
④I.6Baiwe'sTheorem_
-
the basis of 3 (out of 4) fundamental theorems

of FA
.

I Let E be a metric space , A≥ ,
Az ≤ I both dense

,

and A ,
also open .

then A
,
n Az is also dense

completeness gives more :

ITEM (Bae ) Let * be a complete wetñc space , and,
for all u c- IN

,
Let An ≤E be open and dense .

Then ,wAu is dense in E.

-

-

/ 12¥44 / (a) Completeness is essential : consider ☒ (with
-

metric from IR) . Let { 9-n e- Q In e- IN } be an enumeration of Q .

Define Au : = ☒\ { 9-ul .

This is open and dense in ☒ but

N An = ¢ is not dense in ④ .

UE IN

(b) Openness
of N An is false in general . Consider Avi = IR) { g-u} .

NEIN

(c) Baine 'sTheorem also holds if E is a locally compact Hausdorffspace .

Pf(o) : Define D: = M Au .

Let ✗
◦
C- II be arbitrary and fix Ezo .

ut IN

To prove
the denseness of D in * we have to prove

that Dr Beko / f-¢
.

We do this by constructing a sequence (a)new that converges
to some ✗ c- Dr Beko ) (see drawing)
That A , is dense implies A , n Beko) ≠ ¢, so pick ×, E Ain Be Cxol
and e

,
c- (◦ i E) St Be ≤ A ,n Be (a) G- open )

proceeding similarly with Az and Be
,
(X ) we pick ✗a C- Azn Be ,(× , )

and Ez C- (o
,
¥ ) s -t .

Beta) ≤ d-an Be , (a) ≤Ain A≥ ~ Be (xo )



We proceed inductively in the same way , to get 2. sequences ④
@ ) (Eu)new with Eu < In the C- 1W

(b) (✗a)u≤E with ,
tut IN

,

Ia#BÑu ≤An ^ Ben
.
,C✗n, ) ≤Ann -- - nAin Becxu)

- hence
,
the C- IN V- in ≥u : ✗ in C- Ben(✗u)

.

☒ I
%

Now ☒I & (a) implies (a)n is Cauchy ,
and so

: 7 ✗ E E : ✗in → ×
,
→ • ( since # complete /

But by * 1 we have ✗ C- Betul knew
,
and C) gives

✗ c- ,wBenÑ C- Dn Be lxo)
,
so Dn Be Got ≠ ¢ ☒

-
- -

/De Let € be a topological space and d-≤I.

Lil A is a Go C- set) :⇔ A is a countable intersection of open sets.
rn rn

liil A is uʰeredeuse_ : ⇔ A- has
'

no interior points .

Liii) d- is meagI (or onffsntcategoryn) : ⇔A is a countable union of
nowhere dense sets

Liv) A- is umeagI ( or category /
'

-⇔ d- is not meagre

/Ep IQ is meagre in IR ( Q1 = U { 9-3 )
9-EQ

1*-477 Let II be a topological space and d-≤E. Then
(a) A is nowhere dense ⇔ (E)

e

dense

(b) It is meagre and B c- A ⇒ B is meagre

⇐1 An C-I meagre
truck ⇒ U Au meagre .

nf IN

PI (b) & let are clear by the very
definitions (do ! /

.

statement Cal follows from equivalence
B has no interior points ⇔ Be dense

This is equivalent to
7 interior paint of B ⇔ B

'

is wit dense

which is clearly true ☒

-



We now prove 3 equivalent reformulations
of Baine 'sThi④

/ Lemmal.ie#et/I be a topological space .
Then the following

4 statements are equivalent:

lit An≤* open
& dense true IN ⇒ 1 An dense

new

Iii / An C- II is a dense Gor true IN
⇒ n An is a dense Go
near

Liii ) A ≤ E has an interior point ⇒ A non - meagre

Liv ) A ≤E- meagre ⇒ Ac dense

If one ( hence ,
all / of the above holds , E- is

called a

Ba-irspacefco-ay.HRA complete metric space I is a Baire space .
-
-

In particular : If #≠¢ , then E is non
- meagre .

-

Pf(of : lit ⇔ ( ii) by definition of Go

li)⇒L : suppose It is meagre , that is , d- = U Au withhf IN

An nowhere dense Hat IN
. By 1.47cal this is equivalent

to (AT)
'

dense a open
the c- IN

,
and ( it implies that

the intersection MATT= :B is also dense .

But teen
4€ IN

B
'
= U AT 2- A has no interior paints ,

hence A has

ntIN

no interior paints §

liiis⇒ : see exercise

Cir)= : see exercise

-


