Complex Analysis

Joachim Wehler

Ludwig-Maximilians-Universitit Miinchen

Department of Mathematics

Lecture Notes

Release 3.0

August 5, 2026



2

© Joachim Wehler, 2019-2026

These are the notes which I prepared for the students of my course. It took place
during the summer term 2019 at the mathematical department of LMU
(Ludwig-Maximilians-Universitét) at Munich.

The source of this text are notes taken from previous lectures by O. Forster.
Compared to the oral lecture in class these written notes contain some additional
material. In particular, at the end of several chapters I added an outlook to some
more advanced topics from complex analysis of several variables and from the

theory of complex spaces.

Please report any errors or typos to wehler@math.Imu.de

Release notes:

Release 3.0: Revised edition.



Contents

Introduction . ............ ... 1
1 AnalyticFunctions ............... . ... ... ... ... 3
1.1 Calculus of convergent power series . .................c..oou.... 3
1.2 Fundamental properties of analytic functions. ................... 19
1.3 Exponential function and related analytic functions .............. 32
1.4 Outlook. ... ... 44
2 Cauchy-Riemann Differential Equations . . ........................ 47
2.1 Complex differentiable functions ................. ... ........ 47
2.2 Cauchy-Riemann differential equations ........................ 50
3 Cauchy’s Integral Theorem .................. .. ... ... ........ 57
3.1 Cauchy kernel and Cauchy integration ......................... 57
3.2 The concept of holomorphy ........... ..., 65
3.3 Principal theorems about holomorphic functions................. 72
34 OutlooK. . .. 82
4  Isolated Singularities of Holomorphic Functions . .. ................ 83
4.1 Laurent series and types of singularities . ....................... 83
4.2 Meromorphic functions and essential singularities ............... 90
4.3 The generating function of the Bernoulli numbers ............... 95
4.4 Outlook. .. ..o 98
5  Mittag-Leffler Theorem and Weierstrass Product Formula ......... 99
5.1 Meromorphic functions with prescribed principal parts ........... 99
5.2 Infinite products of holomorphic functions. ..................... 110
5.3 Weierstrass product theorem for holomorphic functions........... 114
54 0utlook. . ..o 134



vi Contents

6 Integral Theorems of Complex Analysis .......................... 135
6.1 Cauchy’s integral theorem and the residue theorem .............. 135
6.2 Computing integrals by using the residue theorem ............... 143
6.3 Applications of the residue theorem in complex analysis . ......... 153
7 Homotopy and Simple Connectedness ............................ 159
7.1 Integration along homotopic paths ............................ 159
7.2 Simple connectedness . ... ...t 164
7.3 Outlook. ... .o 170
8 HolomorphicMaps..............c.o it 171
8.1 Montel’'stheorem. ..........couiiiiiiin i, 171
8.2 Riemann Mapping Theorem. ................cooiviiineinn.... 176
8.3 The projective space and its group of holomorphic automorphisms . 191
84 OutlooK. ... .ooviiii 207
Listofresults ........ ... . . .. 209
References. .. ... ... 213



Introduction

1+ =0

Euler’s identity is considered an example of beauty in mathematics. Some people
even call it “the most famous formula in all mathematics”.

Euler’s identity relates the natural numbers 0 and 1 and the transcendental numbers
e and 7 to the complex number i. The latter is the imaginary unit satisfying

P2=—1.

The formula above exemplifies the way mathematics reveals some unexpected
structure, when one considers its concepts in the context of complex numbers.

Complex numbers form the context of complex analysis, the subject of the present
lecture notes. Complex analysis investigates analytic functions. Locally, analytic
functions are convergent power series. The well-known exponential series with real
argument x extends to the complex plane and evaluates at the imaginary

argument izt from Euler’s identity as

) ® (ix)" < (ix 2n o (ix 2n+1
O Gl il
= n! n:O( n) n:O( n—+ )
oo( l)n x2n o i( l)n x2"+1 s
_ . — ——————=cosx+i-sinXx.
= (2n)! = (2n+1)!

The result
et =cosm+i-sinm
explains the key value

et =—1,



2 Introduction
hereby proving the Euler identiy.

Note. Not every formula has already revealed its deeper meaning. A famous challenge for
contemporary physicists is the formula

This formula comprises Planck’s constant 7, Newton’s constant of gravitation G, and the velocity
of light c. The formula relates quantum theory, gravitation and the velocity of light to the Planck
lenght Lp, the scale where spacetime becomes quantized.



Chapter 1
Analytic Functions

It has been written that the shortest and best way
between two truths of the real domain
often passes through the imaginary one.

Jacques Hadamard, 1945

The concept of holomorphy is accessible from different directions. Each approach is
connected with one of the three protagonists of complex analysis in the 19th century:
Cauchy, Weierstrass and Riemann.

e Section 1.1 starts from convergent power series. They provide the definition of
analytic functions in Definition 1.8 (Weierstrass). All power series from calculus
extend from intervals of the real line into the domain of complex numbers, see
Section 1.3.

e Section 2.1 in Chapter 2 introduces a second path to holomorphy. It starts from
differentiability in Definition 2.1 (Cauchy). Theorem 2.3 shows: Any analytic
function in an open set U C C is differentiable. The derivative is again an analytic
function.

* A third path starts from the Cauchy-Riemann differential equations for the par-
tial derivatives in the real sense, see Theorem 2.6 (Riemann). The theorem also
proves the equivalence with Cauchy’s access.

Deeper is the fact that any differentiable function in an open set U C C is analytic.
This result follows from a simple variant of Cauchy’s integral formula. It will be
demonstrated not until Chapter 3. The proof will be the final step in establishing
the equivalence of the three concepts holomorphy.

1.1 Calculus of convergent power series

Analytic functions expand locally into a convergent power series. Therefore the
present section investigates the calculus of convergent power series.
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Definition 1.1 (Compact convergence). A sequence (fy)yen of functions
fr:U—=C,veN,
on an open subset U C C is compact convergent to a function
f:u—-C

if for every compact subset K C U the sequence of restrictions (fy|K)yen is uni-
formly convergent to f|K.

Remark 1.2 (Convergence). Consider f,, : U — C, n€ N, and f: U — C. For

f=lim f,

n—soo
the convergence is

* pointwise:
VxeUVe>0INeNVn>N:|f(x)— fulx)| <€

* uniform:
Ve>03INeNVxeUVn>N:|f(x)—fulx)| <€

* compact:

VK C U compactVe >03IN e NVx e KVn > N: |f(x) — fulx)| < €

Theorem 1.3 (Convergence of power series). Consider a fixed point a € C and a
power series

Y e (z—a)
n=0
with center a and complex coefficients
c€C,neN.
1. If the series is convergent for at least one
20 € C, 20 #a,
then it is absolutely and compact convergent in the whole open disk
Dy(a):={z€C: |z—da| <r}, r:=|z0—a|.

The function
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f:D.(a) > C, z+— icn-(z—a)”,
n=0

is continuous.

\¥‘/

Fig. 1.1 Compact convergence in D, (a)

2. There exists a radius

0<R<eo,

the radius of convergence, which discriminates between the following two alter-
natives:

o The series is convergent for all z € C with |z—a| < R and

o divergent for all z € C with |z—a| > R.

The disk Dg(a) is named the disk of convergence. If R > O then the power series
is named convergent.

Proof. A statement about a power series with center a reduces by the linear substi-
tution of variables
wi=z—a

to a statement about a power series with center = 0. Hence, w.l.o.g. we assume a = 0.

1. Assume that the series is convergent for zg € C, zg # 0. Then

(¢n - 20)neN

is a null-sequence, in particular bounded: There exists M > 0 such that for all
neN
len -zl < M.

For each z € C with |z] < |zo| we have
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[==] (=] n (=) n
z

len-2'| = Y Jen-2- |5 <M Y |2
20

n=0 n=0 =0 | <0

and the series is dominated by a convergent geometric series. Because the geo-
metric series is compactly convergent for

< .
—| < 1ie. |z < |zo],
20

by dominated convergence the given power series is absolutely and compact con-
vergent for
|| <lzol-

Continuity is a local property, i.e. a function is continuous iff its restriction to any
open subset is continuous. For each N € N the partial sum is the polynomial

N
Y cur(z—a)
n=0

is continuous. The uniform limit of continuous functions is continuous. Hence f
is continuous.

. Define

R:=sup( |z|: Z ¢, - 7" convergent
n=0

Due to part 1) the series is convergent for all z € Dg(0). By definition of R the
series is divergent for all z € C with

lz| >R

Like in the proof of Theorem 1.3, we will often restrict to power series with
center a = 0. If not stated otherwise, the general case then follows by a linear
substitution of variables.

The following Theorem 1.4 uses the convention

1/0 =oc0and 1/ec=0.

Theorem 1.4 (Radius of convergence). Consider a power series

Yoo
n=0
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The following are tests to determine or at least to estimate its radius R of conver-
gence.

1. Root test:

i) Cauchy-Hadamard formula:

1

R e —
limsup {/|cy|
n—yoo

ii) If for suitable r > 0 and for all but finitely many indices n € N

. 1
len| < =
,
then R > r.

iii) If for suitable r > 0 and for infinitely many indices n € N

1
len| > =
’
then R <r.
2. Ratio test:
i) If for suitable r > 0 and for all but finitely many n € N

1

r

Cn+1

Cn

then R > r.

i) If for suitable r > 0 and infinitely many n € N

Cn+1 1
Cn r
then R <r.
iti) If the limit
. Cnt1
lim
n—oee | C,
exists, then
1 . Cn+1
— = lim
R n—oe Cn
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Proof. 1. Root test: 1) Define

1

r=—
limsup /| cp|
n—oo

* To prove convergence for |z| < r we may assume r > 0. We choose a
number r; with
O<lzl<r <r

Then
1

limsup v/ |cp| = =<
r

1
n—oo r

and for all but finitely many n € N
1. i
len] < F] ie. |ep]-r] < 1.
Hence for suitable M >0 and alln € N
lea| - F < M.

Analogously to the proof of Theorem 1.3 we compute

n
IS oo |Z|n © |,
Z lew-2|" < Z \Cn|-7~r7§M~ Z =
n=0 n=0 |

n=0|"1

Domination by the convergent geometric series implies the absolute conver-
gence of the series

Z cn- 7"

n=0

Hence R > r.
* To prove divergence for |z| > r we may assume r < eo. Then |z| > r implies

1 1

— < —=limsup /|cy|.
lzZ] " s

Hence infinitely many indices n € N exist with

1
< +/|ea| ie. W< leal ie. 1< e, 2"
z

Iz|

Therefore the sequence (¢, - z"),en cannot be a null-sequence, and the series

Y oo
n=0
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cannot converge. Hence R < r.

The alternative from Theorem 1.3, and both parts together imply » = R.

ii) Assume for all but finitely many indices n € N

1
len| < =
,
Then
1 1
—=limsup/|c,| < — ie. R>r
R Nn—yoo r

iii) Assume an infinite set / C N such that for all n € I

. 1
len| > =
r
Then
1 1
R limsup y/|cy| > — ie. R<r
r

n—oo

2. Ratio test: 1) Assume for all but finitely many n € N

1

r

Cn+1

Cn

We recall the ratio test for a series of complex numbers

Y a,:
n=0

If exists 6 with
0<O<1

such that for all but finitely many n € N

ap+1

<0

— )

an
then the series is absolutely convergent.

For all z € D,(0), z # 0, we apply the ratio test to the power series

Z Cp- Zn
n=0

and set
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n

ay =cn-7".

Then
Gni1| | Cnt el < E:'G -
an Cn ' ro '

Hence the power series converges absolutely for any z € D,(0), which implies R > r.

ii) Assume an infinite set / C N such that for all n € [

Cn+1 1
>
Cp r

For all z € C with |z| > rand foralln € I

"

F4
ngr -2 > g len -z

Hence, the sequence (¢, - z"),en cannot be a null-sequence, and the power series
is divergent at z. We obtain R < r.

iii) Assume the existence of

C,
lim [ = 1/r

n—eo | Cp

Case r > 0: For small € > 0 and all but finitely many indices n € N

Cnl < ! and Cnl > !
Cn r—e Cn r+¢

Hence, for small € > 0 according to the first two parts
R>r—eand R<r+eg,

i.e.
R=r

Case r = 0: For any p > 0 and all but finitely many indices n € N

Cn+1

>1/p.

n

Part ii) implies R < p. Therefore
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We recall the following ordinary rearrangement theorem about different linear or-
ders of a series of complex numbers, not necessarily from convergent power series:

If a series converges absolutely with respect to one specific linear order of sum-
mation, then it converges absolutely with respect to each linear order of summation,
and each of these orders produces the same limit of the series, see [8, §7, Satz §].

More subtle is Theorem 1.5 about the rearrangement of double series.

Theorem 1.5 (Cauchy’s rearrangement of double series). Consider a double se-
ries
L ai
i,jeN
of complex numbers.

1. Assume that the double series is absolutely convergent for at least one linear
order of summation. Then:

e All row-sums
S; = Z(lij, ieN,
j=0

and all column-sums
Sj = Za,-j, JjEN,
i=0
are absolutely convergent.

* The series of the row-sums and the series of the column-sums have the same

value . .
YSi=) 8= a
=0 j=0 i,jeN

with respect to any linear order of the double sum on the right-hand side.

o The series of the row-sums

and the series of the column-sums

T
(=]

are absolutely convergent.
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2. Assume: All row-sums
S = Zaij, ieN,
Jj=0
are absolutely convergent, and the series

oo =

YA X lal
i=0 \ j=0
is convergent. Then the double series
L aij
i,jeN

is absolutely convergent for at least one linear order of summation.

} o
—e— L) [ ° —> 4
| x 4
e P . e
'S < © | 1 ik,
// i i
l . i t .
N 2 ® - ey — |
1
|
=y v

Fig. 1.2 Double indices
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Note in Theorem 1.5 the difference between the order of summation of the two
series on the left-hand and on the right-hand side of the equation

(L)~ £ o

i=0 \j=0 i,jeN

The ordinary rearrangement theorem deals with summing up all terms of the double
series at the right-hand side in an arbitrary linear order. While the left-hand side
considers two different types of summation:

first computes all row-sums S;, and afterwards computes the sum of all row-sums.
While

Y

™

0

J

first computes all column-sums § ;, and afterwards computes the sum of all column-
sums.

Proof. ad 1). Due to the ordinary rearrangement theorem the double series is
absolutely convergent with respect to any linear order, and its limit does not depend
on the order of summation. We choose the linear order

L
(i,j)eN, xN,

with
N, :={keN: k<n},

see Figure 1.2.

Consider an arbitrary € > 0 which will be fixed in part i) and ii).

oo

i) Absolute convergence of each row-sum S; = Z ajj, i €N
i=0

There exists ng € N such that for all n > ng

Z |aij‘§87

NxN\(N, xNy,)

In particular, for any arbitrary but fixed i € N and for all n > ng

Y laij <&,

j=n

i.e. the series
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(=)
S,’ = Z a,'j
j=0

is absolutely convergent.

ii) Series of the row-sums: Claim

n n oo
pim 2= Jim ) <Z> =Asjm Y an
i=0 i=0 \ j=0 (i,7)ENp xN,
There exists n; € N such that for all n > n;

A— Z ajj

(1,/)ENu xNy

<€

The triangle inequality implies for n > max{ng, n;}

) (Z“i/’> —Al < \Y (Z“ﬁ) - Y | Y aj-A<
i=0 \j=0 i=0 \j=0 (i,))EN, xN,, (i,))EN, xN,,
n oo n n n n

<X <Z“ii> -) (Z%‘) +te=|) (Z%‘) +e<|y), (Z ai./l) +e
i=0 \j=0 i=0 \j=0 i=0 \j>n i=0 \j>n

g( ) |a,-j|>+£§8+£28
NxN\ )

(NyxN,

This estimate finishes the proof of

n oo
’}glolo Z <Zaij> =A.

i=0 \ j=0

iii) Absolute convergence of the series of the row-sums: Part ii) applied to the series

Y aijl
(i,j)eNxN
implies
|Zaij|> < Z( |a,3,-|> = Y Jajl<e
=0 i=0 \j=0 (irj

j= Jj= )eENxN

;SiI—i<

i=0

iv) Interchanging the roles of i and j: Apparently one may interchange the roles
of i and j in part i) - iii).
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ad 2) Assume for any i € N the convergence of
Y laijl
j=0

and the convergence

Z |a,>j| =M < oo.
i=0 \j=0

The assumption implies for any index n € N the estimate of the finite sum

Y, ayl <M.
(i,j)EN,lXNn

As a consequence the double sum

Y
iJ

converges absolutely in a certain linear order of summation, g.e.d.

We shall apply Theorem 1.5 when proving

* the formula for the Cauchy product of power series (Corollary 1.6),
* the change of the centre of a convergent power series (Theorem 1.7), and

* the analyticity of the composition of two analytic functions (Proposition 1.19).

Corollary 1.6 (Cauchy product of power series). Consider two power series

f(Z) = ian'zn al’ldg(z) = ibn'zn

=0 n=0

with radius of convergence > r. Then also the power series
h(z):= Z cn- 7,
n=0
the Cauchy product of f and g, with

n
cn::Zan,k-bkz Z ag by, neN,
k=0 k+m=n

has radius of convergence > r, and
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Proof. For z € D,(0) we show: The double series

ZAkm

k,m

with
Agn = Clka . mem = agby 'Zk+m

satisfies the assumption of Theorem 1.5, part 2, with (i, j) = (k,m): First, we have

Sk = Z Agm
m=0

and

=) oo

Z |Atm| = Z \ak'zk'bm-zm| _ |ak'zk|' Z by - 2.
m=0

m=0 m=0

The last series is convergent due to Theorem 1.3 applied to the power series g(z).

Secondly, the series

5 (z |Akm|> _ (z |ak-zk|) 5 b
k=0 \m=0 k=0 m=0

is convergent due to Theorem 1.3 applied to the power series f(z).

Now Theorem 1.5, part 1) applies: On one hand, by summing the row-sums

k;)sk = i (niOAkm> = )i <ak.zk. i b,,,-z,’”) _

k=0 k=0

s

(a2 g(2)) = (i ax ’zk> -8(2) = f(2) - 8(2).
k=0

k=0

On the other hand, by summing the double sum along the diagonals

Y Al = i < Y Akm) = icn-zn =h(z), g.e.d.
n=0

k,m n=0 \k+m=n

Theorem 1.7 (Changing the centre of a convergent power series). Consider a
power series

f(Z) = ch'zn
n=0

with center = 0 and radius of convergence r > 0. Then for any point a € D,(0) the
power series
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i b+ (z—a)*
k=0

with center = a and coefficients

b= (Z) en-a"* kEN,

n=k
is convergent with radius of convergence at least
p:=r—lal,

and satisfies for all z € Dy (a)

f@)=Y by (c—a).
k=0

=) b

Fig. 1.3 Changing the center of a convergent power series

Proof. The binomial theorem implies

= (ca)ta) =Y (Z)a”k-(z—a)k.

k=0

Hence

f(@) :lg)cn'zn = rgbcn' i (Z)a”k-(z—a)k

k=0

For z € Dy (a) we introduce the coefficients

17
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o o @)@ e=af k<
0 otherwise

and the double series

Y Aue.
n.k

By definition, the series of the corresponding row-sums is f(z). The double series
satisfies the assumptions of Theorem 1.5, part 2:

* For each arbitrary but fixed n € N

o n
Z |Ank| = Z JAnk| <o
k=0 k=0

because the series is finite.

¢ The series

go (émnq) _; <|c,, kZO (Z) a7k zal") =

=Y leal-(Jal +|z=a])" =Y |ea| - 15 < o0
n=0 n=0
with
ro = lal+|z—al <la|+p < |a+r—|a| = r

is convergent, because for any w € D,(0) the series

oo
Y aw
n=0

is absolutely convergent due to Theorem 1.3 .

Theorem 1.5 implies that the series of row-sums equals the series of column-sums,
which is

fl2)= i) (;Ank> = i <i (Z) Cn -a"k> (z—a) :];bk~(z—a)k, g.ed.

k= k=0 \n=k

If a power series f(z) with center = 0 has radius of convergence at least r, then
Theorem 1.7 states that the resulting power series g(z) with center = a has radius
of convergence at least p = r — |a|. But the radius of convergence of g(z) may be
strictly larger than p. Then the power series g(z) extends the function defined by the
power series f(z) to a larger domain of definition.
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1.2 Fundamental properties of analytic functions

We are now ready to define Weierstrass’ basic concept of complex analysis, the
analytic function. By definition analytic functions expand locally into a convergent
power series.

Definition 1.8 (Analytic function). Consider an open subset U C C. A function
f:U—=C

is analytic, if for all points a € U a radius r > 0 with D,(a) C U exists such that f
expands in the disk D,(a) into a convergent power series with center = a

flz)= i)c" (z—a)".

Definition 1.8 shows that being analytic is a local property: A function f is analytic
on an open set U iff the restriction of f to each open subset of U is analytic. Note
that we avoid terms like “analytic at a point zo”. Being analytic always refers to a
non-empty open set, e.g., an open neighbourhood of a point zg. Moreover,
analyticity in U does not require that any of the power series developments with
center = a, a € U, is convergent for all z € U.

Proposition 1.9 (Ring of analytic functions).

1. Analytic functions are continuous.

2. If the functions f,g : U — C are analytic and A € C then also the functions

f+eg f-gand A-f

are analytic. Hence the set of analytic functions on an open set U C C is a ring
with respect to addition and multiplication and even a C-algebra with respect to
complex scalar multiplication. If f has no zeros in U then also 1/ f is analytic in
U.

3. A power series
Y e (z—20)"
n=0

which is convergent in Dy(z0), r > 0, defines the analytic function

f:Dr(20) = C, z+ f(2) := i cn(z—20)".
n=0
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Proof. 1. Each analytic function is continuous, because a convergent power series
is continuous.

2. The analyticity of the product f - g follows from the Cauchy product formula for
power series, see Corollary 1.6.

To prove the analyticity of 1/f we show: If a convergent power series
f(z) e Z Cn 'Z”
n=0

satisfies f(0) = ¢ # 0, then for suitable » > 0 the function
1/f:D.(0)—C

expands into a convergent power series: W.l.o.g co = 1. Set dy := 1 and define
the power series

with recursively defined coefficients
d] =C and dn = —C] 'dn,1 —C ~dn,2 — .. — Cp—1 ~d1 —Cp, N Z 2.

Let R denote the radius of convergence of f(z). We have R # 0. The formula of
Cauchy-Hadamard from Theorem 1.4 implies the existence of a constant M > 0
such that for all indices n € N

o <"

Hence, by induction, for all n > 1
n—1

n—1
|dn| < len| + Zl vl ldn—y| <M"+(1/2)- Y MY-(2M)"" = (1/2)- (2M)"
V= v=1

Hence g has radius of convergence at least

1
=—>0
r M >0,
therefore both power series
f(z) and g(z)

are convergent. Their Cauchy product computes as

fl(z)-g(z) =1lie. g(z) =1/f(z)

3. We have to show that f expands for any point a € D,(zp) into a convergent power
series with center = a. The result follows from Theorem 1.7. We will give the
details to exemplify how to reduce a statement about a power series with arbitrary
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center to the analoguous statement for a power series with center = 0: First we
make the linear change of the argument

wi=27—20

to obtain a power series with center = 0. Then we apply Theorem 1.7. Eventually,
we translate the result back to the original series with center = a.

After the substitution
wi=2z—20

the series .
gw) = Z cn-w"
n=0

converges for w € D,(0). The substitution transforms the new center a to the
point
ap .= a—2p.

If we define
p:=r—lag|=r—|a—z >0

then Theorem 1.7 implies for w € D (ao) the convergence of the series

£ =gw) = Y be- (w—ao)*
k=0

with .
b :Z " cy-alk
k a k n dgy -
n=k
Because
w—ao=(z—2)—(a—z)=z—a

we obtain for z € Dy (a)

fz) = ibk~(z—a)k, g.ed.
k=0

The importance of Proposition 1.9 is due to the explicit formulas to compute the
coefficients of the product series and the series with changed centre, respectively.
Proposition 1.9 will have an analogue for differentiable functions in Proposition 2.2.

Lemma 1.10 (Local behaviour of a power series). Consider a convergent power
series

f(Z) = ch'zn
n=0



22 1 Analytic Functions

1. If
co #0,
then exists r > 0 such that for all z € D,(0)
f(z) #0.
2. If for suitable m € N
co=c¢1=...=cpy—1 =0but cy, #0,

then exists r > 0 such that for all z € D,(0) \ {0}

f(z) #0.

Proof. 1. The claim follows from the continuity of convergent power series, see
Theorem 1.3.

2. We consider

(=) (==}
n m n
:ch'z =2 'ch+rn'z~
n=0

n=m

The convergent power series

- Z Cndm* Zn
n=0
satisfies the assumption of part 1). Hence for suitable » > 0 and all z € D,(0)

fi(z) #0.
Also 7" # 0 for z € D,(0) \ {0}. Hence for z € D,(0) \ {0}

f@)=7"fi(z) #0, g.ed.

Proposition 1.11 (Uniqueness of the power series expansion). Consider two power

series .
2)=Y an-(z—2)"
n=0

and

ibn (z—20)"

n=0
which both converge in the disk Dy(zo), r > 0. If for all z € D,(zo)

f(z) =2(2)
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then for alln € N

a, = b,.

Proof. For all z € D,(z0)
W) = £(2)— (@) = Y (an—bu)- (= —20)" = 0.

Hence the convergent power series /(z) does not satisfy the conclusion from
Lemma 1.10. As a consequence, h(z) does not satisfy neither the assumption of
part 1) nor the assumption of part 2) of the lemma, i.e. foralln € N

an—b, =0, g.ed.

Combining Proposition 1.11 with the topological concept of connectedness will
imply the identity theorem for analytic functions. We first recall the definition of
connectedness and path-connectedness in the complex plane.

Definition 1.12 (Connectedness and path-connectedness). Consider an openset U C C.

1. The set U is disconnected if two non-empty disjoint open subsets U;,U, C C

exist with
U=UUU,.

Otherwise the set U is connected.

2. The set U is path-connected if any two points a,b € U can be joined by a path
in U, i.e. if a continuous map

y:[0,1]=U

exists satisfying
¥(0) =aand y(1) = b.

Proposition 1.13 (Connectedness and path-connectedness). For an open set U C C
holds the equivalence:

U connected <= U path-connected.
Proof. 1) Assume U disconnected. Then

U=UU0U,
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with two open, non-empty subsets Uy, U, C C. To show that U is not
path-connected we assume on the contrary that U is path-connected. Consider two
arbitrary points a € U; and b € U, and a continuous map

y:[0,1] =U

with
¥(0) =a and y(1) = b.

Define
to:=sup{r €[0,1]: y(r) € U}

Then £y € [0, 1], see Figure 1.4, on top. Hence
Y(to) EU = Uy U Us.
Continuity of y and openess of U; and U, imply: Both subsets
y'(U) clo,1],i=1,2,
are open in [0, 1], which excludes the boundaries 7y € {0,1}. Hence
o €]0,1].
 Ify(ty) € Uy, then y~!(U)) is an open neighbourhood of ¢y. In particular
sup{r € [0,1]: y(r) € U1} > 1o,
a contradiction.

« Similarly, if ¥(ty) € Us, then y~!(U,) C I is an open neighbourhood of #y. In
particular
sup{tr € [0,1]: y(¢) € U1 } < 1o,

a contradiction.

The indirect proof shows that U is not path-connected.

ii) Assume U connected. Choose a fixed point a € U and decompose
U=U,U0U,

with
U, :={b €U : bcanbe joined by a path to a}

U, :={c €U : ccannot be joined by a path to a}
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Fig. 1.4 Connectedness and path-connectedness

e We have U; # 0 because a € Uj.

* U, is open: We consider an arbitrary point b € U;. Openess of U implies the
existence of » > 0 with D,(b) C U. Path-connectedness of the disk D,(b)
implies D,(b) C Uy, see Figure 1.4, at bottom.

» U, is open: Any point ¢ € U, has a neighbourhood D, (¢) C U with

suitable r > 0. Path-connectedness of D, (c¢) implies D,(c) C U,. Hence U, = 0,
which finishes the proof, g.e.d.

Definition 1.14 (Domain). A domain G in C is a non-empty, connected open
subset G C C.

Definition 1.15 (Isolated point, accumulation point). Consider a subset A C C.
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e A point a € A is an isolated point of A if a has a neighbourhood U C C such that
UNA={a}.
If A has only isolated points, then A is named a discrete set.

e Apointa € Cis an cluster point or accumulation point of A if any neighbourhood U C C
of a includes a point from A\ {a}, i.e. if

Un(a\{a}) # 0.

Denote by A’ C A the subset of cluster points inside A. Then the isolated points in
A form the complement
A\A

Of course, A may have also cluster points outside A, i.e. belonging to C\ A.

All points of A are isolated iff A, equipped with the subspace topology from C, is a
discrete space, i.e. if each point set {a}, a € A, is open.

Consider an open set U C C and a subset A C U. If A is discrete and closed in U
means: The set A has

* no cluster point in A (discreteness) and

* no cluster point in U (discrete and closed in U).

Hence, if A has a cluster point ag € C at all, then ag € JU.

Note that discreteness of A is an intrinsic property of the topological space
obtained after A has been equipped with its subspace topology. While A closed
in U also refers to the boundary of A in the ambient space U. As an example
consider the open disc

U:=D; (0)

1
Ay ::{: neN*}CU
n

is discrete, but not closed in U. The set A; has the cluster point

The set

ap=0€U\A

1
A2::{2—n: nEN*}CU

is discrete and closed in U. The set A; has no cluster point in U, because

While the set
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aozzeaU\U.

Proposition 1.16 (Isolated zeros of an analytic function). Consider a domain G C C
and an analytic function f defined on G. Then:

e Either f =0
e or each point of the zero set of f is isolated.
Proof. We decompose G into the two sets

U := {a € G : The power series expansion of f with center a vanishes identically }
V:={a € G: The power series expansion of f with center a does not vanish identically}.
The uniqueness of the power series expansion due to Proposition 1.11 implies
G=UUV.
1) U is open: If a € U then for suitable » > 0
fIDy(a) = 0.

Proposition 1.11 implies that for any b € D,(a) the derived power series expansion
of f with center = b vanishes. Hence D,(a) C U.

ii) V is open: If a € V then the power series

f@)=Y cu-(z—a)"
n=0
is convergent in a neighbourhood D, (a) and by assumption

Ck7é0

for at least one k € N. Lemma 1.10 implies the existence of p > 0 such that for
allz € Dy(a)\ {a}
f(2) #0.

As a consequence Dy (a) C V.

iii) Connectedness of G: The decomposition G = U U V and connectedness of G
imply:

e Either U = 0. Then G =V and Lemma 1.10 implies that all zeros of f are iso-
lated.
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e OrV=0.ThenG=Uand f=0

Theorem 1.17 is one of the fundamental results of complex analysis: An analytic
function on a domain G is already determined by its values on a sequence of
pairwise distinct points with a limit in G. In particular, the function is determined
by its values on an arbitrary small, non-empty open subset of G.

Theorem 1.17 (Identity theorem). Consider a domain G C C and two analytic
functions

fg:G—C.
If exists a subset A C G with an accumulation point a € G and
f1A = glA,
then f = g.

Proof. Consider the difference

h:= f -8
which is analytic. Assume the existence of a sequence (ay )yey in A\ {a} with

a:=limay, €A
V—ro0

such that forall v e N

h(ay)=0.
By continuity also (a) = 0. The set

{ay: veN}U{a}

is a subset of the zero set of &. It contains the point a which is not an isolated point.
Proposition 1.16 implies 2 =0, i.e.

f=g

Theorem 1.17 shows: An analytic function defined on a domain G is already
determined by its power series expansion with center an arbitrary point a € G. The
radius of convergence of the power series is of no importance. The ring of all conver-
gent power series with center a € C is named the ring of germs of analytic functions
in a neighbourhood of a.
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Example 1.18 (Identity theorem). Consider
1
G:=Dy(0) and A := {n: ne N*}.

Then 0 € G is an accumulation point of A. Theorem 1.17 implies: If two analytic
functions f, g on G satisfy forall n > 1

f(1/n) = g(1/n)

then

f=g

Proposition 1.19 (Composition of analytic functions). Consider two open sets U, V C C
and two analytic functions

f:U—Candg:V—>C

satisfying -
flU)cv.

Then the composition
gof:U—C

is also analytic.

Proof. Consider an arbitrary but fixed point a € U and set

b:=f(a) €V.

Fig. 1.5 Composition of analytic functions
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i) Power series expansion of f: For suitable r; > 0 and all z € D, (a) we have

fz)= an'(za)"b+ibn~(za)".

The function

is analytic in D, (@) and satisfies

¢(a)=0.

By continuity of ¢: For all r > 0 exists 5,0 < s < r{, such that

 agki

|bp|-s" <.

1

n

As a consequence for z € Ds(a)

9()| <.

ii) Power series expansion of g: For suitable r» > 0 and all z € D,, (b)

8(z) = ig)cn (z—b)".

Theorem 1.3 implies for any » with 0 < r < rp

Y lea] 1" < oo
n=0
As a consequence, we obtain

« for all z € Dy(a) the representation

(801)(2) = 5(f(2)) = 20 (f@)—b) = ZO 0@

¢ and the estimate

n
zcn|(z|bk|-sk> ¥ el <
n=0 k=1

n=0

iii) Double series and rearrangement: For any n € N the power ¢” is analytic
in Dy (a) with convergent power series

0" = Y du- (e ).
k=n
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For z € Dg(a) we introduce the double series

Zan

n,k

with

cn-du-(z—a)k n<k
Dy =
0 n>k
The double series satisfies the assumptions of Theorem 1.5, part 2:

 For z € Dy(a) each row-sum

Y Du=cr ¥ du- (- a)f
k=0 k=n
is absolutely convergent due to part ii).

¢ To estimate the double series

=)

Z |an|

n,k=0

note: The coefficients (dyx)n<x of the power series of ¢”(z) are polynomials in
the coefficients (by)ren Of the power series of ¢(z). Hence for each fixed n € N
they satisfy the estimate

n
Y ldul-s* < <Z bk 'Sk>
k=n k=1

With the estimate from part ii) we get

n
£ ol (S i) < £ (£ mios) <o
n=0 k=n n=0 \k=1
ie.

oo

Y Dl =Y leal- Y ldul - 1z—a)| < Y leal - (Z |dnk|'sk> < oo
n=0 k=n n=0 k=n

n,k=0
Now Theorem 1.5, part 1, applies: We obtain the rearrangement

oo

> > k
8(f(2) = Zbcn' <];dnk'(z_a)k> =) (Zocn'dnk> (z—a)*

k=0

The series on the right-hand side is the power series expansion with center = a of
the composition

gof
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forz € Dy(a). O
The proof of Proposition 1.19 allows to derive an explicit formula for the coeffi-

cents of the convergent power series of the composition. An analogue for differen-
tiable functions will be obtained in Proposition 2.2.

1.3 Exponential function and related analytic functions

In the present section we study functions which relate to the exponential function
and its power series expansion. For a real argument the exponential function

exp:R—- R} :={xeR:x>0}

expands into the exponential series which is convergent for all arguments. The
function is bijective with derivative (e* )’ = ¢*. Therefore the inverse, the logarithm,

In:R. —R

is well-defined and locally expands into a convergent power series. The
exponential function satisfies the functional equation

exp(x1 +x2) = exp(x1) - exp(x2).

We will investigate how the exponential function and the logarithm extend to
complex arguments. In particular, we will study the unexpected behaviour of the
complex logarithm.

Theorem 1.20 (The exponential function). The exponential series
oo Z}’l
exp(z) :=e" =Y g
n=0"""
is convergent for all z € C. Its functional equation is the addition theorem
exp(z1+22) = exp(z1) - exp(z2).
In particular, for all z € C
exp(z) # 0 and (exp z) ! = exp(—2).

Proof. The radius of convergence R = o follows from the ratio test according to
Proposition 1.4
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1_1_ n! _ 1 _0
R nom (i) aowntl

The functional equation follows from taking the Cauchy product according to Corol-
lary 1.6:

exp(z1) -exp(z2) ZL,, 7

with

Hence

8

1
exp(z1)-exp(z2) = Y, —+ (21 +22)" = exp(z1 +22)
n=0

In particular
I'=exp(0) = exp(z+(—2)) = exp(z) - exp(—2)
O

If one presupposes the functional equation for real arguments xj,x,, then the
functional equation for complex arguments z;, z» follows from the Identity Theorem 1.17:
Because the left-hand side and the right-hand side are analytic and coincide on the
subset R. Nevertheless, the argument is misleading because the proof in the real
case also uses the Cauchy product.

For any complex argument z € C the exponental series splits according to even
and odd indices as

oo Z I Z2n P Z2n+l
n —
exp(iz) Z n! r;) (2n)! Z (2n+ 1)

oo 2 Z2ﬂ+1
=Y (1) i
n;) (2n)! n; 2n+1)

The last two series extend the well-known real power series for

cos(x) and sin(x), x € R,

to complex arguments. They define the complex cos-function and the complex sin-
function.

Definition 1.21 (Complex cos- and sin-function). For complex z € C one defines
the analytic functions

cos:C—C, cos(z) ==Y (—1)"
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and
2n+1

(=) Z
in:C— C, si = E 1)
S sin(z) n:()( ) (2n+41)!

Remark 1.22 (Euler formula).

1. Due to Definition 1.21 for any complex z € C the values cos(z) and sin(z) of the
trigonometric functions relate to the value of the exponential function as

exp(iz) = cos(z) +i-sin(z) (Euler formula).

We used this formula for real arguments x = z € R in the introduction chapter.
Definition 1.21 shows that cos is an even function, i.e.

cos(z) = cos(—z),
while sin is an odd function, i.e.
sin(—z) = —(sinz).
Therefore respectively, adding and subtracting the two equations
exp(iz) = cos(z) +i-sin(z) and exp(—iz) = cos(z) —i- sin(z)

implies for all z € C
| . o
cosz:==-(e"+e ) andsmz::?-(e’z—e )
i

2. Similar formulas hold for the hyperbolic trigonometric functions: For z € C

1 1
cosh z = 3 (e°+e7%) and sinh z = 5> (ef—e™),
when defining
) Z2n
cosh z:=
n;) (2n)!
and
) Z211—}—1
sinh 7 :=
ng() 2n+1)!

A remarkable consequence of the Euler formula allows to compute the value of
the exponential function directly from the real- and imaginary part of its argument. It
shows that the complex exponential is a mixture of the real exponential and the real
trigonometric functions. The complex exponential inherits from the real exponential
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the exponential growth along the real axis, and it inherits from the trigonometric
functions the periodicity along the imaginary axis.

Proposition 1.23 (Basic properties of the exponential function).
The exponential of a complex number

z=x+iyeC
with real part x and imaginary part y has the form

e =¢" - (cosy+i-siny),
see Figure 1.6. In particular, the modulus is determined by the real part alone

|eZ| =,

and
exp(z+2mi) = exp(z) (Periodicity 27i).

Proof. Theorem 1.20 and the Euler formula for the argument iy, see Remark 1.22,
imply A '
=" =¢"e"=¢"(cosy+i-siny).

Hence _
€[ = |e*| - || = &" -[cos(y) +i-sin(y)| = €*
because
\cosy—i—i-siny|2 = (cosy+i-siny)-(cosy+i-siny)=
= (cosy+i-siny)-(cosy—i-siny) = cos* y+sin®y=1.
Moreover

exp(z+2mi) = exp(z) - exp(2mi) =
=exp(z) - (cos 2m+i-sin 27w) = exp(z), g.e.d.

Different from the real exponential the complex exponential function
exp:C— C*

is no longer bijective. The map is surjective. We will study the set of all argu-
ments which are mapped to the same value. The locally defined inverse maps are
the branches of the complex logarithm. The logarithm also serves to define the com-
plex roots of complex numbers.
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Fig. 1.7 Polar coordinates

Proposition 1.24 (Logarithm, polar coordinates, and roots of unity).

1. The equation
e’ =1

has several complex solutions w € C. They are named the logarithms of 1 and
form the set of imaginary numbers

{k-2mi: ke Z}.
2. The polar coordinates (r,9) of a complex number
7€ C~R?

determine the representation
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z:r~e’¢7

see Figure 1.7. For 7 # O the representation determines the angle ¢ up to an
integer multiple of 27.

3. Forany z € C, 7 # 0, the equation
w

e =2z

has infinitely many solutions w € C, named the logarithm of z : If wy denotes one
specific solution then any solution has the form

w=wo+k-2mi, k€ Z.
4. Forn € N, n > 1, the complex solutions w of the equation
w'=1

are named the n-th roots of unity. They all are located on the unit circle and form
the set
{ek/m2mi e —0, . n—1},

see Figure 1.8.

el

Fig. 1.8 The 8-th roots of unity

Proof. 1. Proposition 1.23 implies forw =x+i-y
1=|e"|=¢" = x=0and cos(y) +i-sin(y) = 1.

Hence
y=k-2m.
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2. For z # 0 set r := |z| and consider

with |{| = 1. For suitable ¢ € R

=cos(9)+i-sin(¢),

hence
z=r-e9.

According to part 1)
re?=r.e¥ = OV =1 — ¢g—y=k-2m, ke
3. The right-hand side in polar coordinates (r, ¢)
z=r-€?,

and the ansatz
wo=u-+i-v

require

Setting @
u:=lIn(r

with In the logarithm of positive real numbers, and
vi=2¢
provides the specific solution
wo = In(r) +i¢.
For the general solution part 1) implies
"= = MM =1 — w—wy=k-2mi, ke Z.
4. If w = r- e is an n-th root of unity, then r = 1 because |w| = 1. And
wh=e" =1
implies due to part 1) for suitable k € Z
n-¢==k-2m, ie. ¢ = (k/n)-2m.

The opposite claim
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(e(k/n)~27'ci)n —1

is obvious, g.e.d.

We now consider the different solutions w of the equation " = z for a given complex
number z # 0: Do the solutions extend to analytic functions in a neighbourhood of
each w when varying z? We first require continuous dependency.

Definition 1.25 (Principal value and branches of the logarithm function).

1. For ‘
z=r-?cC*

the uniquely determined solution
w=ln(r)+i-¢, 9 €]—n, &

of the equation
EY =z

is named
w = Log(z),

the principal value of the logarithm of z.

2. Consider an open subset U C C*. A continuous function
f:U—-C
is named a branch of the logarithm function if for all z € U

e/ = 7.

Lemma 1.26 (Comparing two branches of the logarithm function). Consider a
domain G C C* and two branches of the logarithm function

frg:G—C.

If

for at least one 7o € G, then

Proof. By assumption
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Because both functions f and g are branches of the logarithm function, Proposition 1.24
provides for each z € G an integer

k=k(z)€Z

satisfying
g(2) = f(z) +k(z) - 27i.

Continuity of f and g and connectedness of G imply that k(z) does not depend on z.
Because

f(z0) = g(z0)
we have k =0, g.e.d.

Example 1.27 proves the existence of a logarithm function on a certain domain
in C*. Because the exponential function has no zeros the logarithm does not extend
to the argument z = 0. But it remains open why the example has to exclude also
the negative real axis from the domain of definition. We will return to this question
later, see Remark 7.2.

Example 1.27 (Logarithm on the sliced plane). Consider the sliced complex plane
G:=C :=C\]—e,0]

i.e. the complex plane minus the negative real axis and minus the origin, see
Figure 1.9. Any z € G has a unique representation by polar coordinates

z=r-é'g, p €| —m, n|.
The principal branch of the logarithm function in G is the function
Log:G — C, Log(r-é'¢) :=In(r) +i¢, ¢ €] —m, =l.

For each branch of the logarithm function in G a unique k € Z exists satisfying for
allze G
log(z) = Log(z) +k-2mi.
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Fig. 1.9 Branch of logarithm on the sliced plane

The branches of the complex logarithm do not necessarily satisfy the functional
equation known from real arguments. In general

log(z1-22) # log(z1) +1og(z2)-
Instead the equation
log(z1-z22) =log(z1) +1log(z2) + k-2mi, k€ {—1,0,1}

relates two branches of the complex logarithm function. The relation indicates that
the inverse function of the exponential map has to consider all branches together:
The canonical domain of definition for the complex logarithm function is not the
sliced plane from Example 1.27 but a covering of C* with infinitely many leaves:
The canonical domain of the complex logarithm function is a Riemann surface.

Theorem 1.28 (The local logarithm). Any point 7o € C* has an open neighbour-
hood U C C* with an analytic branch of the logarithm function

f:U—C.

Proof. 1) Real logarithm series: We recall the power series with center a = 0 of the
real logarithm function

o

xn
In(1+x)=Y (-1 =
n=1 n

which is convergent for
xeR, |x| < 1.
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The substitution
yi=1+x

defines for |y — 1| < 1 the power series

ii) Extension to complex arguments: For zo € C* we choose a logarithm wg € C
according to Proposition 1.24, i.e. satisfying

wo

e " =120-

For z € C we have

Z—20 Z
.

20

<1 < |z—20| < 20].

20
Hence we set r := |zg| and define the domain
U:=Dy(z0) ={z€C": |z—20| < |20}

For z € U the series

o0 n+1 _ n ) n+1
Z 1)+ <z zo> Z I)Jr (o)’

20

is convergent due to the ratio test. Hence the function f is analytic in U.

iii) Analytic branch of the logarithm function: Claim: For all z € U

@ = 5.

For real numbers o € R with distance | — 1| < 1 we consider the following function
of the argument «

f(azo>wo+i(_1,3n+l'<az°_zo> i l)m 1y =

n=1 20

=wo+In(a),
see Figure 1.10. As a consequence
el 1az0) — pwotin(@) — gwo o ln(e) — o0
Therefore the two analytic functions

el id:U—=C
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coincide for all arguments
z=0z0€ U

with a in an open real interval. By Theorem 1.17 both functions agree, i.e. for
allzeU
/@ = 4.

Hence f is an analytic branch of the logarithm function in U, q.e.d.

A,W\Q%A/wow'é/
A ) /
% dzo

Fig. 1.10 Being equal on a subset parametrized by a real interval

Theorem 1.28 and Lemma 1.26 imply: The principal value of the logarithm from
Example 1.27
Log:C™ —C

is analytic.

Corollary 1.29 (The local root). Consider a number n € N*. Any point 7o € C*
has an open neighbourhood U C C* with an analytic branch

F:U—=C

of the n-th root, i.e.
[ =idy.
If U is a domain then two analytic branches differ by an n-th root of unity.

Proof. Theorem 1.28 implies the existence of an analytic branch of the logarithm
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log: U — C*.

We define
iU =T, flz) = ell/mHos),

Then forall ze U

f(Z)n — (e(l/n)Jog(z))" _ en.(l/n)Jug(z) _ elog(z) =z

The analytic branch is determined up to an n-th root of unity due to Proposition 1.24,
q.e.d.

1.4 Outlook

Making the first step into the field of several complex variables is quite similar to the
case of one complex variable in the present chapter. Possibly the main difficulty for
the beginner, is handling the multi-indices and the multi-products of exponents used
for power of several variables. To obtain an impression of the similarities concerning
the basic concepts of convergent power series, it is worthwile to browse the first
pages of a textbook like [14, Chap. I, Sect. A] or of the lecture [5, §1].

How do the results of the present chapter generalize to the case of several com-
plex variables?

The algebraic properties of the ring of analytic functions are the subject of
[14, Chap. 11, Sect. A]. For each point w € C" one obtains a local ring &), by iden-
tifying analytic functions which coincide in an arbitrary neighbourhood of w. All
these rings are isomorphic to C{zy,...,z,}.

The ring of convergent power series C{zj,...,z,} in several variables is a lo-
cal ring with residue field C. The non-units form the maximal ideal. From the al-
gebraic point of view one studies the ideals and notably the prime ideals as well
as the quotient rings with respect to these ideals. [19, Abschn. 4.4] deals with
the 1-dimensional case, while [14] treats the case of several complex variables.

The whole book [10], an advanced text, is devoted to the study of the quotient
rings, named analytic algebras. Analytic algebras characterize the singularities of
complex spaces, a generalization of complex manifolds. Accordingly, the category
of analytic algebras is the means to study the local structure of complex spaces.

A different kind of generalizing power series and analytic functions

f:U—C, U cCC open,
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is to replace the image field C by a complex Banach algebra A. A typical exam-
ple from functional analysis is the Banach algebra A of all continuous linear endo-
morphisms of a complex Banach space. For an introduction and the application to
spectral theory see [2, Chap. V, XI] and [17, Kap. XIII, Num. 95-99].






Chapter 2
Cauchy-Riemann Differential Equations

The present chapter investigates Cauchy’s access to complex analysis by differen-
tiability. And also Riemann’s access by real differentiability and C-linearity of the
functional matrix. In addition, we start the proof of the equivalence of all three ap-
proaches.

2.1 Complex differentiable functions

We start with Cauchy’s approach.

Definition 2.1 (Differentiability). Consider a function
f:U—=C
defined on an open subset U C C.

1. The function f is differentiable at a point 7o € U if the differential quotient

i 4= ()

Z—20 Z—20

exists. In this case the limit is written f’(zo) and named the derivative of f at z.

2. The function f is differentiable if the derivative f’(z) exists for all z € U.

For functions f : U — C depending on one complex variable the term “differen-
tiable” refers to differentiability in the complex sense, i.e. the differential quotient
considers all complex arguments z # zo with limit zo. To emphasize this property
some textbooks use the term “complex differentiability”. If not stated otherwise,

47
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these lecture notes will use the term “differentiable” always in the sense of Defini-
tion 2.1.

The Cauchy-Riemann differential equations, see Theorem 2.6 will relate differ-
entiablility of f as a function of one complex variable to partial differentiability of f
when considered a function of two real variables. These variables are the real- and
the imaginary part of the complex variable.

Proposition 2.2 (Ring of differentiable functions). Consider an open set U C C.

1. The set
OU):={f:U — C| f differentiable}

is a ring with respect to addition and multiplication of functions.
2. For two elements f,g € O(U) the derivative satisfies

(f+g) =f +¢ (Linearity), (f-g)' = f'-g+f-¢ (Product rule).

If g has no zeros then

(Fley = L8218

(Quotient rule)

3. Consider two differentiable functions
f:U—>Candg:V — C, V C Copen,

satisfying -
fu)cv.

Then the composition
gof:U—C

is differentiable and the derivative satisfies
(gof)(z) =& (f(2))- f'(z) (Chain rule).

Proof. In all cases the proof is literally the same as the proof for differentiable
functions of one real variable, [6, Kap. 15], O

Any power series
Y o (z—a)
n=0

has a formal derivative. It is obtained by differentiating every summand separately.
The result is the power series
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Z n-c, (z—a)" .
n=1

If the original series is a convergent power series then also the formal derivative
is convergent with the same radius of convergence: One applies the formula of
Cauchy-Hadamard, Theorem 1.4, and uses

V0wl (n+1) = Jensa] - Vn+1

and

lim Vn+1=1.

n—oo

This result prompts the questions:

* Is a convergent power series differentiable in the sense of Definition 2.1?

» If yes, is the derivative equal to the formal derivative?

The answer to both questions is “yes”, see Theorem 2.3.

Theorem 2.3 (Differentiability of analytic functions).

1. Consider a convergent power series
f@Q=Y e (z—a)"
n=0

with radius of convergence = R. Then the function
f :Dg (a) —C

is differentiable. Its derivative f' is the power series obtained by formal deriva-
tion of f. The derivative has radius of convergence = R.

2. Any analytic function
f:U—C, U cCC open,

is differentiable.

Iterated application of Theorem 2.3 shows: Any analytic function has derivatives
of arbitrary order, and each of these derivatives is again analytic.

Proof. W.l.o.g. we assume a = 0. The function
g:Dr(0) = C, g(2) := Zn-cn~z"—1,
n=1

is well-defined. To prove the existence of f(zo) for arbitrary zop € Dg(0), we com-
pute for any index n € N*
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=z
—_— Z
Z—20 n(2)
with o
an(@) ="+ 24+ T
The proof of the last equation employs the classical division algorithm. Note

qrz(ZO) = n'Zgil'

As a consequence

f(Z)*f(Z()): ch'zn* ch'Z?): chy(zn*zﬁ) =
n=0 n=0 n=1

= icn'(Z*ZO)'Qn(Z) = (z—20)- icn«zn(Z),

n=1 n=1

UCEEICUN R
—20 n=1

Z

or

We have .
filzo) =Y, n-ca-z5" =g(z0)-
n=1

It remains to show that f} is continuous at zg, i.e. to show

lim f(z) = fi(zo0) :

Z—20

We choose a radius r with
|zo] <r <R.

Then for z € D,(0)
Z len-qn(2)] < Z [ el
n=1 n=1

The last series is convergent because the formal derivative has also radius of
convergence = R. As a consequence, the series f] (z) is uniformly convergent for z € D,(0),
and the resulting function f; is continuous. O

2.2 Cauchy-Riemann differential equations

We now address Riemann’s approach to complex analysis.
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Open subsets of C can be identified with open subsets of R?. Hereby, complex
points
z=x+i-yeC

become identified with real pairs
(x,y) € R%.

As a consequence, the value of a function f defined on U will be written
either f(z) in the complex context or f(x,y) in the real context.

Proposition 2.4 (Differentiability and partial derivatives). Consider an open

subset
UcC~R?

and a differentiable function
f:U—C.

Then the partial derivatives of f, considered as a function of a pair (x,y) of two real
variables, exist at all points
z=x+i-yecU

and satisfy

e =5 and ) =100

Proof. We compute

d +h) — +h)— ,
U e 3) = timg LEEN IOy SN SC_ 1)
heR* heC*

Similarly

8( )= i fle+i-h)—f(z) _

oy Y= 0 h

heR*
. +i-h)— . +i-h)— 1

Corollary 2.5 (Partial derivatives with respect to polar coordinates). Consider

an open subset
UcC~R?

and a differentiable function
f:U—C.
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Then with respect to polar coordinates, see Proposition 1.24,
z=x+iy= re'?
holds 5 5
) =ir- Zn0)
Proof. We have
x=r-cos(¢) andy =r-sin(¢).

The chain rule implies

df(x(r¢),y(r9))) _ df(x,y) dx df(x,y) dy

ar ox  or dy  or

or shortened as equality of differential operators

Jd _dx d 8y8d_,]18_8x8 dy d
E_Ea—’—gaiyan Slmlary%—%~a+%~a—y
As a consequence
of of . of of . f of
Gy =C05(0)- 5 sin(9) - 5 Cand 59 = —rsin(9) - 5+ reos(9) - 5

Proposition 2.4 implies

d .
7{: cos(9) - f' +sin(9) - if’ =€ f'
and

gj; = —rsin(@)f +ircos(¢)f = ire' f'.

Theorem 2.6 (Cauchy-Riemann differential equations and differentiability).
Consider an open subset

UcC~R?
and a function

f:U—C.
Denote by

f=u+i-v

its decomposition into real part

u:=Re f:U—R, u(z) :=Re f(z),
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and imaginary part
vi=Im f:U =R, v(z) :=1Im f(2).

1. If f is differentiable then the partial derivatives of u and v exist, and satisfy the
Cauchy-Riemann differential equations

Ju dv v Ju

2. If the partial derivatives of u and v exist as continuous functions, and satisfy the
Cauchy-Riemann differential equations, then f is differentiable.

Proof. 1) = 2): On one hand, Proposition 2.4 implies

,_8f_8u ~adv
= ant o
or
, . du dv
l f la*a
On the other hand,
af Odu av

Equating real- and imaginary part in the last two equations finishes the proof.

2) == 1): Consider an arbitrary but fixed point
z=x+i-yeU
and decompose
f=u+i-v.
The existence of the continuous partial derivatives of u implies
u(('xvy) + (hl ahZ)) - u(xay) = ux(x,y) “hy + ”y(xa)’) “hy +0(h)7 ie.
u(z+h) — (@) = (2) - b1 +1y(2) - b+ o(h)

with arbitrary
hi=hi+i-hy, hj,h €R,

and using o(h) as the usual shorthand for any function ¢ (%) satisfying

¢(h)

—=0.
h—0 || A]|
h£0

Note: The continuity of the partial derivatives assures that the rest term is o(h),
see [7, §6, Satz 2]. Analogously
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V(z+h) = v(z) = vx(z) -h1 +vy(2) - ha +o(h).
Hence
flz+h)—f(z)=u(z+h)—u(z)+i-(v(z+h)—v(z)) =
= ux(z) - +uy(z) - ho+i- (va(2) - b1 +vy(2) - h2) +o(h)

Now the Cauchy-Riemann differential equations replace the partial derivatives with
respect to y by partial derivatives with respect to x

flath) = f(2) = ux(z) - h = vi(2) -y 4+ (ve(2) - b1+ ue(2) - h2) +o(h) =

=ux(z) - (M +i-h)+i-ve(z) - (hi+i-hp)+o(h)=
=u(z)-h+i-vy(z)-h+o(h)

Hence
i flz+h)—f(z)
m—=

h—0 h = ux(2) +i-va(2) = fil2)

The theory of differentiable functions in open subsets U C R", n > 2, distin-
guishes between the following types of differentiability:

» Existence of continuous partial derivatives,
 existence of the total derivative as a linear map, and

 existence of partial derivatives.

It is well known: Each of the three conditions is strictly stronger than its follower.
Therefore Theorem 2.6, part 2) has to presuppose that the partial derivatives are
continuous to obtain the existence of the derivative of f. But that’s no restriction
because we will later prove a remarkable property of the complex context: The
partial derivatives of any differentiable function are continuous.

Remark 2.7 (C-linearity of the Jacobi matrix). When identifying the field C with
the real vector space R? one identifies

1 € C with (1

o) € R? and i € C with (?) € R?

1. The multiplication
(x+i-y)-(u+i-v)eC

()=o)

translates to
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A matrix
ab
(c d) e M(2x2,R)

defines a C-linear map
T:C—=C

iff
T(i)=i-T(1).

(£0) ()= (1))
(Z) = (;) ie.a=dandb=—c

2. As a consequence: If a function

The latter equation states

f=u+i-v:U—C, U CCopen,

has partial derivatives under the identification C ~ R2, then its Jacobi matrix

u

ox
Jac(f) =

ov

dx

u
dy

ov
dy

defines a C-linear map iff the partial derivatives of the real and imaginary part
of f satisfy the Cauchy-Riemann differential equations.

Corollary 2.8 (Relation between real and imaginary part). Consider a domain G C C
and two differentiable functions

f,8:6=C
with Re(f) = Re(g). Then
Im(f) —1Im(g) = ¢
for a suitable constant ¢ € R.
Proof. Theorem 2.6 implies

d(Im(f) —Im(g))

ox - =0

which finishes the proof. 0O
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A deep theorem states that a differentiable function is analytic, hence has deriva-
tions of arbitrary order. In particular, the derivative of a differentiable function is
continuous. The proof will be given in Chapter 3 when showing the equivalence of
all three approaches to complex analysis.



Chapter 3
Cauchy’s Integral Theorem

The two main methods in analysis are differentiation and integration. Chapter 2
dealt with differentiability. We now add to complex analysis a series of results ob-
tained by integration.

3.1 Cauchy kernel and Cauchy integration

The section investigates the integration of complex differentiable functions. We
prove Cauchy’s integral theorem in the special case of a disc and an annulus. It is
a consequence of the Cauchy-Riemann differential equations expressed in polar co-
ordinates. The integral theorem implies Cauchy’s integral formula which represents
the values of a complex differentiable function by an integral. As an application
Theorem 3.9 collects several equivalent conditions for a function to be holomor-
phic. Chapter 6 will deal with the general case of Cauchy’s integral theorem.

Remark 3.1 (Path integral). We integrate continuous functions
f:U—=C

defined on subsets U C C along paths contained in U.

1. First, we consider a continuously differentiable path
Y:[a,b) = U

depending on a real parameter from a compact interval [a,b] C R. One defines

b
/f(z) dz::/ FOrn)-v'(¢) dt =
Y a

57
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3 Cauchy’s Integral Theorem

b b
= [ Re (1) -y ) di+i- [ 1m(r(r0)-7' )

One checks that the integral does not depend on the choice of the parametrization 7,
i.e. the integral is invariant with respect to parameter transformations.

Secondly, a piecewise continuously differentiable path vy is a continuous path
composed of finitely many successive continuously differentiable paths

Yi, i=1,..,n

One defines

/f(z) dz = i f(z) dz.
Y k=1""Y%

. For an annulus

AZZ{ZE(CZ r1§|z|§r2}CU,0<r1<r2,

one chooses the orientation of the two continuously differentiable component
paths y; j = 1,2, of the boundary

dA =D, (0) U D,,(0)

as follows, see Figure 3.1: When moving along ¥;, j = 1,2, the interior of A is
on the left-hand side. Hence

it

% :[0,27] = C, p(t) =rp-€",

and
it

N [0,27(] _>(C7 Vl(f) =ri-e

. A similar rule holds for integrating along the boundary of a disc D,(0), the limit

of an annulus with r» = r and r; = 0.

(&

Fig. 3.1 Orientation of boundary paths of an annulus
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Lemma 3.2 prepares the proof of Cauchy’s integral theorem, Theorem 3.3. The
main step in the proof is to employ the relation between the partial derivatives with
respect to polar coordinates of a differentiable function.

Lemma 3.2 (Integration of differentiable functions defined in disc or annulus).
Consider two radii
0<r<rn<ew

and the open annulus
A:={zeC: r <z <n}

For a differentiable function
f:A—=C.

the integral
I(r) ::/ f(z) dz
[el=r
does not depend on the intermediate radius
r €lri, .

Proof. The function
F:A—C, F(z):=z f(2)

is also differentiable. Then

dz
Ir)= [  F() —
|z|=r Z
Using the standard parametrization of the circle with radius » by polar coordinates
z=re'’ and ¢ € [0,27].

we get
. d
dz=ire®d¢ and = = i-dg.
Z

Hence
21

I(r)=i A F(re'®)de.

dl
It suffices to show e 0. Using the formula from Corollary 2.5 we compute
r

dl 2T JF . 1 2 oF, .
(r=i- Z(re'? - _. Z (re'? -
=i [ G = L [T S0
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Theorem 3.3 (Cauchy’s integral theorem for disc and annulus). Consider two
radii
0<ri<m<e

and the closed annulus or disc respectively
A:={zeC: rn <zl <n}.

Any differentiable function

f:U—-C
defined on an open neighbourhood
AcUcC
satisfies
f(z)dz=0.
dA

Proof. 1) Case 0 < ri: Lemma 3.2 implies
flz)dz= f(z)dz— f(z)dz=0.
JA |z|=rp lz|=n1

Here we used the convention from Remark 3.1 concerning the orientation of the
paths in JA.

ii) Case 0 = r;: We have to show

lim f(z)dz=0.

r —0 ‘lerl

Set
M :=max{|f(2)| :|z] <71} < oo

and estimate integrand and curve length as

/ dz
|z|=r

lim f(z) dz=0.

r1—0 lz|=r1

SM-ZTI,T].

flR)dz|<M-

‘ |z[=r1

Hence
The claim follows from parti). O

The most important integrand in complex analysis is the Cauchy kernel.
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Definition 3.4 (Cauchy kernel). The function of two complex variables

1

K(ZaC) = Qv 7F Ca

is named the Cauchy kernel.

In addition to Lemma 3.2, a second step to obtain Cauchy’s integral formula is to
represent the winding number of a path as a path integral of the Cauchy kernel, see
Lemma 3.5. The proof expands the Cauchy kernel into a convergent geometric
series.

Lemma 3.5 (Winding number). Consider a point a € C and a radius

r>0, r#|al.

L/ dz. )0 iflal>r
2%i Jiy=rz—a |1 iflal <r

Then

Hence the integral is considered the winding number n(y; a) of the path
y:[0,27] = C, y(t) :==r-e€",
with respect to the point a € C.

Proof. Case |a| > r: In a suitable neighbourhood
UD{zeC:lz|>r}

the function

1
U—-C, z—~ ,
z—a

is differentiable. Hence the claim of the lemma follows from Theorem 3.3.

Case |a| < r, see Figure 3.2:
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Fig. 3.2 Winding number

The Cauchy kernel expands into the convergent geometric series

K(a)= ——=(1/) ——=(1/9- ¥,

= — - n. —n—1
— - = Ya-Laa

The last series is uniformly convergent for |z| = r. Using the standard parametriza-
tion of the circle with radius » we obtain

o0 oo 2
/ dz = a”-/ = Z a”~/ nf”*le(*”*l)iq’ir-ei‘p do =
| -0 lz|=r =0 0

d=rz—a

oo

=i Za”-r”’/zne*mq’ de
0

n=0

/Me*’”"?d(p: 2 ifn=0
0 0 ifn£0

we obtain for the integral of the Cauchy kernel

' dz
/ = 27i.
|zZl=rZ—a

Because

Theorem 3.6 (Cauchy’s integral formula for disc and annulus). Consider two
radii
0<r<m<oo

and the closed annulus or disc respectively
A:={zeC: rn <lz <n}

Moreover, consider an open neighbourhood A C U and a differentiable function
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f:U—C.

Then for any interior point a € A

fla) 1 1)

27 Jaa z—a

dz

Theorem 3.6 is a first example how to obtain the value of a differentiable func-

tion at a given point by a path integral around that point. Evidently, Theorem 3.6
generalizes Lemma 3.5 about the winding number.

Proof. For a given point a € A we split the Cauchy integral as

R 1) 1

_ f(z) = fa) L fl)
. dz=— ————dz+ 5 —d
2wi Joa z—a 27i Joa z—a 2wi Joa z—a
After applying Lemma 3.5 to the second integral we obtain
1 (2) 1 (z) — f(a)
21 Jon c—a " 2w o zma T
We claim
1 —
Lo fa-fa),
27i Joa z—a
For r € [r, 1] set
1 (z) — f(a)
I(r) = — —dz.
(= 7m ¢

lz|=r Z—a
We consider the integrand as a function of z which extends to U:

Q-1@
U—C,z+— i
f'(a) ifz=a

The function is differentiable at all points z € U \ {a}. At z = a the integrand is
continuous because

o T~ (@)

lim 22— ),
e T4
Therefore:

* The integral /(r) depends continuously on the parameter r € [ry, r,].

The integrand is differentiable in each of the two open annuli in U

Al:={z€U: n<|z<lal}andAy:={z€U: |a| < |z] <r}.
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Lemma 3.2 implies, that I(r) remains constant when the parameter r varies in
each of the two intervals

[71,]a| [and ] |a|,r2 ]
As a consequence

I(n) = lyi%?[(r) =1(a) = lriglll(r) =1(r)

We obtain
1 Q- S

dz=1 —1 =
27 Joa z—a 2=1(r2) =1(r) =0,

which finishes the proof. 0O

We are now ready to prove the converse of Theorem 2.3.

Corollary 3.7 (Differentiable functions are analytic). Consider an open subset U C C
and a differentiable function
f:U—C.

For any point a € U and any finite radius r > 0 with D,(a) C U the function f
expands uniquely into a convergent power series

flo) = 20 (e—a)"

with coefficients

1 f(6)
/IC ————df,neN.

=5 dler (E—a)r

In particular, the function f is analytic.

Proof. W.l.0.g.0 € U and a = 0. Theorem 3.6 implies for all z € D,(0)

1 f(&)
fz) = ﬁ/m:rﬁdg

The geometric series of the Cauchy kernel

1 1/¢ i "

(- 1@/ &

converges due to

£#0and |z/¢] < 1.

We obtain by rearrangement of integration and summation
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1 > 7 = (1 f(4) .
f(2)= %/m:r <f(§)-nf6€i+1> dC:,;)<27U/ICr fr dé;>z

The uniqueness of the power series expansion follows from Proposition 1.11. O

Corollary 3.8 (Differentiable functions have derivatives of arbitrary order). A
differentiable function
f:u—-C

defined on an open set U C C has derivatives f") of arbitrary order n € N.

Proof. The claim follows from Corollary 3.7 and Theorem 2.3. O

The results from Corollary 3.7 and 3.8 are in striking contrast to the properties
of functions of a real variable: If a function

g: V=R,
defined on an open set V C R, is differentiable in the real sense, then the derivative
g V=R

is not necessarily continuous, and the second derivative of g does not necessarily
exist. And even if g has derivatives of any order, the function does not necessarily
expand into a convergent power series: A counter example is the function

e 1/ x#0

‘R—R, =
g 8(x) {0 =0

All derivatives g™, n € N, exist and satisfy g (0) = 0. But extending g into the
complex plane creates an essential singulartiy at z = 0, see Definition 4.4.

3.2 The concept of holomorphy

We now combine the results obtained so far to prove the equivalence of the three
approaches to complex analysis due to Cauchy, Weierstrass, and Riemann.

Theorem 3.9 (Equivalence of the approaches of Cauchy, Weierstrass, Riemann).
For a function

f:U—-C

defined on an open set U C C the following properties of f are equivalent:
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1. The function is differentiable. (Cauchy)
2. The function is analytic. (Weierstrass)

3. The function has continuous partial derivatives which satisfy the Cauchy-Riemann
differential equations. (Riemann)

We emphasize, that each of the three properties from Theorem 3.9 does not refer to
a single point but its test always considers a whole open set.

1 3
—_— = .
Cauchy-
Analytic Differentiable .auc ¥
Riemann
2 4

Fig. 3.3 Equivalence of the classical three approaches to holomorphy

Proof. Figure 3.3 collects the results which imply the equivalences from Theorem 3.9:

e Implication 1: Theorem 2.3

e Implication 2: Corollary 3.7

e Implication 3: Theorem 2.6, part 1), and Corollary 3.8
* Implication 4: Theorem 2.6, part 2).

a

Definition 3.10 defines the central concept from complex analysis.
Definition 3.10 (Holomorphic function). A function
f:u—=C

on an open set U C C is holomorphic if it satisfies the three equivalent properties
from Theorem 3.9. A globally defined holomorphic function, i.e. U = C, is named
an entire function.
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In the literature, holomorphic is often used as a synonym for differentiable. But the
usage is not uniform. For more on the historical background
see [19, Kap. Historische Einfiihrung].

Definition 3.11 (Taylor series). Consider a holomorphic function
f:U—C, U cC open.

For any a € U the uniquely determined convergent power series
f@=Y e (z—a)
n=0

is the Taylor series of f with center = a. If f # 0 but f(a) = 0 with
co=..=cr_1 =0butc; #0

then
ord(f;a):=keN

is named the order of f at a or the order of the zero of f at a.

The Corollaries 3.7 and 3.17 prove two formulas to derive the coefficients
of the Taylor series of f from respectively a path integral of f and from the
derivatives f ™. neN.

The three views onto holomorphy from Theorem 3.9 are on an equal footing. They
should not be played off against each other like the different views onto an
elephant in a well-known Indian simile, see Figure 3.4:
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Atk

Fig. 3.4 The blind men and the elephant (Unknown illustrator)

A group of blind men heard that a strange animal, called an elephant, had been
brought to the town, but none of them were aware of its shape and form. Out of
curiosity, they said: ”We must inspect and know it by touch, of which we are
capable”. So, they sought it out, and when they found it they groped about it. In the
case of the first person, whose hand landed on the trunk, said "This being is like a
thick snake”. For another one whose hand reached its ear; it seemed like a kind of
fan. As for another person, whose hand was upon its leg, said, the elephant is a
pillar like a tree-trunk. The blind man who placed his hand upon its side said the
elephant, ”is a wall”. Another who felt its tail, described it as a rope. The last felt
its tusk, stating the elephant is that which is hard, smooth and like a spear.

Of course, the comparison is not exact: Holomorphy is not comparable with an
elephant - at least, not in every respect .

Corollary 3.12 shows that one cannot choose arbitrary functions as real part or as
imaginary part of a holomorphic function: Real part and imaginary part of a
holomorphic function have to be harmonic.

Corollary 3.12 (Harmonic function). Consider an open subset
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UcC~R?
and a holomorphic function

f:U—C.
with decomposition

f=u+i-v.
Then real and imaginary part

u,v:U—R

are harmonic functions, i.e. they are twice continuously differentiable and satisfy
the Laplace equation

Au=Av=0
with Laplace operator
9> 9?
A= —+—.
dx? + 0y?

Proof. The proof applies the Cauch-Riemann differential equations from Theorem 2.6:

88u_88v daau_8av_88v
ox\ox) “ax\ay) ™ ay\ay) T ay\ax) T “ax\ay
implies

Au=0,

and analogously
Av=0

O

The Cauchy-Riemann differential equations can be written in an elegant compact
form by introducing two specific linear partial differential operators.

Definition 3.13 (Wirtinger operators). Consider an open subset
UcCx~R%.

The following linear differential operators, named Wirtinger operators,

o _1fa 9\ 9 1(9 0
jz—i a*laiy an 87275 $+laiy

are defined on functions
f:u—->C

with partial derivations.
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Proposition 3.14 (Wirtinger test for differentiability). Consider an open subset
UccC

and a function
f:U—C.
The following conditions are equivalent:

1. The function f is holomorphic.

d
2. The function f has continous partial derivations and satisfies a—]j =0.
Z
If these conditions are satisfied then
f’ — ﬂ
dz’

Proof. 1) Equivalence: Because of Theorem 2.6 it suffices to show that the condition

of

8—270

is equivalent to the validity of the Cauchy Riemann differential equations. Using the
decompositions into real- and imaginary part

z=x+iyand f =u-+iv

af 1({a 9 N
71 du dv i[Jdu dv 0
“2\ox o) T2\ T ax) T

Bu_t?v dau_ ov
a—afyan aiy__a

ii) Complex derivative: If f is holomorphic then according to Proposition 2.4

_9f_9f 9f_9f

/ PR
FO=g =3 %"

the condition

is equivalent to

Remark 3.15 (Wirtinger calculus). The Wirtinger operators satisfy the usual rules
for partial derivatives. In particular they satisfy the chain rule
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Fr(0) = £00@) v (0) + f=(v(1) 7' (1)

Due to Theorem 3.9 we know that a holomorphic function f has derivatives f ()
of arbitrary order n € N. We now generalize Cauchy’s integral formula to an integral
representation of £,

Corollary 3.16 (Cauchy’s integral formula for the derivatives). Consider two
radii
0<ri<rn<e

and the closed annulus or disc respectively
A:={zeC: rn <z <n}
Moreover, consider an open neighbourhood A C U and a holomorphic function
f:U—C.

Then for any point a € A and all n € N the derivatives satisfy Cauchy’s integral

formula ' 0)
AL AV
Fia) =5 /aA a1 9s

Proof. The proof is by induction on n € N. It uses the theorem on interchanging
integration and partial differentiation in case of an integrand with continuous partial
derivatives.

Start of induction n = 0: Theorem 3.6.

Induction step n — 1 — n: Assume

FrD(a) =

(n—1)! f(&)
/3A ( 7 de

2mi {—a)

We apply on both sides of the equation the Wirtinger operator 5 at z = a. Proposi-
z

tion 3.14 implies

9 n—1)! J
f(n)(a):aizf(n—l)(a): ( 27;)' /aA f(C)az<(C—1a)"> dg.

Because
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we obtain

n n! 1)
/! )(0)127”. /8A Wﬂ:,

which finishes the induction step and proves the corollary. 0O

Corollary 3.17 (Coefficients of the Taylor series). Consider a holomorphic func-
tion
f:U—=C

defined on an open set U C C.

For any a € U and radius r > 0 with D,(a) C U the Taylor series of f
f@)=Y e (z—a)", z€ Dy(a),
n=0

has the coefficients

1 f(9) " (a)
“= Tﬂi/\c—a\:r Ty o=

Proof. Apply Corollary 2.3 and Corollary 3.16. O

3.3 Principal theorems about holomorphic functions

Theorem 3.18 (Mean value property of holomorphic functions). Consider an
open set U C C and a holomorphic function

f:U—C.

For any a € U and r > 0 with D,(a) C U the function f satisfies the mean value

formula
1 2r

flay=o— [ fla+re?)dg.

- 27 Jo
Proof. The mean value formula equals Cauchy’s integral formula from Theorem 3.6

1 f(5)
fla)= 27i/|;\=r C—a*

with the parametrization

C=a+r-e? dl=ir-e%d
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O

Theorem 3.19 (Maximum principle). Consider a domain G C C and a holomor-
phic function
f:G—C.

If the modulus | f| assumes its maximum at a point a € G then f is constant, equal
to f(a).
Proof. By assumption

[f(a)| = sup{|f(z)] : z € G}

W.lo.g.
fla) eR%.

Theorem 3.18 implies the existence of a radius ry > 0 such that for all 0 < r < rg

holds
1 2« ) 1 2= )
f(a):E A f(a—&—re’q’)d(}):E/o Ref(a+re’¢)d¢.

Note that the integral of the imaginary part of the integrand vanishes, because the
left-hand side of the equation is real.

The assumption |f(a+ re’?)| < f(a) implies
Re f(a+re) < f(a).

If we had '
Re f(a+re®) < f(a)

for a certain @y € [0,2x], then by continuity of f

L 2ﬂRef(a—i—re d¢<—/ fla = f(a),

27 Jo
a contradiction. Hence for all ¢ € [0,27] and forall 0 < r < rg
Re f(a+re) = f(a).
As a consequence, the real part Re f is constant in D, (a). Corollary 2.8 implies that
the holomorphic function f itself is constant in D, (a). The Identity Theorem 1.17
implies that f is constantin G. O
Corollary 3.20 (Fundamental theorem of algebra). Any polynomial

p(z) € C[¢]

of degree k > 1 has at least one complex zero.
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Proof. Because the polynomial p has positice degree we have

lim | p(z)| = oo.

7—ro0

Hence |p| assumes its minimum at a point a € C. In case p(z) # 0 for all z € C
the inverse function 1/p were holomorphic in C and |1/p| would assume its maxi-
mum at a. Then Theorem 3.19 implies that 1/p and also p itself are constant. The
contradiction to deg p > 1 proves the existence of at least one zero of p O

A direct consequence of the Identity Theorem and the Maximum Principle is the
Open Mapping Theorem. A map

f:U—C, U cCC open,
is open if for all open sets V C U the image
fv)ycc

is open, i.e. f maps open sets in the domain to open sets in the image.

Theorem 3.21 (Open mapping theorem). Consider a domain G C C and a non-
constant holomorphic function
f:G—C.

Then f is an open map and the image f(G) C C is also a domain.

Proof. To show the openess of f(G) consider an arbitrary but fixed wy € f(G). We
shall construct an open neighourhood of wy in C, which is contained in f(G).

i) Consequences of f~!(wp) having only isolated points:

Because f is not constant, the Identity Theorem 1.17 implies that f attains in a
neighbourhood D,(z9) C G of zg the value wy only at the point zo. Hence a
radius r > 0 exists with

Dy (z0) N f " (wo) = {z0}-

The compact boundary dD,(z9) maps to the compact set f(dD,(zo)). The latter set
is disjoint from {wp}. Therefore boths sets have a positive distance: There
exists € > 0 with

2€dD(20) = |f(z) —wo| > 3e.

ii) Claim D¢ (wo) C f(G):

For z € dD,(z0) and w € D¢ (wp) we have

|f(z) —=w)| > | f(z) —wo| — [w—wo| > 3e — & = 2,
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and
|f(z0) —w[ = |wo —w| <&,

in particular
|[f(z0) =w| <[f(2) —wl.

Now consider an arbitrary but fixed value
w € Dg(wo) :
To obtain a contradiction, assume that
f—w:Dy(z0) > C

has no zeros. Then the function

1
g .= m.Dr(ZO) —C

is holomorphic. The Maximum Principle, see Theorem 3.19, implies
|8(z0)| < sup{|g(z)| :2 € Dy(z0)} = max{|g(z)| : = € D(20)} =max{|g(z)| : z€ IDr(20)}-

Hence

|f(z0) —w| > min{|f(z) —w| : z € dD,(20)},

a contradiction to the previous estimate

[/ (20) =wl < [£(z) —wl.

As a consequence
f—W : DF<Z0> —C

has a zero in D,(z9), i.e. f attains in D,(z9) the value
w € De(wo),

which finishes the proof.
iii) Connectedness of f(G):

Part ii) implies that f(G) is open. Continuity of f implies that f(G) is connected.
O

Theorem 3.22 (Cauchy inequalities). Consider a power series

f(o) = 20 (—a)
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with radius of convergence at least r > 0. Assume the existence of a constant M such
that

If(e) <M
forall z € D,(a). Then foralln € N

|Cn| < ,71

Proof. Corollary 3.7 implies for all p < r and for alln € N

1 2n

Sfla+ rei¢) .e~m9 do

Cn

- Zﬂp”. 0

Because |e~"?| = 1 we have the estimate

and

Corollary 3.23 (Growth condition and boundary distance). Consider an open
subset U C C and a holomorphic function

f:U—C
satisfying for all z € U
If@)I<M
Then the n-th derivatives f(”)7 n € N, satisfy for each point 7 € U with boundary

distance at least r > 0, i.e.
D,(z) CU,

the estimate
" n!
1" ()| < rT,'M

Proof. According to Corollary 3.17 the Taylor series
f@=Y e (z—a)
n=0
has coefficients

" (a)

n!

Cp =
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The Cauchy estimates from Theorem 3.22 imply

f<">(a) < Z'M

=

Corollary 3.24 (Liouville’s theorem). A bounded entire function
f:C=>C

is constant.

Proof. Assume the existence of a constant M > 0 such forall z € C
f@)] <M.

According to Corollary 3.7, for any radius r > 0O the function f expands for
all z € D,(0) into a unique convergent power series with center = 0

f(Z) = Z Cn Zl’l
n=0
Theorem 3.22 implies for any € R and all n € N the estimate

|Cn| < r7n

As aconsequence ¢, =0foralln>1 O

Remark 3.25 (Unboundedness of the complex sin-function). The sin-function is
bounded for all real arguments x € R:

|sin(x)] < 1.
Because sin is not constant, Corollary 3.24 implies: The complex sinus-function
sin:C—C
is not bounded.
The Cauchy kernel can be used to generate a holomorphic function from the path

integral of a continuous function. Proposition 3.26 will be applied in the proof of
Theorem 3.27.
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Proposition 3.26 (Cauchy kernel). Consider a piecewise continuously differen-
tiable path
y:I—=C

defined on a compact interval I C R, and denote by

lyl:==y(I) cC

the image curve.

For any continuous function
v:r—=C

the function

v(&)
C—Z dC?

1
:C C =
PO\ =€ f@) = g |
is holomorphic: For any point a € C and radius r > 0 with
D (a) N[y =0

the function f expands for all z € D,(a) into the convergent power series

flo) = iocn-<z—a>"

o1 y(&)
= 3w, a4

with

Fig. 3.5 Integration with the Cauchy kernel
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Proof. For z € D,(a) and { € |y| we have

((z—a)/(E—a)| < 1.
The Cauchy kernel expands into a convergent geometric series

1 1 1 1 > (z—a)

{—z (-a)-G-a) {-a1-@-a/l-a SFC-a"

For fixed z € D,(0) the series on the right-hand side is uniformly convergent on the
compact set |y|. Interchanging summation and integration implies

f(@) = W(C)dC Ly ((Z—a)"'/(lll(g)d5> Zicn.(z—a)”
0 n=0

:275! 'yZ—C :%n: % C-(l)n+1
O
Note that we did use only continuity of y in the proof of Proposition 3.26. The

holomorphy of the result is due to the holomorphic dependency of the Cauchy kernel
on z.

Theorem 3.27 (Weierstrass convergence theorem). Consider an open set U C C
and a sequence (fy)yen of holomorphic functions
fv:U—=C,
which is compact convergent towards a function
f:U—C.
Then the limit f is holomorphic.

In addition, for each n € N also the sequence of n-th derivatives

(fé") : U—>(C)

veN

is compact convergent towards the n-th derivative f () of the limit f.

Proof. The limit f is continuous as compact limit of continuous functions.

i) Holomorphy of the limit: Consider an arbitrary but fixed pointa € U and a
radius » > 0 with D,(a) C U. Theorem 3.6 provides for any z € D,(a) the Cauchy
integral representation

et A =13

—al|=r C —2Z
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The integral is taken along the compact boundary dD,(a). Here the sequence of
integrands
(&)

-
is uniformly convergent towards the function
f(6)

dD.(a) - C, z— Z—= veN.
-z

dD,(a) = C, z+— veN,

Hence interchanging integration and limit is admissible. In the limit for z € D,(a)

0= 5. 1E) 4.

T 2w )iga=r 2
Due to Proposition 3.26 the restriction
fIDy(a) : Dy(a) = C
is holomorphic. The arbitrary choice of a proves that f is holomorphic in U.

ii) Compact convergence of the derivatives fén): Consider a given compact
set K C U and a given index n € N.

Compactness of K implies the existence of € > 0 such that for all a € K
also D¢(a) C U. Choose a compact subset K’ C U such that for all a € K

Ee/z(a) - K/.

Fig. 3.6 Estimating derivatives on K by function values on K’

We obtain from Corollary 3.23 for all z € K
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n!
(/2"

Here the maximum-norm on the compact set K is

Ifv = Fllgr :=max{|fy(2) = f(2)] -z € K'}.

@) - ") < 1A = Fllg

Because (fy)ven is uniformly convergent on K’ towards f we conclude
lim ||y = fllg =0 = lim |4 =7k =0,
V—oo V—ro0

which finishes the proof of the compact convergence of ( fén)) N towards f(")
ve
O

Remark 3.28 (Counter example). The analogue of Theorem 3.27 does not hold in
the real context: Consider the family (fy )y of differentiable functions

1
v R=R, fi(x) = ;-sin(Vx).
The sequence is uniformly convergent with limit f = 0. But the series of derivatives

(fy)ven with £}, (x) = cos(vx)

is not convergent.

Remark 3.29 (Topological vector space). For any open set U C C the set
O(U) :={f:U — C] f holomorphic}

is a topological C-vector space with respect to the fopology of compact convergence.
Defining for relatively compact open subsets

W ccU,ie W CU compact,
and for any f € O(U)
I fllw := max{|f(z)| : z€ W}

shows: The topology of compact convergence on & (U) is the Fréchet topology de-
fined by the seminorms corresponding to an exhaustion (W, ),cn of U by relatively
compact open subsets. Theorem 3.27 shows: The topological vector space &' (U) is
complete, see also [5, §2].



82 3 Cauchy’s Integral Theorem

A useful exercise to become familiar with the present section is to investigate: In
which way do the different results depend on Cauych’s integral formula?

3.4 Outlook

Similar to Remark 3.29 one considers for an open set U C C the vector spaces of
holomorphic, square-integrable functions

Oniny(U) :={f : U — C| f holomorphic and / |f(x+iy)|* dxdy < oo}
U
with the Hermitian scalar product
<=, = > Opip(U) X Onip(U) = C, < f,g >1= /Uf(x‘Hy) -g(x+iy) dxdy.

One checks that
(Ouin(U), < —,—>)

is a Hilbert space, and one proves that the injection
Onip(U) = O(U)
is continuous and compact [11, Chap. VI, §3].

Analysis of several complex variables considers holomorphic functions defined
on open sets U C C". Cauchy’s integral formula generalizes to holomorphic func-
tions of several complex variables, see [5, §1]. As a consequence, a continu-
ous function f of several complex variables with holomorphic partial derivatives
is holomorphic. One can even dismiss the presupposition that f is continuous,
see [14, Chap. 1, Sect. A].

For principal results about holomorphic functions of several complex variables
see also [5, §2].



Chapter 4
Isolated Singularities of Holomorphic Functions

Isolated singularities of a holomorphic function f are isolated points of an open
set U C C such that the function f is holomorphic in the complement of these
points. Then it is possible to expand f in a punctured disc around an isolated singu-
larity a into a convergent Laurent series with summands

cn-(z—a)", cn€C,ne’.

Apparently the Laurent series generalizes the Taylor series. The summands of the
Taylor series have only non-negative powers, and the Taylor series is convergent in
any disc where f is holomorphic.

The new fundamental concept of the present chapter is the concept of a mero-
morphic function.

We will often denote an open punctured disc with center = a by

D;(a) := D,(a)\ {a}.

4.1 Laurent series and types of singularities

Definition 4.1 (Laurent series). A convergent Laurent series with center a € C is
a series

fz) = i e (z—a)"

which converges in an open annulus

{ZGCZ}’1<‘Z*Q| <r2},0§r1<r2§0<>.

83
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Here convergence of a series of complex summands

means that both series

are convergent.

If a Laurent series converges pointwise for z € C in an annulus, then it converges
absolutely and uniformly in any compact smaller annulus.

Proposition 4.2 (Convergence of Laurent series). Consider a Laurent series

=Y e (c—a)

n=—oo
which converges pointwise in the open annulus
{ze€C: ri<z—a|<n}, 0<r <r <~
Assume two radii py,p > 0 satisfying
rn<pr<p2<n.
Then the Laurent series converges absolutely and uniformly in the compact annulus
{zeC: p1 <|z—a|l < pa}.

More specific: The series

Y cr(z—a)

n=0
converges absolutely and uniformly in the disc

{z€C: [z—a| < po},

and the series

—1
Z e (z—a)"

n=—oo

converges absolutely and uniformly in
{zeC: p1 <|z—al}.

Proof. W.l.o.g. we may assume a = 0.



4.1 Laurent series and types of singularities
i) By assumption the series
Yo
n=0
converges for any point z € C with
r <lzl <n.
Therefore it converges absolutely and uniformly for
z€ Dy, (0).

ii) Concerning the series

—1
Y ot

n—=—oo

we substitute
{i=1/z

and consider the series .
Z Cn- Cn
n=1
Then
1 1
n<lg<mn= —<|{]<—
rn ri
Therefore

Y et
n=1
converges for
g €Dy, (0).
As a consequence, the series is absolutely and compactly convergent for

§e 51/P1 (0),

and the original series

—1
Z cn- 7"
n=—oo

is absolutely and compactly convergent for z € C satisfying

p1 <1z

Theorem 4.3 (Laurent expansion in an annulus). Consider two radii
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0<r<rn<w
and the open annulus
G:={z€C: rn<lz—al<nrn}
Then any holomorphic function
f:G—=C

expands uniquely into a Laurent series

which is convergent in G.

For all n € Z the coefficients of the Laurent series can be obtained as

_ 1 /)
o Tﬂi/\c—a\:rmdc

for any radius r with ry <r < rp.

Proof. W.lo.g assume a = 0.

1) Uniqueness of the Laurent expansion: Assume that f has a Laurent expansion
satisfying forz € G

f@O= Y n2

m—=—oo

Then
f(reiq’) = Z LU

m=—oo

Uniform convergence of the series on the circuit |z| = r implies for arbitrary but
fixedne Z

2 . . i 2T,
/0 f(rem?)'eilw d¢ = Z Cm"'m'/(; elm=—me do=2m-c,-r".

Mm=—oco
As a consequence
1 2 i —ing
= A f(re'®)-e do

is determined by the values of f. Moreover, making the substitution

C=re?, dl =ire®d¢,
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shows

-ire™ do = cy.

1/ f@) e 1/02” f(re'e)

i )i T T 2midy e e

ii) Existence of the Laurent series: We show the convergence of the two derived
infinite series by dominating each of them by a suitable geometric series. Consider
an arbitrary but fixed value z € G. Choose two radii

r < p1<|z] < p2<ra.

Cauchy’s integral formula, see Theorem 3.6, implies
1 f(&) 1 f(&)
fzzf./ dC——,/ dg.=:1(p2) —I(p1
=2z Gl=p2 £ —2 27i Jig|=py €~z (p2) = 1(p1)
» For I(p;) we have
81 =p2> 2.
Hence the Cauchy kernel expands as the convergent geometric series
L1 1 B i b
E—z & 1-(z/0) Zo!

and

s f@ . 13 1) o\
1p) = 2m'/|¢\:pz C—zdg_ i Z%)</€|=Pz gntt dg) ¢

* Analogously, for I(p;) we have

[El=p1 <[z]-
Hence the Cauchy kernel expands as the convergent geometric series

1 _ 1 1 o n —1 Zn

N E R o Y

n=0 n=-—oo

and

o fQ 1§ J(6) !
—I(Pl)__%/m:plzdc_ﬁ 3 (/Icpn gr dC>~z-

n=—oo

Note that the integrand of the coefficient integrals is holomorphic within the whole
annulus. Hence Lemma 3.2 implies that the values of the coefficient integrals in
both representations do not change when taking

|€| = r with arbitrary r} <r <r
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as common path of integration, i.e.

(S f(&)
/m:pz grt 1= ¢l=r

As a consequence

(&)
¢|=p; T

dg =

dg

f(z)=1(p2) —1(p1) =
-y f(&) s ooe (U O .
_nzb<2m'/§|r gt dc>'z + L <2m/¢ gt dc>'z B

n=-—oo

= (1 f(6) n
Z <2717i/|§=r gi’H'l dC) 2

n=oo

Hence f(z) has the Laurent expansion
f ( Z) = Z cn- 7"

with the expected coefficients

1 f(&)
o= ﬁ/m:r@dc

O

The type of the Laurent series at an isolated singularity determines the type of
the singularity.

Definition 4.4 (Classification of isolated singularities). Consider a pointa € C, a
radius r > 0, and a holomorphic function in the punctured disc

f:Di(a)—>C

with Laurent series

f&)= Y ele-a).

N
Then exactly one of the following cases happens:

1. Removable singularity: For all indices n < 0 holds ¢, = 0. Then the Laurent
series reduces to a power series convergent in the whole disc D, (a). The point a
is named a removable singularity of f.

2. Pole: An index k > 0 exists with
c_x#0andc, =0forall n < —k.

The point a is named a pole of order k of f. Notation:
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ord(f; a) = —k.

Note. The order of a pole is a positive integer, while the order of the function f
at the pole is the corresponding negative integer.

3. Essential singularity: Infinitely many indices n < 0 exist with ¢, # 0. The point
a is named an essential singularity of f.

Theorem 4.5 (Riemann’s theorem on removable singularities). A holomorphic
function
f:Di(a)—=C,aeC, r>0,

has a removable singularity at a € Ciff f is bounded in a punctured disc Dy (a) for
a suitable ry > 0.

In this case for z € D}(a)
@)=Y e (z—a)",
n=0
and the function f extends to a holomorphic function
f:D.(a) = C

by the definition
f(a) :=co.

Proof. W.lo.g.a=0.
i) In case of a removable singularity at a the function f expands into a convergent

power series with center = a, hence is a continuous function. As consequence f is
bounded in a neighbourhood of a.

ii) Assume the existence of a radius ry with 0 < ry < r and a bound M < o such
that
If@) <M

for
z€ Dy (a).

Theorem 4.3 implies foralln > 1 and all 0 < p <1y

1 flz) .~ p" 7 o\ ing
Cﬂl_ﬁ/\z\:pZ7”+ldz_E/() fla+p-€?)-€" dg.

Hence
len| <p"-M.
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Because p is arbitrary we obtain

c_n=0, ie.
the Laurent series reduces to a power series. O

A characterization of essential singularities and of poles will be given in Theorem 4.10
and Theorem 4.12 respectively.

4.2 Meromorphic functions and essential singularities

Definition 4.6 (Meromorphic function). Consider an open subset U C C. A mero-
morphic function in U is a holomorphic function defined on an open subset U’ C U

f:U =C
such that

¢ the complement U’ \ U has only isolated points, and

* each point of U\ U is a pole of f.

Note. If U’ = U in Definition 4.6, then f is holomorphic. Hence a holomorphic
function is also meromorphic.

Proposition 4.7 (Laurent expansion of meromorphic functions). Each mero-
morphic function f on an open set U C C expands at a pole a € U of order =k
into a convergent Laurent series

Q=Y enlz—a)"

n=—k
with ¢_j, # 0.

1. If a punctured disc
D;(a), r>0,

contains no singularity of f, then the Laurent series is convergent for all z € D (a).

2. In Di(a) the function f is the quotient

Q=3
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of the restriction of the two holomorphic functions
gh:Dy(a)—C

with
h(z) == (z—a)and g :=h- f.

Proof. The claim is a Corollary of Theorem 4.3. O

Corollary 4.8 (Field of meromorphic functions).

1. The set #(G) of meromorphic functions on a domain G C C is a field with
respect to addition and multiplication. It is the quotient field of the integral
domain O (G). For two meromorphic functions f,g € #(G), g #0,anda € G
we have

ord (f; a) =ord(f;a) —ord(g;a).
8
2. The quotient f/g of two polynomials

1,8 €C[e], g #0,

is named a rational function. The field C(z) of rational functions is the quotient
field of the ring Clz] of polynomials.

Proof. 1) The sum and the product of two meromorphic functions is meromorphic:
The singularities of respectively sum and product are contained in the union of the
singularities of respectively the summands and the factors.

ii) In order to show that the inverse of a meromorphic function f is meromorphic,
we apply Proposition 4.7. Connectedness of G implies that g # 0 has only isolated
zeros. For a given point a € G exists a radius r > 0 such that in D} (a):

§
I=h
with the restrictions of the holomorphic functions
g, h:Dy(a)—C
h(z) = (z—a)* for z € D,(a) for a suitable k € C.

e The function g has no zeros.
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Hence for z € D¥(a)

o)
f@) &)
If .
g2)=Y cu-(z—a)
n=0
with
co=..=c¢y—1 =0and ¢, #0,
then
8(z2) =(z—a)"-gi(2)
with

g1:D:(a) = C, g1(z) == ) cum-(z—a)",
n=0

a holomorphic function without zeros. We obtain

In D}(a) the holomorphy of 1/g;, see Proposition 2.2, implies the holomorphy
of 1/g. Hence also the product

1 (z—a)
fos
is holomorphic. Moreover
(Z_a)m
f= =aF g1 = ord(f;a)=m—k
and .
1 - 1
?: ((ZZ_Z))’"-& = ord(1/f;a) =k—m= —ord(f;a)
O

Remark 4.9 (Order function as group morphism). Corollary 4.8 shows that for a do-
main G C C and any point a € G the order function defines a group homomorphism

ord(—; a) : (M (G)*,) = (Z,+)

from the multiplicative group of non-zero meromorphic functions to the additive
group of integers.
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Theorem 4.10 (Casorati-Weierstrass). Assume that the holomorphic function
f:Di(a)—=C, r>0,

has an essential singularity at a € C. Then f comes near a € C arbitrary close to
any complex value, i.e. for any ¢ € C exists a sequence (zy)yen of points

zy € D (a)

with

‘}gri,ZV =aand hm n f(zv) =c.

Proof. The proof is indirect. Assume the existence of a value ¢ € C which is not
an accumulation point of f(D(a)). Then exist € > 0 and 0 < p < r such that for
all z € Dy (a)

|f(z) —c| > e.

The function
1

fl@)=¢

is holomorphic. Its modulus is bounded by 1/€. Theorem 4.5 implies that g extends
holomorphically to the whole disc Dy (a). For z € Dj;(a) holds

Dj(a) = C, g(z) ==

If g has at a a zero of order k, then f has at a a pole of order k. If g(a) # 0 then f
is even holomorphic in D, (a). Both alternatives contradict the assumption about f,
which proves the claim. O

Remark 4.11 (Essential singularity).

1. The holomorphic function
f:C = C,f(z) :=e'",

has the Laurent series

> 1 1

Yo
Hence the point a = 0 is an essential singularity of f. Strengthening Theorem 4.10
we show that f assumes any value ¢ € C* in any neighbourhood of a = 0:
The existence of the logarithm according to Proposition 1.24 implies that the
equation

e’ =c

has a solution wy. Hence any solution w, has the form
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Wy =wg+V-2mi, Vv € Z.

If wy # 0 then set

Zy = 1/wy.
As a consequence
flzv)=e" =c
and
lim z,=0.
V—oo, wy#0
2. The function
flR)y=e'"

exemplifies the claim of Picard’s big theorem: Any holomorphic function as-
sumes in any neighbourhood of an essential singularity any value ¢ € C with at
most one exception infinitely often. For a proof see [?, Kap. 10, §4].

Theorem 4.12 (Characterization of a pole). A holomorphic function
fiDi(a)—>C,aecC, r>0,
has a pole at a € C iff
lim | £(z)] = .

z—a, 7#£a

Proof. i) Assume that f has a pole of order k > 1 at a. Then for all z € D}(a)

1
f@zm'g(z)

with a holomorphic function

g:Dy(a) — C.
As a consequence
lim [ £(2)] = o
7—a, 77a
i) If
lim |f(z)] = e,
z—a, 77a

then f has at a neither an essential singularity, see Theorem 4.10, nor a removable
singularity, see Theorem 4.5. Hence f hasapole ata. O
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4.3 The generating function of the Bernoulli numbers

Definition 4.13 (Generator of the Bernoulli numbers). The holomorphic func-
tion

z
et —1

[:D3(0) = C, f(2):=
has a removable singularity at a = 0, because
ord(f;a) = ord(id;a) —ord(e* — 1;a) =1—1=0.

The Bernoulli numbers (By,),cn are defined via the coefficients of the power series
with center a =0

The series has radius of convergence = 27. It is named the generating function of
the Bernoulli numbers.

Remark 4.14 (Recursion formula for Bernoulli numbers).

1. One easily computes the first Bernoulli numbers:

Z Z 1
e—1 z+22/214+3/314+04)  1+7/2!+72/31+0(3)

=1—(z/242°/314+0(3))+(2/2+0(3))*+0(3) = 1 —z/2—2* /6 +2° /4+0(3) =
=1-2/2+(1/12)-2 =Bo+B1 -2+ (B2/2!) -2+ 0(3)
Hence the first Bernoulli numbers are
By=1,B1=-1/2,B,=1/6.
2. A second method to compute Bernoulli numbers is the recursion formula: For

all N € N*
N
N+1
Z< + ).BHZO
n=0 n

with By = 1.Proof: The defining equation

implies
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1 B,
|

oo o0 N B, _
_ S 1 . " N+1 . .
N§O<(N+1)! ;( n ) B”) &

B3=0, By =—1/30, Bs =0, Bg = 1/42
B; =0, By =—1/30, By =0, Byy = 5/66.

One checks

Proposition 4.15 (Vanishing of Bernoulli numbers with odd index > 3). For
all k > 1 holds
Boiy1 =0.

Proof. To prove the claim we have to show that the Taylor series with center = 0 of

z Z
F(z) = =
& =a1t3
has only coefficents with even index, or
F(z) = F(=2)
We compute
Flz) = b4 +z_2~z+z~ez—z_z e+1
Y1 2T 2-(es—1) 2 e—1
and
z\ e *+1 z\ 1+¢€
F(-)=[-21]. =(-2]. = F(7).
(=2) < 2> e i1 ( 2) e F0@
O

Proposition 4.16 (Bernoulli numbers in the Taylor series of cotangent and tan-
gent).

1. The cotangent function

cos 7
cot 7 .= —
sin z
is meromorphic in C with pole set
P=7Z-m.

Each pole has order = 1. Its Laurent series with center a =0 is
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22k . BZk

+kg,](71)k . W'ZZk_l

1
cot 7= —
Z

The series is convergent for 0 < |z| < T.

2. The tangent function
Sin z

tan z:=
cos z
is meromorphic in C with pole set
P=(n/2)+Z m.

Its Taylor series is

oo 2%k | (~2k
k—1.2 (2 _1)'321{ 2k—1

tanz="y (1) 201

k=1

The series has radius of convergence = 1 /2.

Proof. 1. We recall from Proposition 4.15 the function

Z Z Z €z+1:i sz 2k.

Flg) = ——4-—2-.2T_
@)= qt3= 3 e

97

Moreover, we use the representation of the trigonometric functions by exponen-

tials from Remark 1.22 and obtain

cos z Ly

cot 7z = = -
sin z e2iz 1

hence N
e+ 1 > By
. . . \2k
Zeot 2 =1z —; =F(2iz) = <(2i7)" =
ey P20 = L oy (200
) 2k
=Y l)k 27 Bok o
= (2k)!
2. We use the formula
tanz = cot z—2-cot 2z,
which follows according to
cos 2 27— sin? in?
z cos2z cosz coscz—sin"z sin® z
cotz—2-cot2z=———2+— =—- ; = —
Sin z sin2z  sinz cos z-8in z Sin z-cos z
sin z
= =tanz

cos

We obtain
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oo 2k oo 2k
2% By 2%—1 2°%- By,

tanZ:Z(—l)k 0, 2k ,2,2(71)k a0 (22)%1 =

k=0

L 22k . (22k o 1) 'BZk e

:k;(_l)k_ (2K)!

In both cases the value of the radius of convergence follows from Theorem 4.3.
O

4.4 Outlook

The singularities of holomorphic functions of several complex variables are no
longer points, they do not have dimension zero. The singularities are higher-
dimensional analytic sets. They carry their own complex structure, and have to be
investigated independently from the embedding space. The global viewpoint leads
to the study of complex spaces, see [12, Chap. 1 and 4].

The lingua franca used for the general theory of complex spaces is the language
of sheaves, [5, §6].



Chapter 5

Mittag-Leffler Theorem and Weierstrass
Product Formula

The Mittag-Leffler problems asks for meromorphic functions with prescribed
negative parts of the Laurent series at a discrete set of points. While the Weierstrass
problem deals with a similar problem in the context of holomorphic functions: The
Weierstrass problem prescribes a discrete set of zeros and corresponding orders,
and asks for holomorphic functions with exactly these zeros.

The solution of both problems provides powerful existence theorems for both types
of functions.

5.1 Meromorphic functions with prescribed principal parts

The current section formalizes the Mittag-Leffler problem and presents its solution.

Definition 5.1 (Principal part). Consider a meromorphic function f in C. Because
all poles of f are isolated singularities, the function f has at any pole a € C a Laurent
expansion with center = a

flz) = i cn-(z—a)", c_ #0.

n=—k

The rational function
—1
Y o (z—a)"
n=—k

which sums up the finitely many summands with negative exponent, is the principal
part of f ata.

99
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The Mittag-Leffler problem considers a discrete set P C C and prescribes for
each a € P a principal part

—1
Ho(z) = Z Can-(z—a)", c_x #0.
n=—kq

The problem asks:

Does there exists a meromorphic function f in C with poles exactly at the points
from P and with the prescribed principal parts? If yes, how many solutions do exist?
The solution of the problem is additive.

Remark 5.2 (Mittag-Leffler problem for finitely many principal parts). If the pole set
is finite
P=A{ay,...,an},
then the Mittag-Leffler problem has the trivial solution
f= Ha] +...+H,,

which just adds the finitely many principal parts.

The solution of the Mittag-Leffler problem for the general case will be given in
Theorem 5.4. Note that the discreteness of P C C implies the countability of P.

Definition 5.3 (Compact convergence of meromorphic functions). Consider an
open subset U C C. A series

ngk

Iy

v=0

of meromorphic functions f,, v € N, on U is compactly convergent, if for any
compact subset K C U an index Vv exists such that

¢ the functions
f v, V Z Vo,

have no pole in K,

¢ and the series
Y A~
V=V

converges uniformly on K.
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Theorem 3.27 implies: The limit of a compact convergent series of meromorphic
functions is meromorphic.

Theorem 5.4 (Solution of the Mittag-Leffler problem in C). Consider a
sequence (ay)yen of pairwise distinct complex points ay € C satisfying

lim |av| = 00,
V—_soo

and an attached sequence of principal parts
~1
HV(Z) = Z Cvn- (ZiaV)n7 Ve Na kV eN.
n=—ky
Then:

e There exists a meromorphic function F in C with exactly these principal parts.

e If two meromorphic functions Fy and F, in C have the same principal parts,
then their difference
h—-F

is holomorphic in C, i.e. an entire function.

Proof. 1) Polynomial approximation: The idea of this step is to exhaust C by a
sequence of relatively compact subsets

Dy(0) CC Dy+1(0), k€N,

and to approximate the local solutions by polynomials, holomorphic on C.

For each k € N we collect the principal parts with center in the annulus
Ap={z€C: k<|z| <k+1}
by defining
Fe:= ) H,.
veN
and ay €Ay

The sum is finite because Ay is compact and P is discrete. The function F; is
meromorphic in C with poles exactly in A;. Because the function Fy is
holomorphic in the disk D (0), its approximation by a suitable polynomial & from
its Taylor series in Dy (0) satisfies

1B~ Bl 0) < (1/2).
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Note that the meromorphic function in C
F,— &

has the same poles and principal parts as Fi. Define

oo

F:= Z(Fk - d)k).
k=0

To prove that the series is compact convergent, we note that the series

Y IR = Dvllp, )

v>k

is dominated by the series

Y (1/2)Y <o

v>k

Hence F is meromorphic in C. By construction, F' has the prescribed poles and
principal parts.

ii) General solution: Apparently the difference F, — F) is holomorphic. 0O

There exist meromorphic functions equal to the infinite series of their principal
parts, see Example 5.5. But in general, the series of principal parts is not
convergent. The difference between the meromorphic functions from Example 5.5
and from Proposition 5.6 is the pole order k of their principal parts. In the first
example with k = 2 the series of principal parts is convergent. While in the second
example k = 1, and the series of principal parts is not convergent. Here one has to
introduce additional holomorphic summands - like @ in the proof of

Theorem 5.4 - to enforce convergence.

Example 5.5 (Partial fraction expansion of reciprocal sin*-function). We investi-
gate the meromorphic function in C

2

f@):= sin?(mz)
1) Computing the principal parts: The pole set P of f is the set of integers
P=7.

We compute the principal part Hy(z) of f ata = 0:

2 2

T _ T
sin(nz)  (mz— (B323/6) +0(5))2
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2 2

B T B T 1 1 5
- m240(4) 2r2(1+0(2) z (10

Hence

with a pole of order = 2. Because f is peridodic with period = 1 the principal part
of fatarbitraryz=n¢€ Zis

1

WO

ii) Convergence of the series of principal parts: Consider the series

1

ZH"(Z): Z m

nez nez

of meromorphic functions in C. Each summand H, is meromorphic in C with a
single pole at z = n, and each pole has order = 2. To prove the compact convergence
of the series of meromorphic functions

Y H,,

nez

we choose an arbitrary but fixed radius r > 0. For all indices |n| > r the function H,
has no pole on the compact set D,(0).

In addition, we choose an index ny > 2r. Then for all n > ng and all z € D,(0):

n—z|>n—r>n—(n/2)=n/2,

hence
1 < 1
(z=n)?| ™ (n/2)?
The convergence of the dominating series
4-y (1/n)?

n=1

implies the uniform convergence of

)

|n|=ng
on D,(0). As a consequence, the limit

F(z):=Y Hy(2)

nez
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is meromorphic in C.

iii) A functional equation: The two meromorphic functions f(z) and F(z) have the
same principal parts. Their difference

g:=f—-F

is an entire function. We claim: Each of the three functions ¢ € {f,F, g} satisfies
the functional equation

¢(2) +9(z+(1/2)) = 4-0(22).

e O=F:
1 4
Fg = gi z—np? gi (22—-2n)?
and i . 1 - 4
/)= i = = L = @17
imply 4
F(z)+F(z+(1/2) = ZZ (22—m)2:4.F(2Z).
c o=
2 2 2
f(z)*'f(24'(1/2))::‘wnZ(nz)+_cos2(ﬂz)::‘ﬁnz(EZ)~cosz(ﬂZ)::
472
- W:4-f(2z).
e ¢ = g: The functional equation of
§=f-F

follows from the two previous functional equations.

iv) Consequences of the functional equation: If an entire function ¢ satisfies the
functional equation

¢(2)+0(z+(1/2)) =4-9(22)
then ¢ = 0.

For the proof set
0<M:=sup|¢p(2)|
|z]=2

Then
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M = sup [¢(27)] <1/4- <Sup 9(2)[ + sup |¢(Z+(1/2))> =

<=1 lz|=1 lz|=1

S1/4~(M+M):%.

Here the last estimate follows from the maximum principle Theorem 3.19. As a

consequence
M=0and ¢ =0

due to the Identity Theorem 1.17.
V) Representation as sum of all principal parts: As consequence of step 1) - iv)

applied to the function g = f — F we obtain the representation of the meromorphic
function on the left-hand side

I
ag!

sin?(7z)

as the sum of its principal parts on the right-hand side.

Proposition 5.6 (Partial fraction expansion of the cot-function). The cot-function
is meromorphic in C and expands as the partial fraction

+Y
n=1

Proof. 1) First we determine the principal parts of the meromorphic function

2z
2

IS

- cot(mz) = 5
z

cos(m
T-cot(Mz) =T+ — ( Z):
sin(mz)
The pole set is P = Z. At the center a =0
1+0(2 1+0(2
meot(nz) =T - 2) = @) =

wz+0(3) mz-(14+0(2))

(1+0Q2)) = %4’ o(1)

N =

Hence 7 - cot(7z) has at a = 0 the principal part

Hy(z) = %

Because the function has period = 1 its principal part at the pole n € Z is
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All poles have order = 1.

ii) The infinite series of the principal parts H, is not convergent. Therefore we
subtract the holomorphic summands —(1/n) to enforce convergence. We claim that
the modified series of meromorphic functions

G@ii+2(&@+bi+z< 1+D

nez nez
n#0 n#0

1 & 1 1 > 1 1 1 & 2z
=+ += )+ ==+ Y 5
z ,,Zl(zn n> nzl<z+n n| z Z’zzfn2

is compact convergent. For the proof note

1 1 n+(z—n) z

z—n n  nlz—n) n(z—n)

For arbitrary but fixed radius r > 0 choose ng > 2r. For z € D,(0) and n > ng holds

| |>n q z |z] o 2r
— — al = = —,
cTAl=gan n(z—n)| n-lz—n| = nn/2) n?
Hence
> 1 1 |
Y + - <2r- ) = <eo
n=ny ||¢—0 N .(0) n=ny "
and similarly for
—n< —nop
Therefore
1 1 1 1 & 2z
G(z) = -+ — - =4

is a meromorphic function in C.
iii) Due to part i) and ii) the two functions G and 7 cot(7z) have the same princi-
pal parts. We show that they are equal. Outside the poles on one hand,

2

d
= (mcot(mz)) = sin?(mz)

On the other hand, Theorem 3.27 implies
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d 1 1 1 72

S )
n#0

Here the last equality is a consequence of the result from Example 5.5. Hence

d

p= G(z) = i(ﬂ:cot(ﬂz))

dz

or
G(z) = mcot(mz) + const.

The function G is odd, i.e. G(z) = —G(—z). Also the function
7T cot(mz)
is odd because cos is even and sin is odd. Therefore the constant = 0, i.e.

1 & 2z
T-cot(mz) = —+ —_—
(2) z n;ﬁ—;ﬂ

The partial fraction expansion of the cotangent function is the key to a summation
problem, which occupied several European mathematicians in the second half of
the 17th century. The first formulas from Proposition 5.7 are due to Leonhard Euler
(1735 or 1740), a student of Johann Bernoulli (1667-1748), see Figure 5.1.
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 feriei a;:qualis fummae illius cum fui triente. zQpam—
obrem-erit X ~—3 < 5 — 3% == 35 = m - ELC. :__"-g § .}dcq-
gue huius feriei Tumma per B murtpreatrwequalis  eft
quadrato peripheriac circuli cuius diameter ei’f I, quae
eft ipfa propefitio cuius initio mentionem feci.

§. 12. Cum igiter cafa quo y=—1, fit P=—1 et
—ux, erunt reliquarum Litterarnm R, S, T,V etc.
yt fequitnr: R=4§35=43; T=4%; V=n; W= #;

fp— 1

X 1z etc. Cum autem fumma cuborum ipfi R'=1

- ;i . . A 1 1 e
- fit ‘acqualis, erit F(r=r4jr—j-Fy—ctc.) =i

. - eI | 4 d .
Quare erit I —a+G—ptg—etc. =% = ?;. Huiuns
ideo feriei fumma per 32 multiplicata dat cubum pe-

- ripheriaé circuli cuius diameter eft z.  Simili moedo fum-

ma biquadratoram , quac-eft 7 (1 =5+t
etc.) .aequalis efle debet 3, ideoque erit & -5 -
S ¢tc.—¢ —1#. Eft vero haec feries per if
multiplicata aequalis huic 1 =5 -=5% % -~ &+ etc.
cZ]ufaré.'iﬁa 'féfigs aequalis eft §; , fen feriei T4z~

Fig. 5.1 Euler’s first two formula from [3, p. 129] (underlining added by J.W.)

Proposition 5.7 (’De summis serierum reciprocarum’’ and Bernoulli numbers).

For all k € N*
i 1 _( 1)](71 22k71 .EZk_sz
=k (2k)!
in particular
il_nz il_ﬂ4 il_n(’ il_ nt
“n2 67 Znt 90" Zn® 945" =nd 9450
=1 7% =1 691-x'?
n; n'0 " 93555’ n; n'2 " 682.593.555

Note. Proposition 5.7 implies that the Bernoulli numbers with even index change

their sign from one number to the next.

Proof. Recall from Proposition 5.6 the partial fraction expansion of the cotangent
function
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T COl 7TZ 1 i

N

For |z| < 1 we expand each summand of the series into a convergent geometric series

2z 1 2z 21

2t 2 1—(2/n2) nz Zn2k__2 Z T2k

* On one hand, applying Theorem 1.5, part 2), to rearrange the double series we
obtain

- cot(m2) 7—2 Z (Z 2“) _,_2 Z (Z > 21

n 1”

* On the other hand, the cotangent series from Proposition 4.16

2k
1 k 27 By el

cot 7= —+ i )

Z

implies
92k—1  p2k

(2k)!

k 'BZk. 2k—1

7T -cot(mz) *+2 Z

Comparing coefficients proves the claim. O

The Riemann {-function generalizes the integer exponent k € N* from the for-
mulas in Proposition 5.7 to a complex variable s. Recall

= emln(n).
Remark 5.8 (Riemann {-function). On the right half-plane
RH(1):={s€C: Res>1}

the Riemann {-function
sl |
C:RH(1)—>C, {(s) Z s
is holomorphic, see [24, Teil I, §1, Beispiel a) zu Satz 2].

Euler’s result from Proposition 5.7 computes the values
§(2k), ke N.

We will state some further results about the Riemann {-function in Remark 5.29.
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5.2 Infinite products of holomorphic functions

The investigation of infinite products of holomorphic functions employs the
concept of normal convergence. Normal convergence assures that an infinite
product of holomorphic functions has a zero at a € C if and only if at least one
factor has a zero at the point a. Normal convergence reduces the convergence of an
infinite product to the compact convergence of a series. This kind of relating
products to sums is achieved by the use of the logarithm and the exponential
function.

Theorem 5.11 and the example from Remark 5.12 show: Normal convergence is
strictly stronger than compact convergence. Compact convergence does not assure
the desirable property concerning the zeros of a product.

Definition 5.9 (Normal convergence). Consider an open subset U C C and a se-
quence of holomorphic functions

fH:U—=C,veN
i) The series
Y f
v=0

is normally convergent if for any compact subset K C U the series of norms

Y Il
v=0

is convergent.

ii) The infinite product
I
v=0

is normally convergent if the series

Y (f—1)

v=0

is normally convergent.

Lemma 5.10 (Some estimates for logarithm and exponential). Consider a com-
plex number u € C with |u| < 1/2. Then

|Log(1+u)| < 2lu| and |e" — 1| < 2]u].
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Proof. Estimating the geometric series

> 1
Y = <2
n=0 1- |u|

shows
ILog(1+u)| = | Y (=1/n)" " u | = Jul- | Y (=1 /n)" 2" | < [ul - Y |u]* < 2Jul,
n=1 n=0 n=0
and
Y ) ul‘l [=S)
1) = | X S <l Yl < 2.
n=1"" n=0
O

Theorem 5.11 (Normal convergence). Consider an open subset U C C and a se-
quence of holomorphic functions

f:U—=C,veN
Assume that the infinite product
[T/
v=0
is normally convergent. Then:
1. The product is compact convergent towards a holomorphic function
F:U—C,
ie.
N
F=lim ( [TA
N—oo v=0
with respect to compact convergence.

2. The limit F has a zero at a € U iff at least one factor fy has a zero at a. In this
case

ord(F;a) = Z ord(fy;a).
v=0
3. The limit F is independent from the order of the factors in the product.

Proof. 1. Foreach v € N we set

oy :=fy—1.
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Assume that
[1A
v=0

is normally convergent. For any arbitrary but fixed compact K C U the series

Y llovlix
v=0
converges. In particular, an index vy exist such that for all v > v
1évllx < 1/2.
Hence for all v > v the function f, has no zeros on K and
Log fyv = Log(1+ ®,)

is well-defined on K by the Log-series. For any N € N, N > ny, the functional
equation of exp implies on K

N N N N
H fv= H (1+d,) = H exp(Log(1+ ®y)) =exp ( Z Log(1 +¢V)>
V=V V=Vg V=V V=Vgy
Lemma 5.10 implies for v > v
[Log(1+¢v)llx <2-[¢v]x-

The convergence of

Y llovlix

v=0

implies: The series

i log(1+¢v)

V=V

is uniformly convergent on K, and due to the continuity of the exponential

ﬁfv = exp (i Log(1+ CPV))
v=0 v=0

is uniformly convergent on K.

2. In the compact set K C U from part 1) the product

I #=exw ( Y Log(l +<1>v>>

V=V V=V
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has no zero because the exponential function has no zeros. As a consequence,
within K the zeros of the full infinite product

F= H Jv
v=0
are the zeros in K of the first finitely many factors

H fVa

0<v<vy

and for all points a € K

ord(F;a) Z ord(fy:a) Zord(fv;a)
v=0

0<v<vy

3. That the value of the product is independent from the order of its factors follows
from the analogous property of absolutely convergent series. O

Remark 5.12 (Normal convergence and compact convergence). Due to Theorem 5.11
normal convergence of an infinite product implies compact convergence. But in gen-
eral, the opposite direction does not hold: Consider the sequence of constant func-
tions

fri=1/2,veN,

defined on C. We have
F, = va 1/2 n+1

hence
F=1lmF,=0,

n—soo

but no factor f, has a zero. Apparently, the product
n
I1r
v=0

does not satisfy the definition of normal convergence: The sequence (f, — 1)yen
does not converge towards zero, hence

Y (fr=1)

veN

is not convergent.
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5.3 Weierstrass product theorem for holomorphic functions

The Weierstrass problem ask’s for a holomorphic function, which vanishes exactly
at a given set of points with prescribed order. If such a function exists the problem

asks for the general solution. Apparently, the solution of the Weierstrass problem is
multiplicative, i.e. the product of two solutions is again a solution.

The function f which solves the Weierstrass problem will be an infinite product.
Each factor of the product deals with one of the zeros. To enforce the convergence
of the final product one has to multiply the local solutions with so called
“Weierstrass elementary factors”, see Definition 5.20.

Proposition 5.13 shows a specific case of the Weierstrass problem. All prescribed
zeros are equidistant simple zeros: The solution is obtained by taking the product
of linear polynomials vanishing at the given points.

Proposition 5.13 (Product representation of the sin-function). Consider the
sequence of holomorphic functions

fn:C=C, fulz) =1—=,n>1,
each having exactly the zeros 7 = +n.
The infinite product
I17
n=1
is normally convergent. It satisfies for all z € C
I"_"I . 2\ sin(nz)
n=1 n’ a nz .

Proof. 1) Normal convergence: We show the normal convergence of the series

(=)
n=1 n

Consider the compact set K := D, (0) with arbitrary but fixed radius r > 0. For
any z € K

| *

S5}

Moreover



5.3 Weierstrass product theorem for holomorphic functions 115
ii) Properties of the product: We consider the entire function
oo 2
F(z):= H 1- )
n=1
Because F(0) = 1, there exists 0 < r < 1 such that for z € D,(0)
|[F(z)—1] < 1.

Hence the logarithm
Log F :D,(0) —» C

is a well-defined holomorphic function. Taking the derivative shows

d > d z* > -2z 1
S LogF(2)=Y “Log(1-5 )=y — = .~ —
dz %% ) ngldz 0g< n2> )} 1 —(2%/n?) n?

n=I!

> 2z 1 d sin(7z)
= =n-cot(nz)——=—| Lo .
n; —n? (72) 7z dz ( $ 7 )

22
Here we used Theorem 3.27 to interchange derivation and summation, the formula

d (Log h) = 4
dz Ty

the cot-representation from Proposition 5.6, and the quotient rule for the

holomorphic function

h(z) = sn:z7 an~
Hence
Log F(z) = Log sin(7z) + const
or
F(z)= sin(mz) -const.

iii) Product representation: The functions on the left-hand side and on the
right-hand side coincide for z = 0. Hence const = 1, and for all z € C

Fl) = sinjgz)

Corollary 5.14 (Wallis product). The number /2 has the infinite product expan-
sion
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T2-2 4.4 2n-2n
2 13357 2n-D@2n+1)

Proof. Proposition 5.13 show for the argument z = 1/2

2 £ 1
()

The reciprocal value is the product formula

T = 4p? 2n-2n

§:ﬂ4n2—1:g (2n—1)(2n+1)

Proposition 5.15 (Local logarithm of holomorphic functions without zeros).
Any holomorphic function without zeros

f:Dr0) > C*, 0<r<oo,

has a holomorphic logarithm, i.e. a holomorphic function

g:D.(0)—=C
exists with
f=¢s.
Proof. By assumption the function
/
]; :D,(0) —» C

is well-defined and holomorphic. It expands into a convergent power series

roa
7L

Hence for any constant ¢ € C the power series

=)

Cn
n=0 n+l

n+1

g(z) i =c+

with radius of convergence at least = r is on D, (0) a primitive of the quotient f/f.
We choose the constant ¢ such that

¢ = e80 = £(0).
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Then for all z € D,(0)
eg(Z) = f(z)a

because for all z € D,(0)

d

(59 10) = @0 f) +e s 1) =

=89 (—g()- fD)+[(2) =0,
which implies for all z € D,(0)

e 8 fz) =1

Theorem 5.16 (Solution of a particular Weierstrass problem in C). Consider a
sequence of pairwise distinct points (ay)yen in C with

lim |ay| = oo
V—$oo

and a sequence (ky)ven of natural numbers ky, > 1, v € N. Then a holomorphic

function
F:C—>C,

exists with zeros exactly the points ay, v € N, and
ord(F; ay) = ky.
Any two holomorphic functions Fy,F, with these properties relate as
F=eF

with an entire function
g:C—>C.

Proof. 1) Quotient of two particular solutions: The relation
F2 = eg - Fi 1
follows from Proposition 5.15 because the quotient F> /F; is holomorphic on C and

has no zeros.

ii) Polynomial approximation: For any n € N we consider the polynomial

P.(z) = H (z—ay)*.

n<|ay|<n+1
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The polynomial has the prescribed zeros and orders in the annulus
Ap:={z€eC: n<lz<n+1},

and is holomorphic without zeros in the disc D,(0). Proposition 5.15 provides a
holomorphic function
fa:Dy(0) = C

with
P,|D,,(0) = e

A suitable Taylor polynomial g, from the Taylor expansion of f; is a polynomial
approximation of f,, with

1 = 8nllB, o) < (1/2)".

iii) Normal convergence: We show that the infinite product

oo

F(2) =[] Pulz)-e 0

n=0

is normally convergent on C. For the proof consider an arbitrary but fixed radius
0<r<oo

and choose an index
ng >r+2.

Then for all n > ng

D,(0) C Do (0).
For n > ng and z € D,(0) holds

e

D) = He<frgn> —1 HE(O) <2:||fa—gullp,0) < (1/2)"

using the estimate for the exponential from Lemma 5.10. As a consequence
Y Re =g, < ¥ (1/2)" 7 <
n=n n=ng

which finishes the proof of normal convergence. Due to Theorem 5.11 the function F
has the prescribed zeros. O

The general concept to formalize a family of zeros and poles of given orders is
the concept of a divisor.

Remark 5.17 (Divisor).

1. A divisor on a non-empty set U C C is a map
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D:U—=Z

with support
suppD:={z€U :D(z) #0}

a discrete set, closed in U. Hence the support of a divisor on U is a countable set,
discrete without any cluster point in U.

A divisor D is non-negative, denoted
D >0,

if D(z) > 0 for all z € U. A non-negative divisor is positive, denoted
D >0,

if D(z) > 0 for at least one z € U.

2. Any meromorphic function f € .# (U) defines on U the divisor (f) := D, named
a principal divisor, with

D:U —Z, D(a) :=ord(f; a).

Concerning the opposite direction, Theorem 5.16 implies: Any divisor on C is a
principal divisor, i.e. for suitable f € .#(C)

D=(f).
For the proof one decomposes
D=D,—D,
with two divisors D1,D, > 0 on C and
supp D1 Nsupp Dy = 0.

One chooses an enumeration

supp Dy = (av)veN
and the sequence (ky)yen With

ky :=D(ay), veN.

Theorem 5.16 provides an entire function f; with D; = (f;). Analogously an
entire function f, exists with Dy = (f2). Then

N
f= 7 € #(C)
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has the divisor

(f) = (1) = (f2) =D1 =Dy =D.

The question on the existence of holomorphic functions leads to the concept of a
domain of holomorphy. This concept will show its far-reaching applications in
complex analysis of several variables.

Remark 5.18 (Domain of holomorphy versus maximal domain of existence of holo-
morphic functions).

1. Domain of holomorphy of a holomorphic function: A domain G C C is by defi-
nition the domain of holomorphy of a holomorphic function

f:G—=C,
if f does not extend analytically to a stricly bigger domain
GcC,G20G,

i.e. G contains with each point a € G also the whole disc of convergence of the
power series development of f with center a.

» The logarithm: The sliced complex plane
C_:=C\Ry
is the domain of holomorphy of the complex logarithm
Log:C_—C

* [Its analytic continuation: Its convergent Taylor series allows an analytic
continuation of Log over the cut R*. For each a € C_ with Re a < 0 the
Taylor expansion at a

Log(2) = 21 e (c—a)"

has radius of convergence |a|, which implies
Dy ¢ C_

Successively one obtains a holomorphic function /og which is no longer de-
fined in the complex plane but on a Riemann surfacewhich covers C* by
countable many leaves. The result indicates that there was no reason for re-
moving just the negative real axis, this choice was quite arbitrary.

Apparently, holomorphic functions of one complex variable are not necessar-
ily restricted to subsets of the plane, that’s not their natural domain of defini-
tion.
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Outlook to several complex variables: A deep result states that for any do-
main G C C there is holomorphic function f on G such that G is the domain
of holomorphy of f, see [20, Kap. 5, §2, Existenzsatz]. This result does not
generalize to complex analysis of several complex variables. Here the charac-
terization of domains of holomorphy leads to the theory of Stein manifolds.

2. Maximal domain of existence of a holomorphic function: A domain G C C is by
definition the maximal domain of existence of a holomorphic function

f:G—=C

if there is no stricly bigger domain

GCcC,GCG

to which f extends as a holomorphic function.

Each domain G C C is the maximal domain of existence of a suitable holo-

morphic function
f:G—=C.

For the proof one chooses a discrete subset A C G which has every boundary
point from dG as accumulation point. A generalization of Theorem 5.16 pro-
vides a non-constant holomorphic function f with zero set A. The assumptipn
that f extends to a stricly bigger domain

GCC,GCG
implies the existence of a point
acdGNG

Then Theorem 1.17 implies f = 0, a contradiction.

3. Domain of holomorphy: A domain G C C is by definition a domain of holomor-
phy if there is no strictly bigger domain

GCcC,GCG

such that all holomorphic functions on G extend to holomorphic functions on G.

Both definitions 1 and 2 look similar. Indeed the maximal domain of existence of a
holomorphic function f is also a domain of holomorphy of f. But the opposite con-
clusion is not valid as the counter example of f = Log on C~ shows: The domain C~
is for f = Log the maximal domain of existence but not its domain of holomorphy.

A meromorphic function is locally the quotient of two holomorphic functions,
see Corollary 4.8. Theorem 5.19 states a global version of this property.
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Theorem 5.19 (Global meromorphic function as quotient of entire functions).
Any meromorphic function f € 4 (C) has the form

=

with entire functions g,h € 0(C), h # 0.

Proof. W.lo.g. f # 0. Consider the pairwise different poles of f
ap,ap,ay, ... of order ko, ki, ks, ... .

Theorem 5.16 implies the existence of a holomorphic function 2 € &'(C) with zeros
exactly at
ap,ap,ay, ... of order ko, ki, ks, ... .

Then the function

g:=f-he0(C)

is holomorphic, and satifies

Proposition 5.13 exemplifies that a holomorphic function f can be represented
as infinite product of its zeros. For a point a € C,a # 0, the polynomial

Lz
a

has a zero exactly for z = a, and the zero has order = 1. To represent f one could
therefore attempt to take the infinite product of such factors. But in general the
product is not convergent. To enforce normal convergence one multiplies each poly-
nomial with a non-negative factor. An example of this idea has been given already
in the proof of Theorem 5.16. We now provide with Theorem 5.22 an explicit con-
struction to enforce normal convergence and a solution of the general Weierstrass
problem.

Definition 5.20 (Weierstrass elementary factors and canonical product). Con-
sider a natural number p € N*. The holomorphic function

2 2 bid
E,:C—C,Ey(z):=(1—2z)-exp Z+E+§+...+; ;

is named the Weierstrass elementary factor of order p. For a sequence (ay)y>; of
points a, € C* the infinite product of elementary factors, a formal expression,
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is named a canonical product.

A Weierstrass elementary factor E,(z/a) has exactly one zero, namely at z = a
with
ord(E,(z/a);a) =1

We now investigate under which assumptions a canonical product is normally
convergent.

Lemma 5.21 (Weierstrass elementary factor). The Weierstrass elementary factor E,
of order = p satisfies for |z| < 1 the estimate

|Ep(2) — 1] < [P+

Proof. 1) Power series expansion: The Weierstrass elementary factor expands into a
convergent power series with center =0

E,(z)=1— Z ay -7’
v=p+1

with real coefficients a, > 0. For the proof consider the expansion
Ey(z)=1- Z ay-7".
v=1
On one hand, its derivative has the Taylor series
E/(z)=-) v-ay-2"".
v=1

On the other hand, by the product rule

2 ZS 7P
E)(z) =—exp | z+ 5T §+...+; +
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The coefficient comparison shows
ay=0for1 <v<p

and
ay>0forp+1<v.

ii) Estimate: Due to part i)

Ey2)—1=| Y av-2"[ < Y ay-fz]V 7!
v=p+1 v=p+1

The equation

0=E,()=1-") ay
v=p+1

implies
Z ay = 1.
v=p+1

As a consequence for |z| < 1

Ep@ -1 <[ Y ay =l
v=p+1

Theorem 5.22 (Weierstrass product theorem in C). Consider a sequence (ay)y>1
of points ay, € C*, not necessarily pairwise distinct. Then for any p € N with

i 1
JR— < o)
= |ay [P

the canonical product

e Z
[1%| -
a
v=1 v
* is normal convergent,
e is a holomorphic function F on C with zeros exactly at the points from the se-
quence,
* and order of each zero equal to the multiplicity of the point within the sequence.

Proof. To prove normal convergence we consider an arbitrary but fixed radius » > 0.
There exists an index ng such that for all v > v

lay| >r.
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For z € D,(0) and v > v, we have

Z
—1 <1
ay|
Hence Lemma 5.21 implies
p+1 1
Z
E, | —=]-1|<|= <.
ay ay |av|17Jrl
and
z 1
E|—=]-1cr1. ¥ —<
v;o (av) v;o lay|Pt!
O

Example 5.23 (Canonical product). We consider the sequence of complex points
(av)ven = (0,£1,£2,...).

With the choice p = 1 the series

is convergent. Theorem 5.22 implies the normal convergence of the canonical

product
o o 2
[1E )= E, 2 = I1 1—% )
v=l ay nez n n=1 n
n#0

Hence Proposition 5.13 implies

hnd z sin 1z
e (2) ="
v=1 ay TZ

A further example for the product representation of an important function is the
I'-function. First we extend the I"-function, originally defined for real x > 0, to a
holomorphic function in the right half-plane.

For any n € Z set

RH(n):={z€C: Rez>n}.
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Definition 5.24 (I"-function). The function
[:RH(0) = C, I'(2) ::/ e dr,
0

is named I"-function.

Proposition 5.25 (Holomorphy of I'). For all z € RH(0)

/ £l e dt < o
0

The I'-function is well-defined and holomorphic.
Proof. 1) Convergence of the integral: For z € RH(0)

-1 z—1)In t

£l = el

implies with x := Re z > 1 the estimate

|tz—1| _ e(x—l)ln(t) _ tx—l.

5]
/ e dr
n

if the limits on the right-hand side exist:

Hence

00 R
g/ Fletdi=1lim [ e dt
0 Rteo Jg
el0

e Convergence at the lower bound t | 0: For all x, t > 0 we have

|txfleft| < txfl

1
/ Fldt < oo
0

e Convergence at the upper bound t 1 «: We have

3

and

because x > 0.

lim Atle™ = 0.
t—oo0

Hence exists g such that for all # > 1,

1 1 1
EES e 2 x+1 ,—t o
[7 t e |t e | S [2

’txfleft| — _[7

The integral is convergent because
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/mldt<
112 '

ii) Holomorphy: For arbitrary but fixed
0<t;]<th<oo

the function .
2
RH(0) - C, z+ / e dr,
J1

is holomorphic, because

a [n 9!
—7/ et dt:/ et dt
8Z n n aZ

o1 ae(zfl)Jnt
oz oz
To prove the holomorphy of I" we show that the limit

and

=0.

R 1
lim [ ' -e'dt
Rfeo Jg
el0

satisfies compact convergence with respect to z for any sequence of integrals in-
dexed by Ry and g;. Then we apply Weierstrass convergence Theorem 3.27: A
given compact subset K C RH (0) is contained in a strip

{z€C: x1 <Rez<x}, 0<x) <xp <oo.

For z € K then

! 1 R 1
/ e dt / e dt
€ 1

For both estimates the integral on the right-hand side is independent from z, and
convergent for € | 0 and R 1 e. We obtain the compact convergence for z € RH(0)

1 R
g/ 171 e dt and g/ 2l e dr
€ 1

R
lim [ F'e dr =T(z),
Rfeo Jg
el0

which finishes the proof of the holomorphy of the I"-function. O

Proposition 5.26 (Functional equation of the I'-function). The I"-function satis-
fies the functional equations

I'(z4+1)=2z-I'(z), z€ RH(0), z€ RH(0),
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I'n)=(m-1)!, ne N".

Proof. Because I is holomorphic, the Identity Theorem 1.17 implies: It suffices to
prove the claim only for real arguments x > 0. We apply partial integration

/u/-vdt:[wv]—/u-vldt:

Then
R —r R
Fx+1)=lim [ e’ rdt=lim[—e -] +x-lim [ e -r'dt=xT(x)
Rieo Jg Rieo x=e Rieo Je
£l0 |0 el0

The first functional equation and the equation

r(1) :l/:e*f dt=[—e] 5 =0—(-1)=1

imply by induction the second functional equation. 0O

It is not unusual in complex analysis that a holomorphic function, at first defined
only on a small open set U, extends to a meromorphic function on a much bigger
open set. The best known example is the convergent geometric series

f(2)= iOZ”

which has the convergence disk U = D (0). The series is not convergent on the
boundary JU, in particular it is not convergent for z = 1. The equality
1
f2) = 1—
shows the reason: The function f has a pole at the boundary of U. Nevertheless,
the function f extends the geometric series meromorphically to the whole plane.

The meromorphic extension f has a single pole at a = 1. The pole has order = 1.
A similar meromorphic extension is possible for the I"-function, see Theorem 5.27.

Theorem 5.27 (Meromorphic extension of the I'-function). The holomorphic
function

I :RH(0) = C

extends to a meromorphic function on C, also denoted by I'. The extended I' -function
has the pole set
P={-n: neN}
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Each pole has order = 1. The principal part of I’ at 7= —n is

(=" 1

n! z+n

H_,(z) =

Proof. The functional equation of the I"-function from Proposition 5.26 implies for
each arbitrary but fixed n € N and all z € RH(0)

_ I'(z+n)
I'@= Z(z+1) - (z+n—1)

For arbitrary but fixed z € C we choose n € N with z+n € RH(0) and define

I'(z+n)

I(z):= G+ 1) (z+n—1)

Due to the functional equation the definition of I"(z) is independent from the choice
of n.

The right-hand side is a meromorphic function on the half-plane RH(—n). Its
pole set is
P,={0,—1,....—n+1}.

Because the choice of n € N is arbitrary, the holomorphic function I'" extends to a
meromorphic function on all of C. It expands at z = —n as

I'(z+n+1) 1
F - = .lII
) 2(z4+1)-...-(z+n) z—(—n) )
with
I'z+n+1
Y(z):= ( ) .
2(z4+1) .- (z+n—1)
The function ¥ is holomorphic in a neighbourhood of z = —n because
r(1) 1
lIl — = = —1 n,_
=Gy o TV

Therefore the principal part of I" at z = —n is

Theorem 5.28 (Product representation of the I"-function).
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1. The I -function has the product representation as a meromorphic function on C

e Ci = &&/n

Iz = z ,,I;Il 1+ (z/n)

Here

N
C:=1 E - =
ng; [( ) n) InN
n=1
is the Euler-Mascheroni constant.

2. The I'-function relates to the reciproque of the sin-function as

I'(z)- I'(l—2z)=
(2)-I(1-2) sin(7z)

considered as an equality of meromorphic functions on C. In particular, the I -function

is meromorphic without zeros.

Proof. 1. Product representation: According to Theorem 5.27 the function I -
function has as pole set the non-positive integers —N. All poles have order = 1.
Using a suitable canonical product we construct a function y with the same poles
and principal parts as I'.

1) The inverse ¥ of a canonical product: Theorem 5.22 implies that the canonical
product

8

z ] E (1—(_Zn)> zz-ﬁE1(1+(Z/”))

n=1 =1

is normal convergent and represents an entire function with zero set —N. All
zeros have order = 1. Recall

Ei(1+(z/n)) := (14 (z/n))-exp(z/n).
Hence the inverse of the canonical product, multiplied with a non-zero constant,

e €2 = &

z 141+ (z/n)

Y(z) =

has the same poles as the I"-function.

Using the definition of the Euler-Mascheroni constant and the continuity of the
exponential we now derive a second representation

1 N
Y(Z):E'z\lllglo (exp [—Z' ((Z%n) —lnN)

N ez/n
' H 1+ (Z/n)) -

n=1
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1

. N n
(e f132)

z a2

, N?-N!
m
N—=eoz-(z+1)-...-(z+N)

ii) Functional equation of y and its principal parts: From the last formula of part
i) one derives that 7y satisfies the same functional equations as I":

Y(z+1)=2z7(z)

as well as
y(1) =1and y(n) = (n—1)!

The last formula implies

Ye) = ——1etn)

- ) .GC,
z-(z+1)-...-(z+n) ¢

Hence 7y has the same principal parts as I":

(=" 1

— ——, neN.
n z+n

Hy _u(z) =

iii) Equality I' = y: Part i) and ii) show: The two meromorphic functions I" and y
have the same poles and the same principal parts. Therefore their difference

g=I-y:C=C
is an entire function. We claim g = 0: In the strip
Bip:={z€C: 1<Rez<2}

we have for x := Re(z)
I(2)] < I'(x).

The latter function is continuous on the compact interval [1,2] C R, hence
bounded. For x > 0 we have

z:(z+1)-...-(z+N) §x~(x+l)~..‘~(x+N)

N7-N! | n* - N

which implies

7@ < 1(x).
The latter function is also continuous, hence bounded on [1,2] C R. As a conse-
quence, the function g is bounded in Bj .

The functional equations of I" and ¥
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I'(z+1)=z-I'(z) and y(z+1) =z ¥(z)
imply

glz+1)
z

glz+1)=z-g(z)ie.g(z) =
As a consequence, the holomorphic function g is also bounded in the strip
By1:={z€C: 0<Rez<1}.
Eventually, we introduce the entire function
S:C—=C, S(z) :=g(z)-g(1—2).
Boundedness of g in By ; implies boundedness of S in By ;. Forallz € C
S(z+1):=g(z+1)-8(=2) =z-8(2) - 8(=2) = —8(2) - (=2) - 8(—2) =
— —g(~2)-g(-z+1) = =5(2).
As a consequence, the function S has period = 2, and due to
S(z+1)=-S(z)
the function S is even bounded in the strip
Bp2:={z€C: 0<Rez<2}.

The periodicity of S implies that S is even bounded in C, hence constant by
Liouville’s Theorem, see Corollary 3.24. The equality

S(z+1)=-S(z)
implies
S=0.

The representation
S(z) = &(2)-8(1-2)

of S as a product of two holomorphic functions shows g = 0.

2. Relation to the reciprocal of the sin-function: To prove the claim, one first uses
the equalities

I'=yand y(1 —2) = (—2) ¥(—2)
from part 1):

oo z/n ez o —z/n

7(2)-Y(1-2) = (=2) - 1(2)-¥(~2) = - H1+z/n - Hl_z/n
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1 T
I, (1 —(22/n?))  sinmz

The last equality is the product representation of the sin-function from Example 5.23.
O

The {-function is a link between complex analysis and number theory.

Remark 5.29 ({-function and I -function).

i) Similarly to the I"-function also the {-function is holomorphic in the
half-space RH (1) and extends to a meromorphic function on C. The

extended {-function is holomorphic on C\ {1}. The isolated singularity is a first
order pole ata = 1.

ii) On the negative real axis the {-function satisfies for all k € N*

$(—2k)=0and {(1—2k) = _%

Riemann conjectured that all other complex zeros are located on the critical line

1
§+ i-R C C Riemann conjecture

iii) The {-function satisfies a functional equation which compares the values at the
complex arguments s and 1 — s, which are in mirror symmetry to the point = 1/2
on the critical line: If one defines on C the meromorphic A-function by

A(s) =2 (s/2)- L (s)

then
A(s)=A(1—ys).

Concerning these and other results consult [24, Teil I, §3 and §4].

iv) One may visualize the Riemann {-function as a landscape determined by the
graph of the function: A point of the landscape with plane coordinate s € C has the
height |{(s)|. The {-landscape has one single peak at s = 1 of infinite height, and
infinitely many valleys at sea level.

The Riemann conjecture states: Besides the obvious valleys at sea level which are
located at points with plane coordinate s = —2k, k € N*| all other valleys at
sealevel are located on the critical line.
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5.4 Outlook

The problems of Mittag-Leffler and Weierstrass generalize from complex analysis in
the plane to non-compact Riemann surfaces (manifolds depending on one complex
variable) and to general Stein manifolds (several complex variables). In the con-
text of several complex variables the two problems are distinguished as Cousin-I
(additive) and Cousin-II (multiplicative) problem. The investigation of these prob-
lems triggered the development of analysis on complex manifolds in the midst of
the 20th century. By means of sheaf theory the problems have been solved in a very
satisfactory way, see [11, Kap. V, §2]:

¢ What is a sheaf?

* How to generalize the Mittag-Leffler and Weierstrass problems to the context of
manifolds by using sheaf theory?

¢ Which mathematical tools serve to solve the Cousin problems?

The Riemann §-function from Remark 5.8 is one of the main contributions of
complex analysis to number theory. The study of number theory by analytic means
is the subject of the mathematical field called analytical number theory. A recom-
mendable introduction to the I'-function and the Riemann {-function is [24].

One of the mathematical millenium problems asks for a proof of Riemann’s con-
jecture, see [1]. It is well-known that the conjecture is equivalent to a result about
the zeros of a certain family of real polynomials

J4m e RIX]

which are well-defined for each degree d € N* and any index n € N. These poly-
nomials, named Jensen polynomials, derive from the series expansion of the A-
function defined in Remark 5.29. It suffices to prove the result for » = 0 only.
Recently a new approach [13] was published, which proves the result for J¢0
with 1 < d < 8. Nevertheless, currently (July 2026) the conjecture is still open.

In algebraic geometry there is an analogue to Riemann’s conjecture. The ana-
logue is part of the Weil conjectures. They deal with the zero sets of polynomials
with rational coefficients. The first non-trivial case investigates the points with ra-
tional coordinates on an elliptic curve, see [22, Chap. IV, §1]. The Weyl conjec-
tures from the midth of the 20th century have been proven by Deligne in 1973,
see [15, Appendix C]. His proof shows the strenght of Gothendieck’s reformulation
of algebraic geometry.



Chapter 6
Integral Theorems of Complex Analysis

Cauchy’s general integral theorem deals with the integration of a holomorphic func-
tion along the boundary of a relatively compact subdomain of its domain of def-
inition. The theorem follows from converting the curve integral into a surface in-
tegral. Hence it is a specific case of the Green-Riemann integral formula. For a
complex differentiable function the integrand of the surface integral vanishes due to
the Cauchy-Riemann differential equations.

6.1 Cauchy’s integral theorem and the residue theorem

The present section generalizes Chapter 3 concerning the domain of integration.
There we considered disks and annuli. Their boundary consist of one or two circles.
The Cauchy integral theorem and the Cauchy integral formula for annuli follow
from expanding the Cauchy kernel into a convergent geometric series and choosing
the standard representation of the boundary circles. The result shows: The Cauchy
integrals from Chapter 3 do not depend on the specific path of integration. They are
dependent on the integrand being holomorphic or having singularities in the interior.
But the impact of the singularity is confined to its residue.

In the more general context of the present chapter we integrate along the bound-
ary of relatively compact open sets A CC C. All integral formulas are special cases
of Stokes’ integral formula. This formula converts the surface integral about A into
a path integral along the boundary dA. Therefore we have to presuppose that A has
a smooth boundary.

A compact set A C C has a smooth boundary if dA is locally a curve with a

continuously differentiable parameter representation. This concept is formalized in
Definition 6.1.

135
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Definition 6.1 (Smooth boundary). A set A C R? has a smooth boundary, see
Figure 6.1, if any point a € JA has an open neighbourhood U C R? together with a
continuously differentiable function

p:U—=R
such that:
e The set ANU lies on one side of the zero set of p, i.e.
ANU ={(x,y) €U : p(x,y) <0}
* The zero set of p has a well-defined normal vector, i.e. for all (x,y) € U
(grad p)(x,y) # 0.

The boundary is piecewise smooth if all but finitely many points a € dA satisfy the
above definition.

Fig. 6.1 Smooth boundary dA with exterior normal vector at a € dA

Remark 6.2 (Smooth boundary).
1. In Definition 6.1 the zero set
Vp) :={(xy) €U: p(x,y) =0}
equals the local boundary, i.e.

V(p) = UNJA.
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2. For all (x,y) € V(p)
(gradp)(x,y) # 0.

Hence V(p) is locally the graph of a continuously differentiable function
x=x(y) ory = y(x).

This representation follows from the Implicit Function Theorem, see [7].

3. If a € dA is a smooth boundary point then the exterior normal vector at a € 0A
is well defined: It is the multiple of the gradient gradp normalized to unit lenght
and pointing to the exterior of A. Integration along dA with the induced orienta-
tion requires to parametrize the curve of integration in such a way that the interior
A is left-hand side when moving along the curve.

Theorem 6.3 (Green-Riemann formula). Consider an open subset U C R? and a
compact subset
DcCU

with piecewise smooth boundary dD. Let
PQ:U—C

be two functions with continuous partial derivatives. Then

Figure 6.2 shows the set D with boundary

dD=C; UG U C3U Cy.
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C;

C

a B

Fig. 6.2 Compact set D with piecewise smooth boundary dD = C and oriented boundary curves

The Green-Riemann formula is a specific case of respectively Gauss’ integral
formula or - even more general - of Stokes’ theorem

/ w:/dw
oD D

for a differential form @ which is continuously differentiable. Stokes’ theorem
states: The primitive @ integrated along the boundary dD equals the derivative d
integrated along the bounded compact D.

To derive the Green-Riemann formula from Stokes’ theorem one considers
o = P(x,y) dx+ Q(x,y) dy

obtaining
dP(x, 20(x,
do = ——( 2) dxNdy+ —Q( Y)
dy ox
For integration on compact sets D C R? the differential form dx A dy is the positive
oriented surface element d(x,y) and can be replaced by the symbol dxdy. For a proof
of Gauss’ and Stokes’ theorem see [8].

dxNdy
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Theorem 6.4 (Cauchy’s integral theorem (general case)). Consider an open
set U C C and a compact set A C U with piecewise smooth boundary. Any holo-
morphic function

f:U—->C

satisfies
f(z)dz=0.
dA

Proof. We reduce the theorem to the Green-Riemann formula. The decomposition
of arguments into real and imaginary part

z=x+Iiy
implies the decomposition of differential forms
dz =dx+idy.

Due to Theorem 6.3

/aAf(Z) dZZ/aA(fdx—H-fdy)://A (l-.‘;f_‘;f;) dx A dy,

The Cauchy-Riemann differential equations in the form of Proposition 2.4 for the
holomorphic function f imply

L df _df

T dy
which finishes the proof. 0O

Definition 6.5 (Residue). Consider a holomorphic function with an isolated singu-
larity at a pointa € C
f:Di(a)—C, r>0.

If .
f@= Y clz—a)

n—=—oo

denotes the Laurent expansion of f at a, then
res(f;a):=c_1 €C

is the residue of f at a.

Theorem 6.6 (Residue theorem). Consider an open set U C C and a compact
set A C U with piecewise smooth boundary. For any finite set of interior points
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Aly.esm €A
each holomorphic function
f:U\{a1,...,am} —C

satisfies

/aAf(Z) dz =2mi- f"lres(f; aj).

j=
Proof. For € > 0 we set

Ag :=A\ U De¢(aj),
j=1

see Figure 6.3. For suitable € > 0 we may assume Dg¢(aj) C A forall j=1,...,m,
and pairwise disjoint.

Fig. 6.3 Paths of integration

Cauchy’s Integral Theorem 6.4 implies

Hence
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which reduces the proof of the theorem to a local computation at a given isolated
singularity a € U of f: Assume

fQ= ¥ ena)

n=—oo

/sza\zs f(z) dz

we choose the standard parametrization of the circuit d D¢ (a)

To compute

z=a+e e, ¢ €[0,2n], with dz = ie - d¢.

Then

d - 2 n_ing - id)d
/|z—a\:ef(z> 7= Z cn-</(; e"-e"? e e ¢>—

n=—oo

oo om
= Z Ccp i€ (/ )9 d(])) =2mi-c_y =2mi-res(f;a)
0

n=-—oo

Theorem 6.7 (Cauchy’s integral formula (general case)). Consider an open
set U C C and a compact set A C U with piecewise smooth boundary. For each
holomorphic function

f:U—-C

its derivations satisfy for arbitrary a € Aandalln e N

n n! f(2)
f( )(a) = 277'[1/8/4 7@_(1)’”1 dZ.

Proof. The integrand
f(z)
(C—a) !

has a single pole at z = a. Theorem 6.6 implies

f(2) A f@)
/8A 7@_@”4_1 dl =2mi-res ((z—a)"‘*‘l’ a)

To compute the residue we consider the Taylor expansion with center = a and apply
Corollary 3.17
®)(a)

k!

f(Z): ch'(z—a)kwithck:f

k=0
We obtain
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Theorem 6.8 is a converse of Cauchy’s integral theorem.

Theorem 6.8 (Morera’s Theorem). Consider a domain G C C and a continuous

function
f:G—=C.

If for all rectangles R C G which are parallel to the axes of C ~ R? holds
f(z)dz=0
JdR

then the function f is holomorphic.

Proof. The claim is local. Hence we may assume G = D,(0) a disk with center = 0.
Define

FiGC, Fz) = /yf(éf) ¢,

with a path y in G from zyp = 0 to z composed of two adjacent lines, one being
parallel to the x-axis and the other being parallel to the y-axis. By assumption, the
value F'(z) is independent from the choice of the two lines.

Claim: The function F satisfies the Cauchy-Riemann differential equations. For the
proof we compute for z € G

Fr@ =g rrn = 2 [Cr@ acs [T o at) -
_ ;x(/oyf(it) dt+/0xf(t+iy) dt) - ;x(/oxf(ﬂriy) dt) — flx+iy) = £(2)

Similarly

Sra=2 ([ acs [ roa) -

= aay(/oxf(t) dt—l—./o.yf(x—i—it) i-dt)

Note for the last integral the parametrization

=i,

inducing
df =i-dr.

Hence
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) d [ N : . .
8yF(Z):<9y(/o flx+ir) z-dt) =i-fix+iy)=i-f(z)

Therefore F has continuous partial derivatives, which satisfy the Cauchy-Riemann
differential equations. Hence due to Theorem 3.9 the function F is holomorphic,
and F' is holomorphic too. Proposition 2.4 implies

;o oF B

Fl=g-=f

6.2 Computing integrals by using the residue theorem

One of the main applications of the residue theorem in real analysis and
mathematical physics is the computation of integrals along the real axis.

Example 6.9 (Integration along the real axis). The meromorphic function on C

f2) =+ izz
has two poles
7= &i.
Each pole has order = 1.
1 1 1

(@)

T+ z—i z+i

Hence at the pole z = i the residue of f is

and is principal part is

To compute the integral

© dx ) 'R dx
/ = lim /
—oo 1+x2 R—o J_R 1+x2

we extend the path of integration from —R to R on the real axis by the semi-circle
in the upper half-plane
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wCH:={zeC: Imz> 0},

see Figure 6.4.

Ir
<
—R (@) R
I
°— L
Fig. 6.4 Extended path of integration
Theorem 6.6 implies
- 1 /R dx N dz
Mi-—=nT=
" R1+x2 7 Jp 1422
We have
1
li dz| < lim tR- ———dz=0
R /YR [ e =i R

Asa consequence

/°° dx
—— =7
e 1442

Example 6.9 is a specific case of Proposition 6.10.

Proposition 6.10 (Integration of rational functions). Consider two polynomials

p,q €C[z],

and assume that
deg q>?2+deg p

and that q has no zeros on the real axis. Then
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< px) . _
[wde—2n1~ Z res(p/q;a)

acH pole
ofp/q

Fig. 6.5 Path of integration

Proof. Theorem 6.6 implies
m R
, p(x) r(2)
2mi - E res(p/q;a;) :/ —dx—&—/ ——<dz
j=1 ! -R Q(x) TR CI(Z)

The assumption
deg q>?2+degp

implies the existence of constants C,Ry > 0 such that for all R > Ry and |z| =R

see Figure 6.5. W.Lo.g. all poles of p/q in H
aly ...,y

have modulus less Ry. For R > Ry we have

C
LIy
% 4(r) w|4(2) R
As a consequence
p(2)

lim [ —dz=0
R S q(r)
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o (x) (x)
= p(x . [Rpx .
—dx:hm/ —dx=2mi- res(p/q; a
/. () TR k) L, relvlea
pole of p/q
O

Lemma 6.11 (Computation of the residue). Consider two functions f,g which
are holomorphic in a neighbourhood of a point a € C, and assume

ord(g; a) = 1.

Then

Proof. The Taylor expansion of g around a
8(z) =0+¢'(a)(z—a)+0(2).

implies the Laurent expansion of f/g around a:

fQ_ v fy
g(z) z—a g@+0(1) z—a ga)(1+0(1))
_ 1 fla)
,Z_ag%$1+mn)
Hence f( )
MU&®=g@
O

Corollary 6.12 (Integration of a specific rational function).

/:1%Q;%

Proof. 1) The meromorphic function on C

fla) = 1+z4

has pole set

{zeC: H=—1} = {™WHTK2) . —0,1,2,3}.
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Each pole has order = 1. The two poles in H are
ap = €"™* and a; = " 3/*,

Due to Lemma 6.11 the corresponding residues are respectively

1/4.¢7 G/ and 1 /4. ¢~ 11/97

Proposition 6.10 implies

/oo %: % (67,’(3/4)71_’_671'(1/4)%) —

(=l l—i) = —

;N

in
T2

Sia

Proposition 6.13 (Integration of a trigonometric function).

© Sin X
dx=T.

—o0 X

Proof. The integrand is continuous along the real axis, in particular at the point 0 € R.

Therefore
< sin(x sin
/ ( )dleim/ @) dz
o X R=0J8p 2

with path of integration 8z from Figure 6.6. To evaluate the integral on the right-
hand side we recall

1 . .
sin(z) = %5 (e —e™7).

Both meromorphic functions
eiz —iz
—and
Z Z

e

have a single pole at z = 0. The pole has order = 1 with residue = 1.

i) First we consider the integration

e’
f&)=—
b4
along the two paths
g and ¥§

from Figure 6.6.
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Fig. 6.6 Paths of integration

To estimate

eiz T i0 iR.ei(p T i0
. d :/ iR-¢9). — 4 :'./ iR - d
/y[}F A exp(iR - €'?) Roib O =i A exp(iR-€'?) d¢

we use
exp(iR- ") = exp(iR - (cos ¢ +i-sin ¢)) = exp(—Rsin ¢)-exp(iR - cos ¢)

We obtain _
lexp(iR-¢®)| = exp(—R -sin ¢)

and

< /(;ﬂexp(—R~sin ¢)do = 2-/()ﬂ/zexp(—R~sin ) do

eiz
/ —dz
w2
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For ¢ € [0,7/2] we estimate
0<¢-(2/n) <sin ¢.

Hence

. /2 o —2R
/y+exp(iR-e’¢)‘ SZ-/O exp(—R-(Z/n)~¢)d¢§2-/0 exp (n-qb) do =

(—m) —2R L —2R =g
i | I Sl e
$=0 $=0

As a consequence
ol

lim —dz=0.
R—yo0 }’; Z

The function f(z) has no poles in H. Therefore Theorem 6.6 implies

SN 4 . iz
0= —dz+ —dz.

'5RZ ’)/;Z

As a consequence
e
lim | —dz=0.
R—o0 Jop 2
ii) We now consider the integrand
e*lZ

Z

along the two paths of integration —Jg and Y from Figure 6.6. We parametrize
2:=R-eY dz=iR-e"V dy.

Then

- e 0 » iR-e'V
d :/ —iR-e'"v) - — dy =
/y- o 4= | ek ) oy dy

0 .
= i~/ exp(—iR-e'"V) d.
-
We substitute
Y =—¢, dy=—do

obtaining

. efiz T )
/ dz = i~/ exp(—iR-e )d¢
Jr 2 0

From ‘
exp(—iR-e ) = exp(—iR- (cos ¢ —i-sin ¢))
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follows the estimate

lexp(—iR-¢™")| = exp(~Rsin(9))

efiz
/ dz
n <

Due to the estimate from part 1)

Hence

< /Oﬁexp(—R-sin 0)dg.

671Z

lim dz=0.

Theorem 6.6 implies - note the orientation of the integration paths -

e—lZ e—lZ
2Wi = —/ dz+ dz.
o < 173 Z

Hence )
. 871Z
lim dz = —-2mi.
R—yo0 5R Z

iii) As a consequence from part i) and ii) we get

% sin x ) sin z 1 el g e 2z
/ dx = lim ——dz | = —-lim / dz—/ dz | =
e X R \ Jop z 2i R\ Jop z &z

1 .
=5 (0—(=2mi)) ==

Lemma 6.14 (Gauss integral).

/ e dx = Nz

* 2
I:= / e dx.
Introducing polar coordinates:

oo oo oo 27
12:/ efxz dX'/ e,yz dy:// e*(x2+y2) dxdyz/ (/ d¢> r-e*ﬂ dr—
oo J—oo R2 r=0 ¢=0

o0 _ 2 0 _ _7t=00
:271:-/ r-erdr:n'~/ etdtzfc-[—e ’}170:71?
0 0 =

Proof. Set
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Here we made the final substitution
r? =t 2rdr=dr.

We obtain
P=rmgandl =7

Proposition 6.15 (Fresnel integrals).

/Om cos(x?) dx = /Omsin(xz) dx = \/?

Proof. The proof relates the Fresnel integrals to the Gauss integral from Lemma 6.14.

1) For R > 0 we choose the path 9 from Figure 6.7 as path of integration.

+i

Re

Fig. 6.7 Path of integration

-2 5 /4 2 2ipN ip i
e “ dz= exp(—R”-e”'?)-iR- €'’ d¢
R 0

Hence

2
/ e * dz
R

< /Oﬂ/4 exp(—R*-cos(29))-Rd¢ = ;/:m exp(—R*-cos ¢)-Rd¢ =
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1 a2 , 1 , 2
:7./ exp(—R” - sin ¢)-Rd¢§f~/ exp(—R*-—-¢)-Rd¢p =
2 Jo 2 Jo T

¢:oc ¢:<x7
__ T
"P)] T 4R

9=0

T 2
—ﬁ-R@xp(—R .

Q|
IR

1
=5 exp(—R*-

which implies

. _2
lim e dz=0.
R0 o

ii) The integrand e s holomorphic. Theorem 6.6 implies

R 2 2 0 2
0= / eV dx+ | e dz+ et dz
0 TR

Reim/4

or

o ) Rem/4 )
/ e dx= lim e * dz.
0 R—e0 /o

iii) We parametrize the line of integration of the integral on the right-hand side as

z=1™* t €[0,R] and dz = ™/ *dr, 22 = ir*.

Rel™* ) R, ) R R
/ e dz =" / e dr = ™t (/ cos(t*) dt —i-/ sin(t?) dt)
0 0 0 0

iv) As a consequence

ﬂ (=] . (o<} . . (=] (o=}
£:/ e dxze’”/4-/ e i dr = M4 (/ cos(1?) dt—i-/ sin() dt) .
2 0 0 0 0

Computing

ﬁ.e—mﬂzﬁ.gz(lfi). i
2 2 2 8

and comparing real part and imaginary part proves

/Omcos(t2) dt = \/i = /Ow sin(t?) dt
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6.3 Applications of the residue theorem in complex analysis

Proposition 6.16 (Counting zeros and poles of a meromorphic function).
Consider a domain G C C and a non-constant meromorphic function f on G.
Let A C U be a compact subset with piecewise smooth boundary such that f has
neither zeros nor poles on dA.

Then the numbers N of zeros and P of poles of f in A - counted with multiplicity -
satisfy
1 /
2mi Joa f(2)

Proof. The quotient f”/f is meromorphic on U. Consider a point a € A and set
k:=ord(f; a).

The Laurent expansions with center = a are

 ngki

f@)=) en(z=a)" cx #0,

n=k

F@=Yner(c-ay.
n=k
e If k# 0 then
ord(f; a) =kand ord(f'; a) =k—1,

hence
ord(f'/f; a) = ord(f'; a) —ord(f; a) = —1.

Hence the quotient f’/f has a pole of order = 1 at a. Its residuum follows from

(@) k-alz— a)*=! + terms of higher order ok

= 0(0
f(2) ck(z—a)* + terms of higher order z—a +0(0)

as
res(f'/f; a) = k= ord(f; a).
o Ifk=0then f(a) #0, and
fo f and 1/f

are holomorphic in a neigbourhood of a. Hence

res(f'/f; a) =0=ord(f; a).

Theorem 6.6 implies
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&dzzhti- Zres(f’/f; a)=2mi- Zord(f; a)=N-P

JA f(Z) acA acA

Theorem 6.17 states that for a holomorphic map f the number of zeros within a
compact set A remains constant under a perturbation ¢, if the latter remains small
on the boundary dA - and a posteriori within the compact set.

Theorem 6.17 (Rouché’s theorem). Consider a domain G C C and a compact
set A C U with piecewise smooth boundary. If

f,0:U—C

are two holomorphic functions satisfying for all z € dA

0 <[/,

then
f and the disturbed funtion f — ¢

have the same number of zeros in A - counted with multiplicity.

Proof. For each arbitrary but fixed real parameter ¢ € [0, 1] we consider the holo-
morphic function

F=f—-t-¢:U—C.
We have

fo=fand fi=f—9¢.
By assumption each F; has no zeros on dA. We denote by N; the number of zeros
of F; in A. Proposition 6.16 implies

1 F/
/a /(@) dzeN.

"7 2mi Joa F(2)

Because the integrand depends continuously on 7 € [0, 1] we obtain

No =N

Remark 6.18 (Fundamental theorem of algebra). Rouché’s theorem provides a
second proof of the fundamental theorem of algebra, cf. Corollary 3.20:

Consider a complex polynomial of degree = n
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p(2)=7"+an 17" +..+ar-z+ao € Clz.
The function f(z) := 7" has the only zero z = 0; it has multiplicity = n. Define the
polynomial of degree <n—1

$(2) i= —(an-1-2" ' +...+a1-z+ap) € C[z).

For R > 0 sufficiently large we have for all |z| = R due to their distinct degrees

[f (@) > [o(2)]-
Theorem 6.17 implies that
p(2) =f(z) - 9(2)

has the same number of zeros as f(z), i.e. p(z) has n zeros. O

Example 6.19 (Counting zeros of a polynomial). To determine the number of zeros
of the polynomial
p(2) =2t +5z+2
in the unit disk D;(0) we set
f(z) :==5z+2
and
0(z) = —z*

The linear polynomial f has the single zero z = —2/5 in the unit disk; the zero has
multiplicity = 1.

For |z| = 1 we have

9(z)[ =1
and
If (@) = 15242 = |52 - 2] = 3,
in particular
19(z)[ =1 <3 <|f(2)].
Theorem 6.17 implies that

p(2)=f(z) - ¢(2)

has a single zero in the unit disk, like f(z).

Theorem 6.20 (Inverse function theorem). Consider an open subset U C C and
a holomorphic function
f:u—-C
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with
f(a) #0

for a point a € U. Then open neighbourhoods
Vi CU ofaand Vo C C of b= f(a)

exist such that
f‘V] Vi—=>W

is bijective, and the inverse map

g=fIvi) vV

is holomorphic, satisfying

Fig. 6.8 Locally defined inverse function

1) Bijectivity: The function
f—b
has a zero of order = 1 at z = a because f’(a) # 0. Lemma 1.10 implies the existence

of a radius r > 0 such that -
D,(a)C U,

and a is the only zero of f —b in D,(a). In particular
)

e:=inf{|f(z) —b|: |z—a|=r}>0.
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For any arbitrary but fixed w € C with

lw—b| <e€
we apply Rouché’s Theorem 6.17 to the compact set

A:=D,(a)
and the two holomorphic functions

f—band ¢ :=w—b:
For |z —a| = r we have
19(@)| = [w—b| <e<|f(z) - bl
Hence for exactly one point z € D,(a)
0=(f(z)=b)=¢=f(z) —b—(w=b) = fz) —w.

We set
V2 = Dg(b) and Vl = Dr(a) ﬂfil(vz)'

Then
f‘V] Vi—=W

is bijective with inverse function
g: Vo=V, glw) =z

ii) Holomorphy: For arbitrary but fixed wy € V, we claim

1 2 f'(z)
$00) = 351", T %

The integral on the right-hand side can be computed by the residue theorem: The
integrand has in V; a single pole at

20 := g(wo).

Due to part i) the pole has order = 1. Lemma 6.11 determines the residuum

res [ 2@ ) w0 f0) _ — ¢(wo)
F@—we )T TP TR

Theorem 6.6 implies



158 6 Integral Theorems of Complex Analysis

1 z: f() =@\ _
%'/avl e dz:res (f(z)—w/ Zo) = g(wop).

To prove that g is holomorphic we note: The function g has continuous partial
derivatives and satisfies

dg/dw=0.

Both statements follow from interchanging integration and derivation in the integral-
representation of g because the pole of the integrand is not located on the path of
integration.

iii) Derivative: The claim

L,
g(W)—f,(Z),

follows from applying the chain rule to the composition

= f(2),

gof=

Note. In the context of real analysis one cannot conclude that the inverse of an
injective differentiable function is again differentiable. A counter example is the
function f(x) = x> at the point x = 0.



Chapter 7
Homotopy and Simple Connectedness

Homotopy means continuous deformation of continuous maps. Homotopy is a prin-
ciple from algebraic topology. The first concept in algebraic topology which relies
on homotopy is simple connectedness, see Section 7.2.

In the context of complex analysis the objects to deform are paths, considered
as continuous maps from the closed unit interval to a domain in C. The interplay
of simple connectedness and holomorphy provides some of the most remarkable
results from complex analysis, see also Section 8.2 in Chapter 8.

In the whole chapter G C C denotes a domain, because all results refer to con-
nected open sets. The term continuously differentiable path 7y in G means a continous
function

y:[0,1] =G

which is piecewise continuously differentiable.

7.1 Integration along homotopic paths

If a function f has a holomorphic primitive (Deutsch: Stammfunktion) then integra-
tion of f along a path equals the difference of the primitive at the endpoints of the
path. In particular, the integral is independent from the path chosen between the two
points.

Proposition 7.1 (Integration and primitive). Consider a holomorphic function
f:G—C
which has a primitive F in G, i.e. there exists a holomorphic function

F:G—C

159
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satisfying
fi=F.

Then for any piecewise continuously differentiable path
y:[0,1] =G

holds
/y £(2) dz = F(¥(1)) = F(7(0)).

In particular, the path integral is independent of the path choosen from the point ¥(0)
to the point y(1).

Proof. By definition

1
[ dz= [ reo) v a.
b4 0

Setting
N:=Reyandp:=Imy

and identifying G C C ~ R? we compute

S F(0) = 5 FOM0).220)) = o (r0) - 0) + S r0) 1)

According to Proposition 2.4 the holomorphy of F' implies

%F(Y(f))ZF/(V(I))'%/(f)+i'F/(Y(f))'Yzl(f)ZF/(Y(I))'Y/U)Zf(Y(f))'V/(f)
Hence
1 1 d
[ dz= [ rren-v'oyde= [ L F0) di=F (1) - F(x(0))
Y 0 0 at
O

In general, holomorphic functions do not have a primitive for arbitrary domain G,
see Remark 7.2. The existence of a primitive may depend on a certain topological
property of the domain G.

Remark 7.2 (Obstruction to a global branch of the logarithm function). Consider
the function

[:C=C fz)=1/z

1. The residue Theorem 6.6 implies
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dz .
/‘Z‘:lf(z) dz:/‘d:l ?:2711.

And Proposition 7.1 concludes that f has no primitive in the domain G := C*.

2. As a consequence, there is no holomorphic branch of the logarithm
F:C"—=C
satisfying for all z € C
exp(F(2)) ==.

For an indirect proof assume the existence of a holomorphic function F
with exp(F(z)) = z. Taking the derivative gives

F'(2)-exp(F(z)) =1

- F'(z) =exp(F(2)) "' =1/z= f(2),

a contradiction, because f has no primitive in C*.

Despite Remark 7.2, locally any holomorphic function has a primitive and
Proposition 7.1 applies.

Proposition 7.3 (Local existence of a primitive). Consider a holomorphic
function
f:G—=C

defined on a disk
G :=D,(z0), r>0.

Then f has a primitive in G.

Proof. For z € G the function f expands into a convergent power series
f@)=Y cn(2=2)"
n=0

Therefore the power series

F:G—C, F(z)::i

n=0

Cn

)n+1
n+1

(z—z0

)

is convergent in G, and F is a primitive of fin G. O
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We now define and investigate the basic topological concept of the present chapter.
Definition 7.4 (Homotopy).

1. Two paths
1, n:[0,1 =G

with
20 :=(0) = 1(0) and z; := (1) = % (1)

are homotopic in G if a continuous map
$:[0,1]x[0,1] =G
exists with
@(—,0) =% and 45(—, 1) =N

and
¥ = ®(—,s):[0,1] = G, s €]0,1],

a path in G with %(0) = zp and %(1) = z;. In case both paths are continuously
differentiable, then all paths 7, s € [0, 1], have to be continuously differentiable
too.

2. The map @ is named a homotopy between the paths ¥ and ;. The family of
curves

(% := @(=8))sepo.]

is a deformation of 7 to y;, see Figure 7.1.

A homotopy &(¢,s) has two variables. The second variable s parametrizes the
intermediate paths ¥, while the first variable # parametrizes the points along a
given path 7. All intermediate paths in Definition 7.4 have the same start zg and
the same end z;.

Theorem 7.5 (Integration along homotopic paths). Consider a holomorphic

function
f:G—C

and two in G homotopic, continuously differentiable paths
Y, - [Oa 1] -G

from a point 7oy € G to a point 71 € G. Then

fl@dz= | f(z)dz
Y N
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Proof. 1t suffices to show: For any deformation (% = @(—,s)),e0,1) of 10 to %1 the
integral

I(s):= | f(z)dz
’yS

does not depend on s € [0, 1].

Fig. 7.1 Integration along homotopic paths
Choose an arbitrary but fixed s € [0, 1]. Compactness of [0, 1] and continuity of ¢
imply the existence of two numbers
£,06>0
and a finite decomposition
n=0<n<..<t,=1
of the parameter interval [0, 1], such that
Up:=D¢(%:(tx)) CG, k=0,...,n,
and forall [s—s'| <dandk=1,...,n

’ysz([tkfl,tk]) Cc Uy.
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Denote the restriction by

Yo k= ’}/S/Hlk,l,lk], k= 1,....n.

We have

.};f(z) =Y (/};ka(z) dz) |

k=1

For arbitrary but fixed s’ with
|s—s'| <8

denote by
o CUp, k=1,...,n,

the line connecting ¥;(#;) with ¥y (%), see Figure 7.1. Proposition 7.3 provides a
primitive of f in Uy, and Proposition 7.1 implies

(z) dz= (z) dz+ f(@)dz— | f(z)dz

Ys.k J O Yk

Summing up all summands for k =1, ...,n proves

f(@)dz= [ f(2)dz
Ys

¥

7.2 Simple connectedness

The present section starts the investigation of simply connected domains. The in-
vestigation will be continued in Section 8.2 with the classification of all simply
connected domains in C up to biholomorphic equivalence.

The concept of simple connectedness relies on closed paths and their homotopy.
For closed paths the following Definition 7.6 of homotopy is slightly different from
Definition 7.4.

Definition 7.6 (Closed paths and their homotopy). A path
y:[0,1] =G
is closed if y(0) = y(1). Two closed paths
%, %1:00,1] =G

are homotopic as closed paths in G if a continuous map
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®:[0,1]x[0,1] = G

exists with
(P(—,O) = Y07¢(_, 1) =N
and all paths %, := @(—,s), s €]0, 1], are closed.

If 9,7 are continuously differentiable, then also all paths 7, s €]0, 1] are re-
quired to be continuously differentiable.

In Definition 7.6 all paths
Ys := @(—,s), s €[0,1],

are closed, but - different from Definition 7.4 - each path ¥, may be attached to a
different distinguished point y(0,s) = y(1,s).

Fig. 7.2 Homotopic as closed paths

Definition 7.7 (Null-homotopic path). Consider a closed path
Y:[0,1] = G.
The path 7 is a constant path in G if for suitable zg € G

Y(t) =20
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for all ¢ € [0, 1]. The path ¥ is null-homotopic in G if y is homotopic as closed path
in G to a constant path in G.

Theorem 7.8 (Integration along homotopic closed paths). Consider a holomor-
phic function
f:G—C

and two closed, continuously differentiable paths
Y, - [071] -G

which are homotopic as closed paths in G. Then
f(@)dz= | f(z)dz.
10 n

In particular,

f(z)dz=0
Y

if Yo is null-homotopic in G.
The proof of Theorem 7.8 is analogous to the proof of Theorem 7.5. The second

part of the theorem follows from the first part.

Definition 7.9 (Simple connectedness, star domain).

1. A domain G C C is simply connected if any closed path
Y:[0,1] =G
is null-homotopic.

2. The domain G is a star domain with respect to a point a € G if for any z € G also
the line from z to a belongs to G.

Remark 7.10 (Star domains are simply connected). Any star domain G with respect
to a point a € G is simply connected.

For the proof consider a closed path
y:[0,1] =G

Then
@:[0,1]x[0,1] = G, ®(t,s) :=as+ (1 —s5)y(t),

is a homotopy from ¥ to the constant path at a.
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Remark 7.11 (Fundamental group). In general, for three points z; € G, i =0, 1,2,
and two adjoining paths in G, a path o from z to z; and a path o, from z; to z3,
the product

o * O

is the path in G from zg to z; defined as

oy (2t) t€[0,1/2]

arxop 0,1l =G, t— .
102 {0,1] {OCQ(ZI—I) te1/2,1]

For a path & in G from zg to z; the inverse path ! is defined as the path in G
from z; to zg
a (1) :=a(l—1).

This construction allows to define a group structure 7; (G, *) on the equivalence
classes of closed paths in a domain G, which is named the fundamental group of G.
As a consequence the domain G is simply connected if and only if 7; (G, %) =0,
see [16].

Theorem 7.12 (Path-independence in simply connected domains). Consider a
simply connected domain G C C and a holomorphic function

f:G—C.
Then for any two points 2, z1 € G and continuously differentiable paths
1,7 :[0,1] = G
from zg to z1 holds
f@)dz= | f(z)dz
1 !l
Proof. Consider the closed path

Y=

According to Theorem 7.8

Oz/f(Z)dz: f(@)dz— | f(2)dz
Y ¥0) N

Theorem 7.13 (Global primitives in simply connected domains). Ifthe domain G C C
is simply connected, then any holomorphic function
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f:G—=C

has a primitive
F:G—C

Proof. We choose a fixed point zg € G and define
Z
FiG-CFE) = [ @ ag= [ o).
20

Here the integral is computed along an arbitrary continuously differentiable path y
in G from zg to z. The result does not depend on the choice of 7y, see Theorem 7.12.

In order to show that F' is holomorphic we choose an arbitrary but fixed point z; € G

and a disk
U:=D:(z1) CG.

Z

o

Fig. 7.3 Splitting the path of integration

Denote by
F:.U— C

a local primitive of f according to Proposition 7.3. Then for any z € U

F(z) = /Z:f(C) dg = / £ dE+ /fo<;> dg =

21
= [ 1(©)dg +F(@) ~ F(ar)] = const+ Fy2).
20
which proves the holomorphy of F'. Moreover, for z € U

F'(z) = F{(2) = f(2)



7.2 Simple connectedness 169

Corollary 7.14 globalizes the local statement of Proposition 5.15. It explains the
result of Example 1.27.

Corollary 7.14 (Global branches in simply connected domains). Consider a
simply connected domain G C C and a holomorphic function without zeros

f:G—C".
1. In G exists a holomorphic branch of the logarithm of f, i.e. a holomorphic func-
tion
F:G—C

satisfying
=71

All holomorphic branches of the logarithm are the functions

Fo:=F+k-27i, k€ Z.

2. In G exists for any n € N* a holomorphic branch of the n-th root of f, i.e. a

holomorphic function
F:G—C

satisfying
F'=f.

All holomorphic branches of the n-th root are the functions
Fi= WM F k=0,1,...,n—1.
Proof. 1. We choose a point zyg € G and a logarithm wq of f(z9), i.e.

e = f(z0) #0.

Theorem 7.13 provides a primitive F of the holomorphic function f '/ f with F(z) = wo.
The proof of the claim

e =rf

follows in an analoguous manner as in the proof of Proposition 5.15.

2. We choose a holomorphic branch of the logarithm
log:G—C*

and define
F:=el/mlos . G,

Then
F'— en~(1/n)~logf — plogf — f.

If F also satisfies £ = f, then
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Asa consequence,
F 4
F=—= 2mi-(k/n)
k F e

with a fixed k € {0,...,n— 1} is an n-th root of unity. O

7.3 Outlook

Maps like
exp:C— C*

and
C* = C*, z 25,
are examples of covering projections. For a covering projection

f:X—=Y

between topological spaces X and Y the pre-image of small open subsets V C Y
splits into a disjoint union of sets which f maps homeomorphically to V. The num-
ber of pre-images is constant along Y.

The theory of covering projections belongs to the field of algebraic topology.
Algebraic topology studies the relation between the category of topological spaces
and the category of groups. A first set of relevant groups are the fundamental groups
of topological spaces. The results from algebraic topology allow to prove statements
about topological spaces by means of algebra. The fundamental group is a functor
from the category of topological spaces to the category of groups.

Good textbooks on algebraic topology are [16], [21, Kap. III], and [23].



Chapter 8
Holomorphic Maps

8.1 Montel’s theorem

Lemma 8.1 (Bolzano-Weierstrass theorem for a sequence of sequences).
Consider a sequence (Ay)yen of sequences

AV - (avn)nENa Ve N7

of complex numbers ay, € C, and assume: For each n € N exists a
constant M,, € R which bounds the n-th element of all sequences Ay, i.e. for
allveN

|avn| < M,.

Then a subsequence (Av, ),y of (Av)ven exists such that for each fixed n € N
the n-th elements of the subsequence converge, i.e.

ay = lim ay,,
k—roo
exists.

The Bolzano-Weierstrass theorem from calculus considers a bounded sequence of
numbers. It states the convergence of a suitable subsequence. Lemma 8.1 considers
the more general case of a sequence of sequences, such that the elements with the
same index from each sequence are bounded. The lemma implies the existence of a
subsequence of sequences which converges component-wise. When considering a
sequence of numbers as a vector a € C" with infinitely many components, then
Lemma 8.1 generalizes the Bolzano-Weierstrass theorem from numbers to infinite
vectors.

Proof. First, the proof applies step by step the original Bolzano-Weierstrass
theorem to select subsequences of (A ),y with convergent components. The final
subsequence is obtained by a diagonal process.

171
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i) Iterative choice of subsequences:
* The sequence of zero components

(avo)ven

is bounded by M. The Bolzano-Weierstrass theorem provides a subsequence

(Avkﬁo)keN of (Ay)ven
with limit
ap = kli%rloloavkto().

* The sequence of first components

(avk,() 1 )kGN

is bounded by M. The Bolzano-Weierstrass theorem provides after a
subsequence

(AVkA,l )keN of (AVk,o )keN

with additional limit
a = %glgoavkﬂll'

* Continuing in this manner, one obtains after the n-th step a subsequence

(Ave)ien OF (v ey

with additional limit
a, = ]}E)anvkﬁnn'

i) Diagonal sequence: To finish the proof we define the subsequence

(A"k )keN of (AV)VEN

as follows: For k € N set
Ay, = AVkﬁk

as the sequence which has been chosen during step = k by considering the
elements at position = k. Hence for all n € N the n-th element of the sequence Ay,
is the number ay, ,,. We claim: For alln € N

a, = lim ay, ;,
k—roo ’

The proof follows from step = k considering k > n. O
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We now apply Lemma 8.1 to a sequence (fy ), of uniformly bounded
holomorphic functions: For given v € N the sequence A, will be the sequence of
the Taylor coefficients of f.

Proposition 8.2 (Uniform boundedness and compactly convergent
subsequence). Consider a sequence (fy)yen of holomorphic functions

fv:D(0)—=C, veN,

defined on a disc D,(0), r > 0.
Assume the existence of a constant M € Ry such that for all z € D,(0) and
allveN

@] <M.

Then (fv)ven has a subsequence
(fvi ke
which is compactly convergent to a holomorphic function
f:Dy(0) = C.

Proof. 1) Constructing the Taylor series of the limit function: For each v € N the
Taylor coefficients of the holomorphic function

fV(Z) = Z Ayn 'Zn
n=0
satisfy for all n € N the Cauchy estimate

Ia\/n| S 7'7’

see Theorem 3.22. For each v € N we consider the sequence of the Taylor
coefficients of f,
Ay = (avn)neN

Lemma 8.1 provides a subsequence (Ay, )ken of (Av)yen such that for eachn € N
the n-th elements ay,, of the sequences Ay, are convergent:

ay = lim ay,,
k—ro0
Apparently, for all n € N also
lan| < s

For all z € D,(0) the power series
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f@) =Y an-"
n=0

is convergent because

n
z z
lan-Z"| < M- <|> and U< 1.
r r
Hence the power series f(z) is a holomorphic function
f:D:(0)— C.

ii) Compact convergence: In order to show that (fy, ), cn 1s compactly convergent
to f we may assume that the selected subsequence equals the original
sequence (fy), - Consider an arbitrary but fixed radius 0 < p < r and & > 0.

Claim: There exists an index vy such that for all z € D, (0) and all v > vy

1f(2) = f(z) <e.

The convergence of the geometric series

£ (2)

provides an index N € N such that

(7)<

As a consequence we obtain for all z € D, (0) and all v € N the coarse estimate

n n
= = = 1% - 1%

Due to step 1) for all n € N the limit

A~ m

N m

lim ay, = a,
V—roo

provides an index Vg such that for all z € Ep (0), for all v > vy, and for the finitely

many indices n =0,1,....N —1

€
|an'Zn_avn'Zn| = ‘an_a\/nl'|z|n < \an—avn|-p” < N

Summing up we obtain for all z € D, (0) and all v > vy
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S o N—1 o
Y oan-?' =Y a2 < | Y (an—ayn)- 2|+ | Y (an—ay)-2"| <
n=0 n=0 n=0 n=N
<N 4
4 —_=¢
- 2N+2

Montel’s Theorem 8.3 generalizes the Bolzano-Weierstrass theorem, valid for
number sequences, to sequences of holomorphic functions. The condition of
boundedness from the original theorem has to be replaced by boundedness of all
functions on compact subsets. The resulting subsequence of holomorphic functions
is compactly convergent to a holomorphic limit.

Theorem 8.3 (Montel’s theorem for locally bounded sequences of holomorphic
functions). Consider an open subset U C C and a sequence (fy)ven of
holomorphic functions

fv:U—=C,veN.

Assume: For any compact subset K C U exists a constant Mg > 0 such that for
allveN
vk < Mk.

Then a subsequence

(ka)keN

exists which is compact convergent on U with limit a holomorphic function
f:U—C.

Proof. 1) Fixed compact subset: Consider an arbitrary but fixed compact set K C U.
Because K is compact there exists a constant M > 0 and finitely many discs

Dy, (a;) with closure Dy, (a;) CU, i=1,...,n,

such that .
K c | Dy, (a)
i=1
and
1D, (@) < M-

Applying Proposition 8.2 successively for the finitely many indicesi = 1,...,n
provides a subsequence (fy, )xeny Which converges on K uniformly to a function

fx :K—C.

ii) Exhaustion by compact subsets: We claim the existence of a sequence (Ky )yen
of increasing compact subsets
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KhCcKyC..CcU

such that:

is an exhaustion of U, i.e.

U= ] Ky,

veN

¢ The sequence (Ky ),y

* and for each compact subset K C U exists an index v € N with K C K.

We construct Ky by shrinking U to the subset of points with boundary distance at
least 1/2" and bound at most 2": For each v € N the set

Ky = {ZE U: Dl/zv(Z) CU}ﬁbzv(O)

is bounded and closed, hence compact by the Heine-Borel theorem. Any compact
subset K C U is bounded and has finite distance from the boundary of U,
see [7, § 3]. Hence K C K, for suitable v € N.

Due to part i) we now choose successively subsequences of (fy)yen Which
converge uniformly on
Ko, K1, ...,Kp, ...

For the final subsequence of holomorphic functions

(ka)keN of (fv)veN

the function fy, at position k is by definition the k-th function of that subsequence
of functions which has been chosen for Kj. Then ( fy, )ren converges uniformly on
any Ky, v € N. Hence (fy, )ren converges compactly to f, and the function f is
holomorphic. O

8.2 Riemann Mapping Theorem

Riemann’s mapping theorem deals with the classification of simply connected do-
mains in the complex plane up to biholomorphic isomorphisms: Two domains G
and G, are considered equivalent if a biholomorphic map

eIE=YeX

exists. Elements from a given equivalence class are indistinguishable by means of
complex analysis. Riemann’s mapping theorem, Theorem 8.12, states: The equiva-
lence relation has exactly two classes. One class has only one single member, the
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complex plane C. The other class contains all proper simply connected subdomains
of C, e.g., the unit disc D, the sliced plane and the upper half-plane H.

In the present section we study holomorphic functions with domain or range in D.
After proving some results about the group Auz(D) of holomorphic automorphisms
of D, the proof of Theorem 8.12 proceeds along the following steps: Consider a
proper simply connected domain G C C.

* Study injective holomorphic maps defined on G, see Lemma 8.9 and

Proposition 8.10.

* Investigate a stretching lemma for injective holomorphic maps G — D, see
Lemma 8.11.

* Verify that injective holomorphic maps with maximal stretching are surjective,
see Theorem 8.12.

Theorem 8.4 (Schwarz Lemma about holomorphic endomorphism of D). Con-
sider a holomorphic function on the unit disc

f:D—=D

satisfying f(0) = 0.

1. Then
F/(0)] < 1 and | ()| < [2| for all z € D,

2. Notably, if

|/ (z0)| = |20l
for at least one zo € D* or if
f(0)=1
then f is a rotation, i.e. there exists 0 € [0,27[ such that for all z € D
flz)=z-€°.

Proof. ad 1) The function f expands into a convergent power series
f@)=) cad'=25()
n=1

with g a holomorphic function on D. The derivative is

) =g2)+z-¢'(2)

hence f'(0) = g(0). For any radius 0 < r < 1 and all z € D with |z| = r holds
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r-lg(z) =1f(2)] <1

which implies
lg(@)| < 1/r.

The maximum principle, Theorem 3.19, implies the same estimate in the whole
disc D,(0), i.e. for all z € D,(0):

lg(z)| < 1/r.

Taking lin} proves for all z € D
r—
(@) < 1.
As a consequence

[f'(0)] = [3(0)] < T and |f(2)] = [z] - [8(2)] < [z]-

ad 2) Each of the two additional assumptions imply that g assumes the maximum of
its modulus at a point from D: If

F'0)=1
then |g(0)| = 1. And if for zg # 0

| f(z0)| = |20l

then

| f(z0)]
|g(Z0)| - |Z()|

Theorem 3.19 concludes that g is constant, i.e. for all z € D

=1.

Corollary 8.5 (Automorphisms of D fixing the origin). Any holomorphic auto-
morphism
f:D—=D

with f(0) = 0 is a rotation.

Proof. Theorem 8.4 implies | f7(0)| < 1. The inverse function

g:=f"
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satisfies the same assumptions. Hence also

§'(0)[ < 1.
From go f = id follows
1
/
¢(0) = 5
=70

by the chain rule. Hence | f'(0)| = 1. Theorem 8.4 implies that f is a rotation. O

Notation 8.6 (Automorphism group of D).
Aut(D) :={¢ : D — D |¢ biholomorphic}

denotes the group of holomorphic automorphims of the unit disc.

Proposition 8.7 shows: It is no restriction to assume f(0) = 0 in Theorem 8.4 and
Corollary 8.5.

Proposition 8.7 (Transitive action of Aut(D)). The group Aut(D) of holomorphic
automorphisms acts transitively on D, i.e. for any pair of points a, b € D exists an

element
¢ € Aut(D) with ¢(a) = b.

Proof. The group action is the canonical map
Aut(D)x D =D, (¢,2) = ¢(2).
Because Aut(D) is a group, it suffices to show: For each a € D exists ¢ € Aut(D)
with ¢(a) = 0.
We prove that the map

Z—a

Oq:D — C, (Pa(z) =

az— 1
belongs to Aut (D). Evidently
¢a(a) =0 and (¢q0 ¢a)(a) = a.

We even have
P00, =id

because for all z€ D
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z—a
—a _ _
B z—a\ -1 _z—a—a(az—1) z(l—aa)
(90 02)() = (az—1>_ z—a l_az—aa—aerl_ I—aa °
az—1

The map ¢, extends to the boundary dD. If
lZ? =2z =1

then

_ (z-a)z-a) l1-az—zatada
0a(2) - 0a(2) = (az—1)(az—1) 1—az—az+aa !
Hence ¢,(dD) C 9D, and ¢, o ¢, = id implies D C ¢,(dD), hence

0,(dD) = 9dD.
Because ¢,(0) = a € D we conclude
¢.(D) C D.

Hence ¢, € Aut(D) which finishes the proof. O

Theorem 8.8 (Structure of Aut(D)). The group Aut(D) of holomorphic
automorphisms has the form

Aut(D) = {'“-¢,: o€ [0,2n], a € D} ~[0,27[xD.
Here
Z—a
9a(2) = az—1

In particular, holomorphic automorphisms of D depend on three real parameters.

, 2€D.

Proof. 1) We construct a group morphism
F:Aut(D) — {“ ¢,: o€ [0,2n], ac D} :
For a given holomorphic automorphism
f:D—D

set
20 := f(0) € D.

We recall from the proof of Proposition 8.7 that

¢z, € Aut(D) and ¢,,(z9) = 0.



8.2 Riemann Mapping Theorem 181

Hence the composition
8=z 0f € Aut(D)

fixes the center O € D. Corollary 8.5 implies that g is a rotation, i.e. for
suitable o € [0,27[and all z € D

glz) =%z
Because ¢! = ¢, we obtain
f = (PZ() g,
orforallze D
- e%z—z0 . z—2z0e7'* . z—a .
1104 104 1104 1104
7) = e'%.7) = _ = e'*. - = . = e'%. z
FO =ty = S ot e TR g T g
with
a:=zpe '*eD.
Hence

f =",
The group morphism F is well-defined and surjective.
ii) We show the injectivity of F: If
¢ =%, = P ¢y, € Aur(D)
then application to a and b shows
¢(a)=0and p(b) =0,
hence a = b. While application to a point zyg # a shows

ol (z0) = eiﬁqj(m) with ¢(z0) # 0,

hencea=f. O

Lemma 8.9 studies the image of simply connected domains G under injective
holomorphic maps. And Proposition 8.10 proves the existence of injective
maps G — D under the assumption G # C.

Lemma 8.9 (Injective holomorphic maps). Consider a domain G C C and an
injective holomorphic map
f:G—=C.

Then also f(G) C C is a domain and

f:G— f(G)
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is biholomorphic. For simply connected G also f(G) is simply connected.

Proof. 1) Homeomorphy of f: Because f is not constant, Theorem 3.21 implies:
The map f is an open map, and the image f(G) C C is also a domain. Hence the
inverse map

flf(G) =G

is continuous. As a consequence
f:G—f(G)

is a homeomorphism, which implies that also f(G) is simply connected.

ii) Holomorphy of the inverse f~': To prove the holomorphy of f~! it suffices to
show forall z € G

F@)#0

and to apply Theorem 6.20 about the inverse function. Consider an arbitrary but
fixed zo € G. After choosing translations in C we may assume zyp = 0 and

f:D,(0)—=C

with f(0) = 0 but without zeros in D,(0)*. Being injective implies that f is not
constant. Hence
k:=ord(f; 0) e N*

is well-defined, and for all z € D,(0)
f@)=2fi(z)

with a holomorphic function f; without zeros in D,(0). Proposition 5.15, or
Corollary 7.14, imply the existence of a holomorphic root

V 1.
Therefore
g:D,(0) = C, g(z) i=z-/fi = {/7,
satisfies
g=r
and

k-ord(g; 0) =ord(f; 0) =k.

As a consequence
ord(g; 0)=1.

Theorem 6.20 implies that g is locally biholomorphic, i.e. for a suitable
radiusO0<p <r
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gDy (0) : Dy (0) = g(Dp(0)) =:V

and the following diagram commutes

One knows that the unit disk is biholomorphic to the upper half plane H. Hence by
taking the root of a simply connected domain # C one may assume that the domain
is contained in a suitable half plane.

Proposition 8.10 (Embedding simply connected domains = C into D).
Consider a simply connected domain G C C. Then a subdomain

GoCD
with a biholomorphic map
f:G= Gy
exists.

Proof. 1) Pushing G away from the origin: Choose a point a € C\ G and consider
the translation
fi:C=C, filz):=z—a

Then
G := fi(G)cC*

is simply connected.

ii) The “square root” G, of G1: Because G; C C* is simply connected,
Corollary 7.14 provides a holomorphic square root

gZG1—>(C

satisfying for all z € G
82 =z
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The root g is injective because

8 Holomorphic Maps

g(z1) =8(z22) = 21 =38(z1)* =gla2)* =2

Lemma 8.9 implies that
Gy = g(Gl) ccCr

is a simply connected domain, and
g:G =Gy

is biholomorphic.
We claim: For any w € C*

we G, = —w¢ G,
see Figure 8.1. For the indirect proof assume

w € Gy and —w € Gs.
Choose inverse images 71, 2> € G| with

g(z1) =wand g(z2) = —w.

Then

a=g)=w=(-w’=gx)=2

Hence
w=g(z1) =g(z)=-w

or w = 0, a contradiction.
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ﬁ

fa¥e)

| D (v)

Fig. 8.1 The square root G, = /G|

iii) Embedding G, into D by reflection: Because G is an open set, we may choose
a point b € G, and a radius r > 0 such that

br(b) C Ga.

Due to part ii)
D, (=b)NGy =0, i.e.

forall z € G,
lz+b|=|z—(=b)| >r.

The map
’

f2 : G2 — (Ca fZ(Z) = ma

is well-defined because —b ¢ G;. The map is injective and holomorphic, and
satisfies
f2(Gy) CD.
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By Lemma 8.9 the injective holomorphic composition
f::fzogofl :G—D

embedds G into D. O

In Proposition 8.10 one cannot drop the assumption that the domain G C C is
simply connected: Consider the domain

G:=C"CC

which is not simply connected. Any bounded holomorphic function f on G extends
holomorphically to the origin O € C due to Theorem 4.5. Hence f is constant due
to Liouville’s Theorem, Corollary 3.24. As a consequence, G cannot be
biholomorphically equivalent to a subset of the unit disc D, where the identity is a
non-constant bounded holomorphic function.

Thanks to Proposition 8.10 the classification of proper, simply connected
subdomains of C reduces to the classification of simply connected

subdomains G C D. The final step will show: It is possible to stretch G C D
biholomorphically to the whole unit disc D. The main result is the “stretching
lemma” from Lemma 8.11. It should be contrasted with the Schwarz Lemma 8.4.
The holomorphic map f from Schwarz Lemma, which is defined on all of D,
satisfies

F0)<1.
While Lemma 8.11 stretches Go C# D within D by a biholomorphic map f with
L (O)[1.

Lemma 8.11 (Stretching lemma for D). Consider a simply connected proper
subdomain
GoCD

and assume 0 € Go. Then a domain G C D with 0 € G| and a biholomorphic map
f:Gy =G

exist with

£(0) =0 and |f'(0)] > 1.

Proof. Recall from Theorem 8.8 the automorphism ¢, € Aut(D) with arbitrary
720 €D
Z—20

(on (Z) =

Sz
The maps are idempotent
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(on © ¢zo =id
and satisfy
¢Zo (ZO) =0.

i) Construction of f: By assumption a point
a € D\ Gy
exists. We choose b € D with b* = a.
First we push Gy away from the origin by considering
G := ¢,(Gp) C C*.

Denote by
g:G;— C

the branch of the square root with g(a) = b, which exists due to Corollary 7.14.
The map g is injective. We consider the composition

fi=@¢0g0¢s:Go—D
and define
G := f(Go)-
By construction f is holomorphic, injective and satisfies f(0) = 0.
ii) The derivative f'(0): By the chain rule the derivative of f computes as
£(0) = 6}(b)-¢'(a)- 6,(0).
The derivative of a fractional linear transformation

_oztB . (af
0(z) = . with <Y 6) € GL(2,C)

computes as

o oa(yz+8)—y(az+p)  ad—Py
()= (Y246 ~ (yz+9)2

¢ We obtain
—1+4aa
10y —
¢a(z) - (EZ_ 1)2a

hence
94(0) = —1+la®

* and similarly
—1+p? 1
9y(b) = =
’ (Ip>=1)>  [p]>—1

¢ Moreover
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i.e.
1 1 1
!/ /!
= 5 a) = = —
As a consequence
1 1
"0)= (la*—1) — ————
and
1 1+[pP

7(0) = (1~ [b[* > 1.

The last estimate follows from

VA TR 2]

|b] <1

which implies
0< (1—|b))*>=1+1b>—-2|b|

i.e.
2/b| < 14 |bJ?

Theorem 8.12 (Riemann’s mapping theorem). For each simply connected,
proper subdomain of the plane
GCC

exists a biholomorphic map

f:G=D
onto the unit disc.
In Theorem 8.12 the assumption G # C is necessary, i.e. the domain G has to be a
proper subdomain of the complex plane. The plane C and the unit disc D are not
biholomorphic equivalent, because each bounded holomorphic function on C is

constant according to Liouville’s theorem, Corollary 3.24, while the identity is a
non-constant bounded holomorphic function on D.

Proof. Due to Proposition 8.10 we may assume G C D. For the proof we need to
consider only the case G # D. W.l.o.g. 0 € G due to Proposition 8.7.

1) Set of embeddings: We consider the set of injective holomorphic maps to the unit
disc which fix the origin

F :={f:G—D: fholomorphic, injective, and f(0) = 0}.

The set is not empty because idg € .Z.
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For a suitable radius r > 0 we have D,(0) C G. The Cauchy inequalities from
Theorem 3.22 imply for each f € F

o)<t

r

Hence
M :=sup{|f'(0)|: fe F} <o,

and idg € % implies
M>1.

In part ii) we will show that the supremum M is attained by an element f € .%. If
the function f is not a biholomorphic map to the unit disc, then part iv) will
construct a contradiction to the maximality of f by applying Lemma 8.11.

ii) Constructing an extremal f € F: We choose a sequence (fy)yen of
functions f, € %, v € N, with

lim |£,/(0)] =M.
Due to Montel’s Theorem 8.3 we may assume that the sequence
(fv)ven
is compactly convergent to a holomorphic function
f:G—=C.
Theorem 3.27 about the convergence of the derivatives implies

lim £,/(0) = £(0).

V—roo

In particular

IF'0)=M=>1.
Moreover forall z€ G
If(2) < 1.
Assume
|f(z0)] =1

for a point zg € G. Then f assumes the maximum of its modulus at zp.
Theorem 3.19 implies that f is constant, contradicting

£ =1.

Hence
f:G—D.



190 8 Holomorphic Maps

iii) Injectivity of f: The proof is indirect. We assume the existence of two distinct
points z; # z € G with

w:= f(z1) = f(22).
Then the function
g=f—-w:G—>C

has the isolated zeros z = z; and z = z. We choose two disjoint discs
D,(z1) and D,(z2)

such that g has no zeros in

Dy(z1) \ {z1} and D,(z2) \ {22},
and
min{|g(z)|: z€ dA} >0

for

A= 5r(Zl) UDr(ZZ)v
see Figure 8.2.

Fig. 8.2 Injectivity of f

The compact convergence
lim gy =¢

V—roo

implies that for all but finitely many indices v € N holds
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llg—gvlloa <min{|g(z)|: z € JA}

Due to Theorem 6.17 for these indices the two functions

gand gy =g —(g—g&v)

have the same number of zeros in A. Hence also g, has two zeros in A, i.e. fy
assumes the value w at two different points of A, a contradiction to f, being
injective.

iv) Surjectivity of f: By indirect proof. Assume
Go:= f(G) ¢ D.

By Lemma 8.9 the domain Gy is simply connected because f is injective due to
part iii). Lemma 8.11 implies the existence of an injective map

g:Go—D
with
2(0)=0and |¢'(0)] > 1.

Hence the composition

fi=gof:G—D

is holomorphic and injective, satisfying

f(0)=0
Therefore
fez
But ~
F(0)=¢'(0)-£'(0)
implies

70> 1£(0)| =M,

a contradiction to the maximality of |f/(0)]. O

8.3 The projective space and its group of holomorphic
automorphisms

Until now, all holomorphic functions under consideration were defined on open
subsets of the complex plane C. The present section makes a first step into the field
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of Riemann surfaces. We introduce along three different ways the most simple
compact Riemann surface :

* As the extended plane C := C U {eo}, which is the 1-point compactification of
the complex plane,

s as the Riemann sphere, which is the unit sphere $> C R? provided with a
complex structure,

« and as the projective space P!, which is the set of all complex lines in the vector
space C? passing throught the origin.

In each case it is possible to introduce a complex structure which allows to study
holomorphic functions on the Riemann surface. All three complex strucres are
biholomorphically equivalent, hence they define the same Riemann manifold. We
show that the holomorphic automophisms of the Riemann manifold form the group
of fractional linear transformations.

The following numbers 8.8 - 8.19 view the Riemann surface as the extended plane,
the numbers 8.20 - 8.21 as the Riemann sphere, and the numbers 8.22 - 8.29 as the
projective space.

We start with the extended plane and the transformations from Theorem 8.8.

Definition 8.13 (Fractional linear transformation). A fractional linear
transformation is a meromorphic function f on C of the form

_a-z+ b

Ccoz+d

f(2)
with a matrix

A= (‘c’ Z) € GL(2,C).

In Definition 8.13 we distinguish two cases of the matrix A:

e Ifc=0then
a#0andd #0.

Hence for all z e C

and f is an entire function.
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o If ¢ # 0 then the denominator has a zero at

d
0=——
c

with numerator
ad 1
a-z0+b=——+b=——-(ad —bc) #0.
c c

Hence f has a pole at zy of order = 1, and z is the only pole of f.

To handle meromorphic functions with a pole at a point zp, we will introduce a new
value

oo = f(z0)

such that f becomes a holomorphic map into the extended plane, the
one-point-compactification of C ,

€ :=CU{eo}.
Definition 8.14 (Topology of C).
1. The extended complex plane is the set
€ :=CU{e}.
2.1fae Cthenasubset U Cc Cisa neighbourhood of a if
* Case a # oo: For suitable € > 0
D¢(a) CU.
e Case a = oo: For suitable € > 0
{zeC: |z| > 1/e}U{=} CU.
3. Asubset U  Cis open if U is a neighbourhood of each pointa € U.
4. Consider a sequence (zy)yen of points from € and a point a € C. Then
JEEL Zy:i=a

if any neighbourhood of a contains for all but finitely many v € N the point z,,.
5. Consider a subset M C C. A map

f:M—)@
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is continuous at a point a € M if any sequence (zy )yen of points of M with

11m Iy =da
V—oo

satisfies:

lim f(zv) = f(a).

V—oo

The map f is continuous if f is continuous at any point a € M.

Example 8.15 (Fractional linear transformations are continuous mappings). The
meromorphic function of a fractional linear transformation

a-z+b
fla)= c-z+d
extends to a continuous map
f:C—=C,

defined as follows:

e 1If ¢ # 0 then
f(z) zeC\{-(d/c)}
zr e z=—(d/e)
ajc z=oo
Continuity of f at zo = —(d/c) follows from the characterization of a pole, see
Theorem 4.12. To show continuity at zop = e compute

. az+b . a+((b/7) a
I g~ im Y@ <
i?ﬁw c-Z Z#oo C Z C

e If ¢ =0 then
ZH{f(z) zeC

[e] =0
Continuity of f at zg = oo follows from a # 0, d # 0, and

a-z+b . a

S oovd mdd T

Definition 8.16 (The standard open covering of the extended plane). We
consider the two open subsets of the extended plane

Dy :=C\ {oo} and D; := C\ {0}
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together with the two homeomorphism

pi:D;—=C, j=0,1,
defined respectively as

1)z z#00

0 = o

po(z) :==zand pi(z) == {
Then (D) j—o,1 is an open covering of €, named its standard covering.

The family
ijDj—>(C, ‘/'20,17

is the basic means to define holomorphy of maps on open subsets of the extended
plane. For j =0, 1 the notation

ijDj—>(C

will always refer to the standard covering from Definition 8.16.

Definition 8.17 (Holomorphic maps and the extended plane). Let U C C be an
open subset.

1. A function
f:U—=C

is holomorphic, if for j = 0,1 and
Uj = pj(UﬂDj) cC

the composition
fo(pi'0)):0;—=C, j=0,1,

is holomorphic in the sense of Definition 3.10. Note that U; is an open subset
of C.

2. A continuous map
f:u—-C

is holomorphic if for j =0, 1, and
Uj:=Unf '(D;)

the composition
pjo(flUj):Uj—=C

is holomorphic in the sense of part 1). Note that U; is an open subset of C.
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Of course, the important point in Definition 8.17, part 1) is the holomorphy
on U N Dj: One considers the reciprocal of the arguments of f

. 1
U —-C, z—
Z

And part 2) uses in addition the reciprocal of the values of f. Both cases rely on the
idea, to investigate the point at infinity and its small neighbourhoods by reflecting
the point co € C to the origin 0 € C, and then to consider neighbourhoods of zero.

Fig. 8.3 Holomorphic maps and the extended plane

Proposition 8.18 (Meromorphic functions are holomorphic maps). Any
meromorphic function f on an open subset U C C defines a holomorphic map in
the sense of Definition 8.17

FUSE 20 f(z)  fis holomorphic at 7
: , 2
oo f has a pole at 7
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Proof. Consider a pole a € U of f. Theorem 4.12 implies

lim £(z) = co.

Z—a

Ha
Hence f is continuous. For j = 0, 1, consider the open set
Ui:=Unf(D;)cU.
The set Uy C U does not contain any pole of f. Hence
[poo (FIU) : Uy — C) = [f|Us : Uy — C]

is holomorphic. The other set U; does not contain any zero of f. The function

1
m f is holomorphic at z
A z

pio(flUh) Uy = C,z—
0 fhasapoleatz
has a removable singularity at any pole of f, hence is holomorphic. 0O

In the sequel, we will skip the notation f and denote by f also the extended
holomorphic map to the Riemann sphere.

Corollary 8.19 (Fractional linear transformations are holomorphic maps on
the extended plane). Any fractional linear map

o) = a-z+b (a b

=" GL(2,C
ctd’ Cd)é (2,0),

is a holomorphic map

f:C— Cwith f(eo) :

Il
—N

Q

\
Py
(9}

N
(e

Proof. If ¢ =0 then
fleo) =<
For D,(0) with suitable r > 0 we check

profop;' :D.(0) = C, z— 1/£(1/2).

The function
d d-z

a-(1/2+b a+bz

1/f(1/2) =
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is holomorphic on D,(0) because a # 0.

For ¢ # 0 we have
f(°°) e Uy.

For D,(0) with suitable r > 0 we check
poofopi':Dy0) = C, 2 f(1/2).

The function
a-(1/2)+b a+b-z
c-(1/2)+d c+d-z

is holomorphic on D,(0) because ¢ #0. O

f(1/z) =

Proposition 8.20 explains how the extended plane C relates to a sphere.

Proposition 8.20 (Stereographic projection). Denote by
S ={eR: |&l=1}

the unit sphere in R> with respect to the Euclidean norm

1(&1,62,83) |1 := (/&2 + &5 + &5

The stereographic projection

& +i&

e if&#1

0:8=C, §=(6,6,8)~
oo ifé&=1
is a continuous map, when S*> C R? is provided with the subspace topology induced

by the Euclidean space R3. The stereographic projection has the continuous
inverse

| EeE @YD) fz=xtieC
v:C— 87—~

(0,0,1) ifz=o0
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N
Sl
ol PV i

N

Fig. 8.4 Stereographic projection ¢ of the unit sphere, from [4, Bild 29]

Figure 8.4 shows the stereographic projection ¢ from the north pole of the sphere
bijectively onto the extended plane. Because ¢ has the continuous inverse y the
map

o $25C

is a homeomorphism between the unit sphere and the extended plane.

The homeomorphic stereographic projection from Proposition 8.20 allows to
transfer the concept of a holomorphic map to the sphere, obtaining the Riemann
sphere.

Definition 8.21 (The Riemann sphere). Consider the stereographic projection
¢:8* = C

and its inverse
v:C— 82

A function
f:U—C, UCSzopen7

is holomorphic if the composition
foy:9(U)—=C

is holomorphic in the sense of Definition 8.17. The Riemann sphere is the
topological space S? provided with the concept of holomorphy defined above.
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Eventually, we define the projective space P! as a parameter space of complex
lines.

Definition 8.22 (Projective space, homogeneous coordinates). On the set

C2\ {0} = {(2}) : 21,20 € C and (z1,20) # (070)}

we introduce the equivalence relation

(Zl) o (Wl) e JAeC withz;=A-w;,j=0,1.
20 wo

The set of equivalence classes
(C*\{0})/ ~
provided with the quotient topology with respect to the canonical projection
n:C? \ {0} — P!

is the projective space. The class of a point
21 2
= C-\{0
:=(2) ecv)

is denoted
(z1:20) :=m(z) € P,

named the homogeneous coordinates of the class. By definition,

(Zlizo)=(W1:W0) = A cC*withz; =A-wyandzg = 4 - wy.

Note. A given class (z : z9) € P! represents the inverse image

¢ ((21:20) = C- (“),

<0

i.e. the line passing through the origin and the point

<Z1) €2
20

Accordingly, the projective space P! is the parameter set of all lines in C? passing
through the origin. Figure 8.5 shows: The subset Uy C P! parametrizes all lines
except the line {zp = 0}, while U; C P! parametrizes all lines except the line

{z1 = 0}. It is this last definition as a parameter space of objects from linear
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algebra which generalizes to higher dimensions. The n-dimensional projective
space is a basic object for algebraic geometry.

Fig. 8.5 Parametrizing lines in C? passing through the origin

Proposition 8.23 (Projective space and extended plane). The canonical map

21

— ifz0#0
.l @ . 20 o7
q:P'—=C, (z1:20) —

e ifzg=0

is a homeomorphism. For j = 0,1
Uj:=q '(Dj) = {(z1 : 20) € P! :2; # 0}

In particular,
JiC=P )= (z: 1),

is a holomorphic embedding, and

PIJ(C) ={(1:0)} =¢ ().

Remark 8.24 (The Riemann surface P').
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1. By definition of the quotient topology on P! a subset U C P! is open iff
n! (U) C Cc? \ {0}

is open. The quotient topology is Hausdorff. For j = 0, 1 the maps

z
S )
20

¢;:U; —C,(z1 :20) —
z
Do
21

are homeomorphisms. They are called complex charts of P'. On the intersection
Ug :=Up:=U1NUy = {(Zl : Zo) cP': 20,21 # 0}

one switches between the two complex charts by means of two transition func-
tions. The first transition function is

go1:=Poo 0, 91 (Uo1) — ¢o(Un1).

Vo1
2N
¢1(Uot) -------- L > ¢o(Uo1)

Because
¢o(Uo1) = ¢1(Un) = C*

the transition function
£01 CF— C*, Vlland 1/Z,

is holomorphic in the sense of Definition 3.10. Its inverse is the holomorphic
second transition function

g10:= 0109, " : 9o(Uro) = ¢1(Uro), 2+ 1/z.

The family of charts
= (9;:Uj = C)j=01

is a named a complex atlas. The atlas provides the topological space P! with the
structure of a Riemann surface.

2. Holomorphy is a local property. One defines: A function

f:U—->C
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defined on an open set U C P! is holomorphic if for j = 0, 1 the restrictions f|U i
are holomorphic; and f|U; is holomorphic if the composition with the chart

fo(glunuy™
is holomorphic in the sense of Definition 3.10. In case
UC (U() N U1)

the definition is independent from the choice of j € {0, 1} because the transition
functions go; and g are holomorphic.

As a consequence, the function
f:U—>C

is holomorphic iff
foq*1 1qU)—C

is holomorphic in the sense of Definition 8.17.

Remark 8.25 (Fractional linear transformations in homogeneous coordinates). Con-
sider the fractional linear transformation

a-z+b
S coztd

:C=C, fz) :

defined by the matrix

A= (Z Z) € GL(2,C).

The map ¢q induces the transformation
1 1 1 21 a-z1+b-z9
PP =P —
toreae 2 |(G)] - |5 105)
or in homogeneous coordinates

(z1:20) > (a-z1+b-z0:¢-21+d 20).

The commutative diagram
m
C2\{0} -~ €\ {0}

nl ln
g 'ofoq
pl N ]pl
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with the complex-linear map

my : C? —>(C2, (Zl> —A- (Zl)
20 20

shows that f is induced by matrix multiplication.

Remark 8.25 shows: Any fractional linear transformation is a holomorphic
automorphism of P!. The set of all fractional linear transformations, provided with
the composition, is a subgroup of the group Aut(P') of holomorphic
automorphisms of P!,

Theorem 8.26 (Group of fractional linear transformations). The group of
fractional linear transformations is generated by elements corresponding to the
following three types of matrices A € GL(2,C):

¢ Rotation-dilatation:

A g(l)) defining z+— a-z, a€ C".
b
1

A

O ==

¢ Translation: <

> defining z+— z+b, b € C.

e Reflection:
A= ((1) (1)> defining z— 1/z.

Proof. Note that two matrices A and A -A, A € C* define the same linear fractional
transformation. For a given linear fractional transformation

a-z+b
Ccoz+d

1)

we distinguish the cases
e ¢ = 0: Composition of rotation-dilation and translation

_a-z+b

(@) y

= (a/d)-z+(b/d)

e ¢#0, wlo.g. ¢ =1: Composition of translation, reflection, rotation-dilatation
and translation

_a-z+tb a(z+d)+(b—ad) b—ad

= + .
z+d z+d “ z+d

f(2)
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Proposition 8.27 (3—fold transitive action). Consider two tripel (z1,22,23) and
(w1, wa,w3), each with pairwise distinct points from P'. Then a unique fractional
linear transformation

f:P' - P!

exists satisfying for j =1,2,3
f(Zj) = wj.

Proof. 1) W.l.o.g. we assume
(W17W27W3) = (07 1700)

Depending on the choice of (z1,z2,z3) we consider the following fractional linear
transformation

* 21,22,33 # o0
-2 22—

Z) =
f() Z—33 —1
L4 leoo
22 —1Z3
Z) =
Q) =2
L] Zz_oo
Z—21
fz):=
—23
L] Z3_oo
Z—1721
z) = .
f() 2—12

In each case
(f(ZI),f(ZZ)7f(Z3)) = (0’ 1’°°)'

ii) To prove the uniqueness of f it suffices to show: The only fractional transforma-
tion f with three pairwise distinct fixed points is the identity. If

_a-z+b_

@)= cztd ©

then
c-2+(d—a)-z—b=0.

The quadratic equation has at most two solutions in C except for
c=bandd=a,

ie.if f#id. If
f(oo) =0

then
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a
f(“)—g—“’
which implies ¢ = 0 and
()_a b
flz —d-z+d

Hence in any case, f has only one further fixed point besides c. As a consequence,
any fractional linear transformation f # id has two fixed points. O

Theorem 8.28 (The group Aut(C) of holomorphic automorphisms). The group Aut(C)
of holomorphic automorphisms of the complex plane is the group of all affine-linear
maps

f:C=C, z—a-z+b.

Proof. 1) We claim: Any biholomorphic map
f:C=C
satisfies

lim | ()| = e

Z—ro0

For any R > 0 the inverse image
S (Dr(0)) cC
is compact because the inverse map f~! is continuous. Hence
£~ (Dgr(0)) C Dg, (0)

for suitable R; > 0 or - -
F(C\Dg,(0)) € C\Dg(0)

which proves the claim.

ii) f is a linear polynomial: The substitution w := 1/z implies

8:C" =C, gw):=f(1/w) = f(2),

satisfies
lim g(w) = oo.

w—0

Theorem 4.12 implies that w = 0 is a pole of g, hence for suitable k € N

glw) = i cn- 7"

n=—k

As a consequence
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o

f(z)= Z ez

n=—k

Holomorphy of f implies ¢, =0 for all n > 1:

k
f(Z) = Z Cn -7
n=0

is a polynomial of degree at most = k. Biholomorphy of f implies degree = 1. O

Theorem 8.29 (The group Aut(P') of holomorphic automorphisms). The group Aut(P')
of holomorphic automorphisms of P' or Mobius transformations is isomorphic to

the group
SL(2,C)/{zid}

under the isomorphism

SL(2,C)/{%id} = Aut(P")
induced from
cd) " coz+d’

2+b
SL(2,C) = Aut(P"), (“ b) @it

Proof. Consider an element g € Aut(P'). Theorem 8.27 provides the existence of a
fractional linear transformation f such that

(fog)(eo) =rco.
Hence the restriction
(fog)|C € Aut(C)

is a fractional linear transformation 4 due to Theorem 8.28. The Identity Theorem 1.17
shows

g=f"'onh.

Hence g is a fractional linear transformation. O

8.4 Outlook

The complex projective space P! is the most simple compact Riemann surface. The
theory of Riemann surfaces generalizes complex analysis of one variable from the
plane C to complex 1-dimensional manifolds, see [9].
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