
(d) See exercise .

④

1. 3
. Example : sequence space

EP
- - - -

/Defiwhu t.IT/(lIspaus- )
-

Let
,
for p c- [

1
,
a) (= It , •E) ,

IP : =lP( IN) : = { ✗ = (a)new / ✗neetu and 11×145=(-21×41)%20}
NEIN

and ( p = a)

IN : = IKIN ) : - { ✗= *µ / ✗neetu and 11×16
: = sup 1×4<0}
ut IN

( II. Hp will be a uoI
for every Pt

[ 1,0] , see later)

I For every PE -21,0
]
,
dplxiel : = 11×-714 ,

✗eyed !
defines a metric dp on IP

PI All properties clear [ check
:)
, except for triangle inequality ,

this follows from Lemma 1- 17 (b) below (dot)

/LÑat CHEEK &IinkIki )
Cal Let p , g- c- It ,•]

be CH-o-ldev-lseujugat-de-ped.ie,
¥ c-¥ = 1 ( convention

:
"2--0

"

)
.

Dual pairing and HIE quality : For all ✗
c- It

, y c-
let :

Lay > :
= [ ✗nyu is well

- defined
,
and

WEIN

Kay> I ≤ [ lxuynl ≤ 11×11, 11411£
uC- IN

(b) Minkowski inequality :
For all ✗ eye IP

: llxtyllp ≤ llxllptllylfp
-
- - -

PI Bath @ I & Cbl fallow from corresponding iueq
-

'
son

,
and

then passing to the
limit ; for (as f. ex.

[ Ixuyn / ≤ (É1✗u|P)%(Élyuit )Yq_
(see ex. Forster, uol.tl

u= ,
a- i ut & carefully ( ! / take limit

☒



/ReTk I eat Note : alternative notation : Ip ④

(b) Note :L
'>

({ e- , . . , u} ) := { ✗ =L✗⇒ . .int/xic-C,llxlfp----(-21xplPj4Tgi--f
["c-IN )

is nothing but IR
" with 11-4

p
- norm

.

(c) IP- spaces can
also be defined for p c- (oil) ( = ]

o
,
I[ )

.

But the Minkowski inequality does not remain
true intens

case . Instead ,
one has 11 ✗ +yip ≤ 11×11,5 c- Ily 11¥ Kp c- (oil )

( quasi -muy 1.Therefore
we consider IP - spaces for p

≥ I only ,

/TheonemT- (a) tip c- [ 1 , a)
: IP is separable

(b) do is u_at separable

PI ( al We use the separability of E. For u c- IN , let

Hu : = {(✗± , - -Yu , ° , - - -. ) I ✗j C-Qti Q , j
= 1

,
- - in}

So Mn is countable and 17 : = U Mn is also countable .

nelly

claim : Ñ = IP
.

Let yelp and Ezo , then these exists NEIN :

Ily ,- IP < ¥ ( 1411 ,,
< • ⇒ him ly;P)% = ◦ )

,

g- = Ntl
L-70 j=L

and since Qlti Q is dense in e
there exists ✗ c- Mar suchthat

Élxi -Yi / P < ¥ .

This implies @play))
"
= Kx -y4pP < EP

j=f
☒

(b) See exercise _

-
-

⇒igcompletefweveuypt-LI.EC/-uatis
,
Clean) , dpt is a complete metric space )

·



④PI (a|Casepe[1 : Let (✗
"

1)new ≤IP be a Candy
sequence

wit . It - Up , where ×
'" '
: = (✗ i"'

,
✗EY . . _ ) .

Let Eao
.

Then

there exists 14 c- IN such that

*I Élxj" - ✗j" IP ≤ [ 1×4' - ✗YIP < EP them ≥N ,
V-J

,
≤I c- 114

.

j=J, j c- IN

step1_ : Find a candidate for the
limit using the completeness of Q .

Let J, = Jz=J , then * ) implies ⇐ u

C- E is a Cauchy seq .

CHJEIN)

and
,
since i is complete , there is some ✗

g-
C- Q s -t

**) him ✗ = ✗
g-
tJE 1111

.

u→ do

so our candidate is × : = (✗± ,
✗
z ,

-
- - )

step Prove that
the candidate belongs to the space

: Use the

Minkowski inequality in É , ☒*1 , and
set J

,
= e- in *1 :

Jz

( Iki IP )
"'
≤ him (Élxi"- IP )

""
+ ( É¥yP)"P

j=i in → a j=c

≤ Et 11 ✗
"'

Xp t Jae-IN ,
kn≥N≤TÉp <a

so we get 11✗ Up ≤ Et 11 ✗
' "'

Up for every u
≥ 111

,
and hence ✗ c- It

step: Prove that
the sequence converges to the

candidate
,
inthe

norm of the space
: set J , = I in * I and in → a

, using

**1 .

Then
,
for every

u ≥ N
,

É 1×41 - x ; IP ≤ EP t Ja c- IN
,

j=i

so by sending Jz → o in addition
,
we have

dplx
"? × ) = 11×4 - ✗ Up ≤ E ,

so ✗
"I
→ ✗ in IP

.

(b) casep- Replace
" É "

by
"

sup
"

and
"

1. IP
"

by
"

1.1¥
j=J , J

,
≤ j ≤ jz

-


