
If:(a) Let ✗u % in I. Let \! ≤ Y be a neighbourhood ④
of flxf

.

Then F V E Vo open
with fat c- V. Set U: = f-fly

.

U is open (
because f is continuous and ✗ is open ) ,

and

✗ C- U
,
so U is a neighbourhood of ✗ .

Hence , we can

apply the
def

.

of convergence
of Kulu to × :

7 not IN : tu≥ no
: Xu C- U .

But this means : tu≥no :

fault ✗ ≤ Vu .

So flint # C- Gf in Y .

(b) By contradiction
: suppose f not continuous , i. e.,these

exists open
subset ✗ C- Y such that cs.IT

U : = f-
'

( v1 is not open ,
i -e.

,

* 7 ✗ E U : theighb ourhood Nofx : Nn U
e
≠ ¢

Let { Nathan be a countable neighbourhood base at ✗
K

Consider Ñre : = N Nj for k c- IN . Then { Ñn}↳µ is a
j=(

countable neighbourhood base
of ✗

,
with /Ike , C- Ñu Kk .

Kk c- IN : Ñk is a neighbourhood of ✗
¥1 Fxn C-Ñan Uc

.

Thus it lfkfNtl ≥ K : xe C-Ñe ,
so : ✗et#

(2) Hk c- IN : first EfcV9 C- ✓ ? But fatty
,
so Hk

cannot converge to fcxl § ( contradiction / ☒

1. 2 .

Metric spaces
-
-

I¥1.7T Let E be a metric space .

Then
,
the

open
-

sets of E au precisely the ones
of the wide topology

,

i.e.
,
the topology generated by

the base { Byncxi} *µ .

✗C-I

170Kover
,
I is 1ˢᵗ countable and

Hausdorff with respect to lw.ir-1--7 themetric top .
-
- -



P-I.li) Open sets coincide
: Let d- ≤ E. ⑤

Claim :

A open inn
metric space ⇔ A open

in metric top .

(see Handout )

Pfcn :
"

⇒
"

Let it be open according
to Def

.

Hiii ) inHandout.

Then : the A-7 Ex >o : Baby ≤A
,
so d- = U Bex G-I .

✗C-A

Now
,
for all ✗ C-A choose IN 2- Ux >¥ ,

then d- = U 131-64
✗c-A ux

so A- is open in
the metric topology .

-

⇐
"

: Exercise !

Lii) 1st countable follows from
'

-

Claim
: txt# : { Byu(a)*a. is a neighbourhood base

at ×
.

Pfn: cat Bynlxl is a neighbourhood of ✗ for everyuc-IN.CHLet N be a neighbourhood of ✗ → Fci opens.t . ✗ c-G'≤N.

By Cil , use
Def

. Hiii / in Handout for openness
: Few :BeW≤ci

.

Let IN an >£ ⇒ Byu (✗ I ≤N .

Ciii / IT is Hausdorff : Let × , y c- E-
with ✗ f- y .

Then E : = day / >0 ,

and for all UE 13%64 , ✓c- BECH
,

the triangle

inequality yields :

{= day I ≤ dcxiultdluir / + dlyy ) < E- +dluirl + E- .

Hence Icu , v1 >0 ⇒ 4-+4 ⇒ Boyz (✗ In B%(yf=¢⇒ * isHausdorff

it
.

"

1342*1
× ÷ y

$4241
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Ñay8 / All topological notions are available in a
metric ⑥

-

space E. In particular ,
for Gugu ≤E, ✗ C-E,

A-≤I :

(a) Lim Xu = × (as in Def. 1.3
wit

.

metric topology
→ •

⇔ him dlxu ,✗1--0 ( in IR
,
with 1. 1)

u→N

(b) ✗ c- I ⇔ 7 Cynlu C-A : Lim Yu =✗ .

u→ N

(c) If It is a topological space ,

and f : ☒ → Y
,

then

f is continuous ⇔ f is sequentially continuous
- -
-

PI Cal , Cbl : simple exercises ( do ! ) ← S : See Theorem
1.6 ☒

-
-

/Theomn1- Let * be a metric space .

Then : E separable ⇒ I 2nd countable

( and
,
hence

,
⇔ by Theorem 1.2)
-

PI see exercises . Sfeategy : Let A- ≤ II be countable and dense.

Prove that for every open
subset Ci ≤E- we have the

representation ¢ = U B , (aca )
with next c- IN and

✗c- Ci
¥1 a G-ft A- tix c-Ci

,

that is
,
{ B±CaB*µ is a countable base ☒

-

act
_ _

/ F-xauplel.IT The above proof establishes the claim
-

of the Handout (Ex - 2611 : { Byu (9-1) new is a base

9-C-ad

of the Euclidean topology on IRI .

-



/FpConsider the space
of all continuous I ⑦

functions f:[0,1] → ¢ :

C. ([o , I] ; e)
: = c( [913) : = { f :[oil]-sa I f is continuous)

with two different metrics :

Caf S-upremummetcn-ida.GGg) = = Iff - gtfo
,

wheel /If % : = sup 11-6-11
.

✗c- [oil]

The metric space @ to,B) , do) is complete and separable
( seeThurs . 1- 31 & 1- 32 later)

(b) 1-met i

deff ,g) : = Iff - g 11£ ,

when 11ft! : = /
◦

11-6-11 dx
.

Then : (if d, defines a
metric on CLEO, I] )

.

( see Exercise /

liil ( Cleo ,D) ,del is separable because

diff , g)≤doCfaglau-I@tLqifdao1issepaialsUliii1ClIuiB.de) is not complete ( see Exercise )

/Definition/ Let CE,d*I , ( Y, dy / be metric spaces ,T: ✗→ Ymap
Lil T is called an isometry :⇔ the ✗

'
C-E :

d×=C✗ ,✗ ' I = dy (1--61,1-41) .

Kit E , Y are isometric : ⇔ then exists a bijective

isometry F- ✗→YCcorrectly ,#DEI & CY ,dy ))

IRemwkl.IT/-LetT:X---sY be an isometry .
Then

(a) T is injective and continuous.

(b) II and the rungs of T Car image i see
1-5611

rant : =TGIF { YE Y / 7-✗ C-* with 4=1-6-1} are isometric

=
-
-



/Ñ Let E be a metric space .

Then there exists ⑧

a coinpate metric space
€
,
and an isometry i :*→€

such that i CEI is dense in É .

The space
É is unique

up
to isometric spaces .
-

Pt: Consists of 4 steps
:

@ I construct É

(b) Construct the isometry i , and 1×1
: = ICE / is dense inÉ

@ I € is complete
(d) Uniqueness .
-

Ca Define an equivalence relation ~ on the set
of all

Cauchy sequences @ufu
c-E :

⇐usu ~ (yuln : ⇔ him dlxuiyu 1=0
→ a

( ~ is clearly reflexive , symmetric ,
and tcuusilive /

.

Consider

the equivalence class [ (✗uh]
: = { (yulu≤E- Cauchy / (yufuncxuln)

we obtain this way ,
and let

€ : = { [Gulu] / Kulu ≤E Candy } .
Given I c-É

,
we write ⇔ u

C- I for a representative ⇐In of

the equivalence class E .
Define a metric on XE :

d~CE.gl : = him dcxuiyul ,
I ,j c- É , @ulutx , Putney

u→ do

We have to check that :

(1) Ñ is well- defined :

litxisfeu# limit :
-
-

dlxuiyul ≤ dcxuixml-dcxm.im/tdCYmiYnl



⇒ dlxuiyul - dim
, you / ≤ dcxuixmlt dlym ,

Yul
,

⑨

and the same inequality holds with in du interchanged .

Thus we have :

/ dkuiyul-dcxm.im//tdGuiXmI-dCYmiYul .* I
-

= : ✗ in
¥5m

SiuU@uluaudCywIuaveCauclyseq.veu.us ,
we have :

V-E >◦ FNE IN such that them ≥N :

dcxu
,
✗ml < { and.

d.Gyu ,Yul < €

So I ✗ u - am I < E for new
≥N and so Kulu ≤ IR is a Candy

sequence ,
thus convergent ( because IR is complete /

(iil Independence
of K¥ta€ : Let⇔n~(✗n' In and
-

④a) u ~ (yiln .

We have to prove
that

him dlxu
, Yul = Lim

din
'

, ya't

u> d
u
-so

Repeat the derivation
of ☒ f above

, interchanging ✗m ✗n
'

and Yun ya
'

,
and obtain

/ disorient - din
'

, ya'll ≤ dcxu.ci/-dCyu.yu
'

/ -5%

by definition
of ~

.

(2) Ñ fulfills the axioms
of a metric:
-

(if ¥ : ÑCI ,yY=o ⇔ him dcxu
,Yuko for some

u→• representatives
⇔ (a)

n

~ (Yalu ⇔ I = J .

liil Symmetry
and
Liii) Triangle inequality

are clear from the properties of d ( do ! ) .



(¥ : Define i :* → I ④
b → Ñ : = [(b , b , b , - - - )]

Set V4 : = ICE1.The map i is an isometry since

Ñ ( i (a)
,
ilb)) = d- (ñ

,
5) = him d.Cacbl = d.( a.cbl

.

u→ do

It remains to show that V4 is dense in # with respect to Ñ.

Let I c- É and e>◦ .
Pick any representative@In C- E. As

(a) u is a Cauchy sequence (in
E) we have : 3-NEIN tu , in ≥N .

-

dcxuixm) <É Let Ñ :=w ,
✗win , - - -LIT = icxwl c- V.V

Then d~(5
,
E) = him dcxn ,

✗u) ≤ £ < E.
u→ do

so V4 is dense in É
.

Let @
'4) new

≤É be a Candy seq - in
É
; Wis dense

in É : tkf IN 7 Echl : = [CZK ,-2k , . . _ BE V4, 2-KEE , s -
t

.

d- ( ICH
,
ICH ) < £

For every tree
IN we get (due to the isometry property of E) :

** dczkeze ) = Ñ ( Elzie) ,
iHell ≤ ÑCE'"

,
#"I +d~lx-CH.zcelj-dcxlefz.ca )

Fei TE TE
Let E >o

.

Since ⇐"1)near≤É is candy (WA - Il
,
there exists KEN

such that d- (Eckl
,
Icel ) < § for all Kil >_ K .

Hence
,
€+4

implies that dlzkezel < E for all kid ≥ max {Z, K} ,
that is

,

⇐whew C-☒ is candy .

Let I : = [(Zulu] c-É
.

We prove now
that h-md~C.IM

,
E) = 0 .

b.→ 0

Indeed
,
let E>o

.

Then
,
as ⇔ u

is Cauchy ,
7N C- IN s-t .

dczk
,
zuf < É for all kin ≥ N .

Thus
,
for all k > max {{µ }

,

d- Cñ"! E) ≤d I + ICE
" ! E) < { ☐

-

=±Y•dCZk ,-24



(d) See exercise .

④

1. 3
. Example : sequence space

EP
- - - -

/Defiwhu t.IT/(lIspaus- )
-

Let
,
for p c- [

1
,
a) (= It , •E) ,

IP : =lP( IN) : = { ✗ = (a)new / ✗neetu and 11×145=(-21×41)%20}
NEIN

and ( p = a)

IN : = IKIN ) : - { ✗= *µ / ✗neetu and 11×16
: = sup 1×4<0}
ut IN

( II. Hp will be a uoI
for every Pt

[ 1,0] , see later)

I For every PE -21,0
]
,
dplxiel : = 11×-714 ,

✗eyed !
defines a metric dp on IP

PI All properties clear [ check
:)
, except for triangle inequality ,

this follows from Lemma 1- 17 (b) below (dot)

/LÑat CHEEK &IinkIki )
Cal Let p , g- c- It ,•]

be CH-o-ldev-lseujugat-de-ped.ie,
¥ c-¥ = 1 ( convention

:
"2--0

"

)
.

Dual pairing and HIE quality : For all ✗
c- It

, y c-
let :

Lay > :
= [ ✗nyu is well

- defined
,
and

WEIN

Kay> I ≤ [ lxuynl ≤ 11×11, 11411£
uC- IN

(b) Minkowski inequality :
For all ✗ eye IP

: llxtyllp ≤ llxllptllylfp
-
- - -

PI Bath @ I & Cbl fallow from corresponding iueq
-

'
son

,
and

then passing to the
limit ; for (as f. ex.

[ Ixuyn / ≤ (É1✗u|P)%(Élyuit )Yq_
(see ex. Forster, uol.tl

u= ,
a- i ut & carefully ( ! / take limit

☒


