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I. WARM UP

Ex. 4.1 (Countability)
We say a set I is (at most) countable if there exists an injective function ¢ : I — N.

1. Show that if I; and I are countable, then I; U I is also countable. Deduce that Z is
countable.

2. Show that if Iy and Iy are countable, then I x Iy is also countable. Deduce that Q is
countable. Hint: The decomposition 2™ 3™ is unique for ni,ngy € N.

3. Show that if I}, k > 1 are countable then Uy>;1) is countable.

4. Show that [0,1] is not countable. Hint: By contradiction, if it were so, one could write
1),.(2) (k)

[0,1] = {xn}nen and one can use the decimal decomposition x, = 0,xy, 'y, ... where xy,’ €
[10,9]]. Then one could construct = € [0,1] that does not belong to {2 nen by choosing =™
different from x%n).

5. Show that if I, kK > 1 are countable then szl I, may not be countable.

Ex. 4.2 (Approximation by step functions)
Denote

N
E(R™) = {Z apla,, Ay = {a® < 2; <2} 0P <P e R0y e C,N > 1} .
=1

We assume to know that E(R™) is dense in LP(R™). Show that for 1 < p < oo, the following
assertions are equivalent

e uy — u weakly in LP(R™)

o {un}y is bounded in L? and [, uy N—> Jau, VA ={a; <y < bi},a; < b €R.
—00



Ex. 4.3 (Approximation by Cg° functions)
Let f € LP(R"), 1 < p < oo and let x € C2(R?). For ¢ > 0, define x.(z) = e~ ¥x(z/e). We
assume to know that £(R™) is dense in LP(R™).

1. Show that fx = 1|;<n1js<nf converges to f in LP(R™) as N — oo.
2. Show that fn * x. is in C2°(R™).

3. Show that fy * x. converges to fy as ¢ — 0. Hint: One could approrimate fn by a a step
function.

4. Conclude.

Ex. 4.4 (Lack of compactness)
Let p € LP(R™), 1 < p < 00, k € R™ and define

oV (@) = N~UPp(N~), o (x) = NYPp(N'z)
¥ (@) = p(x — kN), o0 (z) = **No(a).

Show that these functions converge weakly to 0 in LP(R™).

Ex. 4.5 (L is the least regular)

Let ©Q C R™ be measurable.

1. Show that for all 1 < p < oo,

LP(Q)CL%OC(Q)—{f:Q—)(C,/ |f| < o0, VK C Q compact }.
KNQ

2. Show that LP(R™) ¢ LF (R™) ¢ L{ (R™) for all p > 1.

loc loc

II. EXERCISES

Ex. 4.5 (Sobolev inequality for gradients n = 2)
We want to prove that for all 2 < ¢ < oo there is a constant Cguq > 0 such that for all
f € HY(R?) we have

[ £l a2y < Csobgll fll 1 (r2) (1)

where 2* = 2n/(n — 2).
We assume to know that

e For all 1 < p < 2 there exists some C' > 0 such that

£l < Cllfllze

where 1/p'+1/p =1 and



1. Justify (in detail) that it is enough to show (1) for f € C2°.

2. For f € C°(R?), compute ﬁ\f(k) in terms of f(k). Deduce from this a formula for || f| s
in terms of f.

3. Let ¢ > 2 and p = ¢/, writing
Flk) = FUR)(1+ [R[)M2 x (1 + [K|?) /2
show that
1Fllp < CllF Nz

for some C' > 0 independent on f.

4. Conclude.

Ex. 4.6 (Sobolev inequality for gradients n > 3)
Let n > 3, we want to prove that there is a constant Cg,, > 0 such that for all f € LllOC with
Vf € L3(R") (in the sense of distributions) we have

1l L2 mry < Csobl|Vf 1 L2Rn)

where 2* = 2n/(n — 2).
We assume to know two things:

e The Hardy-Littlewood-Sobolev inequality: for all p,r > 1 and 0 < A\ < n such that %—I—%—i—% =
2, we have

1
L[ 5@ satmasay| < il lal. (2
for all measurable functions f, g.

e The Plancherel formula, for any f, g € L?

/nfg=/nf§

1. Justify (in detail) that it is enough to show (2) for f € C2°.

2. Prove that there is come C, > 0, such that for all £k € R"

|]€1|a =, /OO e~ mRPANa/2=1q )
0

3. Prove that there is some C, ,, > 0 such that for any f € C;°(R") and 0 < a < n, we have

(o A>V @) = Con | mgrmal W)y



4. Let f,g € C°(R™), show that

s fg‘ ) </R 'k’Q‘f(k)‘Q)m (/R \k\‘2@<k>\2)1/2

< ClIV Iz llgllr @)

for an appropriate p to be computed.

5. Justify that for any 1 < p < o0

sup
llgllLp=1

[ 10 =151

6. Conclude.

Ex. 4.7 (Bounded sequences in L? have weak limits)
Let 1 < p < oo, 2 C R? and we assume to know that LP(Q2). Let {f,} C LP(f), bounded, we
want to show that there exists a subsequence and f € LP(Q2), such that

Jor = f (3)

n—oo

weakly in LP

1. Let {¢r} C LP(2) be a dense sequence. By a diagonal argument, show that there exists a
subsequence f,/, such that for all £ > 1, the sequence {{f,/, k) }n/ converges, and denote by
Uy, its limit.

2. Let g € L¥ show that {(f,,g)}, is convergent (where {f,} is the subsequence from 1.)

3. Define, for all g € L, F(g) = ILm (fnr,g) and show that there exists f € LP such that
F(g) =] fg.

4. Conclude. What properties of L? did we use ?



