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Question 1

(a) Prove Theorem 47 from the lectures: suppose g € C?(R), h € C*'(R). Define

x+t
ut.a)i= Yoo+t + gl =]+ [ hy)dy, () € (0.00) xR.
r—t
Then
(i) u e C*([0,00) x R).
(il) uy — Uge = 01n (0,00) X R.
(iii)
lim  wu(t,z) = g(xo), lim  w(t,z) = h(x forall xp € R.
(t,2)—(0,20) ( ) g< 0) (t,x)—(0,z0) t( ) ( O) 0

t>0 t>0
(b) Now let f € C'((0,00) x R). Prove that the function v(¢, z), defined (as in lectures) as

x4+ x+t—s
v(t, x) ::%[g(x—l—t)nLg(a:—t)}—l—%/ dy+ // f(s,y)dyds,

t+s

satisfies vy — v, = fin (0,00) x R (i.e. v solves the inhomogenous wave equation in one
dimension).

Question 2

Let f € C?((0,00) x R), g € C*(R), h € C'(R), and consider the initial-value problem for
the one-dimensional wave equation:

Uy — Uge = [ In(0,00) x R
u=¢g u=h on{t=0}xR.

(a) Show that the solution for f = g = 0 is given by

u(t, ) /Ktx— (y)dy,

where K (t,z) := $H(|t| — |z|)sgn(t), and H is the characteristic function of the interval
[0, 00) (the “Heaviside function™).

Hint: Use d’ Alembert’s formula.

(b) Use Duhamel’s principle to determine the solution for ¢ = h = 0, f non-zero.



Question 3

Prove that the general solution u € C?(R?) of
Upy(7,y) =0, (7,y) € R?

is given by u(z,y) = £(x) + ((y), where &, ¢ € C*(R).

Question 4

Let u be the solution of the oscillating string problem on R, , as covered in lectures for
g € C*(Ry), h € C'(R,). Prove that if ¢”(0) = g(0) = h(0) = 0, then u € C?([0,00) x R).

(Recall R, := (0,00), Ry = [0,00).)
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