0

If two of the sheaves are coherent, then also the third sheaf is coherent.

Proof. The proof follows from Proposition 4.32:
i) Assume 9 and ¢ coherent: Then

F ~ker
ii) Assume % and 4 coherent: Then
H ~9 [ker B ~9 [im a = coker a.

iii) Assume ¥ and J€ coherent:

* Finite type: Alike to the proof from Proposition 4.32 we consider in a suitable
neighbourhood of a given point x € X the diagram of sheaf morphisms with
exact rows

on —— ongor —" s ov
5 el vy
F g A

The existence of the epimorphisms & and 7y follows because .% and .77 are
finitely generated. The morphism i and 7 are the canonical injection
respectively projection. The diagram is commutative with respect to its
horizontal and vertical morphisms. The morphism Y induces a morphism y with

Bow=y

because 07 is a free sheaf. Eventually we define
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e:0"®w0" - Y, e(d,b):=a(d(d))+wy(b)

The morphism & is surjective: For a given germ g € ¥, first choose a
germ b € OF with
B(g) = v(b)

Then

B(g—w(b)) = B(g) —B(w(b)) = B(g) —v(b) = y(b) —v(b) =0

Hence there exists a germ

such that a := §(d) satisfies

Then

e(d,b) = a(6(d)) +y(b) = a(a) +y(b) =g —yw(b) + y(b) = ¢,

which shows the surjectivity of € and proves that ¢ is of finite type.

* Relation-finite: Consider a given morphism
g:0"—>9

over an open set U C X and a given point x € U. The morphism extends to a
morphism
Bog: O — 7.

Then exists over a suitable open neighbourhood V C U of x a commutative
diagram of sheaf morphisms over V with exact rows

Y Bog
o - -~ > gk —>
Y g idl
¥
0 F g 9 5 A 0

Here the morphism ¥ is induced because .77 is relation-finite. And the
morphism Y is induced because

Bo(goy)=0andker f =ima,

and because the sheaf ™ |U is free. The restriction
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Ylker v : ker y — ker g

is well-defined and surjective. The coherence of .% implies that ker v is of
finite type. Hence also ker g is of finite type, which finishes the proof of the
coherence of ¢.

O

As a consequence of Theorem 4.28 and Proposition 4.34, besides the structure
sheaf & of a complex manifold X also finite direct sums &7, p € N, and locally
free ©-modules of finite rank are coherent.

The concept of the direct image from Definition 2.25 carries over to cohomology
groups of higher order.

Definition 4.35 (Higher direct image). Consider a continuus map
f:X—=Y

between topological spaces and a sheaf .% on X. For each ¢ > 1 define the presheaf
onY
Vi HI(f(V),Z), V CY open,

Its sheafification, denoted RYf,.%, is named the g-th direct image sheaf of %,
see [2, Chap. I, § 1].

Remark 4.36 (Grauert’s coherence theorem). Consider a holomorphic map
f:X—=Y

between complex manifolds and a coherent Ox-module .%# on X. Grauert’s coher-
ence theorem states: Under the additional topological assumption that f is a proper
map, i.e. the inverse image of compact sets is compact, all direct image sheaves

qu*gza q € N7
are coherent Oy-modules.

Grauert’s coherence theorem - which also holds for complex spaces - is one of the
deepest results in complex analysis. Besides Grauert’s original proof there exist
different proofs by Forster-Knorr and Kiehl-Verdier, see also the

textbook [2, Chap. III, §2].



Chapter 5
Cartan’s lemma for holomorphic matrices

5.1 Proof of Cartan’s lemma

Cartan’s lemma for holomorphic matrices is a result about the multiplicative split-
ting of invertible matrices of bounded holomorphic functions which are defined in
a neighbourhood of the intersection of two adjacent product domains. It generalizes
Proposition 2.34, which covers the particular case of holomorphic functions with
values in GL(1,C) = C*.

In order to prove Cartan’s lemma about the splitting of matrices we have to
generalize the analysis used so far. Until now we considered maps which depend
on a finite set of complex variables and have their values in C". These maps are
assumed to be smooth or holomorphic. The present section considers maps with
arguments depending on infinitely many parameters. More precisely, the argument
varies in Banach spaces of bounded holomorphic functions. Also the image of the
maps are Banach spaces. As a consequence we use some results from functional
analysis.

Differentiability of a map between Banach spaces at a point of its domain is de-
fined via the usual differential quotient, i.e. by approximating f in a neighbourhood
of the point by a linear map. Definition 5.3 formalizes a condition which is slightly
stricter concerning the precision of the approximation.

Notation 5.1 (Banach norms). For an open set U C C" denote by B(U) the Ba-
nach algebra of bounded holomorphic functions f € O(U) with the norm

1fllv == sup{[f(z)] : z€ U}
Consider two open sets U; C C", j = 1,2 with intersection
Up:=UNU,

1. For k € Nand j = 1,2 denote by

155
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Ej:=M(kxk,2A(Uj))
the vector space of all k x k-matrices with entries in 28(U;) and by
E; :=GL(k,2(U))) CE;
the subgroup of invertible matrices.

2. Matrices A € E are considered as linear maps between the Banach spaces (U j)®k
with respect to the following norms: For

f=fi,fi) € BU)H

set
A= 1A llo; = sup {|I fillo, = ©=1,....k}.

We recall that a linear map A € E;, j = 1,2, is continuous iff the operator norm

Al = sup {JlAfI|: £ € B and |If] <1}

is finite. For a pair of continuous linear maps (A, B) € E| X E, define the operator
norm

I(A, B)|| := sup{[|All, [BI|}

We shall derive Cartans’s lemma about the multiplicative splitting of holomorphic
matrices, Theorem 5.8, from the following results:

* Additive splitting of bounded holomorphic functions (Prop. 5.2)

e Openness of strictly differentiable maps between Banach spaces at points with
surjective tangent map (Proposition 5.4)

* Approximation of holomorphic matrix functions on product domains by global
holomorphic matrix functions (Cor. 5.7)

We first extend Cousin’s lemma for holomorphic functions, Proposition 2.34, to
the corresponding statement for bounded holomorphic functions.

Proposition 5.2 (Additive splitting of bounded holomorphic functions). Con-
sider two compact adjacent product domains

01, Ol

and a bounded holomorphic function

fez)
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on an open neighbourhood U of the intersection
(QiNQ2) CU
Then exist open product domains
Ui, Uy with Q; CUj, j=1,2, and Up := (U NU,) CC U,
and a pair of bounded holomorphic functions
(f1,/2) € B(Ur) x B(Ua)

which splits f on Uy as
f=h-r

Proof. Under the assumptions of the proposition above, Proposition 2.34 provides
a pair of holomorphic functions

(fi,f2) € O(U1) x O(Un)
satisfying on Uy
f=h-re
We now restrict the solution to a pair of relatively compact, open product domains
Q;CcU;ccUj, j=1.2.
Then the restrictions are bounded
fi=filUje BU)), j=1.2,
and satisfy on
UL = Ul NU

the splitting with bounded holomorphic functions

flUo = fi— f.

Next we need a proposition to conclude that a differentiable map with surjective
tangent map at a point is locally an open map. The maps in question are maps
between Banach spaces, specifically maps with arguments in an open subset of a
Banach space of bounded holomorphic functions. We first define the concept of
strict differentiability, see Definition 5.3. Then we prove a criterion for the local
openness of strictly differentiable maps between Banach spaces, see Lemma 5.4.

Definition 5.3 (Strict differentiability). Consider two Banach spaces E and F and
anopen set U C E. A map
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f:U—F

is differentiable in the strict sense at a point a U if there exists a linear continuous
map

0. E—F
satisfying
i @) —fV) —o(u—v)ll _
im =0
uN—a ||u — V||
u#v
The map ¢ is named the derivation of f ata

fla):=¢

The notion of strict differentiability is stricter than the notion of differentiability.
Strict differentiability considers the differential quotient with two arguments « and
v varying independently around a when approximating f near a by a continous
linear map ¢ with

fw) = f(v) = ¢(u—v)+o([lu—vl)

Lemma 5.4 proves the local openness criterion for strictly differentiable maps with
surjective tangent map at the distinguished point.

Proposition 5.4 (Criterion for local openness). Consider two Banach spaces E
and F and a map
f:U—=F

on an open set U C E, which is strict differentiable at a point a € U with a
surjective tangent map
f'(a):E—=F

Then f is open at a, i.e. the image f(U) C F is a neighbourhood of f(a).
Proof. 1) Openness of the tangent map: W.1.0.g. we may assume
a=0, f(a)=0.

According to Banach’s theorem the tangent map, the surjective linear continuous
map,
0:=f'(a):E—~F

is open, i.e. for each zero-neighbourhood V C E exists a
zero-neighbourhood W C F with

W cCo(V).
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When expressing this property by the Banach norms it suffices to consider only the
specific zero-neighbourhood

Vi={x€E: |x|g <1}
The condition on openness states: There exists € > 0 such that
We={yeF:|ylr<e}

satisfies
W cCo(V).

In particular, for each y € F with ||y||r = € exists
xeop l(y)nv.

Then

1 1
<l=—|ylr=C- Ci=—
Ielle < 1= Z-llyllr [ -

We may assume C = 1 after rescaling ||| by the factor 1 /€. Then each y € F has
with respect to ¢ an inverse image x € E with

¥l < lIylle-

ii) Local openness of f: We derive from the openness of the tangent map ¢’(a) that
the map f is open at a.

Strict differentiability of f at @ means for pairs (u,v) € E X E

1f () = f(v) = @ (u—=v)llr = o(llu—vl|£)

In particular, there exists & > 0 such that for all pairs from the product of the
closed §-neighbourhoods of the origin (0,0) € E X E

(M,V) EFs(O) X?g(O) CEXE

holds
1f () = f(v) = @(u—=V)l[F < (1/2) - lu = V|£

At this point, referring to pairs, we used that the differentiability of f holds in the
strict sense.
We choose a radius

reR; with0<r<§and K,(0) CU

and claim -
Vi=K,nC f().
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For each given yy € V we have to find an element ¥ € U with
J(X) = o
By part i) there exists an element xy € E with
¢(x0) = yo and [[xol[z < [|yollF

Because not necessarily f(xo) = yo we construct a sequence (x,),en in K;(0)
which converges towards a solution X with

J(&) = o.
The stepwise construction relies on the map
g:U—F g(x):=y0+9(x)—f(x)

The construction is by induction on n € N. The induction step assumes the
existence of the elements xy, ..., X, from the sequence and constructs the next
element x,,1 € E as an inverse image satisfying

8(xa) = ¢ (xn41) (equation (1))

and
[|Xnt1 —xnlle < (1/2)"-(r/4) ) (equation (2))

As a consequence, X, satisfies also

||xn+1|IE<||xn||E+xn+1—xn||E<r'<(3/4 (1/4) 2 1/2) > ek

k=1

n
((3/4 (1/4)- Y (1/2) )
¢ Induction start n = 0: Due to

Ixolle < Iollr < 3
the estimate from part i), applied to the pair
(x0,0) € K5(0) x K5(0)
shows

16 (x0) = f(x0)llr < (1/2) - [[xo]le < (1/2)

Hence taking the inverse image with respect to ¢ provides an element z€E
satisfying
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¢(2) = ¢(x0) = f(x0) and ||z[|z < [|¢(x0) = f(x0)[|F < 2

Define
X1 :=2Z+Xx0

The pair (xp,x) satisfies Equation (1)
¢(x1) = ¢(2) + ¢ (x0) = (¢(x0) — f(x0)) + ¢ (x0) = yo — f(x0) + ¢ (x0) = g(x0),
and Equation (2)
-
et =xolle = llzlle < 7
e Induction step n — n+ 1: Assume the existence of the elements x, ..., x,,.

Considering inverse images with respect to ¢ provides an element z € E
satisfying

¢(2) = g(xn) — g(xn—1)
The element z € E improves the approximation of the sequence: Define

Xnpl i= 24Xy
The pair (x,,X,+1) satisfies equation (1)
Pm1) = O(z+xn) = ¢(2) + @ (xa) = (8(xn) = 8(xa-1)) + 9 (xn) =
= 8(%n) — 9 (xn) + 0 (xn) = ()
using the induction assumption g(x,—1) = ¢(x,), and equation (2)
X1 = Xnlle = llzlle < g(xn) = g(xn—1)llF = ¢ (xn) — @ (xn—1) = (f () = f (1))l F =
= 1f Gen) = f Cen1) = (@ () = @ (1)) |l < (1/2) - [l — X [l <

r
n.i

’
<(1/2)-(1/2)"1- 2= (1/2)

4 4

using the openness of the tangent map from part i) and the induction asumption.

Due to the set of equations (2) the sequence (x;),cN is a Cauchy sequence in E.
Hence there exists the limit

%:=limx, €K,(0)CU

n—yoo

In order to show f(¥) = yo we first note

f(®) = lim f(x,)

n—soo

due to the continuity of f. Secondly we consider the equality due to equation (1)
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Yo = f(xn) = (o+ @ (xn) — f(xn)) — @ (xn) = g(xa) — P (xa) =
=0 (xni1) = 0 (xn) = O (Xn1 —n)

Hence

Tim lyo — £ (o) l7 = Tim [0/Cons 1 —0)lr =0

which completes the proof. O

Proposition 5.5 (Holomorphic approximation: additive case). For an open product
domain Q C C the restriction

0(C)— 0(Q), [ fl0O,
has dense image with respect to the canonical Fréchet topologies.

Proposition 5.5 is a specific case of the Runge approximation theorem for the 1-dimensional
case, see [27, Kap. 12, §2, Approximationssatz]. We give an elementary proof

for product domains. It relies on Cauchy’s integral formula. First, the integral is
approximated by a suitable Riemann sum. Secondly, the integrand gets evaluated

at finitely many points. At each point a suitable Taylor approximation provides a
global holomorphic approximation of the integrand.

Proof. Consider a given function f € £/(Q), a compact K C Q, and a number € > 0.
W.lLo.g. K is a compact product domain itself.

1) Approximation by Riemann sums:

Fig. 5.1 Uniform approximation over K by global functions

We choose a closed path

YCO\K
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around K with positive orientation. For each point zo € K the Cauchy integral for-
mula from complex analysis in the plane states

L)
1) = 5 | g

Approximating the integral by its Riemann sums provides for each € > 0 a finite set
of intermediate points 1y € ¥, v = 1,...,m, such that

1Sl f(ny)

27[1 v=1 nv — 20

’f(Zo)— (Mvs1—mv)| <e

The estimate holds also for each point z € K varying in a suitable neighbourhood of
Z0: Due to the compactness of K there exist finitely many intermediate points

Cv S '}/7 V= 17...,N

and a family
(c1y..cn) €CN

such that for all z € K

sup

<g/2
€K <

Nooe,
f(Z)_Zl CV_

ii) Approximation by Taylor polynomials: For each index v = 1,..., N the point

{veyCcO\K

and the set K can be separated by a circle, i.e. there exists a center my, € C and a
radius r, > 0 such that

K C Ay, (my) but &y & A, (my),

see Figure 5.1. Here we use that K is a compact product domain.
For each v =1,...,N the summand
Cy
G-z
from the estimate of part i) is holomorphic in the disc Ag, (mm,) when considered as

a function of z. Therefore the summand can be approximated by one of its Taylor
polynomials g, € €/(C), an entire function, with precision

- €
2-N

Cy
sup| 7 —, &)

€K

Asa consequence
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N
+ Z sup
v=12€K

Nooc,
=Y +——

v=1 CV —<

Cy

Cv _Z_gV(Z)

sup
€K

< sup
zeK

f(z) - Zl gv(2)

<(e/2)+N-e/(2N) =¢

Hence the global holomorphic function

N
g:=Y g e0(C)

v=1

approximates f with the given precision € >0on K. O

Lemma 5.6 (Path connectedness of GL(k,C)). The topological space
GL(k,C) c C¥
is path connected.
Proof. For each non-zero polynomial P(r) € C[t] its zero set
{teC: P(t) =0}
is finite, hence the complement in C
{reC: P(t) #0}
is path connected. For a given matrix A € GL(k,C) the specific polynomial
P(t) :==det(A+1t-(1—A))

satisfies
P(0)=det AZ0and P(1) =det 1=1#0,

and in particular P # 0. Hence there exists a path in C from O to 1
y:[0,1] = C
which avoids the zero set of P(¢), i.e. for all 7 € [0, 1]
P(y(1)) #0.
Therefore the path
[0,1] = GL(k,C), t — A+y(t)- (1 —A),

is well-defined and joins A and 1. As a consequence GL(k,C) is path connected.
O
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Corollary 5.7 (Holomorphic approximation: multiplicative case). For an open
product domain

0:=[JeiccC
j=1
with compact product domains Q; CC C, j=1,...,n, as factors the restriction map
GL(k,6/(C") = GL(k, 6(Q)), F ~ F|0.

has dense image with respect to the canonical Fréchet topologies.

The proof derives the claim as a corollary of Proposition 5.5. The reduction relies
on the exponential series of matrices and its logarithm

oo Xll
log(1+X) =Y (—1)"""-— X € M(k x k,C) with || X|| < 1
n=1 n

which mediates between the additive and the multiplicative context.

Proof. 1) Approximation in the additive case: By Riemann’s mapping theorem each
product domain Q;, j = 1,...,n, is biholomorphic equivalent to the unit disc A C C,
i.e. there exists a biholomorphic map

¢j:jS>A-

Define the biholomorphic map
n ~
¢:=[]9j:0—A"cC"
j=1

For each holomorphic function f € &'(Q) and compact set K C Q the holomorphic
function

foo e o(an)

expands into a convergent Taylor series. Hence it can be approximated on the com-
pact set ¢ (K) C A" with arbitrary precision by a suitable Taylor polynomial

N

(fo¢7l)(zla~~~7211): Z Cklj,_.,kn'Zkl'...-Zk"

Ky kin=0

Proposition 5.5 - applied to the holomorphic functions ¢;, j=1,...,n, and their
powers - implies: The finite sum

N

can be approximated on K C Q with arbitrary precision by a global holomorphic
function from &'(C"), which provides an approximation of f over K.
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ii) Approximation near the unit matrix in the multiplicative case: Consider a given
compact set K C O, w.l.o.g. K a compact product domain, and € > 0. We choose an
open product domain K’ C C" with

KCcK cco

For each matrix function A € GL(k, 0(Q)) with

IL—-Allg <1
the logarithm
= (1- mw> ,
G :=log(AIK') : Z eEM(kxk,O(K"))
n=1
is well-defined, and satisfies on K’
¢ =AlK),

see [33, Chap. 1.3]. Part i) applied to the matrix function G € M (k x k, O(K"))
provides a global matrix function

GeM(kxk,O(C"))
which approximates G on K by such precision, that
e approximates A = ¢ on K

with precision € > 0. Here we use the continuity of the exponential series of
matrices.

iii) Starlikeness of the product domain: The product domain Q C C” is a star
domain, w.l.o.g. 0 € Q. For each F € GL(k,0(Q)) we construct a continuous map

a:[0,1] = GL(k, 6(Q))

with
a(0)=Fand (1) =1:

First, we define the continuous map
0,1/2] = GL(k, 6(Q)), 1~ F,

with
Fi(z):=F((1-21)-2), 2€ Q.
Secondly, Lemma 5.6 provides a path

B:[1/2,1] = GL(k,C)
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satisfying
B(1/2) =F(0)and B(1) = 1.

Combining both maps provides the continuous map

F t€10,1/2]
B@) rell/21]

which in GL(k,€(Q)) joins F and the unit matrix 1.

a:[0,1] = GL(k, 6(Q)), alt) == {

iv) Approximation in the general multiplicative case. In order to approximate a
general matrix function F € GL(k, &'(Q)) consider the neighbourhood

U:={AcGL(k OQ)): ||[1-Alg <1}

of 1 in GL(k, & (Q)) where the logarithm series from part ii) is defined. Note that F
does not necessarily belong to U. Part iii) provides a path

o:[0,1] = GL(k, 0(Q))

from F to 1, see Figure 5.2. The family (G- U)geq(o,1)) is an open covering of the
compact set ¢ ([0, 1]). Hence there exists a finite set of matrices

G;ea([0,1]), j=0,....s, withGy=F and G, = 1

with products
Gj-G;leUforj=0,..s—1.

By construction

s—1

-1

F= H Gj- G
Jj=0

g —//ﬂ
/7/ — T
G, Gjen

£

Fig. 5.2 Product splitting of F

Part ii) provides for each j =0, ...,s — 1 a global approximation of the factor
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—1
G je G 1 cU

with the necessary precision on K such that their product provides a global
approximation of F' with the given precision € >0on K. 0O

Theorem 5.8 (Cartan lemma for holomorphic matrices). Consider two adjacent
product domains

01,0, C 2(C"),

an open set U C C" with
(Q1NQ2) CU

and a holomorphic matrix
AeGL(k,0(U)),

see Figure 5.3. Then for j = 1,2 exist open neighbourhoods U; of Q; with
(Uinp) ccU
and two matrix functions
A; eGL(k,0(U;)), j=1,2,

satisfying on Uy NU,

A=A-A5"

Fig. 5.3 Cartan’s lemma for invertible holomorphic matrices
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Proof. We choose U}, j = 1,2, as open product domains with

Up:= (U NU,) CCU.
Due to the relative compactness the matrix function

AeGL(k,0(U))

restricts to a bounded matrix function

A|Up € GL(k,B(Uy))
For j =0, 1,2 consider the Banach spaces

Ej:==M(kxk,BUj)), j=0,1,2

and the open subsets
Ej* = GL(k,gg(U])) C Ej.

The idea of the proof is to reformulate the lemma as a claim about the surjectivity
of the map
f:E} xE; - E}, (A,B) — A|Uy-B~!|Up.

1) Strict differentiability: The map f is strictly differentiable at the point
a:=(1,1) € Ef XE5.
For the proof consider the linear map
¢ :Ey xEy— Ey,(A,B)— (A—B)|U
For two arbitrary pairs (A,B), (C,D) € E; x E; factoring out implies
f(A;B)—f(C,D)—¢((A,B) - (C,D)) = f(A,B) - f(C,D) - ((A-B) = (C—D)) =
=A-B'-C.D'—((A-C)—(B-D)) =
=(C-B)-D'""(D-B)-B'+(A-C)-(B'-1)-(B-D)(D"' 1)
The norm definition
|(4.8)~ (C.D) || = [|(4—C.B—D)|| = sup{[A—C], B~ D]}
provides the estimate

i B = FCD)—0(AB) -~ (CD)]| _
48)(€b) [@.B)- €D -
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< lim

jJA—C|-B'=1|  B=D|-[[D~' 1] [IC=B|-|D""[|-|B-DI|-[B"] _
" (A,B),(C,D)—a

lA=C] [B—D| 1B Dl

—  lim (||B—1 1+ D =1 +|lC=B|-|D"|- IIB‘”‘) =0
(A,B),(C,D)—a

The result also holds for A = C or B= D as far as (A, B) # (C, D). As a consequence f
is strictly differentiable at a with tangent map

fl(@)=9¢.

ii) Local openness of f: Due to Proposition 5.2 the map ¢ is surjective. Hence
Proposition 5.4 implies that f is open at a: There exists a neighbourhood V C Ej
of f(a) =1 € E; such that for each G € V exists a pair

(G1,G2) €Ef X E;
with
G = G|Uy- G5 '|Uo

iii) Holomorphic approximation of matrix functions: Due to Corollary 5.7 the matrix
function
A e GL(k,0(U))

can be approximated on U with arbitrary precision by global elements from GL(k, 0'(C")):
For the distinguished neighbourhood V of 1 € GL(k, &'(Up)) from part ii) exists

Be GL(k,0(C"))
with
(A-B)|lUpeV
The product splits due to part ii): There exist matrix functions
Ay € GL(k,0(Uy)) and A, € GL(k, 0 (Uy))
which satisfy on Uy
A -B=A;-A)!

Set
Ay :=B-Ay € GL(k,0(U)).

Then on Uy
A=A (A" -B N =4, Ay

which finishes the proof. 0O



5.2 Hilbert’s syzygy theorem for coherent &-modules 171

5.2 Hilbert’s syzygy theorem for coherent ¢’-modules

The present section proves for coherent sheaves the global form of Hilbert’s syzygy
Theorem 4.24 after shrinking to a relatively-compact, open polydisc A. As a conse-
quence coherent sheaves are acyclic on A.

Proposition 5.9 (Acyclicity of &-modules with a finite free resolution on a poly-
disc). If an O-module % on a polydisc A C C" has a finite resolution by free
sheaves of finite rank

0— OPd — OPi-t — . — 0P - F — 0,

then F is acyclic.

Proof. The proof is by induction on the length d € N of the resolution.

i) Induction start d = 0: If % ~ 0P and
HI(A,.F)=H/(A,0)F

The claim follows because the theorem holds for the structure sheaf ¢ due to
Corollary 3.23.

ii) Induction step d — 1 — d: We set
H =ker [OP° — F| =im [OP' — O]
and obtain the free resolution of length d — 1 of the coherent sheaf %
050 .. -0 -4 =0
By induction assumption for all j > 1
H/(A, ) =0

The exact sequence
0—>H -0 —=F =0

provides for each j > 1 the section of the long exact cohomology sequence
0=H/(A,0") = H/(A,.7) = HT (A, ) =0,

which proves the induction step and finishes the proof of the proposition. O
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Definition 5.10 (Locally free sheaf of finite rank). On a complex manifold X
an O0-module .Z is locally-free of finite rank k € N, if for each point x € X exist
an open neighbourhood U C X and an isomorphism of &py-modules onto a free
¢0-module of finite rank

2|U = (0|0, keN.

If k = 1 then . is named an invertible sheaf.

Remark 5.11 (Invertible sheaves and line bundles). Consider a complex manifold X,
an 0-module . and an open covering % := (U;) je; of X together with a family of
isomorphisms

(le.ﬁﬂUj — (ﬁ|Uj), jel.

Then the family
(9jlUij 09 'Uyj), ; €21 (%, 07), Uy == UinUj,

defines a holomorphic line bundle £ on X with % the sheaf of holomorphic sec-
tions in &. In the reverse direction, each holomorphic line bundle £ on X defines
a 1-cocycle with values in &* over a suitable open covering of X. Two holomor-
phic line bundles on X are isomorphic iff their 1-cocylces are cohomologous: The
isomorphy classes of holomorphic line bundles on X correspond bijectively to the
elements of the cohomology group H' (X, 0*).

Theorem 5.12 (Locally free sheaves after shrinking to a relatively compact
polydisc). Consider an open set U C C" and a relatively compact polydisc

AcCcCU.

Then each locally free Cy-module £ of finite rank is free on A.

Proof. We may assume U connected. Denote by k € N the rank of .Z.
i) Transformation to product domains: We sandwich an open polydisc A’ such that
AccA'cU
By Riemann’s mapping theorem in the complex plane there is a biholomorphic map
f:A' =0
onto an open product domain Q' C C". Consider on Q' the locally free sheaf
F = fi(ZL]A)

There exists a compact product set O C C" satisfying
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fa)ycgccy,
see the following figure.
A ccC A Cc U
fla |1

f(a) cocc ¢

We show that .Z is free in an open neighbourhood of Q.

ii) Cousin’s principle of induction: To apply Proposition 2.33 we consider the
following function
A:2(Q") — {TRUE,FALSE},

which is defined for each product domain Q € 2(Q’) as

A(Q) = TRUE  if # ~ O in an open neighbourhood of Q
" | FALSE  otherwise

The function A satisfies the assumptions of Proposition 2.33:

173

 Because .Z is locally free, each point x € Q' has an open neighbourhood V such

that A(Q) = TRUE for all product domains Q € 2(V).

* Consider two adjacent product domains

01,0, € 2(0)

satisfying
A(Q1) =A(Qy) =TRUE.

For j = 1,2 exist by assumption open neighbourhoods U /’ of Q; such that &

free on U}: There exist isomorphisms over U}
o : =
Over U{ NU, the transition function
¢:=¢; ' opy: 0" = 0*
is represented by a holomorphic matrix function
¢ € GL(k,0(U]NU3))

Cartan’s lemma for holomorphic matrix functions, Theorem 5.8, provides
for j = 1,2 open neighbourhoods U; of Q; with

is
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Q;CU;CU;j
and matrix functions ®; € GL(k, 0)(U;) which split ¢ on U; NU, as
F=dod .
The corresponding isomorphisms on U;
gjo (i)j OF > 7

satisfy on Uy NU,
prod=pod,
because
¢ o =Pod; !
Hence the family
(@jo®@;)j=12

defines on the open neighbourhood U; UU; of Q1 U Q> an isomorphism

ot = 7,
ie. A(Q1UQ,) =TRUE.
Proposition 2.33 implies
A(Q) = TRUE
for each Q € 2(Q’). In particular
A(Q) = TRUE.

Hence the restriction .# | f(A) is free, which implies that . is free because
flA:A S f(A)

is a holomorphic isomorphism. O

Definition 5.13 (Homological dimension of coherent &-modules). Consider a
complex manifold X and a coherent &-module .. The homological dimension
of % is defined as the supremum of the homological dimension of its stalks in the
sense of Definition 4.22

hde F = sup{hdg, F.: x€X}.

Theorem 4.24 implies that on an n-dimensional complex manifold each
coherent &-module .% has finite homological dimension
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hdp F < n.

From this result about the stalks of a coherent sheaf .% Theorem 5.14 will derive a
finiteness result for the sheaf itself. That’s a global result.

Theorem 5.14 (Hilbert’s syzygy theorem for coherent £-modules after shrink-
ing to a polydisc). Consider an open set U C C" and a relatively compact, open
polydisc

ACCU.

Each coherent O-module F on U with homological dimension
d:=hdpF
has over A a resolution of length d by free 0-modules of finite rank
0— Ok — Okt 5 . O0F 5 T 0.

Proof. The claim is proved by induction on d, i.e. by investigating sheaves with
increasing finite lenght of a free resolution. Due to Theorem 5.12 it suffices to prove
that .# is locally free on A.

1) Induction start for d = 0: Consider an arbitrary point x € U. Because
hdg, F=0

there exists a k € N and an isomorphism of stalks
o, : OF = 7,

We denote by

(ej € ONU))j=1, ..k
the canonical &'(U)-basis of ¢%(U) and consider the germs
fixi=0n(ejx) € Fy
There exists a neighbourhood V C U of x and sections
fieFWV),j=1,..k,
representing f; .. These sections define an &-module morphisms over V
a: 0NV — F|v, a(ej) :=fj, j=1,....k, on sections,

which extends the primary isomorphism o, on the stalks at x. Due to
Corollary 4.33 the coherence of .% implies the existence of a
neighbourhood W C V of x such that the restriction



176 5 Cartan’s lemma for holomorphic matrices
a|W : 5\w — Z|wW
is an isomorphism of sheaves.

ii) Preparing the induction step: For the induction step in part iii) we need an
argument which carries over the surjectivity of a sheaf morphism over a polydisc Y

a: 0= 7,

i.e. the surjectivity on the level of stalks, to the surjectivity of the induced
morphism of sections over Y

ay: OV = .Z(v)
The argument will be the vanishing of a first cohomology group:

Assume that the claim of the theorem holds for d — 1. Consider a relatively
compact, open polydisc Y CC U and over Y an epimorphism of sheaves

o: 0"~ 7.
If hd g, % = d then the Oy-module
H = ker [0F % )
fits into the short exact sequence
0= =05 F -0
and has homomological dimension
hdg, X <d

due to Proposition 4.23. Hence by induction assumption %" has a free resolution
on Y. Then Proposition 5.9 implies the vanishing

H' (Y, #)=0
The initial segment
0= 2 (Y)= 0" Y) 2 Z(Y) > H' (Y, ) =0

from the long exact cohomology sequence of the short exact sheaf sequence above
implies the surjectivity of the morphism of sections

ay : O%(Y) = FZ(Y).

iii) Induction step d — 1 — d: Consider a coherent &y -module .# with
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hdg,F =d >1
We choose a polydisc A’ with
AccA ccU
and construct an &-module epimorphism over A’
ONA — F|A =0

The bottom-up construction uses Cousin’s principle of induction. We consider the
function
A:2(U)— {TRUE,FALSE}

which is defined for product domains Q € 2(U) as

A(Q) = TRUE  There exists an epimorphism ¢* — .% in an open neighbourhood of Q
" | FALSE otherwise

The function A satisfies the assumptions of Proposition 2.33:

* The coherence of .% implies that each point x € U has an open neighbourhood V
such that for each Q € 2(V) exists an epimorphism over V

oV — Z|V.
* For j = 1,2 consider two compact adjacent product domains Q; € 2(U) with
A(Q;) =TRUE.

Hence for j = 1,2 exist open neighbourhoods U; O Q; with epimorphisms of
sheaves over U;

ot 5 7
On the level of sections we denote for j =1 by

fi=(fi1senfigy) € FH(UY)

the family of images under a; of the elements of the canonical base of & ki (Uy), and
analogously for j = 2 the family

f2 = (f2,17"'af2,k2) S jkz(Uz)

For each
xeU NU,

the germs of the components of f; as well as the germs of the components of f,
generate the stalk .%, over 0. Part ii) implies the existence of an open polydisc
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V.cc (UinU,)
such that for j = 1,2 each sheaf morphism ¢(; induces an epimorphism of sections
ajy: 0% (V)= F(V)
We obtain two holomorphic matrix functions
Ay €M(ky xki,0(V)) and Ay € M(ky X ky, O(V))
satisfying
f2-Ar= fiand fi-Ay = fo.
These two matrix equations combine to one single matrix equation of (k; + k2 )-tuples
(0,f2) = (£1,0)-C
with the matrix function

1—Ay-A; A,
Ci= € M((ki +k) x (ki +ka), O(V)).
—A 1

The matrix is invertible
CeGL(ki+kp,O(V))
with inverse
1 —A>
c'=
A1 1—-A;-As

Cartan’s lemma, Theorem 5.8, applies to the matrix function C and provides for j = 1,2
two open neighbourhoods

Vj C Uj OfQj withViNnV, CV
and corresponding matrix functions
Ci e GL(ki+kr,0(Vj)), j=1,2,

which satisfy on Vi NV,

Hence over Vi NV,

(0,/2) = (f1,0)-C = (f1,0)-C1-C;" = (0,12)-C2 = (f1,0)-C
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or
f-CG=fi-C

with each matrix C}, j = 1,2, derived from two blocks of the corresponding

matrix C;. On the union V| UV, both families

fi-Crand f>-C
combine to a family of sections
Fi=(F,...Fi 5,) € FER2(VUW)
satisfying
(0, f2)-C, = F over V, and (f1,0)-C; = F over V;

Each matrix function Cj, j = 1,2 is invertible. Hence the germs of F' generate the
stalk %, for each point x € V; UV,: The family provides over V; UV, the epimor-
phism of sheaves

ohth Ly g

Hence
A(Q1UQy) =TRUE.

Cousin’s principle of induction ensures that each product domain Q € 2(U) has an

epimorphism of &-modules
ot~ F

over a suitable open neighbourhood of Q. The &-module
H = ker [0F — F|

satisfies
hd ¢ = (hd ) —1

due to Proposition 4.23. Hence the induction assumption applied to 2" finishes the
induction step and terminates the proof of the theorem. 0O

Corollary 5.15 shows the consequences of Hilbert’s syzygy theorem for the
cohomology of coherent sheaves on polydiscs. The corollary will play a crucial
role in Chapter 6 for the proof of Theorem B.

Corollary 5.15 (Acyclicity of coherent sheaves after shrinking to a relatively
compact, open polydisc). Consider a relatively compact polydisc

AccC?

and a coherent sheaf F defined in an open neighbourhood of A. Then the restriction F|A
is acyclic.
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Proof. The corollary follows from Theorem 5.14 and Proposition 5.9. O

5.3 Fréchet topology in the context of cohomology

Definition 5.16 (Fréchet sheaf). A sheaf of complex vector spaces .% on a topo-
logical space X is a Fréchet sheaf if for each open U C X the vector space of
sections .% (U) is a Fréchet space and the restrictions

F(U)— F(V),VCU open,

are continuous linear maps.

The structure sheaf & of a complex manifold X is a Fréchet sheaf when providing
the vector spaces '(U), U C X open, with the topology of compact convergence.
The result follows from Proposition 1.19.

Proposition 5.17 (Coherent sheaves as Fréchet sheaves). On a complex manifold X
each coherent O-module ¥ is a Fréchet sheaf.

Proof. i) Distinguished basis of the topology: We choose a basis % of the topology
of X by open sets U C X with the following property: For each U € £ exists an
open set

U cXwithU ccU’

and a biholomorphic map
a:U 5 4A
onto a polydisc A’ such that
A:=a(U)ccA’

is a relatively-compact, concentric polydisc. The family Z can be obtained by
choosing first a locally finite covering (U/);c; by open sets biholorphic to polydiscs,
and then selecting the family (U;);¢; as a suitable shrinking, see Remark 2.3.

Theorem 5.14 provides over U an epimorphism

The kernel
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is coherent according to Proposition 4.32. Corollary 5.15 implies
H'(U,Z)=0.
The exact sequence of vector spaces
0— #(U)— OXU)— F(U)—=0
shows the somorphy of vector spaces
F(U)~o"U) /2 (U).

ii) Closedness of # (U) C 0*(U): According to Proposition 1.19 each vector
space 0% (U) carries a Fréchet topology. We have to show: For a sequence (fy)yen
of k-tuples of sections

fve X (U)c oXU), veN,
with limit
R k
fi=lim fy € 6°(U)

holds
fex(U).

For a section f € 0*(U) holds the equivalence
fexX(U) < fie A forallxeU
because 7 is a sheaf. For a given x € U set
R := Oy, m C R the maximal ideal, M := %,
Due to the Krull lemma, see Proposition 4.21,

M= () (M+m* R
seN*

Hence it suffices to show: For each s € N*
freM+m* R
For given s € N* consider the residue map
7y : R — R* jm* . R¥

with
Rf/m*-RF € Clzy, ..., 2]
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the vector space of all polynomials of degree < s — 1. Because the vector space is
finite-dimensional it has a unique structure of a Hausdorff topological vector space
and all its subspaces 7,(M) are closed.

The Cauchy integral formula, Corollary 1.7, implies: For arbitrary but fixed
multi-index 7 € N¥ and j € {1,...,k} the sequence of the I-th coefficents of the
power series of the j-th components of the sequence (fy )y converge towards

the I-th coefficent of the j-th component of f;. Hence

ns(fx) = \}il}gons(fv,x) € ﬂ:s(M)

which implies
feeM+m'- R

Because s € N* was arbitrary, the result finishes the proof of the claim f, € M. As a
consequence
A (U) c 0%(U)

is closed, and the quotient
F(U)=6*U)/# )

provided with the quotient topology becomes a Fréchet space.

iii) Independence of the topology: We have to show that the topology on % (U)
does not depend on the choice of a resolution of .%, i.e. on the choice of
generators f, ..., fy € % (U). Hence we assume a second

choice fii1,..., fm € F (U) of generators. We show that the two families

(flv"'afk) and (f17"'7fkafk+1,"'afm)

induce the same topology: The continuous injection
oM U) — 0™(U), ejrsej, j=1,....k,

induces the commutative diagram with exact rows

0 K (U) oMU) Z(U) 0
I
0 2'(U) om(U) Z(U) 0

Here .7 (U)’ denotes the quotient topology on the vector space % (U) induced
from the lower row. The map

id: Z(U) = ZU)
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is continuous and surjective between Fréchet spaces, hence a homeomorphism due
to Remark 1.18.

iv) Continuity of the restriction maps: Consider two open sets
U,VeABwithV CU

and let
o: FU)— F(V)

be the restriction. We obtain the commutative diagram with exact rows

0 K (U) oMU) Z(U) 0
[4’1 l(l)z l%
0 H (V) ox (V) F(V) 0

The map ¢, is continuous because & is a Fréchet sheaf due to Proposition 1.19.
Hence also the restriction ¢; is continuous. Diagram chasing and the definition of
the quotient topology on .% (U) implies the continuity of ¢s.

v) General open sets: An arbitrary open set U can be represented as

U=u

il
with a countable index set / and open sets

U e icl.
The canonical injection of vector spaces

U) =17, = (flU:)i

il

has a closed image: The idea is to represent the image as a kernel. For each given
pair (i, j) € I x I the open intersection

U,'j =U;N Uj
can be represented as

U Uijv, Uijv :=U;;NUy

Ur.j,vej'

The continuous map
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K: Hf(Ui) = [T1Z W), (f)i = ((fi= [)Uijv)ijivs

ic i,j,v

satisfies
ker k =im A
Hence
FU)=im A =ker k C [[.7(U))
icl
is a closed subspace, and therefore a Fréchet space itself with respect to the
induced topology. O

Corollary 5.18 (Fréchet topology on cochains and cocycles). Consider a complex
manifold X and a coherent €-module 7. For each countable open covering % = (U;)ier
of X and each q € N the group of Cech cochains

Cl (U ,F)
is a Fréchet spaces and the coboundary map
81:Cl U, TF)— Cq“(%,ﬁ)
is continuous. The subgroups of cocycles
ZUU,F)CClU,F)

is a closed subspace, hence a Fréchet space too.

Note that the subspace of coboundaries
B, F)CClU,F)

is not necessarily closed. As a consequence the quotient H?(% ,.%) is not
necessarily a Fréchet space; see [16, Kap. V, §6.5 Bem.]



Chapter 6
Theorem B and Theorem A on Stein manifolds

This chapter defines the concept of a Stein manifold, Definition 6.11. It proves with
Theorem B - see Theorem 6.23 - the main result on Stein manifolds.

Theor. 4.28 Theor. 6.14 Theor.5.14 Prop.6.13 Theor. 6.22 Prop. 1.26 Theor. 3.19

N

Prop. 6.17

Theor. 6.23 —————

Fig. 6.1 The big picture

Theor. 4.28 (Oka’s coherence theorem)

e Theor. 6.14 (Embedding analytic polyhedra of a Stein manifold)
e Theor. 5.14 (Hilbert’s syzygy theorem)

* Prop. 6.17 (Theorem B for analytic polyhedra)

e Prop. 6.13 (Exhaustion by analytic polyhedra)

* Theor. 6.22 (Runge approximation for coherent sheaves)

* Prop. 1.26 (Mittag-Leffler principle for the projective limes)

e Theor. 3.19 (Leray’s theorem)
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Figure 6.1 gives the big picture: How do the results developed so far prepare the
proof of Theorem B. In addition, the chapter derives some fundamental
consequences of the theorem.

Two fundamental problems from complex analysis on manifolds are the following
issues:

e Domain of holomorphy: Characterize those domains G C C" which are a
domain of holomorphy, i.e. a domain where at least one holomorphic function
does not extend across any boundary point. During the first half of the 20th
century this problem was the main challenge for complex analysis in several
variables.

* Holomorphic approximation: Find conditions for a pair (X,Y) with a complex
manifold X and an open subset Y C X which ensure: The canonical restriction
of Fréchet spaces

OX)— 0(Y)

has dense image.

We investigate the first topic in section 6.1 and the second in section 6.2.

6.1 Holomorphic convexity and analytic polyhedra

Definition 6.1 (Domain of holomorphy and holomorphic convexity). A domain G C C"
is a domain of holomorphy if there exists a holomorphic function f € ¢(G) which
has no holomorphic extension over any boundary point x € dG.

How to determine whether a domain G C C”" is a domain of holomorphy? A useful
criterion is the concept of holomophic convexity.

Definition 6.2 (Holomorphic convexity). Consider a complex manifold X.

1. The holomorphically convex hull of a compact set K C X is the set

A

Ki=Ry= ) {reX: |[fOI<Iflk}-

feo(x)

2. The manifold X is holomorphically convex if each compact set K C X has a
compact holomorphically convex hull K.
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3. An open subset Y C X is relatively-holomorphically convex with respect to X if
for each compact K C Y the relatively-holomorphically convex hull

Ryy= () {ver: [fO)<Iflx}

feo(x)

is compact.

Remark 6.3 (Holomorphic convex hull).

1. The holomorphic convex hull K of a compact set K C X is the subset of X such
for each global holomorphic function f € &(X) the modulus | f| on K is bounded
by its maximum on K.

2. For holomorphically convex Y the hull Ky is compact when considering all
functions from & (Y). While for ¥ C X relatively-holomorphically convex the
hull ky’x is compact when considering only those functions from &(Y) which
extend to X. Because Ky C Ky x is a closed subset and X is locally compact

kyyx compact — K’y compact

and
Y C X relatively-holomorphically convex with respect to X

= Y holomorphically convex.

Proposition 6.4 states a useful criterion for holomophic convexity.

Proposition 6.4 (Holomorphic convexity). A complex manifold X is holomorphi-
cally convex if it satisfies the following property: For each discrete infinite closed
subset D C X exists a holomorphic function f € O(X) which is unbounded on D,
ie.

sup {|f(x)] : x€ D} =oo.

Proof. We have to show that under the assumptions of the proposition holds
K C X compact => K C X compact.
Compactness of K C X implies the finiteness
1 £llx <o

To verify compactness of K it is enough to show that K is sequentially compact,
because X has a second countable topology. Therefore we prove that K does not
contain a closed, infinite subset which is discrete. The proof is by contradiction: For
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a given discrete infinite closed subset D C X exists by assumption a holomorphic
function f € €(X) with

sup {xeD: [f(x)[} = o> ||fllx

Hence for a suitable element xy € D

|f(x0)| > || fllx
and therefore
xo g {xe X [f()| < | fllx}

In particular

g () xeX: gl <lelk} =K.
g€d(X)

O

The sufficient condition for holomorphic convexity from Proposition 6.4 is also
necessary: For each discrete infinite subset D C X of a holomorphically complex
manifold X exists a holomorphic function f € &'(X) which is unbounded on D,
see [16, Kap. IV, §2, Satz 12] and for the affine case [18, Satz 5.6].

The existence of domains in C", n > 2, which are not holomorphically convex,
distinguishes complex analysis in several variables from the 1-dimensional theory.

Example 6.5 (Holomorphic convexity).
1. Each domain X C C is holomorphically convex.

For an indirect proof assume the existence of a compact set K C X with K not
compact. The set K is closed. There exists a sequence (x,),en in K with
pointwise distinct elements without accumulation point.

« If the sequence (x,),en is unbounded then the holomorphic function
f € O(X) defined as f(z) :=z, z€ X,
is unbounded, a contradiction to

oo = sup {|f(xa)| : n € N} <sup {|f(x)]: x € K} < | fllx <o,

o If the sequence (x,),ecn is bounded then it has an accumulation point a € dX
due to the Heine-Borel theorem. The openness of X implies a ¢ X.The holo-
morphic function

1
f € O0(X) defined as f(z) := ——, z€ X,
Z—a

is unbounded which implies an analoguous contradiction.
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2. Each polydisc A C C" is holomorphically convex: Denote by
F=(71,.csTn)

the polyradius of A. We apply Proposition 6.4: Consider a discrete infinite closed
sequence (ay)yen in A. W.lo.g. (ay)yen is convergent towards a point

a=(ay,....,ay) €A

because A is compact. Because the sequence forms a discrete set and is closed
in A, the limit satisfies a ¢ A. Hence for a suitable j € {1,...,n} holds a; = r;.
Then

1

=1

fe ﬁ(A)? f(zla“wzn) =
is unbounded on A.

3. Consider the Hartogs figure (P, H) from Figure 1.3.

e The domain H is not a domain of holomorphy due to Theorem 1.14: Each
holomorphic function f € &(H) extends to a holomorphic function

feor)
on the bigger domain P.

More general, a domain X with the biholomorphic image of a Hartogs figure
like in Figure 6.2, cannot be a domain of holomorphy.

Fig. 6.2 H C X from a Hartogs figure (P, H) hindering X to be a domain of holomorphy.

* Also, H C C is not holomorphically convex, because there exists a compact
subset K C H with K C H not compact: Using the notation from Figure 1.3
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we choose fixed a € G\ U and p > 0 satisfying
n<p<n
and consider the compact subset
K:=Hn{(a,w)eC?: |w|=p}~dA(p)cC
equal to the boundary of the circle with radius = p.

We choose a sequence of radii
(rv)ven, 0 < ry < p with lim r, =ry
V—ro0
and set
xy:=(a,ry)€EH, vEN
which satifies

Xoo 1= ‘}gri’ xy=(a,r)¢H

Concerning the holomorphically convex hull K we prove
xy € K foreach v €N, but x.. ¢ K :

— Each holomorphic function f € &(H) has a holomorphic extension f € (P).
Due to the maximum principle of 1-dimensional complex analysis we ob-
tain the estimate

[F () = 1F)| = | f(a, )l < 117 (@) laage) = I1f (@) llaagey < Ik
Hence x, € K forall v € N.

— But
Xeo = lim xy ¢ H, in particular x.. ¢ K

There are points of K, which converge to the boundary of the domain H.
Hence K is not compact, which proves that H is not holomorphically convex.

The interest for holomorphically convex domains X C C” results from the fact that
these domains are exactly the domains of holomorphy in C".

Remark 6.6 (Domain of holomorphy).
1. For a domain X C C" are equivalent:

e The set X is a domain of holomorphy.



6.1 Holomorphic convexity and analytic polyhedra 191

e The set X is holomorphically convex.

* The set X satisfies the sufficent condition from Proposition 6.4.

2. A domain X C C" with a boundary dX, which is locally defined by a C>-function ¢,
is a domain of holomorphy iff the Levi form L,¢ is positive semi-definite at each
boundary point x € dX, see Figure 6.3.

Fig. 6.3 Local description of the boundary

For part 1) of Remark 6.6 see [18, Kap. II, Satz 6.2]. For part 2)
see [12, Theor. 2.1.4].

Complex polydiscs are distinguished open subsets A C C" of the affine space.
According to Corollary 3.23 the structure sheaf of a polydisc is acyclic. On a general
complex manifold X the concept of a polydisc is not intrinsically defined because
the concept refers to the coordinate functions of C".

After defining Stein manifolds in Section 6.2 we will see: On a Stein manifold
there are enough global holomorphic functions to replace the concept of a polydisc
by the concept of an analytic polyhedron, see also [22, 12.10 Exampl.]. An analytic
polyhedron is a global concept. Its definition is independent from any choice of
coordinates. Analytic polyhedra turn out as the main tool to prove Theorem B on
Stein manifolds. We will show:

¢ Proposition 6.13: Each Stein manifold can be exhausted by a sequence of analytic
polyhedra.
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* Theorem 6.14: Analytic polyhedra of a Stein manifold embed as analytic submanifolds
into polydiscs. Hence the vanishing result from the local theory for polydiscs,
Corollary 5.15, carries over to analytic polyhedra.

* Theorem 6.22: For relatively-holomorphically convex subdomains Y of a Stein
manifold X holds an approximation theorem - not only for holomorphic functions
but also for sections of coherent sheaves.

Definition 6.7 (Analytic polyhedron). Consider a complex manifold X. A rela-
tively compact open subset
PccX

is an analytic polyhedron in X if there exist an open neighbourhood U of P and
finitely many holomorphic functions

fiyen fe € O(X)
such that

k
P= O{XEU: fi(0)] <1}

Note in Definition 6.7 that the functions f; € €/(X) are globally defined, on the
whole manifold X. Being an analytic polyhedron is a relative concept

PccX

Whether a set P is an analytic polyhedron depends also on the choice of the
ambient manifold X in question.

Example 6.8 (Analytic polyhedron).
1. Polydisc: Each relatively compact, open polydisc

Accc
is an analytic polyhedron in C": If
A={(z1,..z2n) €C": |zj| <rjfor j=1,...n}

then consider

fi@)i="Leo(C), j=1,..n

T
As a consequence

A= zeC: 5] <1}

j=1
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and one may choose U = C".
2. Annulus: Consider the 1-dimensional annulus
P:={zeC: 1<z <2}

* The annulus P is an analytic polyhedron in C*. It is the intersection of the two
analytic polyhedra in C*

P={zeC*: |z|<2}n{zeC*: |1/7] < 1}

* But P is not an analytic polyhedron in C due to the maximum principle: If the
modulus of an entire holomorphic function is < 1 on the circle with radius
r=3/2, then it is also < 1 on each circle with radius r < 3/2.

Proposition 6.9 (Analytic polyhedra are relatively-holomorphically convex).
Consider a complex manifold X and an analytic polyhedron P CC X. Then P is
relatively-holomorphically convex with respect to X.

Proof. By definition exists an open set U C X and finitely many holomorphic func-
tions
fi€OX), j=1,..k

such that
P={xeU: |fix)|<1lforall j=1,...k} CCU

Consider a given compact K C P. Because K is compact and P is open we have

KnoP=0.

i) If there were an index jo € {1,...,k} with

I fiollx =1,

then compactness of K implies the existence of a point x € K C P with

|fjo(x)| =1

Hence
x€dPNK =0,

a contradiction. As a consequence forall j =1,....k
1£illk <1

ii) We have to show: For each compact K C P the holomorphically convex hull

Li=Kyp:= (] {xeP:|f@|<|flx}

feo(x)
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is compact. It suffices to show that each sequence (xy)yen in L has a subsequence,

which is convergent towards a limit xo € L.

The relative compactness
pPccU

implies the compactness of P and a forteriori the compactness of
LCP

Hence there exists a subsequence (xy,)
limit

eny in L C P which is convergent towards a

xp€LCU.
Part i) implies for all j = 1,...,k in the limit
£(x0)] < 1f5llk < 1, hence xo € P.

Moreover for all f € &(X) in the limit

[f (o)l < I/l

As a consequence xo € L. O

Proposition 6.10 (Neighbourhood basis of analytic polyhedra). Consider a com-
plex manifold X.

1. Holomorphically convex: If X is holomorphically convex, then for each compact
set K C X its holomorphically convex hull K has a neighbourhood basis of ana-
lytic polyedra in X.

2. Relatively-holomorphically convex: IfY C X is open and relatively-holomorphically
convex with respect to X, then for each compact set K C Y its relatively-convex
hull Iey,x has a neighbourhood basis of analytic polyhedra in Y, which are de-
fined by analytic functions from 0(X).

Proof. 1) X holomorphically convex: We claim that for each compact set K C X and
open neighbourhood U of K in X exists an analytic polyhedron P in X with

KcPccU.

The set K is compact because X is holomorphically convex. The manifold X is lo-
cally compact. Hence we may assume U CC X relatively compact.

K CUandU open = KNaU =0.

There exists for each x € JU a holomorphic function f* € /(X) with
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> 1l

and w.l.o.g.
[f*(0)| > Tand [|f*][x <1

Then also

) >1

for all y € Vi, a suitable neighbourhood of x, see Figure 6.4. The relative compact-
ness of U implies the compactness of dU. Hence there exist finitely many open
sets Vy,, ..., Vy, with

ovc (J vy

j=1,...k

¢ Define
P:={xeU:|fY(x)|<lforj=1,..k}

Then
PCU = P C U compact

Hence P is compact.
* Moreover
x€KCU = Foreach j=1,...k: |f9x)| <|f9|x < 1.
Hence K C P.
* Eventually
PC{xeU: |fY(x)|<1forj=1,....k} and {x€ U : |fY (x)| <1 forj=1,....k}

Hence P C U.

As a consequence P is an analytic polyhedron with

KcPccU.

0,
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Fig. 6.4 Separating K and dU

ii) Y relatively-holomorphically convex: The proof for the
relatively-holomorphically convex case is analogous. O

6.2 Stein manifolds and Theorem B

Definition 6.11 is the original definition, see [14, Einleitg.].

Definition 6.11 (Stein manifold). A Stein manifold is a complex manifold X which
is

1. holomorphically convex,

2. and holomorphically separable,

i.e. for each pair of points x # y € X exists a global holomorphic
function f € €0(X) with f(x) # f(y),

3. and holomorphically regular,

i.e. for each x € X exist an open neighbourhood U C X of x and global
holomorphic functions

fiyes fn € ﬁ(X)

such that the restriction
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(AU, fulU) : U = "

is a chart of X around x.

Each of the requirements from Definition 6.11 refers to global holomorphic
functions on X. Each subdomain X C C” is holomorphically separable and locally
uniformizable. But if n > 2 then X is not necessarily holomorphically convex, see
Example 6.5. Hence the characteristic property of an open Stein set X C C” is its
holomorphic convexity.

Remark 6.12 (Stein manifold). Grauert [14] showed two important properties of
Stein manifolds:

1. A complex manifold, which is holomorphically convex and holomorphically
separable, is also holomorphically regular, hence a Stein manifold.

2. The topology of Stein manifolds is second countable like the topology of Rie-
mann surfaces.

Proposition 6.13 sharpens Proposition 6.10 for holomorphically convex manifolds.

Proposition 6.13 (Exhaustion by analytic polyhedra). FEach holomorphically
convex complex manifold X with second countable topology, notably each Stein
manifold, has an exhaustion by a sequence of analytic polyhedra, i.e. there exists a
sequence (P,),cy of analytic polyhedra in X satisfying

P, CC Puy1, andX = | J P,
neN

Proof. Because X is locally compact with second countable topology there exists
an exhaustion of X by an ascending sequence of compact subsets (Ky )yen with

xX=k

veN

The assumption that X is holomorphically convex implies: For each compact K C X
its holomorphically convex hull K C X is also compact.

We construct the required sequence (Py)yen of analytic polyhedra by induction:
Due to compactness of Ky Proposition 6.10 provides an analytic polyhedron P,
in X with

I%() ChCCX.
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The set
Lo =K UP

is compact, hence its convex hull L is compact too. As a consequence there exists
an analytic polyhedron P; in X satisfying

LycPccX
The construction continues with the compact set
L =KU F]

and proceeds step by step in an analoguous way. 0O

Theorem 6.14 (Embedding analytic polyhedra of a Stein manifold). Each ana-
lytic polyhedron
PccX

in a Stein manifold X embeds by global holomorphic functions as analytic submanifold
of a polydisc, i.e. there exist finitely many holomorphic functions

O1,.es O € O(X)

such that the restriction

O :=(d1,....0n)|P:P—>ACC"
is a closed embedding.
Proof. We construct the closed embedding

P—C"

in the following steps

Local regularity = Immersion

Local separability =—> Injectivity
Properness =—> Closed embedding

By definition of an analytic polyhedron there exist an open set U C X and holomor-
phic functions

f]a"'mfr € ﬁ(X)

such that
P={zeU:|fj(z)| <1forj=1,.r}CccU

Because P is compact, we may assume after shrinking that also U is compact.
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i) Immersion: Set n := dim X. Due to the local regulartiy of the Stein manifold X
each point a € P has an open neighbourhood U, and an n-tuple of holomorphic
functions

8a ‘= (ga,la maga,n) S ﬁ(X)EBn

such that the restriction
gaU,: U, — C"

is a chart of U, around a. Compactness of P implies that P is covered by finitely
such open neighbourhoods

Ug,, .., Uy, with corresponding n-tuples g4, -..,8q, € O'(X)™".

Denote by
G:= (gl,...,gs) S ﬁ(X)EES7 s:k.n7

the family of all component functions of these n-tuples. The map
Glp:P—C*
is an immersion of the analytic polyhedron P.
ii) Injectivity: Consider the diagonal
Diag := {(x,y) EPXP: x=y}
The union of product sets

W:=FPxP)n |J (Usy xUs)
j=1,...k

is an open neighbourhood of Diag.
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L
e
VAR
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Ding P x T’-
Fig. 6.5 Diag CW C P x P.
For a pair
(x,y) EPXP
we distinguish two cases:
o If
(x,y) €W

then exists an index j € {1,...,k} with (x,y) € Ua; X Uy;. If x # y then part i)
provides a component function g € & (X) of G with

g(x) #g(y)

. If
(x,y) € (PxP)\W

then x # y and due to the holomorphic separability of X there
exists h = hy, ) € O(X) with

h(x) # h(y)-

Due to continuity the function & separates also points which form a pair in a
neighbourhood W, , of (x,y). The set

(PxP)\W

is a closed subset of the compact

~l
X
ol
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and therefore compact itself. As a compact set it is covered by finitely many
global W, ..., W, with separating functions 5y, ..., € O(X).

By combining the families G = (g1, ....,gs) and H := (hy, ..., ;) we obtain a finite
family (G,H) € 0(X)**" which provides an injective map

(G,H)[P:P— C*™.
We may normalize the components such that
lgilp<1, j=1,..,sand ||hj||lp <1, j=1,...1.

The map
(G,H)|P:P— A CCY

is an injective immersion.

iii) Properness: To obtain a proper map we now add the family of defining
functions of P

F:=(fi,....fr) € OX)*"

to the map from part ii). Set
m:=r—+s+t

and consider the m-dimensional polydisc
A" cc”

and the map
. P A"

with
D(x):=(F,G,H)(x) = (f1(x), -, [+(%),81(x), -, 85 (%), 1 (), ..., Be (X))

In order to show that the map @ is proper, we consider a compact subset K C A™.
For a suitable radius p < 1

KcA™(p):={w= Wi, ....wm) €EA: |wy|<p, v=1,..,m}

Then
&' (K) c &' (A" (p))

is closed because the map @ is continuous. We show that @ ~!(K) is also contained
in a compact set: Considering only the component

F=(f,..f,) of @

we have
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o1 (A"(p)) CF ' (A™(p)) ={x€P: [A(X)|<p, v=1,.,r}
Moreover
Fﬁl(Am(p)) :{XGFZ |fV(x)‘ =p, V= 17...,7‘}

because each point
x€P\Pwith |fj(x)|<pforj=1,..r

had to satisfy |fj(x)| > 1 for at least one index j € {1,...,r}, which is impossible.
As a consequence B
F~'(A"(p)) C P,

which is a compact set.
The proper map @ is a closed map because the underlying spaces are Hausdorff

spaces. In particular
A:=d(P)C A™(1)

is a closed subset of A™ and the injective closed and surjective map @ : P — A is a
homeomorphism. Because the map @ is a holomorphic immersion, the
subset A C A™ is a closed analytic manifold.

The three steps imply that
D:PHACA™

is a closed embedding onto an analytic submanifold. O

Lemma 6.15 (Coherence of the direct image under closed embeddings). Con-
sider a complex manifold X, an open set U C C", and a closed holomorphic embed-
ding

jiX=U

For each coherent Ox-module F the direct image j«.% is a coherent Oy-module.

Proof. Denote by A := j(X) C U the analytic submanifold.

i) Structure sheaf: First we consider the specific case of the structure
sheaf . % = Ox. We have
JxOx = Oy | Ip

with .#4 C Oy the ideal sheaf of A C U. The sheaf .#4 C Oy is coherent due to
Proposition 4.30. Hence

ﬁA = ﬁy/fA = coker [ﬂA — ﬁU}

is coherent due to Proposition 4.32.
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i) General case: A general coherent Ox-module .% has locally in X a resolution
by free sheaves of finite rank

O = 08— F—0
The induced sequence of sheaf morphisms
JxO% = j OF — j.F =0

is also exact, because j,.# has the stalks

(J*gz)) =

Fy ify=jx), xeX
0 otherwise

Due to part i) the Oy-modules j, ﬁ;ﬁ and j, ﬁ’fg are coherent. Hence
Proposition 4.32 implies the coherence of

j«F = coker [j O} — j.OF)

Apparently Lemma 6.15 is a simple example of Grauert’s general coherence
theorem, see Remark 4.36.

Definition 6.16 (Concentric polyhedra). Two analytic polyhedra
pcrP
of a given complex manifold are concentric if there exists a closed embedding
jiP = A
into a polydisc A’ C C", and a concentric polydisc A CC A’ such that the restriction
jlP:P— A

embeds P as an analytic submanifold of A.

Note: Two concentric polyhedra satisfy P CC P'.

Proposition 6.17 (Theorem B for concentric analytic polyhedra in Stein manifolds).
Consider a pair
pccP

of concentric analytical polyhedra of a Stein manifold X. For each coherent Op-module F
the restriction F |P is acyclic.
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The proof reduces the claim to the analogue for polydiscs in Corollary 5.15,
which follows from Hilbert’s syzygy theorem for coherent sheaves on polydiscs,
Theorem 5.14.

Proof. 1) Consequences of Hilbert’s syzygy theorem: Due to Definition 6.16 there
exists an embedding
jiP=A

with A := j(P’) an analytic submanifold of a polydisc A’ and
P=jYA)ccP

for a concentric polydisc
AccA.

Lemma 6.15 implies that j,.7 is a coherent 4/-module. Corollary 5.15 of Hilbert’s
syzygy theorem after shrinking to a polydisc implies that

J«F|A
is acyclic, i.e.
HY(A,j..#)=0forallg > 1.
ii) Comparing cohomology by comparing coverings: We claim
HY(P,.7)=HI(A, j..F).

On the right-hand side of the equation: For each open covering % = (U;);ec; of A
holds by definition of the direct image

HYU ,juF) = HI(j (%), 7) with j (%) = (' (UD)iex

We have
HI(A,j.F)= lgan(?/,j*ﬁi)
4

There is a bijective correspondence between open coverings % of A for the
right-hand side and open coverings ¥ of P for the left-hand side: Each open
covering % = (U;);er of A defines the open covering

V= (%)
of P. For the opposite direction consider an open covering
V= (Vj)jes

of P. For each j € J the set j(V;) C j(P) is open. Hence there exist an open U; C A
with
J(Vj) =U;nj(P).

Because j(P) C A is closed, the additional set
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U:=A\j(P)CA

is also open. Then
U = (Uj)je]U{U}

is an open covering of A with
iNu)=7.
Hence the vanishing of H4(A, j..%#) from part i) implies: For all g > 1

0= l%an(%,j*ﬂ) = l%nH"(j—%%),f) = 1%11}161(«//,9) = HY(P,.F)
U/ 07 -

O

We have now collected all necessary results about analytic polyhedra in a Stein
manifold. We are ready to investigate and to prove Runge’s global approximation
Theorem 6.20. The theorem will be the final tool to extend the local vanishing
result from Proposition 6.17 to arbitrary Stein manifolds.

First we introduce the concept of Runge pairs.

Definition 6.18 (Runge pair). A Runge pair (X,Y) comprises a complex manifold X
together with an open Y C X such that the restriction

OX)—=0Y), f 1Y,

has dense image with respect to the Fréchet topologies on both vector spaces.

Remark 6.19 (Runge pair). We recall the 1-dimensional situation in C.

1. Each holomorphic function on the disc A C C is the compact limit of a se-
quence of holomorphic functions on C, e.g., of its Taylor polynomials. Hence
the canonical restriction

O(C) = 0(A), f = flA,

has dense image with respect to the Fréchet topology of compact convergence on
each of the two spaces. As a consequence the pair (C,A) is a Runge pair.

Note: Taylor approximation also applies to holomorphic functions in higher-
dimensional polydiscs A". Hence each pair (C",A") is a Runge pair.
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2. For a general domain G C C the pair (C,G) is not necessarily a Runge pair. A
counterexample is the domain G := C*: Consider

1
[:G—=C, f(2) ::E

and assume
f= le Iy Jn € ﬁ((C).

The residue theorem and the compact convergence imply

27:1':./&':1 f@) dzz/‘z‘: (lim f,(2)) dz = lim Ja(z) dz=0

| n—oo n—eo J|z|=1
The contradiction shows that (C,C*) is not a Runge pair.

3. For a domain G C C holds the Runge approximation theorem: (C,G) is a Runge
pair iff the complement C \ G has no relatively compact holes.
See [26, Kap. 12, §2, Approximationssatz].

Theorem 6.20 (Runge approximation for the structure sheaf). Consider a Stein
manifold X and an open, relatively-holomorphically convex subsetY C X. Then (X,Y)
is a Runge pair.

Proof. Consider a holomorphic function f € &'(Y). We have to investigate the
approximation of f on each compact subset K C Y. Because Y is
relatively-holomorphically convex with respect to X, the hull

Kx7y cY
is compact. Hence we may assume K = I?Xy.

1) Embedding into an analytic polyhedron: Proposition 6.10 provides an analytic
polyhedron P C Y

 defined in an open set
UcCcYwithPCCU

by finitely many holomorphic functions f; € &(X), j=1,...,k, as
P:={yeU: |fj(y)| <lforall j=1,..k}

* and satisfying
KcpPccU

ii) Reduction to a polydisc: Because X is a Stein manifold, Theorem 6.14 provides
a closed affine embedding of P: There exists finitely many holomorphic functions
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(P],...,(b” S ﬁ(X)

such that
¢ :=(¢1|P,...,0n|P) : P— A

embeds P into the unit polydisc A C C" as an analytic submanifold A C A.
Consider the holomorphic function on A

g:=(fIP)ogp~' € O(A).

Then
fIP=go0¢.

iii) Theorem B for polydiscs: For each polydisk
AlccA

the restriction g|AN A’ extends to a holomorphic function on A’, i.e. we construct a
holomorphic function

G e 0(A") with GIANA' =g|lANA’:

The ideal sheaf .# C €4 of the submanifold A C A fits into the exact sequence of
sheaves on A
0—)]14—)@3—)6;3—)0

which defines the structure sheaf &4. Proposition 4.30 implies that .#, is coherent,
and Corollary 5.15 implies for the restriction

H'(A', 74|A") = 0.
The segment of the long exact cohomology sequence
HYA',Oy) — HY (A, 041A") — HY(A', 74]4") =0
implies the surjectivity of the restriction
O(A") — O4(ANA")
and the existence of a holomorphic function G € &(A’) with
GIANA =glANnA’.
iv) Holomorphic approximation by Taylor polynomials: We choose a polydisc A’

with
o(K)cA' ccA.

For given precision € > 0 we choose a finite segment F of the n-dimensional
Taylor expansion F of G on A’
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F(z) = Z ar-7
T]<k
such that
|G—Fllox) <€
Forx e K
f(x) =8(9(x)) = G(9(x))
hence

If = (Fod)lk=[|Go®-Fod|x<e

with the global holomorphic approximation

Fo¢p e 0(X).
One has
(Fo@)()=F(9) =Y ai i 91(0)" .- gu(x)"
i1+ +in<k
O

Lemma 6.21 prepares the proof of Theorem 6.22, which generalizes the
approximation from Theorem 6.20 to sections of coherent sheaves.

Lemma 6.21 (Runge approximation along analytic polyhedra). Consider a
Stein manifold X and two pairs

(P.P') and (Q,Q')
of concentric analytic polyhedra in X with
P co.
For each coherent O-module F on X the restriction of Fréchet spaces
F(Q) = F(P)
has dense image.

The idea is to apply Hilbert’s syzygy theorem, Theorem 5.14, for a pair of analytic
polyhedra, which embedd into the concentric pair (A,A’) of polydiscs. We have

PccPcQccQ

Note that P C Q is not required to be a pair of concentric polyhedra.

Proof. 1) Resolving F over Q: Theorem 6.14 provides a closed embedding
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0:0 = A

The direct image ¢,..% is a coherent 0 4,-module due to Lemma 6.15. Theorem 5.14
provides over the shrinked polydisc

AcCc A withg~1(A)=0

an epimorphism
Oh — 0.7 =0,

i.e. there exist sections
fiss e € (0:7)(A) = Z (97 (4)) = 7(0Q)
which generate for each y € A the stalk
(9+F)y
The latter satisfies for each y = ¢ (x), x € Q,
(‘7)*52 )y =T
The sections define an epimorphism of ¢-modules over Q
5L F e gy j=1, 0k,

with (eq,...,ej) € OP(Q) the canonical €(Q)-base of 07(Q). The epimorphism
induces a short exact sequence of sheaves

04 ot B 750

with the coherent 0 p-module
H = ker B.

ii) Approximation of holomorphic functions: The vanishing
H' (P,#)=0
due to Theorem B, Proposition 6.17, applied to the concentric polydiscs
PccCP
provides the epimorphism of sections
o (P) 2 7 (P)

A given section f € % (P) can be represented as
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k
=Y af
Jj=1

with holomorphic coefficients o, ..., o € &(P). Due to Theorem 6.20 each holo-
morphic function
o, j=1,..k,

can be approximated with arbitrary precision on each compact subset of P by global
holomorphic functions from &'(X), in particular by holomorphic functions on Q.
The module multiplication is continuous. Hence f € .% (P) can be approximated
with arbitrary precision by sections from .%#(Q). O

Theorem 6.22 generalizes the result about the structure sheaf from Theorem 6.20
to the Runge approximation of coherent sheaves .% on a Stein manifold. The step
requires a careful treatment of the Fréchet topology of ..

Theorem 6.22 (Runge approximation for coherent sheaves). Consider a Stein
manifold X and a relatively-holomorphically convex open subset Y C X. For each
coherent sheaf F on X the canonical restriction

Py F(X) = Z(Y), [ fIY,

has dense image with respect to the canonical Fréchet topologies. In particular, (X,Y)
is a Runge pair.

Proof. After choosing first an exhaustion of Y by analytic polyhedra (P,);cy we
prove next that each restriction

F(X) = F(P), icl,

has dense image. By a careful investigation how the of the topology of the Fréchet
sheaf .% relates to the product topology of the Fréchet spaces

we eventually conclude that

has dense image.

i) Exhausting Y by analytic polyhedra: Due to Remark 6.3 the subset Y C X is
holomorphically convex. Proposition 6.13 provides an exhaustion (P;)cy of ¥ by
analytic polyhedra in Y. W.l.o.g. for each index i € N exists a concentric
polyhedron P/ in Y with

P,CCP.
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Due to Proposition 6.10 we may assume that these polyhedra are defined by
holomorphic functions from &'(X).

ii) Restriction of global sections to polyhedra: Let i € N be a fixed index and set
P:=Pand P :=P

We prove that the restriction
X F(X)— F(P)

has dense image with respect to the Fréchet topologies from Proposition 5.17.

The Stein manifold X is holomorphically convex. Proposition 6.13 provides an
exhaustion of X by analytic polyhedra in X. W.l.0.g. the exhaustion starts with a
neighbourhood of the relatively compact P’ CC X: Choose a sequence of pairs of
concentric analytic polyhedra in X

(QV I Q,v )
satisfying

P'CQo, 0, CCOv1, X=]J Oy

veN

Lemma 6.21 ensures: All restrictions
F(Qo) = F(P) and F (Qv+1) = F(Qv), VEN,
have dense image.

Consider now a section f € .% (P;) which should be approximated by a
section F € .%(X) up to a closed neighbourhood N C .%(P;). If

pvzﬁ"(Qv)—%?(P), veN,
denotes the restrictions, then the inverse images
My :=p, ' (N) C Z(Qv) vEN,
are complete metric spaces. The family of continuous morphisms with dense image
. = M3 — My — My — My

satisfies the assumptions of the Mittag-Leffler principle of exhaustion:
Proposition 1.26 provides a family of compatible sections (F, € % (Qy))ven, i.€.

Fy11|Qy =Fy, veN.

Hence the family defines a section
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Fe Z(X)

which for all v € N restricts to F,. As a consequence F € % (X)
approximates f € .7 (P) with the precision determined by the neighbourhood N.

iii) Restriction # (X) — .7 (Y ): We prove that the restriction
P F(X) = Z(¥)
has dense image with respect to the canonical Fréchet topologies: For given
f € Z#(Y) and zero-neighbourhood N C .7 (Y)

one has to find a global section F € .7 (X) such that F|Y € .%(Y) approximates f
up to N.

By definition, the Fréchet space .# (Y) injects via the continuous map

oo

a: F(Y)=[[ZPR), g (gP)ien,
=0

as a closed subspace K into the product of Fréchet spaces on the right-hand side.
Recall that a neighbourhood in the poduct of topological spaces restricts only
finitely many factors from the product. Because (P;);cn is an exhaustion of Y -
hence an increasing sequence of subspaces - we may assume that these finitely
many zero-neighbourhoods result from a zero neighbourhood N, in a single
factor Z (P,,). The open mapping theorem for Fréchet spaces implies that the
map « is a homeomorphism onto its image. Hence we may assume for N C % (Y)
the existence of an index iy € N such that

a(N) = (ﬁ Nl Z(E) * ] ffm-)) c ﬁﬁ(e)

i=0 i=ip+1

is a product neighbourhood. Consider the commutative diagram
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X
F(Y) Py F(Y)
Ph, [ l“
Z(p,) f!)f(l’,)
B //é
17
=0

with the map
10
B: 7)) =17 PR)
i=0
induced from the canonical restrictions

F (P,

i) = F (B), i <o

and the canonical projection

pr:

-t

F(R) = []7(P)

Il

IS
I
1<)

In part ii) we proved for F € .7 (X) that F|P;, approximates f € % (P,,) up to Nj,.
Because

proaopy =pBopy
the restriction F|Y approximates f € .% (Y) up to the neighbourhood N C .#(Y).
O

Theorem 6.23 (Theorem B for Stein manifolds). On a Stein manifold (X, 0') each
coherent O-module F is acyclic, for all g € N*

HI(X,.7)=0

Proof. i) Cech cohomology with respect to a Leray covering: Proposition 6.13
provides an exhaustion of X

(Pr/z)neN

by relatively compact analytic polyhedra. For each given n € N exists due to
Theorem 6.14 a closed embedding
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.p._ pl /
¢p:P =P —A

into a polydisc A’ C C™. The components of ¢ are the restrictions of global
holomorphic functions on X. There exists a concentric polydisc A CC A’ with

o(P._)cAccA, P, =0

Set

Then
B, CCP,

is a pair of concentric analytic polyhedra satisfying
P,_,CPB,CCP,

Therefore also the family
P = (P 7 )neN

is an exhaustion of X by analytic polyhedra. For each n € N the pair of concentric
polyhedra
P, CCP,

satisfies the assumption of Proposition 6.17. Hence the restriction .% | P, is acyclic.
Because the intersection of finitely many analytic polyhedra is again an analytic
polyhedron, the family &7 is a Leray covering for .%: Leray’s Theorem 3.19
implies that the cohomology of .# on X can be computed as Cech cohomology
with respect to the open covering &:

H'(X,Z) =H*(2,7).

i) Splitting cocycles, local solution: To prove the theorem we have to construct for
each index n € N, index j > 1, and cocyle

&= (Enen €Z/(2, F)

a cochain .
n e 712, F) splitting & = 1.

We fix n € N. Due to part i) the finite covering
P" = (P)izn

of P, by analytic polyhedra is a Leray covering for the sheaf
Ty = F|Py:

Leray’s theorem, Theorem 3.19, shows
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H* (2", Fn) = H* (By, Fn)
and Proposition 6.17 implies for all j € N
0=H/(P",F,) = H (P, 7,)

Due to ‘
H](‘@nvyn) :07 JZ 17

the affine space of splitting cochains is not empty
M,:={neCi (2" F,): Sn=E[R,} #0

iii) Mittag-Leffler principle and global solution: According to part ii) we select for
each n € N a cochain 7n),, € M,,. Then the affine spaces M,, have the form

Mn = T]n+Zj7](f@n,yn>
Due to Corollary 5.18 each vector space of cocycles
Zi- Y (P, Fy) =ker [§ : CT N (P, Fy) — CH (P, F)]

is a Fréchet space. The Fréchet topology on the vector space Z/~! (2", .%,)
induces a Fréchet topology on the affine space M,, of local solutions. The Fréchet
topology is independent of the choice of 7,, because switching between two
translates is a topological isomorphism of the Fréchet space Z/~ (" .%,).

We claim: For each given pair (n,n+ 1), n € N, the restriction
Mn+1 — M,

is linear and continuous. Continuity follows from Proposition 5.17. We want to
apply the Mittag-Leffler principle to find a compatible family 1 = (1) nemarivrn Of
cochains. Hence we show that all restrictions of the family (M1 — M,), € N
have dense image: For a given pair (n,n+ 1) we may assume that

Mn = Nn+1 |Un
and we prove that the restriction
27N P Fnia) 5 2P )

has dense image.

* Case j = 1: The horizontal maps of the following diagram of Fréchet spaces are
the canonical restrictions. The vertical maps result from the representation as
affine spaces.
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ZO(‘@n-FlﬂanJrl)

(", F,)

~ ~

F (Pat1)

F(Pn)

The diagram commutes due to the choice of the pair (1, +1). Due to
Theorem 6.22 the restriction

F(X) = F ()

has dense image. The following diagram of canonical restrictions is
commutative

Hence also the restriction
F (Pu1) = F (P)
has dense image.
e Case j > 2: We show that the restriction
Z NP F) - 2N (P F)
is even surjective: The vanishing
HI7Y (", .7,) =0
implies for a given cocycle { € Z/~1 (" .%,) the existence of a cochain
X €CIH P F,) with 8y =

The cochain y extends by zero on the additional covering element P,
of 22"*1 to a cochain

X €CT P Fyi) with | 2" = 1.
Hence its coboundary, the cocycle
i=oy ez (2" Fun),

restricts as
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(7" =é8p|7"=8x=¢
The Mittag-Leffler principle, see Proposition 1.26, applies to the family of
restrictions with dense image
(M1 — My)nen
and provides a compatible family of cochains
1 = (flx € My)nen € €712, 7)

which splits & as
on=¢
hereby finishing the proof. O

Note: The proof of Theorem 6.23, part iii) makes use of the following trick:
Extending a cochain by zero provides again a cochain, while the same does not
hold for extending cocycles.

While in part i) of the proof each pair (P,, P,) is a pair of concentric analytical
polyhedra, as required for applying Proposition 6.17.

Corollary 6.24 (Leray covering). Each complex manifold X has an open covering
U = Uier

by open Stein sets U; C X, i € I. Each open covering % of X by open Stein sets is a
Leray covering, i.e. for each coherent Ox-module % and for all g € N holds

HY(X,F)=H!U,7F)

6.3 Theorem A and further results

The first fundamental result, Theorem A on Stein manifolds, now easily follows
from Theorem B, Theorem 6.23, and from the Nakayama Lemma, Corollary 4.20.

Theorem 6.25 (Theorem A on Stein manifolds). On a Stein manifold X with
structure sheaf O each coherent O-module sheaf ¥ is globally generated, i.e. for
each point x € X exist finitely many global sections
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f]v"')fk S E(X)

such that their germs

fl,)ﬁ -~-afk,x € ﬁzx
generate the stalk %, as O,-module.

Proof. Denote by
S = j{x} co

the ideal sheaf of a given point x € X:
JU)={fedU): f(x)=0ifxe U}, U C X open.

The ideal sheaf .# has the stalks

7, = my %fyzx
Oy, ify#x

Here
my, C Oy

is the maximal ideal of the local ring of convergent power series. The ideal sheaf
JCO
is finitely generated due to Corollary 4.29. As a consequence the subsheaf
I FCF

is also finitely generated. Being a submodule of the coherent &-module .% it is
coherent itself. The sheaf .# - % fits into the exact sequence of sheaves

0S4 F>F—>F|I F—0
The quotient sheaf has the stalks

Ffm F,  ify=x

(9‘/]-9”:{() ify#x

which implies
H' (X, 7|9 - F)= F,)wy - Py
Theorem B, see Theorem 6.23, implies
H'(X,7-7)=0
Hence the long exact cohomology sequence has the segment

H'(X,.7) = F/m;- F =0
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which shows the surjectivity of the evaluation
F(X)=H"X,F) = F)w, - Ty
One applies the Nakayama lemma, Corollary 4.20, with
M :=ZF,, N :=spang, < fix, ..., fex >

for a finite family (f;); of elements from .7 (X) such that the classes (f;,);
generate .7, /m, - .%,. The lemma implies that the family (f; ) ; generates the stalk .7,
as Oy-module. 0O

Note. In the end of the proof of Theorem 6.25 the quotient
Ty Fy) = Py Ko, (Or/m,y)

is a finite-dimensional vector space over the field C ~ &, /m,. The Nakayama
lemma lifts the surjectivity from the level of finite-dimensional complex vector
spaces to generators at the level of finitely generated &-modules.

Theorem 6.26 (Characterization of Stein manifolds). For a complex manifold X
with second countable topology are equivalent:

i) The manifold X is a Stein manifold according to Definition 6.11.
ii) Each coherent Ox-module is acyclic.
iii) Each coherent ideal sheaf ¢ C Oy satisfies H' (X, #) =0.

iv) The section-functor I'(X,—) is exact on short exact sequences of
coherent Ox-modules.

Proof. We prove the implications according to the following diagram

i) X Stein

|

ii) F acyclic

— T

i) H'(X,.#) =0 iv) ['(X,—) exact
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i) = ii): Theorem B, see Theorem 6.23.

ii) = iii): trivial

ii) = iv): The long exact cohomology sequence from Theorem 3.12.

iii) = i): We verify the three conditions for a Stein manifold from Definition
6.11:

* Holomorphically separable: For each pair of distinct points x # y € X consider
the zero-dimensional analytic submanifold

A={xy} CX.
The ideal sheaf .#4 C O is coherent due to Corollary 4.29. By assumption

H'(X,.74) =0.
Hence the short exact sequence

0= 94— O0Ox— 04 —0
induces the epimorphism
HY(X,0x) = H(X,04) =0
The isomorphy
H'(X,04) = CoC, £ (f(x),f(),
implies the existence of a holomorphic function f € Oy with
f(x) =1land f(x) =0,

i.e. X is holomorphically separable.

* Holomorphically convex: For an indirect proof assume that X is not
holomorphically convex. Proposition 6.4 provides the existence of an infinite
closed discrete set A C X, such that each holomorphic function f € &'(X) stays
bounded on A. W.l.0.g. A is countable. Due to its discreteness the closed
set A C X is an analytic submanifold of X. Hence its ideal sheaf .%4 C Oy is
coherent due to Corollary 4.29. By assumption

H'(X,.7,)=0
Hence the short exact sequence

0= Iy — Ox — 04 —0
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induces the epimophism
H(X,0x) — H(X,0,) =CN.

As a consequence, there exists a holomorphic function f € &'(X) which is
unbounded on A, a contradiction.

* Holomorphically regular: Consider a given point a € X and choose in a suitable
neighbourhood U of a a chart of X

f:(f17"'aﬁ1):U—>VC(cn, I’l:dlmX

Then
A={a}CX

is an analytic submanifold of X. Denote by .#j its ideal sheaf. It is coherent due
to Corollary 4.29, and also the product JA2 C O is a coherent ideal sheaf. By
assumption

H'(X,7}) =0

Hence the short exact sequence

0— .92 = Ox — Ox) I} =0
induces the epimorphism

HY(X,0x) — H(X,0x/ 7}).
As a consequence, for each j =1, ...,n exists a holomorphic function Fj € &'(X)
with 7

Fia=f;€H (X, 0x/9}) ~C{z1,....2n} /m}

Due to Proposition 2.6 the map

F:=(F,..F): X—>C"

is a local isomorphism at a. Hence X is locally regular.

iv) = i): Alike to the previous implication iii) = i), replacing the assumption
H'(X,.74) =0resp. H(X,.7}) =0
by the exactness of I' (X, —) provides the same epimorphisms on the level of

sections, which prove the three requirements for X being a Stein manifold. 0O

Note: In the theory of complex spaces the quotient sheaf Oy / ﬂlf from the end
of the proof of Theorem 6.26 is the structure sheaf of the double point, which is the
most simple example of a non-reduced complex space, cf. Definition 7.9.
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A second application of Theorem B proves that each additive Cousin problem
on a Stein manifold X has a solution. Possible obstructions against a solution of a
multiplicative Cousin problem are of a topological - not complex analytic - nature.

Corollary 6.27 (Cousin problems on Stein manifolds). Consider a Stein manifold X .

1. Each additive Cousin problem on X is solvable.

2. If H*(X,Z) = 0 then each multiplicative Cousin problem on X is solvable.

Proof. Theorem 6.23 shows that the criteria from Corollary 3.24 are satisfied. O

A further application of Theorem B is a far reaching generalization of Hartogs’
Kugelsatz from Corollary 1.15. The proof applies Stein theory in an elegant way to
improve a classical result.

Corollary 6.28 (General Kugelsatz). Consider a domain G C C", n > 2, and a
compact set K C G with

G\K
connected. Then each holomorphic function f € 0(G\ K) extends uniquely to a
holomorphic function f € O(G).

Proof. The proof has to extend the holomorphic function f € G\ K to a
holomorphic function F on all of G, hereby “filling the hole in G\ K. Hartogs’
Kugelsatz from Corollary 1.15 is a means to fill holes having the type of a sperical
shell.

i) Geometry: Figure 6.6 visualizes the geometry of the problem.
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Fig. 6.6 U C (G\A) C (G\K)

Due to compactness of K we may choose a pair of concentric polydiscs with
AccAccc
with -
KCAand KNJA #0

Seleact a point x) € K NdA. Because G is an open neighbourhood of K and a
posteriori of xg, there exists a non-empty open subset

U cC (GN(A\A))

i) Reformulation as a problem in cohomology: Consider the covering of C" by the
two open sets
U = (U :=G,Uy:=C"\K)

On the intersection
UiNnU, =G\K

the given holomorphic function f € (G \ K) defines a 1-cocyle from Z' (% , 0).
Because C” is a Stein manifold we have

H'(C",0)=0
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and Corollary 3.8 implies
HY (% ,0)=0

Hence there is a splitting cochain (f1, f2) € C%(%, 0) with
f=r-fieO(G\K)

iii) Applying Hartogs’ Kugelsatz: The function f; is defined on all of G. We claim
that also the second summand f>, € ¢(G \ K) induces - after restriction and
extension - a holomorphic function /> € ¢(G) without changing the value

on G\ K. The open subset U C G\ K serves to check that the value did not change.
Because G\ K is connected, the identity theorem of complex analysis,

Theorem 1.10, states that the value of a holomorphic function on U determines its
value on all of G\ K.

The function f; is defined on
C"\K

It restricts to the open sets
A\ K and further on to (A \ A) C (C"\ K)

without changing its value on U. Corollary 1.15 applies to the pair (A, A) of
concentric polydiscs and extends the restriction

£2|(A\ A) to a holomorphic function f> € O(A),
again without changing the value on U. Hence the two functions
HLEG\Kand €A

coincide on U. They agree on their common domains of definition A N (G \ K) and
combine on the union of their domain of definition to a holomorphic function

F, € 0(G) with restriction F3|(G\ K) = f»

Hence
F:=fi—F,e€0(G)

restricts as

FI(G\K)=fi—fa=f

Proposition 6.29 (Analytic submanifolds of Stein manifolds). Consider a Stein
manifold X and an analytic submanifold of Y C X with ideal sheaf %y C Ox. If

1(Y) C Ox(X)
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denotes the ideal of all global holomorphic functions on X which vanish on Y, then

Y={xeX: f(x)=0forall f €1(Y)},

Y =V({I(Y))
is the “variety” of the ideal I(Y).
Proof. We only show the non-trivial inclusion
VU(Y)) cY

We have
1Y) = % (X)=H(X,.%)

We claim: For each x € X \ Y exists a function f € Ox(X) satisfying
f(x)#0and f][Y =0

For the proof note .#y x = O . Theorem A, see Theorem 6.25, applies to the
coherent ideal sheaf .#y and provides a global function f € H’(X,.#,) such that
the germ f, generates O, as O -module. In particular f(x) #0. O

Proposition 6.30 (Global extension of functions from analytic submanifolds of
Stein manifolds). Consider a Stein manifold X and an analytic submanifoldY C X.
Each holomorphic function f € Oy(Y) onY extends to a holomorphic function on X

F e Ox(X)with F|Y = f.
Proof. The short exact sequence
0= S —Ox — Oy =0
induces the exact sequence
HY(X,0x) — H(Y,0y) = H' (X, %),

and Theorem 6.23 implies
H'(X,.%)=0

a

Theorem 6.31 (Hilbert’s Nullstellensatz). Consider a Stein manifold X and finitely
many global holomorphic functions f,..., fi € O(X) without a common zero x € X.
Then exist global holomorphic functions
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k
o, ..., 04 € O(X) with Z aj-fi=1
=1

Proof. Consider the free &-module ¢* and its canoncial basis (e;)j—1,_ of global
sections. The induced morphism of &-modules

a:ﬁk—>ﬁ7 Ej’—>fj, j=1,...k,

is surjective due to the assumption that the functions fi, ..., fy have no common
zero. The kernel
H = ker [a: OF — 0]

is coherent. It fits into the exact sequence

0= 0% 0—-0

Theorem 6.23 implies H'(X,.#") = 0. Hence the sequence
H(X,0%) 25 HO(X,0) =0

is exact, which proves the claim. O

Remark 6.32 (Hilbert’s Nullstellensatz). The Nullstellensatz compares an algebraic
property with a geometric property. Over an algebraically closed field k the
following statements are equivalent:

 Foranideal I C k[X),...,X,] holds:
I proper = Var(I) #0
 For a family fi,..., fy € k[Xi,...,X,] holds:

k
f1,---, fx without common zero — 1 = Z a;- fj for suitable o, ..., 0 € k[X1, ..., X,]
j=1

Proof. i) = ii) Consider f1, ..., fy without common zero. Then V (I) = 0. Part i)
implies that / not proper. Hence 1 € 1.

ii) = 1) The proof goes by contraposition. Assume Var(l) = 0.
Hence I =< fi,..., fr > and fi, ..., fy without common zero. By partii) 1 € I.
Hence the ideal I C k[Xj, ..., X,] is not proper. O

Hence on Stein manifolds Theorem 6.31 is the analogue of the weak
Nullstellensatz for ideals of global holomorphic functions.



6.3 Theorem A and further results 227

On Stein manifolds there is a close relation between topological and complex
analytical properties. For two examples see Theorem 6.33 and Corollary 6.34.

Theorem 6.33 (Holomorphic de Rham theorem). Consider a Stein manifold X
and denote by

ker [Q(X) 5 QM (X))
im Q71 (X) % Qi(X)]
the holomorphic de Rahm groups of X. Then for all j € N

Ry (X) :

7j€N7

Rl (X) ~H/(X,C)

Proof. Poincare’s Lemma for the d-operator for differential forms on an n-dimensional
complex manifold X shows the exactness of the following sequence of sheaf mor-
phisms

0-Coo=0"%0"% 400
Each ¢-module is locally free of finite rank due to the local representation of differ-
ential forms in coordinates. In particular, each 2/, j € N, is coherent. Theorem 6.23

shows _
HI(X,Q")=0,j>1,keN,

and the abstract de Rahm theorem, Theorem 3.16, proves the claim. O

Corollary 6.34 (Cohomology of Stein manifolds). For an n-dimensional Stein
manifold X holds for all j > n

H/(X,C)=0

Proof. For j > nholds 2/ = 0. Hence Theorem 6.33 proves the claim. O






Chapter 7
Outlook

7.1 Stein manifolds

This section indicates some advanced results from Stein theory on complex mani-
folds. It selects some references to textbooks and other sources.

Remark 7.1 (Embedding of Riemann surfaces). Consider a Riemann surface X.

1. For compact X there exists a projective embedding
X —P?

The proof uses the existence of a very ample line bundle .Z € Pic(X) which
defines an embedding
Py X —P"

The existence of . is implied by the Riemann-Roch theorem and makes use of
Serre duality, cf. [34, Chap. 11]. In case n > 3 it is possible to project the image

¢z (X) CP"
injectively into P2 C P, see [20, Chap. IV, Cor. 3.6].

2. An open Riemann surface is a Stein manifold, see [34, Chap. 15]. Due to
Theorem 7.2 it embeds as analytic submanifold into an affine spcae C°.

Theorem 7.2 (Affine embedding of Stein manifolds). Each n-dimensional Stein
manifold X embeds as analytic submanifold into an affine space

X — C".

For n > 2 one may choose m = 2n, while for n = 1 the choice m = 3 is possible.

229
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The theorem is due to Remmert, see [22, Theor. 57.4].

Complex analysis on a Stein manifold X with structure sheaf & often deals with
the global holomorphic functions on X, i.e. with the elements of the C-algebra

O0(X)=I'(X,0)

Provided with the Fréchet topology of compact convergence, &' (X ) becomes a topo-
logical C-algebra. For a Stein manifold X the relation between the manifold and the
topological algebra is very close: It is formalized by the spectrum of O'(X).

Definition 7.3 (Spectrum of a topological C-algebra). Consider a topological C-algebra A
with unity.

1. A character of A is a continuous morphism of C-algebras with unit
x:A—C
2. The spectrum of A is the set of all characters of A
S(A) :={y : character of A}
3. Each element f € A defines on S(A) the evaluation map
[:8(4) = C, x = f(x) = x(f)-

One provides the set S(A) with the corresponding initial topology, i.e. with the
coarsest topology such that

(7:5(4) = C) gen
becomes a family of continuous maps.

Note that S(A) C CA is a subspace of a product of the Hausdorff spaces C, hence
the spectrum S(A) is a Hausdorff space itself.

Theorem 7.4 (Character theorem for Stein manifolds). Consider a complex
manifold X and denote by
A:=I(X,0)

the topological C-algebra of its global holomorphic functions provided with the
canonical Fréchet topology. Then are equivalent:

1. The manifold X is a Stein manifold.
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2. The canonical map
€:X —S(A), x— & € S(A),

defined as the point character

&:A—=C, g(f):=flx),
is a homeomorphism.

For a proof of Theorem 7.4 see [4, Anhang Kap. VI, Satz 7] and [22, Theor. 57.3].
The injectivity of € is equivalent to X being holomorphically separable. The difficult
part is to show the surjectivity of €, i.e. to prove for a Stein manifold X that each
character of I' (X, ©) is a point character.

A further topic deals with duality theorems on Stein manifolds. The prototype of a
duality theorem is Serre’s theorem on a compact Riemann surface:

Proposition 7.5 (Duality on compact Riemann surfaces). On a compact Riemann
surface X denote by
w:=0

the sheaf of holomorphic differential forms. For each line bundle on X with invertible
sheaf £ of holomorphic sections the bilinear composition of finite-dimensional
complex vector spaces

HI(X,Z)xH'" (X, 2" ®p0) = H' (X,0)~C, j=0,1,
is a pairing. In particular,
HI(X,2) ~H'" (X, 2" ® s0)

Here

LY = Homg(ZL,0)

denotes the dual sheaf of £, corresponding to the holomorphic sections of the dual
line bundle of L.

For a proof see [34, Chap. 9 ]. In the textbook [10, Satz 17.9] the theorem is stated
and proven in the equivalent form for line bundles . = &p with D C X a divisor.

Proposition 7.5 generalizes to compact manifolds of dimension n > 2. The
dualizing sheaf @ becomes the sheaf of holomorphic differential forms of highest
degree

0:=Q".

If one replaces the locally free sheaf .2 by an arbitrary coherent sheaf Z then one
has to take into account the Ext-groups Ext/ (7, ®).
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In general, for a non-compact manifold X the cohomology groups with values in a
coherent £-module .%
HY(X,F)

are no longer finite-dimensional. As a consequence, to obtain duality results one
has to introduce topologies and to consider topological duals and cohomology with
compact support

HI(X,F).

&

Proposition 7.6 (Cohomology with compact support). Consider an n-dimensional
Stein manifold X and a coherent O-module 7. Then

HY(X,7)=0forqg>n
For the proof see [2, Chap. I, Lem. 2.5]. One uses

HY(X, ) =1lim H! (P, 7 |P)
K
for an exhaustion of X by a sequence of analytic polyhedra P, CC X. Over each

analytic polyhedron P C X one has a finite resolution of .% by free &-modules of
finite rank. The proof of the claim follows from the Dolbeault resolution of &

d// dl/ d//
0080605, | 560 50
by tensoring over & with .%.

For a proof of Proposition 7.6 see [2, Chap. I, Lem. 2.5].

Theorem 7.7 is a first example from duality theory of coherent sheaves on
non-compact complex manifolds.

Theorem 7.7 (Duality on Stein manifolds). Consider an n-dimensional Stein
manifold X with structure sheaf O and denote by

w:=0"

the sheaf of holomorphic differential forms on X of highest order. For each coherent O-module %
exists a Fréchet topology on the Ext-groups

Ext)(Z,0), jEN,

such that their dual space of linear continuous functionals is algebraically isomor-
phic to the cohomology groups of % with compact support:

Ext}y /(Z,0) ~H/(X,7)

c
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For a proof of Theorem 7.7 see [2, Chap. I, Theor. 2.1].

Theorem 7.8 shows: Being a Stein manifold X has remarkable consequences for
the homology of X. Note that the n-dimensional Stein manifold in Theorem 7.8 has
real dimension = 2n

Theorem 7.8 (Stein manifold as CW-complex). Each n-dimensional Stein mani-
fold X is homotopy equivalent to a CW-complex of real dimension < n. A conse-
quence is the vanishing of higher homology groups:

H,(X,Z)=0ifq > n.
Moreover, the homology group H,(X,Z) of highest dimension is free.
The theorem is due to Andreotti and Frankel, see also [23] and [12, Cor. 3.12.2].

7.2 Stein theory with singularities

The concept of complex manifold generalizes to the concept of a complex space. A
complex space is more general than a complex manifold in two aspects:

» Singularities: The local models of a complex space build not necessarily on open
subsets in C", but on analytic sets. Analytic sets are the zero-sets of holomorphic
functions. Different than manifolds analytic sets may have singularities. Their
local rings 04 x,x € A, are quotients of rings of convergent power series and not
necessarily regular rings.

* Nilpotent elements: The holomorphic functions of a local model are not neces-
sarily determined by their values. Nilpotent functions vanish on the analytic set
but their germs in the local ring are not necessary zero. Hence the algebraic prop-
erties of a complex space contain more information than the geometric picture
shows.

For a short introduction to complex spaces, written from the viewpoint of local
models, see the first pages of [7].

Definition 7.9 (Complex space).

1. The local model of a complex space is a pair (A, 04 ) with an analytic set
ACV,V cC"open,

and on A a sheaf of rings
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Op =0y fa

with a coherent sheaf of ideals
I C Oy with supp Oy C A,

i.e. the stalks satisfy
Oax=0forallx e V\A.

The sheaf ., is named the ideal sheaf of the local model, while &) is named
the structure sheaf of the local model.

2. A complex space is a pair (X,Ox) with a Hausdorff space X and a sheaf of
rings Ox on X satisfying the following property: For each point x € X exists
an open neighbourhood U C X and a local model (A, 04) with an isomorphism
of C-ringed spaces

(U, 6x|U) = (4, 6,),

see [7, Chap. 0.14].

For the local model (A, 04) each stalk 04 ., x € A, is a local C-algebra.
Morphisms between local C-algebras

f:A—=B
have to map the maximal ideals, i.e.

f(mA) C mp.

Definition 7.10 (Nilradical and reduction of a complex space).

1. For a complex space (X, ©) the nilradical
N C Ox
is the sheafification of the presheaf on X
{feOx(U): f*=0forasuitable k € N}, U C X open

2. The complex space (X, Oy ) is reduced if A/ = 0.

3. The reduction of a complex space (X, O) is the complex space (X,0x/.A) - a
reduced complex space.

The nilradical .4 C Ox of a complex space is a coherent Ox-module.
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The definition of a Stein space is the analogous to the Definition 6.11 for Stein
manifolds. It adds as a separate requirement the second countability of the topology.

Definition 7.11 (Stein space). A complex space (X, Ox) with second countable
topology is a Stein space if it satisfies all of the following properties:

1. Holomorphically convex: For each compact K C X the holomorphically convex
hull

A

K= () {xex: [f@|<|fllk}

S 409

is compact.

2. Holomorphically separable: For each pair of points x,y € X exists a global holo-
morphic function f € €(X) with f(x) # f(y).

3. Holomorphically regular: Each point x € X has an open neighbourhood U C X
and finally many global holomorphic holomorphic functions

Sy Jr € ﬁ(X)

such that the restriction
(f],...,fk)lU U—ACA

induces an isomorphism of (U, Ox|U) onto a local model (A, 04) with an ana-
Iytic subset A C A in a polydisc A C CF,

Proposition 7.12 (Reduction and normalization of a Stein space).

A complex space X is a Stein space iff its reduction X"¢ is a Stein space.

e A reduced complex space X is a Stein space iff its normalization X"°"™ is a Stein
space.

For the proof see [22, Prop. 52.19] and [7, Chap. 2.32, Cor.]

7.3 Affine schemes

Stein spaces are the analogoue of affine schemes from Grothendieck’s
comprehensive reconstruction of algebraic geometry. Grothendieck showed how to
geometrize algebra: Each commutative ring with unity can be represented as a



236 7 Outlook

topological space, named the spectrum of the ring, and equipped with a structure
sheaf. The resulting pair is named the affine scheme of the ring. The basis concepts
of a topological space are not the points of the space but the open sets of its
topology. Similarly, the basic concepts of an affine scheme are not the elements of
the ring, but the prime ideals of the ring. Accordingly, when transforming a ring
into an affine scheme one has to define distinguished sets of prime prime ideals as
open sets of the topology. This step is formalized by the Zariski topology of the
affine scheme. Like analytic sets are the local model of complex spaces, so affine
schemes are the local model of schemes.

An excellent introduction to algebraic geometry from Grothendieck’s viewpoint
are [20] and [6].

All commutative rings in the following will be assumed to have a unit.

Definition 7.13 (Affine scheme). Consider a commutative ring A.
e Spectrum Spec A: Denote by
Spec A:={p CA: p prime ideal}

the set of prime ideals of A.

» Zariski topology on Spec A: For each ideal a C A denote by
V(a):={p€SpecA:aCp}

the set of prime ideals lying over a, i.e. containing a. For an element f € A denote
by

Dy:={p: f&p}
the set of prime ideals which do not contain f. The Zariski topology of set Spec A

has the closed sets
V(a), a CA,

respectively the base of open sets
Dy, f€A.
* Sheaves on Spec A: For each basic open set
D(f) C Spec A

denote by A ¢ the localization of A by the multiplicatively closed set { /" : n € N}.
The attachment
D(f) = Ag, f €A,

defines the structure sheaf Ogpec 4 on Spec A. More general, for each A-module M
the attachement



7.3 Affine schemes 237
D(f) = My =M. yeny =Ar@a M, f €A,
defines the -module sheaf M on Spec A.

* Stalks: The structure sheaf & = Ofp,. 4 of Spec A has at a point p € Spec A the
stalk
ﬁp - Ap,

the localization of A by the multiplicatively closed set A \ p. The stalk ¢ is a
local ring. The quotient field

k(p) := Op /my,
withmy, C &), the maximal ideal, is named the residue field at the point p € Spec A.

Moreover for each A-module M and each point p € X the sheaf M on Spec A
has the stalk

Mp = Mp,
the localisation with respect to A \ p.
o Coherent O-modules: Each A-module M can be recovered from the &-module M

according to
I(Spec A,M) =M,

in particular
I'(X,0x) =A.

The ¢-modules of the form M are named quasi-coherent. If M is even finitely
generated then M is named coherent.

* Affine scheme: An affine scheme is a pair of the form X = (Spec A, Ospec 4).

Remark 7.14 (Affine scheme).

1. Modules and quasicoherent sheaves: Consider a fixed affine scheme (Spec A, Ospec 4).
The canonical covariant functor

A-mod — Ospec A-mod

M Mand (g: My — M) — (§: My — M>)

from the category of A-modules to the category of &gpe. 4-modules is fully faith-
ful, i.e. bijective on morphisms. The functor maps exact sequences to exact se-
quences. See [20, Chap. II, Prop. 5.2].
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2. Change of rings and change of affine schemes: The pullback of a prime ideal
along a morphism of commutative rings is again a prime ideal: Consider a mor-
phism

¢:A—B

of commutative rings. Then for each prime ideal p C B the inverse image
9~'(p)cA

is also a prime ideal. As a consequence, each morphism between two commu-
tative rings induces a morphism in the opposite direction between their affine
schemes.

There exists a contravariant functor from the category of commutative rings to
the category of locally ringed spaces:

e On objects:
A (Spec A, Ospec a)

*  On morphisms:
(0 :A—B)— ((f,fﬁ) : (Spec B, Ospec B) — (Spec A, Ospec 4))
Here f : Spec B — Spec A is the pullback of prime ideals. And
I3 Ospec & = [xOspec B
is defined on sections over basis open sets as
Ofspec A(Dg) =Ag = fi Ospec B(Dg) := Ofpec B(fq (Dg)) = Ospec B(Dq)(g)) = B¢(g)

The functor is a full functor, i.e. it is surjective on morphisms, see [20, Chap II, Prop. 2.3].

Remark 7.15 (Cohomology of affine schemes). Consider an affine scheme
X = (Spec A, Ospec a)

with a Noetherian ring A and an A-module M.

1. Injective resolution: There exists an injective resolution of A-modules

0—-M—=1L =1 — .

see [20, Chap. III, Prop. 2.1].

2. Flasque resolution: The exactness of the functor from Remark 7.14 induces the
resolution of M
0—-M—I° =T — ..
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All Ox-modules I/, j € N, are flasque, see [20, Chap. III, Prop. 3.4], and there-
fore acyclic. Hence
1) ker [F(X,ij) — I_'(X,in)}

 im [[(X,[-1) = ['(X,1V)]

HI(X,

Proposition 7.16 (Theorem B for affine schemes). On an affine scheme
X = (Spec A, Ospec a)
each quasi-coherent O -module M is acyclic.
For a proof under the additional assumption that A is Noetherian see [20, Chap. III, Theor. 3.5].

Theorem 7.17 (Characterization of affine schemes). For a Noetherian scheme X
the following properties are equivalent:

1. The scheme X is affine, i.e. there exists a commutative ring A with unit such
that X = (Spec A, Ospec 4).

2. All quasi-coherent Ox-modules are acyclic.
3. Each quasi-coherent ideal sheaf ¢ C Oy satisfies
H'(X,.7)=0.
The proof is due to Serre, see [20, Chap. III, Theor. 3.7].
A good argumentation that affine schemes correspond to Stein spaces is the va-

lidity of Theorem B: For affine schemes as Theorem 7.16 and as Theorem 6.23 for
Stein manifolds and similarly for Stein spaces.
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