
④2.2mseparabikty
We have the following general abstract result :

/theorems/ Let ( E ,Air ) be a 6- finite measure space

which is countably generated ( i - e. , 78 ≤PCE ) countable

such that it = 6 (E ) ) .

Let p
C- [ 1

,
a) Then LP is separate. .

-
-
-
-

See Behrends
,

"

Map - und IntegrationsTheorie
"

( 1987171m 1. 5p .

160
.

-

/ Remavk3.ee# The theorem does not hold
for p

= • ( in general ) .

We turn to the concise case of LPG ,
drill with r≤ Kd

open (non-empty )
and Xd Lebesgue measure ,

for which we

will prove the
result in 3-8

.

Notatiu lit For f :S→ It , the ( topological) support
is

- - -
- -

supp 1ft
: = {Éf≠o} (

closure wit -

nd - top)our induced by
Euclidean top .

Iii ) For kt IN : Space of k
- times cont . cliff . fat 's

d

Ck (e) : = { f c-Ctrl I ¥ -

. . .

-%ᵈf C- cost to≥ , . .,✗d C- IN It,
- ≤k}

°
) g- = i

Also
,
Cole) : = Ccr) and

Coca) : = Mckee) ( (infinitely) smEfÉ )
KEIN

(Iii) For ke /Now { a} : space of
k- times cont . cliff. fat 's with

compact support :

•

Ckccr) : = { feckor) I supp (f) C-R is compact }



( ir) Far KE /Now { a }
: space of

b-times cont . diff. fat . 's ④
vanishing at • ( ! ) :

C} (r) : = / feck (e) 1
HE >o F ke ≤R compacts . t .

11-6-11 ≤ E tix c-e)He } R

④
Reˢ:

consider⇐ ,

d-
in)

= (R,BG) , ✗d) ,
with Btr)

Borel - 6- algebra our ( trace
- 6- algebra toR of Burel

- 6- afgeb .

on
Md ) and ✗

d Lebesgue - Borel measure
on lkd ( see Handout) .

Main result is far LP (r)
: =L Pce ,

✗d) :

/Theoum / Let ¢ ≠ read be open
and let p c-

It
,
a)

.

-

Then Cig
" - "

P = LPcr )

( i -e . CFCs) is dense in LP (e)
wit . 1- Hp - norm) .

-
-

/ Remank-3.IT/ ( see exercises)
-

(a) Theorem 3. to - does uIt hold for p = D.This follows fwm
:

⇒ " '"• = Coca) .

(b) Cccr) is separate wit - II. Kao .

/coÉ Let ¢ f-R ≤ lad be open ,
and let p c- [ 1,0) .

-

Then Ll>(r) is separate .

- -

PI From Rusk
.

3- 11 (b) & Thin .

3- to (see exercise for details! ☒

The proof ofThem _

3- to requires some preparations ?

/ P-wpoa-tiun3.IT/-(Yo=g'sIIqnati-hyCf-wconv#y))
Let p , 9- C- [ 1,0]

with 1 ≤ ¥ c- ¥ ≤ 2,and let fc-LPC.ird) , g c-
third /

Then the cWiong off and g ,

Ird ≥ ✗ @*g)64 : = find f(× - y)g (y ) dy ☒ )

(where dx : = dxdcxt
,
integration wit . Lebesgue measure on LRd)



exists far a.e. ✗
,
is commutative : f * g = g *

f
,
and -⊕**I

f # g c- Lrclrdl with ,
f-

.
f- : = - I + ¥ + ¥ ( i -e. f- + ¥ = It ¥) ,

Hf *gllr ≤ llfllpllgllq
-
-

(YIsIq***)

(Coy3#_ Let p , 9- er c- [go] such that f- + ¥+1T = 2 @ I

Let C- c- LPCIRd)
, get

9- (IRD)
,
he Lrclkd) Then

I :=I(fish) : = / face.jp#gk--i1hly1dxdy I

≤ f 11-6-11 - 191×711 . 1h41 dxdy ≤ Itftp.llgllqikhkv ☒☐ !
lkdxlkd
-

-

- -

Pf(of3: Hiildv & Young 's ineq .

:

By 3. 13 , f*gEL ,s t = - I -1¥ -1¥ .

Hence
,
f- + { = 1 by (1) , and so (7-17) follows from Hitler 's iueq .

- -

IR / (a) Note that , by scaling ,
the r in ☒* 1 is the only

one for which ☒** I could hold
: For t > 0

,
let f

>
(x1 : = fix 1. Then

( change of variables !) , llfyllp
= I# llfllp & (-1*9)×1×1=(1-9*9,1) (x !

Hence
, if ☒** 1 holds for some p , 9- , r E I I , a] , then also ,

FX >0

If f- * g 11 ,
= ✗

'
" 11 (f *g)✗ Hr

≤ ✗
"
711%11-119×11 = ✗

"+± ¥ )
11ft/pkg 11g

This is only possible if ** ) holds ( let ✗ ¥0 and ✗ a above /
.

(b) Often ( in applications) one encounters

J
,
Cf , h) : = If fcxl Ix -yithly) dxdy /

,

that is
,
@☐ 1 withglzl c- 12-1?

IR ✗ lad

Now
, g ¢ Let (Kd) t.gg .

The replacement fu ④☐ 1 (or
,
for ☒**1 in 3.13 ) is

called the tl-ady-IEewooI-suboI-ueq.CH is) :

JJ-94 ≤ cicp ,
✗
,d) llfllp 11h21, , f- + f- +£ = 2 & ◦ < ✗ < d

Its proof requires much more work .

-
-
-

Pf(of3 Commutativity ( if integral exists ) :
Y : = ✗ -z

→

C-* g)(x) = {nafcx- y) gcyldy = {ndf (Z) gcx -Z) dz = § *f) 1×1

·



The cases p=1 2 g- = r
and = I < p

= v follow directly from ④
Minkowski 's Inez . ( 3-2 (b)\ ( a commutativity ,

far 9- = I
< p=r ) : ( r <& !)

( ) / free* g)KI / rdx)
""
= ( fl ) fly)gC× -yldylrdx )

"r

Ird IRD IRD

3¥" f ( flfly)gC×-yllrdx )"✓dy =/ lfly) / ( flgcx -y) /Tex)"rdy = 11ft , 11g HrIrd Ird Ird M✓ ✓

= 11gHr KX
Remains the most general case :

I <per and I < 9- < r , f- + ¥ = It ±
.

**)

strategy : write /fly )gC✗ -y) / as product of 3 factors & use (gen .] Holder:

/fly)gCx -y) / = ( / fly) /Plglx - y) / f)÷ lgcx -y ) /¥ If (y) /
¥
(F)

We must have (check ! /

P (¥ -1%1=1 ,
9- (¥ + ¥ ) = 1

As we want to estimate the Lr- norm off#g ,
we wants,

÷
check ! Si

'
""" ' °

:) /÷! / =/ F) ⇔ t.si/--K-⇒ ¥ ) ⇔/ (pet-1-0) si
'

C- F) ¥p ◦ p

We see that § +¥ + ¥
'
1

,
and E) becomes

lflylgcx -y) / = (fly / / Plgcx -yl / P)
't
lglx -yi

- ¥
/ fly) /

'- ¥
☒⇔,

and so
, by gen .

Hiildv (Tut 1-26 ;
3 factors i use (A) & 11

1- ¥
11g# ¥ ☒⇔I@ * g) 1×11 ≤ ( /

µ
IfCHIP . lglx-y) /

9-
dy)± llfllp

Hence ( raise to power r & integrate wit × )
,

Hf*gHr ≤ llfllp
'# llgltq ( fad ( frat fly ) /Plgcx-y ) /tdy ) dx)

"r

Tonelli
= kfllp

"- ¥11911;
- ¥ ( fifty / IP _ ( ) Iga-ylitdx ) dy )

"r

lkd

= Kfllpllgllq
✓ ¥ÉK✗

If ✓ = N
,
then * **1 follows fwm ( standard) Hilder

,
as f- -1¥ = I
-
_

☐•

·

&



Next
,
we will study mollification i. LP _ functions are ④

made smooth ( CN ) byuliun with a mollifier :

let
LP
,
(r) : = { e- c- LP (r) I 7KEur compacts. t -

f / = ◦ a. e- }
RIK

for the space
of LP _ functions with compact support inR .

We identify f c- LE Cr) with its extension by 0 to all of 1k?

/Lemmu3- Let p c- [ 1 , a) ,
& ≠R c- Kd

open ,
f C- LECH

.

Let j c- CE Crd ) , j
20

,
fjcxldx =L ,

and for e > o

IRD
define the mollifier je :

IRD → Io
, a)

✗ ↳ e-dj (E)
.Then

,
for all E >o sufficiently

small :

fe : = je * f E CFCs) and llfellp ≤ Ilf Up .

-

/RemandNote that je is a pointwise defined function
( and not just an equiv . class of integrable fat 's , defined a. e) ,
the convolution je * f has the canonical representative

lRᵈ a × ↳ find jee-YI fly ) dy * 1

which is pointwise well - defined the lkd, and independent
of the chalice of the representative for f ELP . It is the

representative ☒ 1 of the convolution jexf we denote by foe
-
-

PI N Use Thun 3.13 with v =p .

Then
9-=L there

,

and so fee LPCIRd) and llfellp ≤ llfllp Kjell , = Ilf Up .

Support: By assumption ,
7K ≤r compact with flank = ◦ .

Then ( byTio Iii)) 8
: = list ( K

,
Or) 20 ( sine K compact door closed)

By clef. of the mollifier , 7 so > o such that , far all E. C- ( o
, %] :



⑦
supp je

≤ 13%61 .

From * 1 we conclude that

supp fe ≤ U Boyz (y) ≤ r .

✗C- K

In particular , suppfe is bounded ( ! ) and (since closed by clef. ),
also compact .

Deñva-h Let e c- Ird ,
Ie 1=1

, be a unit vector
,

and ✗c- IRI { ◦2 .

Then
,
tx c- Ird

,

F✗(✗ 1 : =¥ (fecx + ✗e) -few)=¥µ(jeC✗ -Y' + ✗ e) - jets - y)) fcyjdy
"E- &!a(É¥sdt)f41dy

✗ e.☒je)(x -yet✗e)
I

= find (( (e- Ije) (x - yet✗e) It)fCy)dy
7.x

Since IDI ≤ 11 htj , 111,
< • and fE L

'

( because fELP & of compact support)
/

using Dominated convergence (twice , in dt
& dy integral) gives that

e. 4--411×1 = him Fx (H = / e. ( je ) (×--f) fly) dy =@ • Ij e) *f)G)✗→o Ird

exists the keel . The existence of higher derivatives follows by
induction in the same way .

☒

/ Leinma-3.tl Let p c- [ 1,4 ,
let A c- B. ( Ird ) be bounded

.

Then Lim HIA - je* TIA Hep ,µd,
= °

'

E 0

-
- -

-

Proof : Steps : It suffices to prove
the lemma far p= 1

,
since :

let ge : = 1-* - je *% £ LICKd)
,

- then get 2km4 Kp c- [ 1,01
and Ilgellpt ≤ P"

. 119s "
±

.

#



step ≥ : The case p=
1-

.

Since Lebesgue measure is ④
( outer ) regular ( see Handout ) :

torso 7132A
,
B open

and ↳µd✗ < or
.

So
,
fix 8 > ◦

,
and let B be as above ( so , also

bounded)
.

Note that

11 TIA - je * TIA 11
,

≤ HI
,
- je* TIB 111 + 111-1%+11≥ + llje * TIBIAE

To

with 11 je * TIBIAE = ↳ fajaek-YIH-pu.ly) dy ᵈ✗

To"% ) ( f jecx -y) dx) # MACH dy < &
Md T.IE

Hence
,
it suffices to prove that HII, - je* TIB 11+-70 ,

E ◦
.

We have ◦ ≤ je * TIB ≤ 1- , hence

HI
,
- jet #BE = ) (1- (je*#B) (A) dx - f ⇐* 1-B) IN dx

B
IRDIB

= 21131 - 2J
, fad j (E) TIBCX - ez/ dzdx .

Now
,
since B is open

'

- txc-B-VZEIRdi.LI/3Cx-ez)-s1 ,
Edo

(turn ! /
Also

,
B is bounded and j c- 4-Clrdl , so , using

Lebesgue'sTim . on
Dominated convergence twice

him / () j(ZITI,(x - ez) dz) dx = / § jltldz)d✗
= IBI

,☒

E too B Rd B Ird

Pwofofto
: (Her II. Kp : = It 'll

,pay)
.

Sfep Let E >o
,
ff LPCRI

.

For u c- IN ,

define

Ku : = { ✗er / dist@or ) ≥ ± and 1×1 ≤ n} ≤ r

Now
,
R is

open , so R=µKn ,
and Ku ≤ Knx ,

Knew
.

I



( him 1-kulxl = 1--1×17By dominated convergence ,
. ⑧

lien Hf - fTIkakp
= him Hf( 1-TIKI /Ip = 0

.

n→o
→ 0

Hence : Fu C- IN : Hf - fttknllp < § .

Sfep Recall ( Handout & exercise ] that step functions are

dense in LP : TLE IN ,
E, - ,

C< C- It and A≥
,
. .

,
Az C- BURD )

with Ae ≤ Ku ( ! ) _Vl=1 , _ . ,L
such that : Fang : ÉceÑAe

we have go.LI (e) and 11g - fttkntlp < I

Sfep Mollify step function
: 70>0 s -

t
.

lil jor * g c- CECH ( by Lemma 3.151

Lii) 11g- joxgllp ≤ Élcel .tl#Ae-jo*TIAe1lp
< §

1--1 ( by Lemmon 3-16)
teen"

✗ e- - j÷g
< E ☒

-

·


