
( iif Let vi. = span { ✗± , _ . , ×} f- II be the closed subspace ④
of the vectors constructed before . Again , by Riesz

'

Leming
then exists ✗ne , c- *14 sat . Hint , 11=1 and distant , ,Un) ≥É .

By assumption ,
diw E- = •

,
hence this procedure does not stop .

We get a sequence (a) new ≤ 13,10T s.t.tl/u-xm1l2-1-z-Vn-- in .

Clearly , (✗ulnew has no convergent subsequence - contradicting the
(seq-1 compactness of Belt § ☒

◦

peiat.rs/Defiui-h#2--2/Let € , Y be vector spaces (over
the same field 1kt

,

Eo ≤E a ( linear) subspace ,
and T :# ◦ → Y

.

Lil T is a ( linear) operator :⇔
1- (✗✗ +py)

= ✗Text + pT(41 tape# , they C-Eo

Lii ) doin CT) -

_

= DCT) = = Eo is the domain of T
--

'

Liii) ran CTI = = RLT) : = 1- (Eo) is the izygeof
Civ) her CT) : = NCT ) : = { ✗ C- Eo / Tx = o } is the herd

Cornellspay) of T
(w) U≤ doin CTI a subspace ,

1-1
,

:
° → Y is the restriction of T to u

✗ ↳ Tx
- - -

(ri) w ≥ doin CTI a vector space ,
F : w→ Y linear with

F- / done,,
= T is called a (1) linear extension ofT to it .

/ExaT Some linear operators :
(a) Identity ◦pewter on vector

space ☒
:

TI : = TIE :
* → I

✗ 1- ✗



(b) * = Y= CLEO
, B) ⑤

Ii ) Differentiation operator (Eo = Cicco , B)) :

¥ :
CHEO

, B) → cc -29131
f f

'

Lii) Anti- derivative operator (E. = # ) :

T :
Cleo

, B) → c([ u , D)
f- ↳ Tf

with (f) 6-1 = = [fltldt *✗ c- Io
,
I]

0

Ciii) Multiplication operate by argument : As above (in (iit) ,
with C-f)(x1 : = ✗FG ) tx E Eo , ☐

/ Lemma22 Let T :* ≥ doinCT / → Y be a linear operator .

Then

@ I ran CTI and Ker CTI are vector subspaces ( linear subspaces)
Cbf dim vault) ≤ dim doin LTI

@ I kevltl = { o} ⇔ T injective

⇔
7 inverse T

- '
of T sat . T

' '
: can CTI → duw IT)

,

T
'

'T = TI /donor, i
TT
"

= TI / vault)

If: Copy fwm Linear Algebra ☒

/ Remains / Cal IfT
- '
exists

,
it is linear

.

PI ✗ ✗ = T
'

'T (xx) = T
- '

(✗Tx) Fx c- dow CTI , * ✗ C- It
.

Hence
,

✗T
-'

y
= T

- '

( ✗y ) Ky c- vault / . Similarly far addition .

(b) Even if T:#→I with herLTI = { o}
,
then not necessarily

ran CTI =#
,
nor TT

- '
= TI (unlike in the case dim Eco ↓ )

but only TT
"
= TI / ranch

.

/E-awp.bz#f- (Illustrating Rwk 2- 251
Let E=l•

.



⑧
i - iR-ight-Iift.aepewter : R :

(✗e- 1×4×31 .
- - ) 1- (0, ✗= ,Xz , -

- - - )

cleanly : herCRI -_ { o } ,
but nancy f- l?

in → e-LILE opacity :L :

⇐ i ,Xz , ✗3 , - - - ) 1- (✗21×31×4 ,
-
-- )

Then R
- '
=L / nance,

satisfies

RR
_ '
= TI and RR

"
= # fiance) .

/Df7/ Let E ,

YbeuurwedspausiT-E2danLT1-sY.Tisbnuu@dCo.pedel : ⇔ its ≤pentagram is finite ,

i - e.
,

I /Theme,,→y
: = 11TH : = sup

"" "
Y

sup 111711 < N
✗ c-dowltlx

=

✗c-down - -

✗€0
11×11=1

/E2.287 ( Recall Ex - 2.23)
- -

Cal II :(☒ 111-111 → (E ,
11-11)

,
✗ ↳ ✗

,
is bounded with 1111--11=1

.

Csf Let (11--111.11)=(4-10,13)
,
II. Ifat

.

Lil Differentiation ¥ :
d- to

, B) → Cleo , 131
f ↳ f

'

is unfounded ( i - e., not bounded) ; see exercise .

liil Anti - derivative T :C (Eu , D)→ Cleo , 13 ) :

✗

11TH/
•
= sup I /

◦

fltldt / ≤ 11-1110 tf c- CLEO , I])
✗ C- [oil]

Because of
"

≤ I (f≠o1
,
we have 11TH ≤1

.

Also
'

111-111
,
= sup

✗

✗ c- [◦, ,]
↳It = Sup ✗

= e-
,

✗c-[41]

and
,
since 11111N = 1

,
we obtain 111-11=1

.

-I a



Liii) Multiplication operator T :C ( Io, D)→ Cleo , is ) by ③
argument has 111-11=1

,
because

111711N = sup 1×-91×11 ≤ 11fan
,
with equality for f-=L .

✗c- [oil]

KÑ9 Let E
, Y be normed spaces ,T:*≥dowCT )

→ Y a

linear operator thenthe following statements are equivalent :

Lil T is continuous

liil T is continuous at some ✗
◦ t dow CTI

.

Liii ) There exists c c- (o , a) s -t -

111711 ≤ C 11×11 f-✗ C- down CT)
.

Liv ) T is bounded

-

PI ( is ⇒ Lii ) obvious .

ii)=i : Sfep ProveT is continuous at ✗ =o .

For this
,
let @a) u ≤ dow CT) be a sequence s -

t
. ✗in →o

,

→ 0
.

Then ( by 2.10
(b))

, (✗ntxo)n→ ✗
◦ ,
n→o

,
and by linearity

and continuity at ✗o ,
we get

u→ a

Txu + Txo = Tint ✗ol
°

Txo
,
so Txu→ o (again ,

by 2- 10 ( bl) .Step : Fwm step 1 we get ( E - ctcuteniun ,
with E=1 )

78>0 : V-✗ c- doinCTI with 11×11<8 : 111711 < 1 * 1

Hence ,
for all ◦ ≠ ✗ c- down CT)

, by linearity :

*I

11TH = 21¥ 111-(2%7) If < f- 11×11
.

-

has norm = { < or

(iiy : we know that 111711 ≤CKXH
,
so

sup
"

≤ c < • .

✗ c- domct)
11×11

✗ to
u→ a

Civil : Let Gulu
≤ down CTI with Xu→ ×

,
then

11Th -Tx 11=11Tin-✗111<-111-11 - llxu - ✗ 11 % ☐•



⑦/Lemm Lett belinear and dim doin (T) <o .
Then T is bounded

.

PI T is continuous : Fix ( finite ! ) basis of doin CTI , expand
✗ C- dow CTI wit . this basis , and use linearity to deduce
( sequential ) continuity _

The claim follows from Thin .

2- 29 ☒

|Theoum2-3 ( Boundedlivewexfensiun_) Let E be a normed

space ,
and Ya Banach ( ! ) space. Let T

: ☒→ Y be a

bounded linear operator _ Let ¥ be the completion of E.
Then there exists a bounded linear extension F : É→ Y

of T
,
which is unique if ☒ is identified with a ( dense)

subspace of its completion É ,
i.e . I = W in Theorem 2- 13 .

Moreover
,
we have 11TH = 11TH

.

/ C 2-327 Let I be a normed space and Ya Band space .

-

Let T : I ≥ dom LTI → Y be a bounded linear operator with

dow CTI C-€ a chest linear subspace .

Then there exists

a unique bounded linear extension F : ☒→ Y of T .

Moreover
,
we have 111=11--111-11

.

-
-
-

Pf3 / : Because of denseness ,
the completion Z of doin (T)

and É of * an isometrically isomorphic ( check ! ) _Vlog ,
we identify 2- = É .

Also identify # with a dense linear

subspace of É ,
so that down CTI C-I C-E.The claim follows

firm Theorem 2- 31 with F : = F /* .

18

Pf(ofThm.2- '

.

We identify € with a dense subspace of É .

Let ✗ c-É
.

Then there exists a sequence Kulu≤E
with

✗55£ in É .
Since Kulu is a Cauchy sequence ,

(Txu)
u is

a Candy sequence in Y because



④
I /Txu -Txmll = 11T (✗n- ✗m ) 11 ≤ 11TH - 11 ✗n - ✗will .

Using that Y is a Banach space , then exists YET s -t .

T✗u¥y in Y .

Define Fx : = y (then 1=1 E- T : take
constant sequences ! ) .

We have to check several things :

Lil Vtredefiueduess ,

i :-.
, independence of approximating self - :

w→ N

Let ✗ in -5¥ in É _

As _
above

,
7- y

'

c- Yet . Tai → y
'
.

Then we have

lltxu-Txm
'

II ≤ 11TH .tl/n-xinlf
.

In the limit u , in → so we get My - y ' 11=0
,
so y=y !

Lii ) Linearity : Let ✗ i→→Ñ ,
✗n

' -5%1
.
Then (by 2- to (b) a cell ,

✗ ✗I ✗
'

Xu
' Text ✗ '

×
' ta

,
✗
'
c- It

,
and so ( by clef . of F)

F (✗✗ + a'✗ 'I = him T(✗ ✗ut ✗
'

xu
'

) = him ✗Txu + him ✗
'

Txu '

↳ N u→ a u→ a

= ✗Fx c- ✗ Fx !

Liii) N = As F is an extension
,
we have 111=11 d- 11TH

,
since

11TH = sup
1¥11 É ≥E
11×11

≥ sup
11T¥

✗c-*
11×11
= sup
¥"

= yip
.

✗ C-I ✗ c-I 11×4
✗ ⇒ 0 ✗≠ 0 ✗€0

On the other hand
,
since 11-11 is continuous [Thin .

2- local)
,

11Till = him IIFXUII = Liu 11Th If ≤ him 11TH . 11hr11
we o u→ N n→ so

✗uC- I
= 11TH - limllxulf = 11TH - 11×11

.

→ N

so
,
"

,

≤ 11TH t ✗ c-É
,
hence 111=11 ≤ 11TH

,
so 111=11--111-11

.

Liv ) Uniqueness : The fact that we defined

Fx : = him Txm is necessary to ensure
into

continuity at × . ☒



/Defi / Let E , Y be normed spaces . Define
⑦

BLCXIY ) : = {T :E→Y / T is linear and bounded }
and set BLCE) : = BLUE ,

E)
.

Warnings Notation varies - other choices :BCITY) , LCE , Y) ,
. . _

.

|Theoum2-/ (BLLEIY ) , 11-11#→y) is a normed space .
If¥ is complete , then so is BL(E , Y)

.

-
- -

PI lil First of all , BLLEIYI is a IK- vectorspace
with

zero element 10 : = 0 : * → Y
✗ (→ 0

For T, ,I c- BLCE ,Y ) and ✗ C- It
,
defineT

, +Tz and ✗T ,

by +Tz) × : = T,
✗ TIX

f-✗ c- I .
(A) ✗ = = ✗T

,
×

Then clearly Titta ,

✗T
,
: I→ Y are linear .

Iii ) 11.11
#→y

is a norm on BL CITY) :

C) 11TH
#→y

≥o ✓ and if 11TH
#→5- °,then 111711=0 7h c-E

,

so Tx = o th c-€
,
and so 1-= 0 1=0) .

(b) We have

11×1-11 =

sup "¥¥" = sup
"✗T

0--1✗c-I
kill

*→Y o #✗C-I

= sup 1×1 -

= 1×1 . 11TH

0 #✗ c-☒

Also
,
/ +Tix 11 = 1117×+1×11 ≤ 11T,✗ 11+111-2×11 ,

so

11T , +111 ≤ sup (
"

+ ) ≤ 111TH + 11th
.

0 #✗ c-*

Hence
,
if T

, ,Tz C- BLCE ,Y) , then ✗T,
andTitta

are bounded
,
so Titta

,
✗T

,
C- BLCE

, Y)
( vectorspace

! )
,
and 11-11

#→y
is a norm .



Liii ) Assume Y is complete . We prove completeness ④
of BLLII , Y) .

Let (Tn )n⇔w≤ BLAT Y) be a

Cauchy sequence ( wit . It 'll#→ y ) .

For every ✗ C- ¥ and kit c- IN, we have lltnx -Text/ ≤ 11Th-Tell-11×1!
↳
'

te>ofNew tkil ≥N Fx c-E : I /Tnx -Text/≤ El /✗ If ☒ )
.

This implies that (Tr×)kw≤ Y is a Candy seq.@ YI

for every ✗ c-I
,
and

,
since Y is complete , there is

some limit him Tux = : Tx EY
.

k→ so

This defines a map T :#→ Y
✗ ↳Tx : = himTrx

k-so

(a)T is linear
,
since : Leta

,
✗
'
c- It

,
✗
,
✗
'

C-E ,
then

1- (✗✗ c- ✗
'

×
' ) = Liu Trek ✗ c- ✗

'

✗
' / = him (✗Tis✗+✗

'

Tux ' )
k-sa k -sa

= ✗Tx c- ✗
'

Tx '

(b) T is bounded
,

and the norm limit of theTn 's :

Taking the limit d-> ou in C- 1 above gives

11Tux -Tx 11 ≤ Ekxll and so

the > o F NE IN the≥N : 11Th
-TH ≤ E **1

This gives two things
:

←
by #

(e) T is bounded i The C- BLCEIT)
,
Tu-TtBUE , Yl

and BLLE , YI is a vector space , so

1-= Tk - (Th -T) c- BLCITY)
.

TREE in 11 - It
#→y ☒

Note: Compare also with the pwofs of Tim
1.31 (& exercise:)

and Tim . I -20 ( fer p
= a) .

- -


