
④/ReÑ lol self-adjoint or unitary ⇒ normal
.

(b) T normal ⇔ <Tx
,Ty > = <1- *× ,T*y > they c- H.

PI LHS = <1- *Tx -y > ,
RHS = <C-* )*T*✗ - y

> = <TT ☒
× , y > .

Hence : T normal ⇒ KTX If = 11T#✗ 11 tx c- H
.

In particular
? Kev CTI = her (1-*) .

(if 1- normal ! )

(c) T self- adjoint ⇔ <× ,Ty > = <Tx , y > they c- te * 1.

Setting ✗ = y gives
: <✗ iT× > c- 112 txt H

.

⑤The property * f is called syncing (T is symmetric 1.The notions
"

symmetric
"

and "

self-adjoint
"

agree for bou¥d linear operators ,
but their generalisations to ⇐ bounded operators do Not !]
(d) T unitary ⇔ <Tx ,Ty > = Lay >

= CT%
,
TE
,
>kxiyc-H.PI.LT/iTy7=LT*Txey7uudLT*xeT*y7--LCT*1*T*x,y7--CTT*Xy >

-
- -

/ F-xamp.US#/-CaST=z1I, 2- c- It .
Then 1-

*
= ETI

.

So
,
T is self-adjoint

-

iff. 2- c- IR .

(b) Let 1-1=[1-6,13] ,
ke Cleo

, 134 and

(f) 1×1 : = f
,

"

klxiylfcyldy tf c- H ,
Kx c- [oil]

Then TEBLCHI and , if Klay / = k⇔ Kay c-[o, iftuent is self-adjoint
- - -

-- -

In tens subsection : E Banach oue€5. 3 The spectrum
( I-e. It __e)

/ Definition / Let TEBLCE )

G) The ELECT (IT ) is pct) : = { Zee / T- z - TI is bijective}
Lii / The resolvent is Rz : = Rlz ,T) : =@- -2-1-5

'
= : € - 2-5

'

for which ever 2- c- Q this exists as a ( possibly unbounded / operator .
C) If Ze @ CT) ,

then Rz C- BLUE) ( bounded inverse term b)
( bl Rz need nod exist for 2-€@ CT) .

Liii) The spectrum is specCT) : = 6 CT) = = elect)
( ir) If there exists 0 ≠ ✗ C- II s -t . TX = ✗× for some ✗ c- e

,
then

✗ is an eigenvalue and ✗ the corresponding eigenvector .



( r) The poEspeÉT is ④
specpct)

: = 6pct ) : = { Zee / T- 2- not injective}
= { eigenvalues ott} .

( ri ) The counties street is

spec .
CT) : = felt)

-

_

= { 2-c-FITZ injective and van CT-2-1+-15 ,
but cleese}

(vii) The residual spe# II is

Speer LT)
: = ACT) : = { 2- c- €1T - 2- injective and ran CT-t) riot dense } .

[ OCT) = ¢ for mostT of interest in applications]

/Lemm Let TEBL#1.Then

C) ¢ = GCTI I @ (T) ( disjoint union)
(b) 6 LT ) = 6pct ) J Galt) I Gr CT )
C 1 If dim ☒ < •

,
then RCTI = ¢ = 6rLT) ( so 5 CT / = split / .
-

- -

PI (a) , Cbl clear by
definition

.

@ s follows fwm LinearAlgebra
'
- T- Z injective ⇒ clinker CT-2-1=0

dim#
<a

⇒ dim run CT-2-1 = dim (E) → ran CT- 2- I = € ☒

/ Lemma5.is#(Neumauuse-ies).LetTC-BLCI1 ,
with 11TH < e-

.

oo

Then CI -TI
'
c- BLLII) and * -TT

'
= IT I

.

-
- j=o _

PI see exercise CTZZ Sheet 6) . Here details for completeness
:

From 111-511 ≤ IITKI
,
111-1121

,
and Lemmer 2.50cal follows :S : = ITI c- 1321*1

j=o
For NEIN

,
we have
N

☒ -TI ETI = TI -Tat ' = TJ ) (TI -T )
.

j=o j=o

Now
, ÉTJ •

§ and Tat '-7% ( since 11Th -1111 ≤ 11TH
" " -4% ) .

Hence
,

5-°

¢I -1-75--71=541--1-1 so S = -Tt
' '

☐•

/ Lemma5 LetTEBLLE ) .Then 6 CT) ≤ { 2- c- e I 12-1 ≤ 11TH}
PI Far 12-1 > 11TH we have 11¥11 < 1 ,

hence 5- 18 gives existence of

134*12 ¥ (É - TI)
- /
= 4--2-5

'
= Rz

.

Hence
,

2- c- @ (T)
= I \ 6 (T) ☒

63



/Defi52o / Let D ≤ e be open , (2,11-11) a Banach space
-

over E ,
and } : D → Z .

2-↳ } (Z)

(i ) The map } is u- differentiable ( or study differentiable)
at 2-

◦
c- D

: ⇔ 75 c- 2- : him 114%+44-314--311 = o
e ≥ h→ ◦

Notation : %ˢz (Zo) :=3 .

Iii) } is weakly
differentiable at Zoe D

Mr
ur -

'
-
⇔ Z ↳ IC} (2-1) Ee is complex

differentiable at zo Kl EE
*

liiil } is ualyh ( resp
. we-aklyau-a.lyh) in D

: ⇔ & is worm - differentiable (resp . weakly differentiable )

at 2- ◦ for all to C- D.

/Remark5- (a) Z - valued norm - analytic functions have properties
analogous to those

of e- valued analytic functions ( f-ex.
a power

-

series expansion converging
wit - A - K

,
etc. 1

.

1T¥ Replace 1. 1 Cabs .

value in e) by 11.11

( For a discussion ,
see Hille - Philips ,

-

FA and semigroups
"

,
or

Dunford - Schwartz ,

"

Linear operators
"

val 1
,
sect - III. 14

.)

(bl Norm - differentiable ⇔ weakly differentiable ( For
"

⇐
"

,
see

Reed - SimonRunVI.4)

Meuvem# Let TEBLLII ) .Then

@ I @ (T)
≤ e is open in

①
,

and the map R( ◦
,
T) : @ (T) → BLLII )

2- ↳RCZIT)
is norm

- analytic on @ CT/ ,
with

, ,

RZderivative da¥ = RE * I

[ Note : 2- = BLLE) in Def . 5-20 in this case - i. e. , complex
cliff

.

holds wit . the operator norm]
(b) For Z, ,Zee @ CTI , we have

☒*) Rz
,

- Rza = (2-1--22) Rz
,Rza ( Fivstusolventideulity_)

In particular ? Rz ,Rzz = Rz,Rz , (they commute ! )



If : (b) Equati*f follows from ④

①- z , ) ( Rz ,
- Rzz) CT-Zz) = RI - C- 2- c) Rzz) (T-Zz)

= T - Zz - (T- Z ,) = 2-1-22

and fwm multiplication by Rz , form the left and Rz , fromthe light .

Commutativity : Exchange Z
,
Zz in ** I & compare

with**1
.

act Tf : Let Z . c- @CT) ( ≠ ∅ by Lemma 5.191

and 2- c- By, , ,zz¥o ) ( open ball in e) . Then

T- 2- = T- Zo - (-2--20) - (T - Zo) (TI - (Z-Z
By definition ,

11 Vz 11<1
,
hence by

Lemma 5. 18 : CI - V25
'
E BL LEI . So

,

Rz = 4--2-5
'
= CI - Uzi

'

Rz
.

C- BLLE / (1)

and so 2- c- @ (T ) , i
- e . @ CTI is open .

Aua# : Let 2-◦ E @ (T) . By the above
: to the ¢

,
1h1 < 11Rzoli !

2- ◦ th c- @ (T) .

Hence

C- 1 a 5.18

RZothu-R.IE#Rzo+uRz . = I VI.+ u RÉ. = -2h
"

Rz%
uC-IN

, UENO

and so

11 Rzo+n-uR - RÉ, /I ≤ [ thill Rzoll
"

"=HRzoÑ{z, - I}
u c-¥ 1h1 → 0

→ 0
.

Hence
,
2-↳ Rz C- BLLI) is norm - differentiable at -20 ,

with

derivative RÉ◦ .
As Zoe @CT/ was arbitrary , RC ,

T) is

worm- analytic in @ CTI ( and * 1 holds ) ☒

/ Lemw.us#/LetTc-BLcx-7 . Then 6 CTI ≠ ¢ .

PI. Let 12-1 > 11TH .

Then ( see pf Lemma 5.19)

Rz=(T - 4-
'
= ¥ (E- - TI )

- '
= - € ÉI÷ .

j=o



This expansion shows
that ④

12-1 → A

11122-11 ≤ ,-¥z
,

= ,z¥, → ° ⇔

Assume GCT) = ¢ Ccw contradiction) _

Then @CT / = e
and

, by

Thur 5.22 ,
e→ BLLE)

,
2-↳ Rz ,

is entice ( i.e. analytic
on all of e) .

Also
,
I ⇒ 2-↳ 11 Rzll is bounded ( using

⇐ ) & continuity ) . By Liouville 'sThin, ( fwe- valued fat 's ,
see any book

on

2- ↳ 11122-11 is constant
,
and by ☒ 1

, complex Analysis /
this constant has to be 0

,
i - e . Rz= 0 K£ c-¢ § ☐•

/Def / For 1- c- BLLEI , the2pecIÉn IT is

r CT) -_ = sup I ✗ I ≤ 11TH
✗ c- 651 T Lemma 5- 19

theorems Let TEBLCII ) .
Then

(a) ✓ (T) = him 11TH
%

= iuf 11TH ""

us do uc- IN

(b) If
,
in addition

,
E is a Hilbert space ,

and T is moral
,

then : Lim 11TH "" = 11TH .

Hence : r (T ) = 11TH .

now _

-

-

PI @ 1 the first prove
: Lim 11T

"

11
""
= iuf 11TH "" :

us to
h C- IN

vvlog . assume 1-
"

to the c- IN ( otherwise ,
if Fuo : Tho =o

,

then 1-
"

= o tu ≥ no and claim is clear ) .

Let au : = Lu 11T
"

11
.

Then an ,+u , ≤ au , tan,
tu

, , nzflw ( check! )

Fix we c- IN ( arbitrary) , and let u( ,r)
-

_ = qmtr for g-
c- IN and

✓ C- { 0,1 , _ _

,
m - l } .

Then

aucqir)
⇒

≤ ;÷ = ¥
→
+ ÷r

Hence
,



④him sup ¥ ≤ him sup wax

* {% . ,my%¥ ≤ ¥
u→ a 9-→ • threw

50
him sup

≤ inf .

h→ do
we C- IN

But (trivially ) liminf ÷ ≥ infant .

Taken together
,

u→ N
MEIN

him = iuf¥ exists
,
and time

◦%
= inf eat"

→ A UEIW u→ N uC- IN

because the exp
. function is continuous and increasing -

✓

Now
, by Thur . 5. 22 ,

2-↳ Rz is strongly analytic in

D: = G) { zeal lzc ≤ ✓ CTI }
,

hence it has a Laurent series

expansion about
the origin line ) :

Rz= I ZJ Aj
,
Aj c- BLLEI fu JEZ

,
g- c-7€

-

which is norm - convergent t2- c- D- [For e- valued fat 's , see

Conway ,

"

Fct . 's of one complex variable
"

,
2nd -ed . (197-8) Think 1 . /

On the other hand
,
on { 2- c- ¢ / 12-1 a 11TH} ≤ D ,

the

expansion *1 Rz
=
-¥ £ holds (see pf . Lemma 5- 23) .

j=o -2J

Hence
, by uniqueness of the Laurent

series
,
* I is the Laurent

series of the resolvent ,
hence norm convergent tzc-D= .

Equivalently , the power series

} ↳ I } ITJ ** I
jt/No

converges on Byrd;) .

On the other hand
'
- For any

E- 0
,
the power

series in ☒* ) is It

norm - convergent on Bee¥14 ,
since if , then * I would converge

for some 2- c- 6 CTI ( recall : RCTI = sup Ht )
.

Therefore
,⇒✗c- 6CTf

is the radius of convergence of ** ,
and as such

,
it is



given by Hadamard 's rout criterion '- ④
RCTI = him sup HTIIIYJ

= him KTIK
'

Ii

g- →a j -so

where the last equality was proved in the
first part . ✓

(b) Let É*
"

refer to the E- property 1117*11=111-112 from
Them . 5.1261.

Then
z effort

≥ Turned C*fwTT* c*f•vT
111-211 = 111-254*11 = ACTH) * 1*11 = 1117*112 = 111-114

,

so 111-211=111-114 By induction on
KEIW :

111-271=111-11" ⇔

hence him 111-71
""
= him 11T

" 1142£ ¥ 11TH ☒

u→A k→a

/EpU52I Right - shift a left - shift operator one?

For ✗ = (✗± ,xz , - - - ) c-
12

,
let Rx : = ( o , ✗ i , ✗ 2 ,

-
--)dL✗ :'-(✗a ,✗} , . _ ._ )

Then 111211--1=1141 ,
R is isometric and R*=L ( check ! /

Claims: Li ) 61>(4--13,10) (open ball i- f) ( ii / RCL) = 013,10 /

Liii ) 6r (4=4 ( ir ) 6p 1121 = ¢ ( v) LCR) = 013,10)

(ri ) Gr CR) = 13,10) .

Proofs:( if Let ✗ c- ¢ ,
then Lx = ✗ ✗ ⇔ (✗a ,✗} , _ _ . ) = ( ✗✗ i , ✗a , -

- - /

⇔ ✗ z
= ✗×

, ,
✗3=7×2 = ✗

'
× , ,

_ _ .

⇔ ✗ = × , (1. ✗ ,
✗4×3 , - - - )

Hence , ✗ c- I a Lx
- Xx ⇔ -24×125<0 ⇔ 1×1<1 v

ut IN

Civ ) R isometric ⇒ 6pct) C- OB , co) ( check !/ .

Let 1×1=1
,

then Rx = ✗ ✗ ⇔ ( o
,
✗≈

,
-
-
- ) = ( ✗ × ,

,
✗×≥ , - - - I

⇔ ◦ = ✗✗
, ,
×
,
= ✗✗ z ¥-0 × , = 0 ,

✗2=0,
- - _

✓

Liii) Leven ( pf : see exercise / .

Let# be a Hills.sp .

,
1- c- BL# 1

Then Cal Ze GRLTI → It 6pct )

(b) 2- c- 6pct / → I c- 6pct
* ) u6rLT* )

z



Henie from Cal with 1-=L : Civ ) ⇒ Ciii ) . ④
C- it

,
(v) and (ri ) : see exercises.
-

-

-

5. 4 Compact operatorsmm ~ -

General assumption : E and Y are both Banach spaces
-

1.27

Recall: In metric spaces : compactness ⇔ sequential cpf - ness
Henie the equivalence in

/Def277 An operator TEBLLXIY) is Impacto
= ⇔
FA c-E : A bonded ⇒ # ≤ Y compact ( i.e.TCA ) rel . cpt .

in Y )
⇔ tkxufu c-E : (a) u bounded ⇒ In has a

convergent subsequence

/E✗pU5# Caf For ke Cleo , ☐2)
,
let T:[ (Io

,
i]) →[ ([gig)

,

✗

(f)64 '-= /
◦
Klay)f(yl dy ,

ft [ ([0,13)
.

Then T is compact ( see

(b) Finite - rank operators :
TEBLCX

, YI is of fiwuk : ⇔ dim ran (T) <o
.

Then Tis compact :

Kulu C- I bounded ¥
"

In C- new CTI bounded
,

hence
,☒In is a bounded seq . in finite- dim . space , so,

by Bolzano - Weierstrass , it has convergent subsequence .

/TÉ Let 1- c- BLAH be compact , and @a) a ≤I s -t .

✗u ¥ ✗ c- E ,
→ N

.
Then Txn⇒"Tx strongly , i.e .

wit . the norm in Y ( Iltxn -Tilly → 0 , → a)
-
-

Exercise E13 .2)


