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1. 1
.

Limits and continuity
--
-
-

lDein Let # be a topological space .

(a) # is called {epaiab4_ :⇔ 7A ≤ E- countable with A-=I

(b) E is called 1ˢfirsouvtub = ⇔ Every ✗ c-E has a

countable neighbourhood base
.

(c) F- is called
2nd ( second / countable : ⇔ there exists a countable
--

(sub) base for the topology .

⇐ Nate: countable base ⇔ countable subbase (see exercise )]]

theorem / Let It be a topological space .

Then :

☒ is 2ⁿᵈcountable ⇒ E is 1ˢᵗcountable and separable .

Pff) : Let B be a countable base for the topology Jon I .

1ˢtcb6 : Let ✗ C- E and H : = { BEB / ✗c- B) then Nx is countable

( clear (why ? )) and a neighbourhood base at × :

Indeed
,
(F) every

element of it is a neighbourhood of× , and

Lii) let N be any neighbourhood of ✗ .

Then 7C c-T with

✗ E ¢ c- N
. By the definition of a base , Ci =¥-B✗ ,

where

I is an index set and Ba C- B
thc-I. Hence

,

7 ✗
✗
c- I : ✗ C- Bq ,

i.e.
,
B
✗
✗
E IE and Bq C-

N.se#avabU-:V-¢ ≠ B E B choose ✗ is E B , and
let A : = { ✗ B I ¢≠ BE B) .

We claim A is countable (trivial (why ? I / and A- =#
.

For all ✗ c-I and neighbourhoods U of ✗ there
exists

Ci c- J such that ✗ c- Ci ≤ U .

But Ci ≠ ¢ is a union

of sets in B
,

so 7 ×
,
c- Ci

.

Thus
,
An U ≠¢

.

Since U was arbitrary , ✗ is a limit point of A ☒

-

&

-herentpoint ofA



/DeTi Let E be a topological space and let⇔*¥E③
be a sequence .We say

that @ulu converges to ✗c-E : ⇔
- -
--

for every neighbourhood
U of × there exists no C- KY so for all

u ≥ no : ✗u E
U
.

We write : Lim Xu = ✗
,
or ✗uÉ✗ or

us D

Xu→ ×
,
u → N .

/ Reueaikl.TI-auverg.mu is harder far finer topologies .

(b) E Hausdorff ⇒ limits are unique (see exercise)

/Definition Let CE ,
TE ) and ( Y

, Ty ) be top . spaces
and let f : ☒→ Y .

(a) f is s-eq-ue-eycs-eq-lcoutiuuous-o.es
u→a

✗u#✗ (inE) implies (⇒) f Gul → fcxf ( in Y )

(b) f is continuous : ⇔ for every
A-c- Ty : f-

'

(A) c- II .

( f-
'

(A) = = {✗ c-I / Fye A :-( 6-I = y } is the iuvevuage or

primacy of A)

E) f is open Copycat) : ⇔ HA c- J* : fat/ C- Jy
(FCA) : = { YE Y / 7-✗ c- A : y = f- 6-I} isthe image of A (uudvfl )

(d) f is a honmeonurorphism : ⇔ f is bijective , open ,
and

continuous

( i.e.
,
a bijection compatible with topological sfnecfuc ) .

fTheoum Let E. Y be topological spaces , f
: ✗→ Y a map .

Then :

cat f is continuous ⇒ f is seq .
continuous

(b) f is Sef
continuous & E is 1ˢᵗ countable

⇒ f is continuous

--



If:(a) Let ✗u % in I. Let \! ≤ Y be a neighbourhood ④
of flxf

.

Then F V E Vo open
with fat c- V. Set U: = f-fly

.

U is open (
because f is continuous and ✗ is open ) ,

and

✗ C- U
,
so U is a neighbourhood of ✗ .

Hence , we can

apply the
def

.

of convergence
of Kulu to × :

7 not IN : tu≥ no
: Xu C- U .

But this means : tu≥no :

fault ✗ ≤ Vu .

So flint # C- Gf in Y .

(b) By contradiction
: suppose f not continuous , i. e.,these

exists open
subset ✗ C- Y such that cs.IT

U : = f-
'

( v1 is not open ,
i -e.

,

* 7 ✗ E U : theighb ourhood Nofx : Nn U
e
≠ ¢

Let { Nathan be a countable neighbourhood base at ✗
K

Consider Ñre : = N Nj for k c- IN . Then { Ñn}↳µ is a
j=(

countable neighbourhood base
of ✗

,
with /Ike , C- Ñu Kk .

Kk c- IN : Ñk is a neighbourhood of ✗
¥1 Fxn C-Ñan Uc

.

Thus it lfkfNtl ≥ K : xe C-Ñe ,
so : ✗et#

(2) Hk c- IN : first EfcV9 C- ✓ ? But fatty
,
so Hk

cannot converge to fcxl § ( contradiction / ☒

1. 2 .

Metric spaces
-
-

I¥1.7T Let E be a metric space .

Then
,
the

open
-

sets of E au precisely the ones
of the wide topology

,

i.e.
,
the topology generated by

the base { Byncxi} *µ .

✗C-I

170Kover
,
I is 1ˢᵗ countable and

Hausdorff with respect to lw.ir-1--7 themetric top .
-
- -



P-I.li) Open sets coincide
: Let d- ≤ E. ⑤

Claim :

A open inn
metric space ⇔ A open

in metric top .

(see Handout )

Pfcn :
"

⇒
"

Let it be open according
to Def

.

Hiii ) inHandout.

Then : the A-7 Ex >o : Baby ≤A
,
so d- = U Bex G-I .

✗C-A

Now
,
for all ✗ C-A choose IN 2- Ux >¥ ,

then d- = U 131-64
✗c-A ux

so A- is open in
the metric topology .

-

⇐
"

: Exercise !

Lii) 1st countable follows from
'

-

Claim
: txt# : { Byu(a)*a. is a neighbourhood base

at ×
.

Pfn: cat Bynlxl is a neighbourhood of ✗ for everyuc-IN.CHLet N be a neighbourhood of ✗ → Fci opens.t . ✗ c-G'≤N.

By Cil , use
Def

. Hiii / in Handout for openness
: Few :BeW≤ci

.

Let IN an >£ ⇒ Byu (✗ I ≤N .

Ciii / IT is Hausdorff : Let × , y c- E-
with ✗ f- y .

Then E : = day / >0 ,

and for all UE 13%64 , ✓c- BECH
,

the triangle

inequality yields :

{= day I ≤ dcxiultdluir / + dlyy ) < E- +dluirl + E- .

Hence Icu , v1 >0 ⇒ 4-+4 ⇒ Boyz (✗ In B%(yf=¢⇒ * isHausdorff

it
.

"

1342*1
× ÷ y

$4241

I " t "

-



Ñay8 / All topological notions are available in a
metric ⑥

-

space E. In particular ,
for Gugu ≤E, ✗ C-E,

A-≤I :

(a) Lim Xu = × (as in Def. 1.3
wit

.

metric topology
→ •

⇔ him dlxu ,✗1--0 ( in IR
,
with 1. 1)

u→N

(b) ✗ c- I ⇔ 7 Cynlu C-A : Lim Yu =✗ .

u→ N

(c) If It is a topological space ,

and f : ☒ → Y
,

then

f is continuous ⇔ f is sequentially continuous
- -
-

PI Cal , Cbl : simple exercises ( do ! ) ← S : See Theorem
1.6 ☒

-
-

/Theomn1- Let * be a metric space .

Then : E separable ⇒ I 2nd countable

( and
,
hence

,
⇔ by Theorem 1.2)
-

PI see exercises . Sfeategy : Let A- ≤ II be countable and dense.

Prove that for every open
subset Ci ≤E- we have the

representation ¢ = U B , (aca )
with next c- IN and

✗c- Ci
¥1 a G-ft A- tix c-Ci

,

that is
,
{ B±CaB*µ is a countable base ☒

-

act
_ _

/ F-xauplel.IT The above proof establishes the claim
-

of the Handout (Ex - 2611 : { Byu (9-1) new is a base

9-C-ad

of the Euclidean topology on IRI .

-



/FpConsider the space
of all continuous I ⑦

functions f:[0,1] → ¢ :

C. ([o , I] ; e)
: = c( [913) : = { f :[oil]-sa I f is continuous)

with two different metrics :

Caf S-upremummetcn-ida.GGg) = = Iff - gtfo
,

wheel /If % : = sup 11-6-11
.

✗c- [oil]

The metric space @ to,B) , do) is complete and separable
( seeThurs . 1- 31 & 1- 32 later)

(b) 1-met i

deff ,g) : = Iff - g 11£ ,

when 11ft! : = /
◦

11-6-11 dx
.

Then : (if d, defines a
metric on CLEO, I] )

.

( see Exercise /

liil ( Cleo ,D) ,del is separable because

diff , g)≤doCfaglau-I@tLqifdao1issepaialsUliii1ClIuiB.de) is not complete ( see Exercise )

/Definition/ Let CE,d*I , ( Y, dy / be metric spaces ,T: ✗→ Ymap
Lil T is called an isometry :⇔ the ✗

'
C-E :

d×=C✗ ,✗ ' I = dy (1--61,1-41) .

Kit E , Y are isometric : ⇔ then exists a bijective

isometry F- ✗→YCcorrectly ,#DEI & CY ,dy ))

IRemwkl.IT/-LetT:X---sY be an isometry .
Then

(a) T is injective and continuous.

(b) II and the rungs of T Car image i see
1-5611

rant : =TGIF { YE Y / 7-✗ C-* with 4=1-6-1} are isometric

=
-
-



/Ñ Let E be a metric space .

Then there exists ⑧

a coinpate metric space
€
,
and an isometry i :*→€

such that i CEI is dense in É .

The space
É is unique

up
to isometric spaces .
-

Pt: Consists of 4 steps
:

@ I construct É

(b) Construct the isometry i , and 1×1
: = ICE / is dense inÉ

@ I € is complete
(d) Uniqueness .
-

Ca Define an equivalence relation ~ on the set
of all

Cauchy sequences @ufu
c-E :

⇐usu ~ (yuln : ⇔ him dlxuiyu 1=0
→ a

( ~ is clearly reflexive , symmetric ,
and tcuusilive /

.

Consider

the equivalence class [ (✗uh]
: = { (yulu≤E- Cauchy / (yufuncxuln)

we obtain this way ,
and let

€ : = { [Gulu] / Kulu ≤E Candy } .
Given I c-É

,
we write ⇔ u

C- I for a representative ⇐In of

the equivalence class E .
Define a metric on XE :

d~CE.gl : = him dcxuiyul ,
I ,j c- É , @ulutx , Putney

u→ do

We have to check that :

(1) Ñ is well- defined :

litxisfeu# limit :
-
-

dlxuiyul ≤ dcxuixml-dcxm.im/tdCYmiYnl



⇒ dlxuiyul - dim
, you / ≤ dcxuixmlt dlym ,

Yul
,

⑨

and the same inequality holds with in du interchanged .

Thus we have :

/ dkuiyul-dcxm.im//tdGuiXmI-dCYmiYul .* I
-

= : ✗ in
¥5m

SiuU@uluaudCywIuaveCauclyseq.veu.us ,
we have :

V-E >◦ FNE IN such that them ≥N :

dcxu
,
✗ml < { and.

d.Gyu ,Yul < €

So I ✗ u - am I < E for new
≥N and so Kulu ≤ IR is a Candy

sequence ,
thus convergent ( because IR is complete /

(iil Independence
of K¥ta€ : Let⇔n~(✗n' In and
-

④a) u ~ (yiln .

We have to prove
that

him dlxu
, Yul = Lim

din
'

, ya't

u> d
u
-so

Repeat the derivation
of ☒ f above

, interchanging ✗m ✗n
'

and Yun ya
'

,
and obtain

/ disorient - din
'

, ya'll ≤ dcxu.ci/-dCyu.yu
'

/ -5%

by definition
of ~

.

(2) Ñ fulfills the axioms
of a metric:
-

(if ¥ : ÑCI ,yY=o ⇔ him dcxu
,Yuko for some

u→• representatives
⇔ (a)

n

~ (Yalu ⇔ I = J .

liil Symmetry
and
Liii) Triangle inequality

are clear from the properties of d ( do ! ) .



(¥ : Define i :* → I ④
b → Ñ : = [(b , b , b , - - - )]

Set V4 : = ICE1.The map i is an isometry since

Ñ ( i (a)
,
ilb)) = d- (ñ

,
5) = him d.Cacbl = d.( a.cbl

.

u→ do

It remains to show that V4 is dense in # with respect to Ñ.

Let I c- É and e>◦ .
Pick any representative@In C- E. As

(a) u is a Cauchy sequence (in
E) we have : 3-NEIN tu , in ≥N .

-

dcxuixm) <É Let Ñ :=w ,
✗win , - - -LIT = icxwl c- V.V

Then d~(5
,
E) = him dcxn ,

✗u) ≤ £ < E.
u→ do

so V4 is dense in É
.

Let @
'4) new

≤É be a Candy seq - in
É
; Wis dense

in É : tkf IN 7 Echl : = [CZK ,-2k , . . _ BE V4, 2-KEE , s -
t

.

d- ( ICH
,
ICH ) < £

For every tree
IN we get (due to the isometry property of E) :

** dczkeze ) = Ñ ( Elzie) ,
iHell ≤ ÑCE'"

,
#"I +d~lx-CH.zcelj-dcxlefz.ca )

Fei TE TE
Let E >o

.

Since ⇐"1)near≤É is candy (WA - Il
,
there exists KEN

such that d- (Eckl
,
Icel ) < § for all Kil >_ K .

Hence
,
€+4

implies that dlzkezel < E for all kid ≥ max {Z, K} ,
that is

,

⇐whew C-☒ is candy .

Let I : = [(Zulu] c-É
.

We prove now
that h-md~C.IM

,
E) = 0 .

b.→ 0

Indeed
,
let E>o

.

Then
,
as ⇔ u

is Cauchy ,
7N C- IN s-t .

dczk
,
zuf < É for all kin ≥ N .

Thus
,
for all k > max {{µ }

,

d- Cñ"! E) ≤d I + ICE
" ! E) < { ☐

-

=±Y•dCZk ,-24



(d) See exercise .

④

1. 3
. Example : sequence space

EP
- - - -

/Defiwhu t.IT/(lIspaus- )
-

Let
,
for p c- [

1
,
a) (= It , •E) ,

IP : =lP( IN) : = { ✗ = (a)new / ✗neetu and 11×145=(-21×41)%20}
NEIN

and ( p = a)

IN : = IKIN ) : - { ✗= *µ / ✗neetu and 11×16
: = sup 1×4<0}
ut IN

( II. Hp will be a uoI
for every Pt

[ 1,0] , see later)

I For every PE -21,0
]
,
dplxiel : = 11×-714 ,

✗eyed !
defines a metric dp on IP

PI All properties clear [ check
:)
, except for triangle inequality ,

this follows from Lemma 1- 17 (b) below (dot)

/LÑat CHEEK &IinkIki )
Cal Let p , g- c- It ,•]

be CH-o-ldev-lseujugat-de-ped.ie,
¥ c-¥ = 1 ( convention

:
"2--0

"

)
.

Dual pairing and HIE quality : For all ✗
c- It

, y c-
let :

Lay > :
= [ ✗nyu is well

- defined
,
and

WEIN

Kay> I ≤ [ lxuynl ≤ 11×11, 11411£
uC- IN

(b) Minkowski inequality :
For all ✗ eye IP

: llxtyllp ≤ llxllptllylfp
-
- - -

PI Bath @ I & Cbl fallow from corresponding iueq
-

'
son

,
and

then passing to the
limit ; for (as f. ex.

[ Ixuyn / ≤ (É1✗u|P)%(Élyuit )Yq_
(see ex. Forster, uol.tl

u= ,
a- i ut & carefully ( ! / take limit

☒



/ReTk I eat Note : alternative notation : Ip ④

(b) Note :L
'>

({ e- , . . , u} ) := { ✗ =L✗⇒ . .int/xic-C,llxlfp----(-21xplPj4Tgi--f
["c-IN )

is nothing but IR
" with 11-4

p
- norm

.

(c) IP- spaces can
also be defined for p c- (oil) ( = ]

o
,
I[ )

.

But the Minkowski inequality does not remain
true intens

case . Instead ,
one has 11 ✗ +yip ≤ 11×11,5 c- Ily 11¥ Kp c- (oil )

( quasi -muy 1.Therefore
we consider IP - spaces for p

≥ I only ,

/TheonemT- (a) tip c- [ 1 , a)
: IP is separable

(b) do is u_at separable

PI ( al We use the separability of E. For u c- IN , let

Hu : = {(✗± , - -Yu , ° , - - -. ) I ✗j C-Qti Q , j
= 1

,
- - in}

So Mn is countable and 17 : = U Mn is also countable .

nelly

claim : Ñ = IP
.

Let yelp and Ezo , then these exists NEIN :

Ily ,- IP < ¥ ( 1411 ,,
< • ⇒ him ly;P)% = ◦ )

,

g- = Ntl
L-70 j=L

and since Qlti Q is dense in e
there exists ✗ c- Mar suchthat

Élxi -Yi / P < ¥ .

This implies @play))
"
= Kx -y4pP < EP

j=f
☒

(b) See exercise _

-
-

⇒igcompletefweveuypt-LI.EC/-uatis
,
Clean) , dpt is a complete metric space )

·



④PI (a|Casepe[1 : Let (✗
"

1)new ≤IP be a Candy
sequence

wit . It - Up , where ×
'" '
: = (✗ i"'

,
✗EY . . _ ) .

Let Eao
.

Then

there exists 14 c- IN such that

*I Élxj" - ✗j" IP ≤ [ 1×4' - ✗YIP < EP them ≥N ,
V-J

,
≤I c- 114

.

j=J, j c- IN

step1_ : Find a candidate for the
limit using the completeness of Q .

Let J, = Jz=J , then * ) implies ⇐ u

C- E is a Cauchy seq .

CHJEIN)

and
,
since i is complete , there is some ✗

g-
C- Q s -t

**) him ✗ = ✗
g-
tJE 1111

.

u→ do

so our candidate is × : = (✗± ,
✗
z ,

-
- - )

step Prove that
the candidate belongs to the space

: Use the

Minkowski inequality in É , ☒*1 , and
set J

,
= e- in *1 :

Jz

( Iki IP )
"'
≤ him (Élxi"- IP )

""
+ ( É¥yP)"P

j=i in → a j=c

≤ Et 11 ✗
"'

Xp t Jae-IN ,
kn≥N≤TÉp <a

so we get 11✗ Up ≤ Et 11 ✗
' "'

Up for every u
≥ 111

,
and hence ✗ c- It

step: Prove that
the sequence converges to the

candidate
,
inthe

norm of the space
: set J , = I in * I and in → a

, using

**1 .

Then
,
for every

u ≥ N
,

É 1×41 - x ; IP ≤ EP t Ja c- IN
,

j=i

so by sending Jz → o in addition
,
we have

dplx
"? × ) = 11×4 - ✗ Up ≤ E ,

so ✗
"I
→ ✗ in IP

.

(b) casep- Replace
" É "

by
"

sup
"

and
"

1. IP
"

by
"

1.1¥
j=J , J

,
≤ j ≤ jz

-



④1. 4
. Compactness
nvm

nvm

/ Definition Let II be a topological space ,

and A≤I
-

V13 2A with an(a) A is Impact :⇔ For every EPEE •⇔

index set I≠ ¢ ,
and Ba c- E open

for all ✗ C-I
,
there exists

a fiyit-opensubcovwm.ie , 7N C- IN and ✗
± ,

. _ ,
✗
a
C-I such that

N

U Ban ≥A ( tie-in -Bcd
- prosperity ) .

in= I

(b) A is sequentially Impact
= ⇔ Every sequence

in A has a

convergent subsequence with
limit inALBIE-Westappw-ped-yl.CIA is relatively Leg -tempered : ⇔ A- is (seq . ) compact .

112€52 / (a) Def. applies in particular to E- In this case we
have

"
=

" instead of
"

≥
"

.

(b) Some books (e.g. Bourbaki)
use compactness only for Hausdorff

spaces i they
call ◦no pmpecty ua Impact .

/ThTÑ_ Let E be a topological space
(a) Assume E is

1ˢᵗcountable
.

Then :

E compact ⇒ I sequentially compact
Cbl Assume E is 2ⁿᵈ countable _

Then ?

E compact ⇔ I sequentially compact .
-
- -

In the proof we will use /need :

/The◦_ ( Liude-of's_Lemma Let I be a 2ⁿᵈcountable top . space,

and let U d-
✗
= II be an open corev.

Then there exists (✗ is)n⇔≤I
✗ C- I

such that U A✗n=E , i- e. ,there exists a pencebevvy
R C- IN

-
-

-

PI Let { Brineµ be a countable base of the topology .

Let

K : = { KEN / 7 ✗≤anc-I with Bk ≤ d-✗n} .Then U Br ≤ UA✗ (a)
KEK ✗ C-I



Now
, every Ax is a union of certain

Bris
,

and the correspou
- ④

ding k 's necessarily belong to K .
Thus U Ain ≤ U Br ⇐d)

✗ c-I ktk

@ I & @ a- I imply E- = U Ain = UBK =eAdn☐•
- -✗ C-I

kc-K-pf.ofthml-23-i.catBy contradiction
: Assume E is compact , but that

there exists a sequence (a)naw
≤E without convergent subsequence .

Claim : tix c-I there exists a neighbourhood V41 such that

✗u C- U 6-1 far at most finitely many u .

Pf. ofm : suppose claim false . Then 7 ✗ C-I and a countable

neighbourhood base { Vu} new
of ✗ with Uk ≥ three Kkc- IN ( holds w log .

( o . B.d-At
,
see pf.Thin .

1.6 Cb)) such that

⇔ the 1N : Xu C- Xk for infinitely many
u

so
,
for all KE IN

,
define Uk E IN such that ✗unf Vn . Since ☒ f holds

for infinitely Macy
u
,
we can choose the Uk sat . Un Luke ,

tkt IN

But then (Xun)new is a subsequence
of @a)new and Cim Xun -_✗ £

k-so

☒log .
,
the neighbourhoods Ulxl from the claim can be assumed to be open .

(otherwise shrink V41 to the open set contained in it which itself
contains × ) . Now

,
☒ = U V4) = Ñ Uly ;) for some at KY and

YEE j=c
some yes . - , Yu C-I because

* is compact . The claim implies that each Uly ;) contains
at most

finitely many members
of the sequence inly ,w ,

so IT contains at

most finitely many members of the sequence € /new ↓

Cbf
"

⇒
"

follows fromTheorem
1- 2 and Cal

.

We prove
"⇐ " by contradiction ?

Assume every sequence
has a convergent subsequence , but there

exists an open cover of E
without finite subcover . As ☒ is

2nd countable
,
there exists a confabU subcorer d-= Ucij of

jc IN

this cover ( byThur . I-24) .

For
every

ut IN pick a paint

* *)
✗u c- E)¥

,

g)
( possible th C- IN

,
since there exists no finite subcover)



By hypothesis , €1 C-I has a convergent subsequence ④
✗un
⇒•

✗ C- E. Then exists N c- IN such that ✗ C- Cin
,
so

Cin is a neighbourhood of ✗ .

Now
, @urban being convergent

means Xun C- Car for finally all k ( i. e. 7K : k≥K ⇒ ✗nut Cw )
.

On the other hand , uh ≥ N for finally all k , hence ✗naff car
far finally all k by ☒*I § ☒

-

|Theoum Let II be a topological space and A
≤I.Ten :

@ I I compact and A closed ⇒ A compact
@ I ☒ Hausdorff and A compact ⇒ A closed

.

-

-

PC.ca#-UU
,
≥ A be an open

cover
.
Since A- is closed

,
Ae

✗ C-I

ispeu ,
and I = A

'

v ( U L) is an open core
✗C-I

since I is compact , there exists ut IN and ✗
± ,

- -

,
an C-I suck that

1- = Acu ( Ñuxi )
i=c

and so Ñ Ua. 2A is a finite sorts cover
.

i=c

Cbf see Exercise .

/Wavuing# / Bounded and closed doN imply compact in general !
-
-

Exainpe : IP , p
c- [ lid] ,

and lthe closeduuitball-J-B.co
) : = { ✗ c-If I 11×14<-1} ={✗ElPlHxK = BÑ

is bounded and closed b consider : = C- --10 , 1,0 ,
_ _
. / C- B-, lol

(with 1 at the n'th positions , n c- IN .
Then

dpce
"'

,
e
'"
) = Heat - e" Hp = {

2"
, P <

•

1
, p
= a

thin c- IN
,
n≠w

,

so there exists ¥ convergent subsequence , and Bicol is¥t

seq . compact. Hence , by Thur . I-23cal , B-do) is ¥t compact .
-



④I7 / Let II be a mI space .

Then

II is sequentially compactII is compact ⇔
↓ Cc )

E is 2nd countable ⇔ I is separable
(b)

( Recall that I is 1ˢᵗ countable & Hausdorff ( I
-

.
_

Ff Cbl was proved in Thun .
1.9

.

(a)"This isThin .

1.23cal (since ☒ is 1ˢᵗcountable / .

: Follows from pf . of (c) (see below / ,
"

⇐
"

of (b)
,

and Tim .

1.23 (b) .

We prove that sequential compactness implies separability by constructing
a countable set 17 with Ñ = E. Fix uf IN and use the following
algorithm to define paints ✗% :

=

Li ) choose an arbitrary ✗YI c- E ; set k
: =L

liil WILLE REY : = E) (Uk B÷C✗j" )) ≠ ¢ DI
j=c

{ pick ✗¥ ,
c- R% and increment b.→ Kei }

Claim: This algorithm stops after finitely many steps .

true
,
because for k -1-1

,
we have din

" '
,
✗%) a-± _

Henie
,
if the

algorithm did not stop
after finitely many steps , we would have

an
infinite sequence (✗É)kw≤ E without a convergent subseq.,

in contradiction to E being sequentially compact .
✓

The claim now implies that
: th c- 11117 Hu c- IN such that
kn

*I I = U B±l✗j
"

)
j=f

Set the : = { ✗j" l j --1, . . , Ku} and 17 : = U Mn .Then he is countable .
uc-IN

To prove
denseness ( Ñ = # 1

,
let ✗ c-II and e >◦ . Choose u c- IN

with± < E.
Then *s ⇒ 71 c- { ±, . . , Ku} such that ✗ c- B:-(xi

' )
.

Hence
,

d(×
,
M ) ≤ dlx , ✗it ] < ± L E

,
so Ñ =I ☒

-



I (IychH 'sThem - ◦ ✓Tikhonov ) ④
Let J -1-4 be an index set

,
and Ex a compact topological space for

all ✗ C- J - Then

✗ ×
,
= { f : J→ U Ex / f- (a) c- Ex }

✗ C-5 ✗ C-IT

is compact in the product topology .
- - -

Pf : See any
textbook on topology ( Kelley , Hankies , V.

Queen bury f.ex. 1
.

- - - -

/DefT7 Let E , Y be topological spaces .

Define

lil C(✗
,
Y) : = { f : ✗→ Y l f is continuous }

In particular, far Y= It c- { IR , a} , set CCX)
: = CCX

,
1K )

lit) ↳ (X) : = { feccx) I Ilf% Lao} (bounced continuous fEs )

where llflfai = sup IfG) I
= sup { If411 I ✗ c- E}

✗C- E-

/ReoT1 Let E , Y be topological spaces ,
E compact , FECCX , YI

.

Then : cat fcx) is compact
(b) Assume : Y is Hausdorff and f is a bijection .

Then f is a homeomorphism ( i.e-
,
f-

'
is continuous)

← 1 If ✗
, Y are metric spaces , then

f is uniformly continuousits
>o 78=8, so : the E

: f ( Bolx ;D#1) ≤ Be (fist ;D,y )

( equivalently : HE >o7daoi.d-x_Cxiy1c5-sdyCfLx1.fCyDce1@1AssuweY-1RCi-e.f:X → IR) .
Then f takes

on its maximum and minimum : 7 × ,
,
×
,
c-E :

the E : f(× , ) ≤ f(✗ I ≤ flxz)-
-

PI (a) Let UVa ≥ f (E) be an open cover .
Then

✗EJ

☒ ≤ f-
'

(¥,4)
= U f-

'

( Va ) (
"

=

"

in fact)☒ I
a c- J



Because f is continuous & Va open , f-
"

( Va ) is open
txt J

, ④
hence * 1 gives an open cover of E-

which is compact .
Hence

,
7 NEIN and ✗± , _

.

,
✗ns.t . E ≤ % f-

'

(K )
,

and therefore
,h= (

f- (E) ≤ Van

(b)
,
Ccl

,@ 1 : see Exercises .

1. 5
. Example

: Spaces of continuous
functions

-
-
- -
-

General assumptions in this
section :

Lil E is a compact Hausdorff space
Iii) CCE) is equipped with the Ifan ( system ) wet :

do Cf , g) = = Hf - gtfo : = sup If G) - glx) /
✗ C- E

( Note : sup = Max
is finite tfig c- CCI ) by Thur . 1- 30 (d) )

/Theoum1 C. (E) is complete .

Pt : Follows from completeness of Cb (E) ( bounded court . functions i
see exercise )

,
and that C. (E) = Cb (E)

,

which follows from

compactness of €, and 7m .

1.30 (d)
.

☐•

|Theou# / II is metisable ⇔ C (E) is separable

( A topological space ☒ it) is metusabe
: ⇔ 7. metric d ou E that

generates the topology J )

PI For
"
⇐

"

: see (f.ex) Bourbaki ,
" Elements ofMathematics

,

GeneralTopology;
Part 2

,
sect

.
E 3.3

,
Tim

.

I -1
.

Here
,
we only prove :

"

Fix any
metric that is compatible with the topology .

For min c- IN ,
define

Gunn : = { FECCE) / f (Byu) ≤ Binlflxl) Kx EE}
By compactness of E we get

lit Any f C- CCE) is even uniformly continuous , by Tim .

1-3 ◦ (c)
.



Choose E : = ± there , and let in large enough s.
-1

. ④
± ≤ E. Then f E Guen ,

so C.(E) = U Guru Ku c- IN C)
MEIN

Lii) For any
in C- IN we can find km C- IN and a

± ,
.
. .,akm£E

such that I can be
written as a union of open balls

of radius ± : E- = Btmcanl ← ICE is socpaet)
k=f

Now
,
It is separable , i.e. there

exists countable

set { Ku c- He l v c- IN } which is
dense in 1K

.

For given me
IN and any 4 :{ 1 , - - 1km1 → IN ,

i.e .

4 = ( ce (1) , _ . , ce
CKmi) C- INK

"

,
define

Glen : = { g c-Gun / 1g Can) - keen, / < ± th = I , - - - ,Kin}

We only want to consider those q
with Ginn ≠ ¢,

so let
Imu : = { ee INK

"

/ Gain -1-41

Eun is not empty ( since g- = CY . _ ,v1 c- Emu ,
because

the constant function f=_ Ku C- G% ) .

For every 4
C- Emu pick some gce C- Ginn .Now define

Lmu : = { get a c- Eun} and L : = U Lmu
mentor

%
Rv

E f
, ,-1 C- Guk

If

they -
•oÉ

-

- - -
-
- -

} %
Reiss ÉÉ→

Notions

in proof
kqcy É ••

-

f-1 of Tim .
I -32

IF
< zu

Haz at
}

☆ ×



Nate : Linn is countable because Eun ≤ IN
km ④
1

hence L is countable Thetheorem now

follows from :

claim I
do
= CCE )

PI Fix FEC (E)
,
u c- IN

.

(1) ⇒ 7m c- IN : f c- Gun .

Also
, 74ft Émn s -

t

f c- 69£ : simply choose g- ( k) such that

/ flan) - Roger, I < ±
,
which is possible by

the denseness of { her I v c- IN } in It .

(2) ⇒ tix c- I 7k
✗
C- { 1 , . . , km} : ✗ c- BE ( anx )

Take get C- Linn
≤ Las approximant . Since f ,gqfE Guff

we have
,
far all ✗ C-* ,

11-64 - gqfcxl / ≤ If 64
- flak

×) / t lfcanx)
- Hetchy /

I-F.otmnT-E-aw.net/kcefCkx)-9qfcakx1l-l9cq-akx) - 94+4-1 /

TÉ±
-

cut by clef. of Gunn

< ÷
.

Since f and u were arbitrary ,
the claim follows ☒

- -

An alternative approach to separability :

/Def3 (a) A K - vectorspace
d- is a K-algebm_ : ⇔

there exists a multiplication d- ✗A→A which satisfies :
@+ b) c = act be ta

, bic c- A

ccatbl = cat Cb ta ,bi C-A

✗ (ac) = Hate = a (Xc) ta
,
c c- A

, ✗ c- It
( Example : C. (E) is a ( commutative ! ) 1K - algebra)



(b) A subspace B ≤ A is a subalgebra =⇔ B is closed ④
under multiplication

@ \ A subset B ≤ CCE) s-epavate-poiutsin-I.es for all distinct
points × , y C-E , ✗ty ,

there exists ft B
'

- f 6- I f- fly /

|TÑ3(stEsfᵗIl Let B ≤CCI ) be a
subalgebra with the following properties :
(if 1- C- B ( where 1-

'
- E-→ It is the constant function /
✗↳ 1- B isunitaliil B separates points .

Liii / If # = ¢ : Assume furtherthat
B is closed under

complex conjugation (i.e. FEB
⇒ f- c- B)

Then : B-
do
= (CE ) (that is

,
B is dense in CCEI)

-
-
-

PI. Not here ; see e.g
.

Reed - Simon
,

✓of . 1
, App . to sect . II. 3

/Coy 1-35--1 Let K ≤ IRD be compact , d c- IN . Then the
set

of polynomials is dense (wit - dÑiÑ#-) .

Furthermore
,

CC#1 is separable .

-

PI: Let B be the 1K - subalgebra of the K- algebra C.
'

(E)

generated by the monomials

*\ Mu
,
x
: K2 ✗ = (✗± , - - - ,

✗d) ✗I c- It
,

u c-No
,
✗ C- { 1, _ . , d }

Then stone
- Weierstrass gives B-= (CE ) since , clearly ,

(1) 7- C- B and
,
if *= G ,

then B is closed under complex

conjugation ,
since ✗ c- It ≤ Ind and B is a e- subspace .

(2) If ✗eye K ,
✗≠y ,

then 7 ✗ C- {1 , - yd ) : ✗✗ f- Ya ,
So

Ms
,
✗ (✗I ≠ Me

,
✗ Cyl ,

and so B separates points .

·

· u

#

⑫



QI
,
It = IR ④we prove separability : let Ito: =/ + i
,
# = ¢

and let Bo be the ko - algebra generated by the monomials in# 1
( Note :This is not a sub algebra of CCE ) - why ? ! )
( if Bo is countable ( it consists of polynomials with national coeff./

(2) Since K is bounded :

V-E >◦ true /Not✗ c- { 1 , - yd / Kc c- 1K7g c- Koo : dadcnn.qq-Mu.in/LE--sBo---B- = ((K) ☒

/Definitions Let # be a metric space Cautioussanity compact )
Let 5- ≤ CCI )

.

lil F is e-quicoutiuuous-i.es He >◦ the ☒ 70 >◦ : Fff F :

f( Boy ≤ Becfcxl)

(i.e.cl#lxiy) < or ⇒ /flxl - fly / / L E tf ;
0=86

,
×))
By

lii / 5- is um-f-oruhye-quicou-huuc.IN =⇔ He>◦ For> o : -VxEE Kfff

f- (1386-1) ≤ Becfcxl)

(i.e.
,

[ = or e)
,

but uniformly in ft F day C-E)

/Rewwk @ f If E is even compact ( by Tim .

1- 30141 :

eyuicoutiuuuus ⇔ uniformly equicontinuum .

Lbf Examples :

Lil Any finite collection of continuous functions is equicontinue

lii) * = [oil] : { ✗ ↳ cos (E) In c- IN } is uniformly equi continuing
Liii) E=[o , 11 : { ✗↳ ✗

%
In c- IN } is not equi continuous

(ivl ☒ = (oia ) : { ✗ ↳ accfaucuxl / new } is equi continuous
but not uniformly eqwicout . However , each function

is uniformly continuous
.

#

·



/THEM Let * be a metric space (
not necessarily If:)④

and (ful new ≤ CCI ) an equicontinuous sequence . Assume

there exists dewy subset D. ≤* such that

the D: him fu 6- 1 exists
.

u→a

Then him facial = : feel exists tx C-¥ ,
and the limit function

u→ N

f E CCI )
.

-
-

Pf We first prove convergence
for all ✗ C-E :

Let ✗C-E ( fixed ) , E >0
. By assumption there

exists 8>0 S.t.

the IN Kx
'
C- Borat : / fu 1×1 - fuk't I < E.

☒ I

since D- =E
,
there exists YE Boleyn D. At y , the seq . (fn(y ) )*µ

converges ( by assumption) , hence ,
it is candy .

So : FNEIN them≥N:

**) Ifnlyl - fmly / I < E

and so
,
them ≥N

/ fncxtfmcx / I ≤ /fuk - fancy ) / c- lfulyl - fancy / It lfuly ) -fuk ) I

¥.
- -

< e by **) CE by * 1

2 32

So him fu 1×1 = : flat exists for every
✗ C- E- ( since (ful✗1)

new
→ a

candy &# complete)
we now prove continuity off :
Note that ☒ f holds for all new,

and E & J there are indep . ofu .

Hence
,
we can take the limit in→ • in it to get

te >◦ For> ◦ : Kx
'

c- Bowl : If 6- I - fail / £ E ☒

Iary Assume - in addition to the assumptions iuthm. 1.38

- that E is compact . Ten in fact

him do lfu ,f) = o
u→ N

(i.e.
,
the convergence is uniform on E)

*



If : Let Ezo .
As E- is compact , ④

(if ( ful*µ
is uniformly equicontinuous ( see Rink 1.37cal / , so :

7020 : tx c-E- the 1N V-✗
'

c-E with dcx , ✗
' I < 8 :

I fu -61 - fucx'll 2 E * f

Iiit there exists K c- IN and a
≥,

_ _

, at C-
I suck that

K

E = U Bolan)
.

☒* I
k= /

Using ☒*I , for every ✗ E E we can
choose kx c- { 1, - yHst . ✗c-Bolan)

Then
,
tuc- IN

,

/ fucxl - C-G) I ≤ / fu6-I - finland / c- / fu Came) -f (and It /flak,) - fall .
TE TE

(4 T
,
L E for every

u C- IN by the definition
of an

,
and * ,

(2) 3- NEIN : tu≥ N tx c- E : Tz < E by simultaneous

convergence
of (fn(and )u for k=1, . . , K (finitely many

!/ byThur . I-38

(3) Tz ≤ E by the definition
of akx

,
* 1

,
and the limit u→ • in ☒ )

Hence
,
we have

V-E >◦ 7N C- IN the ≥ N Kxc-E : Ifn G-l - f G- I / < 3 E TE

-4o(Arzeli-Ascoli_) Let E- be a compact metric space ,
and (ful new

≤ CLE ) an equicoutiuuous and pointwise bounded

sequence , i- e . fx c-E :

sup lfulxl /
< N

ut IN

Then there exists a uniformly convergent subsequence (fu;) jew .

Equivalently : Every equi continuous and pointwise bounded
subset f- c- CCE ) is relatively compact

lie.Eiscompa#



P-f.RU equivalence of the 2 statements follows fwm
: ④

2- metric space ,
d- ≤ 2- : A relatively compact ⇔ every sequence

in A has a convergent subsequence (with limit not necessarily in d- but

only in A- ) (see exercise) .
We prove the

"

sequence
version

"

:

since * is compact ,
E is also separable (by Them .

I-27 )
,
so

there exists a dense subset { ae c-Ell c- IN} ≤E. Pointwise

boundedness gives
sup lfnlae) ) < a tl c- IN, * f
uC- IN

so
, by the Bolzano - Weierstrap Them . ( in IR)

,
for every
l there exists

a subsequence ⇔
'
)
;c-µ

c- IN such that

him fy.at Cae ) exists
. C-* 1

j-so

But > We need simultaneous convergence on the set
of points

{ ae C-I / le IN } for a single subsequence .
Use diagonal sequence- - -

tach : vlog .

,
assume

""

1)
jaw

≤ 1)jew
[ Indeed

, sup lfy.ci, (az) / < • by * 1 .

Thus
, ☒*1 holds ,

it 1W

with (nfl ) ; C- ⇔") ; .

Now proceed by induction] .

Define Vj = = U for j c- IN (
"

diagonal sequence
"

/ Then

j) ; ≥e
≤⇔'

) ;
and limfy.cae) exists for all I C- IN .

g-→ &

Since the set of the ais is dense , Cov -
l
- 39 gives the claim ☒

/ Remwhl Both assumptions - compactness of E and equicoutimihy -
are essential for Them 1-Yo to turn pointwise boundness of a

seaⁿnui◦nre%M

·



④I.6Baiwe'sTheorem_
-
the basis of 3 (out of 4) fundamental theorems

of FA
.

I Let E be a metric space , A≥ ,
Az ≤ I both dense

,

and A ,
also open .

then A
,
n Az is also dense

completeness gives more :

ITEM (Bae ) Let * be a complete wetñc space , and,
for all u c- IN

,
Let An ≤E be open and dense .

Then ,wAu is dense in E.

-

-

/ 12¥44 / (a) Completeness is essential : consider ☒ (with
-

metric from IR) . Let { 9-n e- Q In e- IN } be an enumeration of Q .

Define Au : = ☒\ { 9-ul .

This is open and dense in ☒ but

N An = ¢ is not dense in ④ .

UE IN

(b) Openness
of N An is false in general . Consider Avi = IR) { g-u} .

NEIN

(c) Baine 'sTheorem also holds if E is a locally compact Hausdorffspace .

Pf(o) : Define D: = M Au .

Let ✗
◦
C- II be arbitrary and fix Ezo .

ut IN

To prove
the denseness of D in * we have to prove

that Dr Beko / f-¢
.

We do this by constructing a sequence (a)new that converges
to some ✗ c- Dr Beko ) (see drawing)
That A , is dense implies A , n Beko) ≠ ¢, so pick ×, E Ain Be Cxol
and e

,
c- (◦ i E) St Be ≤ A ,n Be (a) G- open )

proceeding similarly with Az and Be
,
(X ) we pick ✗a C- Azn Be ,(× , )

and Ez C- (o
,
¥ ) s -t .

Beta) ≤ d-an Be , (a) ≤Ain A≥ ~ Be (xo )



We proceed inductively in the same way , to get 2. sequences ④
@ ) (Eu)new with Eu < In the C- 1W

(b) (✗a)u≤E with ,
tut IN

,

Ia#BÑu ≤An ^ Ben
.
,C✗n, ) ≤Ann -- - nAin Becxu)

- hence
,
the C- IN V- in ≥u : ✗ in C- Ben(✗u)

.

☒ I
%

Now ☒I & (a) implies (a)n is Cauchy ,
and so

: 7 ✗ E E : ✗in → ×
,
→ • ( since # complete /

But by * 1 we have ✗ C- Betul knew
,
and C) gives

✗ c- ,wBenÑ C- Dn Be lxo)
,
so Dn Be Got ≠ ¢ ☒

-
- -

/De Let € be a topological space and d-≤I.

Lil A is a Go C- set) :⇔ A is a countable intersection of open sets.
rn rn

liil A is uʰeredeuse_ : ⇔ A- has
'

no interior points .

Liii) d- is meagI (or onffsntcategoryn) : ⇔A is a countable union of
nowhere dense sets

Liv) A- is umeagI ( or category /
'

-⇔ d- is not meagre

/Ep IQ is meagre in IR ( Q1 = U { 9-3 )
9-EQ

1*-477 Let II be a topological space and d-≤E. Then
(a) A is nowhere dense ⇔ (E)

e

dense

(b) It is meagre and B c- A ⇒ B is meagre

⇐1 An C-I meagre
truck ⇒ U Au meagre .

nf IN

PI (b) & let are clear by the very
definitions (do ! /

.

statement Cal follows from equivalence
B has no interior points ⇔ Be dense

This is equivalent to
7 interior paint of B ⇔ B

'

is wit dense

which is clearly true ☒

-



We now prove 3 equivalent reformulations
of Baine 'sThi④

/ Lemmal.ie#et/I be a topological space .
Then the following

4 statements are equivalent:

lit An≤* open
& dense true IN ⇒ 1 An dense

new

Iii / An C- II is a dense Gor true IN
⇒ n An is a dense Go
near

Liii ) A ≤ E has an interior point ⇒ A non - meagre

Liv ) A ≤E- meagre ⇒ Ac dense

If one ( hence ,
all / of the above holds , E- is

called a

Ba-irspacefco-ay.HRA complete metric space I is a Baire space .
-
-

In particular : If #≠¢ , then E is non
- meagre .

-

Pf(of : lit ⇔ ( ii) by definition of Go

li)⇒L : suppose It is meagre , that is , d- = U Au withhf IN

An nowhere dense Hat IN
. By 1.47cal this is equivalent

to (AT)
'

dense a open
the c- IN

,
and ( it implies that

the intersection MATT= :B is also dense .

But teen
4€ IN

B
'
= U AT 2- A has no interior paints ,

hence A has

ntIN

no interior paints §

liiis⇒ : see exercise

Cir)= : see exercise

-


