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Ex.1.1 (Elementary of properties of the Fourier transform)
Let f be a function in L'(R™) and denote by f its Fourier transform. Prove that

1. the map f — f is linear in f,
2. Thf(k) = e 2kl F(k) b e R
3. 0xf(k) = N F(Ak) A > 0,

where 7, is the translation operator, i.e., (17, f)(x) = f(z — h), and ) is the scaling operator such

that (0xf)(x) = f(z/A).

Ex.1.2 (Fourier transforms of L! functions vanish at infinity)
Let f € L'(R") and let f be its Fourier transform. Prove that f(k) — 0 as |k| — oo.

Ex.1.3(The Hausdorff-Young inequality)
Let 1 < p,q < oo and C, 4 > 0 such that for any f € L' N LP we have
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Ex.1.4(Fourier transform and convolutions)
Let 1 <p,q,7 <2 such that 1+ % = ]% + %. Show that for any f € LP(R") and g € L4(R™), we
have

f*g9=fg.

Hint: One essentially needs to make sure that all quantities make sense.
Ex.1.5(Fourier transform of |z|*™")
Prove that there is some C, ,, > 0 such that for any f € Cg°(R") and 0 < a < n, we have

<‘k1|a.]/c\) (1') = Ca,n /n ’x_::ly’n—af(y)dy



Hint: One can use that there is some C, > 0 such that for any k € R"
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Ex.1.6(Derivatives of distributions are distributions)
Let T € D'(f2), recall that for a = (a1, ..., a,) € Nj, D*T(¢) is defined by

DT() = (-1)*IT(D*¢)
for all ¢ € D(Q), where |a| =) _; .
1. Show that DT € D'(Q).
2. Show that if T' = T} for some f € C°°, we have

Dan == TDaf.



