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1. 1
.

Limits and continuity
--
-
-

lDein Let # be a topological space .

(a) # is called {epaiab4_ :⇔ 7A ≤ E- countable with A-=I

(b) E is called 1ˢfirsouvtub = ⇔ Every ✗ c-E has a

countable neighbourhood base
.

(c) F- is called
2nd ( second / countable : ⇔ there exists a countable
--

(sub) base for the topology .

⇐ Nate: countable base ⇔ countable subbase (see exercise )]]

theorem / Let It be a topological space .

Then :

☒ is 2ⁿᵈcountable ⇒ E is 1ˢᵗcountable and separable .

Pff) : Let B be a countable base for the topology Jon I .

1ˢtcb6 : Let ✗ C- E and H : = { BEB / ✗c- B) then Nx is countable

( clear (why ? )) and a neighbourhood base at × :

Indeed
,
(F) every

element of it is a neighbourhood of× , and

Lii) let N be any neighbourhood of ✗ .

Then 7C c-T with

✗ E ¢ c- N
. By the definition of a base , Ci =¥-B✗ ,

where

I is an index set and Ba C- B
thc-I. Hence

,

7 ✗
✗
c- I : ✗ C- Bq ,

i.e.
,
B
✗
✗
E IE and Bq C-

N.se#avabU-:V-¢ ≠ B E B choose ✗ is E B , and
let A : = { ✗ B I ¢≠ BE B) .

We claim A is countable (trivial (why ? I / and A- =#
.

For all ✗ c-I and neighbourhoods U of ✗ there
exists

Ci c- J such that ✗ c- Ci ≤ U .

But Ci ≠ ¢ is a union

of sets in B
,

so 7 ×
,
c- Ci

.

Thus
,
An U ≠¢

.

Since U was arbitrary , ✗ is a limit point of A ☒

-

&

-herentpoint ofA



/DeTi Let E be a topological space and let⇔*¥E③
be a sequence .We say

that @ulu converges to ✗c-E : ⇔
- -
--

for every neighbourhood
U of × there exists no C- KY so for all

u ≥ no : ✗u E
U
.

We write : Lim Xu = ✗
,
or ✗uÉ✗ or

us D

Xu→ ×
,
u → N .

/ Reueaikl.TI-auverg.mu is harder far finer topologies .

(b) E Hausdorff ⇒ limits are unique (see exercise)

/Definition Let CE ,
TE ) and ( Y

, Ty ) be top . spaces
and let f : ☒→ Y .

(a) f is s-eq-ue-eycs-eq-lcoutiuuous-o.es
u→a

✗u#✗ (inE) implies (⇒) f Gul → fcxf ( in Y )

(b) f is continuous : ⇔ for every
A-c- Ty : f-

'

(A) c- II .

( f-
'

(A) = = {✗ c-I / Fye A :-( 6-I = y } is the iuvevuage or

primacy of A)

E) f is open Copycat) : ⇔ HA c- J* : fat/ C- Jy
(FCA) : = { YE Y / 7-✗ c- A : y = f- 6-I} isthe image of A (uudvfl )

(d) f is a honmeonurorphism : ⇔ f is bijective , open ,
and

continuous

( i.e.
,
a bijection compatible with topological sfnecfuc ) .

fTheoum Let E. Y be topological spaces , f
: ✗→ Y a map .

Then :

cat f is continuous ⇒ f is seq .
continuous

(b) f is Sef
continuous & E is 1ˢᵗ countable

⇒ f is continuous

--



If:(a) Let ✗u % in I. Let \! ≤ Y be a neighbourhood ④
of flxf

.

Then F V E Vo open
with fat c- V. Set U: = f-fly

.

U is open (
because f is continuous and ✗ is open ) ,

and

✗ C- U
,
so U is a neighbourhood of ✗ .

Hence , we can

apply the
def

.

of convergence
of Kulu to × :

7 not IN : tu≥ no
: Xu C- U .

But this means : tu≥no :

fault ✗ ≤ Vu .

So flint # C- Gf in Y .

(b) By contradiction
: suppose f not continuous , i. e.,these

exists open
subset ✗ C- Y such that cs.IT

U : = f-
'

( v1 is not open ,
i -e.

,

* 7 ✗ E U : theighb ourhood Nofx : Nn U
e
≠ ¢

Let { Nathan be a countable neighbourhood base at ✗
K

Consider Ñre : = N Nj for k c- IN . Then { Ñn}↳µ is a
j=(

countable neighbourhood base
of ✗

,
with /Ike , C- Ñu Kk .

Kk c- IN : Ñk is a neighbourhood of ✗
¥1 Fxn C-Ñan Uc

.

Thus it lfkfNtl ≥ K : xe C-Ñe ,
so : ✗et#

(2) Hk c- IN : first EfcV9 C- ✓ ? But fatty
,
so Hk

cannot converge to fcxl § ( contradiction / ☒

1. 2 .

Metric spaces
-
-

I¥1.7T Let E be a metric space .

Then
,
the

open
-

sets of E au precisely the ones
of the wide topology

,

i.e.
,
the topology generated by

the base { Byncxi} *µ .

✗C-I

170Kover
,
I is 1ˢᵗ countable and

Hausdorff with respect to lw.ir-1--7 themetric top .
-
- -


