
④1. 4
. Compactness
nvm

nvm

/ Definition Let II be a topological space ,

and A≤I
-

V13 2A with an(a) A is Impact :⇔ For every EPEE •⇔

index set I≠ ¢ ,
and Ba c- E open

for all ✗ C-I
,
there exists

a fiyit-opensubcovwm.ie , 7N C- IN and ✗
± ,

. _ ,
✗
a
C-I such that

N

U Ban ≥A ( tie-in -Bcd
- prosperity ) .

in= I

(b) A is sequentially Impact
= ⇔ Every sequence

in A has a

convergent subsequence with
limit inALBIE-Westappw-ped-yl.CIA is relatively Leg -tempered : ⇔ A- is (seq . ) compact .

112€52 / (a) Def. applies in particular to E- In this case we
have

"
=

" instead of
"

≥
"

.

(b) Some books (e.g. Bourbaki)
use compactness only for Hausdorff

spaces i they
call ◦no pmpecty ua Impact .

/ThTÑ_ Let E be a topological space
(a) Assume E is

1ˢᵗcountable
.

Then :

E compact ⇒ I sequentially compact
Cbl Assume E is 2ⁿᵈ countable _

Then ?

E compact ⇔ I sequentially compact .
-
- -

In the proof we will use /need :

/The◦_ ( Liude-of's_Lemma Let I be a 2ⁿᵈcountable top . space,

and let U d-
✗
= II be an open corev.

Then there exists (✗ is)n⇔≤I
✗ C- I

such that U A✗n=E , i- e. ,there exists a pencebevvy
R C- IN

-
-

-

PI Let { Brineµ be a countable base of the topology .

Let

K : = { KEN / 7 ✗≤anc-I with Bk ≤ d-✗n} .Then U Br ≤ UA✗ (a)
KEK ✗ C-I



Now
, every Ax is a union of certain

Bris
,

and the correspou
- ④

ding k 's necessarily belong to K .
Thus U Ain ≤ U Br ⇐d)

✗ c-I ktk

@ I & @ a- I imply E- = U Ain = UBK =eAdn☐•
- -✗ C-I

kc-K-pf.ofthml-23-i.catBy contradiction
: Assume E is compact , but that

there exists a sequence (a)naw
≤E without convergent subsequence .

Claim : tix c-I there exists a neighbourhood V41 such that

✗u C- U 6-1 far at most finitely many u .

Pf. ofm : suppose claim false . Then 7 ✗ C-I and a countable

neighbourhood base { Vu} new
of ✗ with Uk ≥ three Kkc- IN ( holds w log .

( o . B.d-At
,
see pf.Thin .

1.6 Cb)) such that

⇔ the 1N : Xu C- Xk for infinitely many
u

so
,
for all KE IN

,
define Uk E IN such that ✗unf Vn . Since ☒ f holds

for infinitely Macy
u
,
we can choose the Uk sat . Un Luke ,

tkt IN

But then (Xun)new is a subsequence
of @a)new and Cim Xun -_✗ £

k-so

☒log .
,
the neighbourhoods Ulxl from the claim can be assumed to be open .

(otherwise shrink V41 to the open set contained in it which itself
contains × ) . Now

,
☒ = U V4) = Ñ Uly ;) for some at KY and

YEE j=c
some yes . - , Yu C-I because

* is compact . The claim implies that each Uly ;) contains
at most

finitely many members
of the sequence inly ,w ,

so IT contains at

most finitely many members of the sequence € /new ↓

Cbf
"

⇒
"

follows fromTheorem
1- 2 and Cal

.

We prove
"⇐ " by contradiction ?

Assume every sequence
has a convergent subsequence , but there

exists an open cover of E
without finite subcover . As ☒ is

2nd countable
,
there exists a confabU subcorer d-= Ucij of

jc IN

this cover ( byThur . I-24) .

For
every

ut IN pick a paint

* *)
✗u c- E)¥

,

g)
( possible th C- IN

,
since there exists no finite subcover)



By hypothesis , €1 C-I has a convergent subsequence ④
✗un
⇒•

✗ C- E. Then exists N c- IN such that ✗ C- Cin
,
so

Cin is a neighbourhood of ✗ .

Now
, @urban being convergent

means Xun C- Car for finally all k ( i. e. 7K : k≥K ⇒ ✗nut Cw )
.

On the other hand , uh ≥ N for finally all k , hence ✗naff car
far finally all k by ☒*I § ☒

-

|Theoum Let II be a topological space and A
≤I.Ten :

@ I I compact and A closed ⇒ A compact
@ I ☒ Hausdorff and A compact ⇒ A closed

.

-

-

PC.ca#-UU
,
≥ A be an open

cover
.
Since A- is closed

,
Ae

✗ C-I

ispeu ,
and I = A

'

v ( U L) is an open core
✗C-I

since I is compact , there exists ut IN and ✗
± ,

- -

,
an C-I suck that

1- = Acu ( Ñuxi )
i=c

and so Ñ Ua. 2A is a finite sorts cover
.

i=c

Cbf see Exercise .

/Wavuing# / Bounded and closed doN imply compact in general !
-
-

Exainpe : IP , p
c- [ lid] ,

and lthe closeduuitball-J-B.co
) : = { ✗ c-If I 11×14<-1} ={✗ElPlHxK = BÑ

is bounded and closed b consider : = C- --10 , 1,0 ,
_ _
. / C- B-, lol

(with 1 at the n'th positions , n c- IN .
Then

dpce
"'

,
e
'"
) = Heat - e" Hp = {

2"
, P <

•

1
, p
= a

thin c- IN
,
n≠w

,

so there exists ¥ convergent subsequence , and Bicol is¥t

seq . compact. Hence , by Thur . I-23cal , B-do) is ¥t compact .
-



④I7 / Let II be a mI space .

Then

II is sequentially compactII is compact ⇔
↓ Cc )

E is 2nd countable ⇔ I is separable
(b)

( Recall that I is 1ˢᵗ countable & Hausdorff ( I
-

.
_

Ff Cbl was proved in Thun .
1.9

.

(a)"This isThin .

1.23cal (since ☒ is 1ˢᵗcountable / .

: Follows from pf . of (c) (see below / ,
"

⇐
"

of (b)
,

and Tim .

1.23 (b) .

We prove that sequential compactness implies separability by constructing
a countable set 17 with Ñ = E. Fix uf IN and use the following
algorithm to define paints ✗% :

=

Li ) choose an arbitrary ✗YI c- E ; set k
: =L

liil WILLE REY : = E) (Uk B÷C✗j" )) ≠ ¢ DI
j=c

{ pick ✗¥ ,
c- R% and increment b.→ Kei }

Claim: This algorithm stops after finitely many steps .

true
,
because for k -1-1

,
we have din

" '
,
✗%) a-± _

Henie
,
if the

algorithm did not stop
after finitely many steps , we would have

an
infinite sequence (✗É)kw≤ E without a convergent subseq.,

in contradiction to E being sequentially compact .
✓

The claim now implies that
: th c- 11117 Hu c- IN such that
kn

*I I = U B±l✗j
"

)
j=f

Set the : = { ✗j" l j --1, . . , Ku} and 17 : = U Mn .Then he is countable .
uc-IN

To prove
denseness ( Ñ = # 1

,
let ✗ c-II and e >◦ . Choose u c- IN

with± < E.
Then *s ⇒ 71 c- { ±, . . , Ku} such that ✗ c- B:-(xi

' )
.

Hence
,

d(×
,
M ) ≤ dlx , ✗it ] < ± L E

,
so Ñ =I ☒

-



I (IychH 'sThem - ◦ ✓Tikhonov ) ④
Let J -1-4 be an index set

,
and Ex a compact topological space for

all ✗ C- J - Then

✗ ×
,
= { f : J→ U Ex / f- (a) c- Ex }

✗ C-5 ✗ C-IT

is compact in the product topology .
- - -

Pf : See any
textbook on topology ( Kelley , Hankies , V.

Queen bury f.ex. 1
.

- - - -

/DefT7 Let E , Y be topological spaces .

Define

lil C(✗
,
Y) : = { f : ✗→ Y l f is continuous }

In particular, far Y= It c- { IR , a} , set CCX)
: = CCX

,
1K )

lit) ↳ (X) : = { feccx) I Ilf% Lao} (bounced continuous fEs )

where llflfai = sup IfG) I
= sup { If411 I ✗ c- E}

✗C- E-

/ReoT1 Let E , Y be topological spaces ,
E compact , FECCX , YI

.

Then : cat fcx) is compact
(b) Assume : Y is Hausdorff and f is a bijection .

Then f is a homeomorphism ( i.e-
,
f-

'
is continuous)

← 1 If ✗
, Y are metric spaces , then

f is uniformly continuousits
>o 78=8, so : the E

: f ( Bolx ;D#1) ≤ Be (fist ;D,y )

( equivalently : HE >o7daoi.d-x_Cxiy1c5-sdyCfLx1.fCyDce1@1AssuweY-1RCi-e.f:X → IR) .
Then f takes

on its maximum and minimum : 7 × ,
,
×
,
c-E :

the E : f(× , ) ≤ f(✗ I ≤ flxz)-
-

PI (a) Let UVa ≥ f (E) be an open cover .
Then

✗EJ

☒ ≤ f-
'

(¥,4)
= U f-

'

( Va ) (
"

=

"

in fact)☒ I
a c- J



Because f is continuous & Va open , f-
"

( Va ) is open
txt J

, ④
hence * 1 gives an open cover of E-

which is compact .
Hence

,
7 NEIN and ✗± , _

.

,
✗ns.t . E ≤ % f-

'

(K )
,

and therefore
,h= (

f- (E) ≤ Van

(b)
,
Ccl

,@ 1 : see Exercises .

1. 5
. Example

: Spaces of continuous
functions

-
-
- -
-

General assumptions in this
section :

Lil E is a compact Hausdorff space
Iii) CCE) is equipped with the Ifan ( system ) wet :

do Cf , g) = = Hf - gtfo : = sup If G) - glx) /
✗ C- E

( Note : sup = Max
is finite tfig c- CCI ) by Thur . 1- 30 (d) )

/Theoum1 C. (E) is complete .

Pt : Follows from completeness of Cb (E) ( bounded court . functions i
see exercise )

,
and that C. (E) = Cb (E)

,

which follows from

compactness of €, and 7m .

1.30 (d)
.

☐•

|Theou# / II is metisable ⇔ C (E) is separable

( A topological space ☒ it) is metusabe
: ⇔ 7. metric d ou E that

generates the topology J )

PI For
"
⇐

"

: see (f.ex) Bourbaki ,
" Elements ofMathematics

,

GeneralTopology;
Part 2

,
sect

.
E 3.3

,
Tim

.

I -1
.

Here
,
we only prove :

"

Fix any
metric that is compatible with the topology .

For min c- IN ,
define

Gunn : = { FECCE) / f (Byu) ≤ Binlflxl) Kx EE}
By compactness of E we get

lit Any f C- CCE) is even uniformly continuous , by Tim .

1-3 ◦ (c)
.


