
Henie from Cal with 1-=L : Civ ) ⇒ Ciii ) . ④
C- it

,
(v) and (ri ) : see exercises.
-

-

-

5. 4 Compact operatorsmm ~ -

General assumption : E and Y are both Banach spaces
-

1.27

Recall: In metric spaces : compactness ⇔ sequential cpf - ness
Henie the equivalence in

/Def277 An operator TEBLLXIY) is Impacto
= ⇔
FA c-E : A bonded ⇒ # ≤ Y compact ( i.e.TCA ) rel . cpt .

in Y )
⇔ tkxufu c-E : (a) u bounded ⇒ In has a

convergent subsequence

/E✗pU5# Caf For ke Cleo , ☐2)
,
let T:[ (Io

,
i]) →[ ([gig)

,

✗

(f)64 '-= /
◦
Klay)f(yl dy ,

ft [ ([0,13)
.

Then T is compact ( see

(b) Finite - rank operators :
TEBLCX

, YI is of fiwuk : ⇔ dim ran (T) <o
.

Then Tis compact :

Kulu C- I bounded ¥
"

In C- new CTI bounded
,

hence
,☒In is a bounded seq . in finite- dim . space , so,

by Bolzano - Weierstrass , it has convergent subsequence .

/TÉ Let 1- c- BLAH be compact , and @a) a ≤I s -t .

✗u ¥ ✗ c- E ,
→ N

.
Then Txn⇒"Tx strongly , i.e .

wit . the norm in Y ( Iltxn -Tilly → 0 , → a)
-
-

Exercise E13 .2)



no ④PI Let Yu : = Txu and y:=T✗ .

Since Xu → ×
,
we

have (by Lem -5-9 ) : ya → Y .
Assume

,
fur contradiction

,

that Yu# ( i.e. not . conn in norm /
.

Then Fe >0,7 Kundu :

Kyuu-yK2Etkc-1N.Bvt@un1newisweaklycouv.yso (by 4.29) bounded
.

e-sa

since T is compact , 7-④uncle :

Yum→ FEY , I ≠ y .
Sine Yun, #• Y tf ( 4.27 (4) this is a contradiction ,
so Yu

⇒§ strongly / in norm ☒

/Theoums- / Let 1- c- BLAH .

(a) AssumeA)
new

c- BLCXIYI
,
Tn compact tu C- IN, and

I /Tu - TH %
,
TE BLAH

ThenT is compact .
(b) Tis compact iff 1-

✗
is compact (Sawhney )

(c) Let 2- be a Banach space and £ C- BLLY
, 2-1 .

If £ or T is compact , then FTE BLK ,2-1 is compact .

(d) In particular : Denote KLAY) :
= {TEBLLX ,

Y ) IT compact } ,
KCII) : = KCE ,

# 1 . Then K (E) C- BLLII ) is a

two - sided norm - closed ideal

-
=

PI (d) follows fwm (a) & Cc) ( Y = 2-
=#-)

.

(c) Clear, since bounded
linear operators preserve convergence & boundedness

.

(a) Let @in)mw≤ II be bounded
,wlog.lt/mllL-1-Vmc-/N.AsTuiscompait(Tnxm)mhas a convergent subseq. ( dep . on u )

with limit yuc-YV-nc-IN.BY Cantor 's diagonal sequence
trick

,
7 common subseef . (✗make ,w ( i.e.in#p.ofn!1k-sos.t.TnXmn→ Yn th c- IN ( check !)

.

* f



Let E >◦ and NEIN such that 11Tu -Tu ' II < E thin
'

≥N
.④

Then

I /Yu
-

yu 'll
≤ Kyu -Tuxmn It + Iftu✗un- Tu ' ✗

inn
11 -111TEur- Yu 'll

a-
-

a-
≤ 11Tu -Tu'll < E

k→ a

< E
,
since 111 & (2) tend to 0 ask → 0 ( by *)

so (Yulnew is Cauchy , hence CY Banach ) convergent , i.
e.

YUJI c- Y
k-sa

Clem : 1117mn - Y 11 → 0
.

Indeed
,
let E >o

.

Fu c- IN s-t .

11T-Tull < § and Kyu - YU < §
Fix this

.

Then there is K c- IN s.t.HR/mn-yn1fCz--Vk≥K
( by #1

Hence
,
for all k ≥K ,

1117mn -y 11 ≤ 1117mn -Tu ✗mk 1ft If Tuxmn
- Tull -1114in - y /I
-TE TE
≤ 11T-Tull-"✗I ÷
< E

So
,
claim holds

,
and T is compact .

(b) : Let (b) new ≤ Y
* be a bounded sequence .

Then K : = 1-(BETT) = T(B¥) ≤ Y is a compact
metric

space .

The restrictions fu : = In /* c- CCK ) ( equipped
with

11.11g norm ] form a
bounded and equicontinuous sequence,

because

lfuly ,) - fulyall ≤ (sup Illich) - Ky ,
-Yzlly try , , ya c- K

kcg



By the theorem of Avzeta
- Ascoli ( 1.40 ) then ④

exists a uniformly convergent subsequence (fun/ naw ,

hence Cauchy , i.e.VE?oFwc-1w:V-k,la-N:l-uu-fuellc(
* ,

< E

so
,
for all k , l a- N :

=

sup ITHunt
- TThe ✗ I✗ THIN - Flue "

E* ✗ c- BEIN

= sup llunltxl
- due (Tx) / ≤ 11fun - fue Hc (+, ,

< E
.

✗C-BEG) ( * in fact "= "
,
since TCBIG) ) dense in K ) .

So C-✗Inn) new converges
in #*

,
hence 1-

✗
: Y *→ ☒

*
is apt .

If 1- ✗ compact , then 1-
✗ ×
:#
**
→ Y

**

is compact

by
"

⇒
"

.

So
,
from (c)

,
1-

✗✗

¥ is compact , when

J
*
: *→☒

**
is the canonical embedding

,
#✗Vff = fat

txt €
,
tf c-☒

*
.
Now

,
for ✗ c- ☒ and l c- YY we have

(T××J×=×/ (l ) = 5*6-14×11 = @ Ic ) -61
= lctxl =(JyCT✗))(e)

This implies 1-
✗ ✗

JE = JYT being compact .

Since

Y is closed in Y
** ( i. e. Jy (Y) ≤ Y

**
is closed)

,

T is

also compact . ☒

/Theoum5- Let H be a separable Hilbert space .

Then KCH) = {TEBLCHHTcompact} = {TtBUHlThasifuk}
" "

where the closure is wit . theopeiatwuovmn
-

Pf
"

≥
"

holds because of Ex - 5.28 (b) andTim .
5.30cal

(this does not need separability - or that tf is Hilbert space
( Banach ok ) ) .



±
"

: Need to prove
: Any compact 1-c- BLINI is the norm- ④

limit of finite - icing operators :

If dim (1-1) <N
,
there is nothing to prove . So

let dim ( H) = o

and let { cej} ;ew
C- H be an ONB . For u c- IN

,
define the

orthogonal rank- u
- projection Pu : = É < cej , ° > cej .

j=i

By Thur . 2- 51
: Pn>TI

,
hence TI - Pu = [ Ccej , . > cej ( where

j=n-11

the series converges in the strong operator sense) .

Let Ru : = Tpu C- BL (H) for uc- IN .
Then Rn has rank ≤ u,

and converges to T strongly ( Rn 3T) .

Strategy " Use compactness ofT to prove convergence
even uniformly .

Let ✗ EH ,
11411--1 -

Then
2
Bessel

1111--1274112=-21 Lcej , y > I ≤ 114112 = I

j=n- I

so that

11T- trull
= sup

111-1*-121411 ≤ sup sup 111-411
= ✗u .

✗ C-H 4 C- ranCTI- Pu)

4C- Hi 11411 = I H4K≤#11411=1

= : ✗n

Note " (✗a) new is non - negative end

decaying ,
so Lim Xu = :X ≥ 0 exists .

The theorem now

n→n

follows fwm :

Claimo
'

- For u c- IN
,
74in C- bun (TI -Pu) with 114m11 ≤ 1

and 111-4all ≥ ¥ ≥ ¥ .

Now
,
for all ✗ C- H

,

14,44<=1 <y , CI - Puttin > 12--1<(1--12)y.tn
> 12

c-% 11*-121×11? 114mi →%
.- IT

Ékesiy>i
j=n-11

u → so

so Xu ¥0 and ( sinceTcpf -7 Tfn → 0 (by 5.29) .
Soo ✗ = o

*

·


