
MATHEMATISCHES INSTITUT SS 2015
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Exercise 1

This exercise concerns the proof of Theorem 2.27 in the lecture (for notation, see the lecture).

(a) Prove in detail the bound

|A2| ≤ C

ˆ
U

{
ζ|Dh

kDu| |Dh
ku|+ ζ|Dh

kDu| |Du|+ ζ|Dh
ku| |Du|

}
dx

and conclude that

|A2| ≤ ε

ˆ
U

ζ2|Dh
kDu|2 dx+

C

ε

ˆ
W

{
|Dh

ku|2 + |Du|2
}
dx.

(b) Prove the bound
ˆ
U

|v|2 dx ≤ C

ˆ
U

{
|Du|2 + ζ2|Dh

kDu|2
}
dx

and conclude that

|B| ≤ ε

ˆ
U

ζ2|Dh
kDu|2 dx+

C

ε

ˆ
U

{
f 2 + u2 + |Du|2

}
dx.

(c) Finally, prove the bound
ˆ
U

ζ2|Dh
kDu|2 dx ≤ C

ˆ
U

{
f 2 + u2 + |Du|2

}
dx.

Exercise 2

This exercise concerns the last part of the proof of Theorem 2.27 (for notation, see the lecture).
With v := χ2u and

∑n
i,j=1

´
U
aijuxivxj dx =

´
U
f̃v dx, prove that

ˆ
U

χ2|Du|2 dx ≤ C

ˆ
U

(
f 2 + u2

)
dx.

Conclude that

‖u‖H1(W ) ≤ C
(
‖f‖L2(U + ‖u‖L2(U)

)
.



Exercise 3

This exercise concerns the proof of Theorem 2.27 (for notation, see the lecture).

(a) Prove that the conclusion of the theorem still holds if one only assumes bi, c ∈ L∞loc(U).

(b) Does it hold if one only assumes aij ∈ W 1,∞(U) (and still uniform ellipticity)?

Exercise 4

This exercise concerns the proof of Theorem 2.28 from the lecture (see lecture for notation.)

(a) Recall that u is a weak solution of Lu = f in U , V ⊂⊂ W ⊂⊂ U and v = (−1)|α|Dαṽ for
ṽ ∈ C∞c (W ). Prove that ũ satisfies

B[ũ, ṽ] = (f̃ , ṽ)L2(U),

with

f̃ := Dαf −
∑
β≤α
β 6=α

(
α

β

){
−

n∑
i,j=1

(
Dα−βaijDβuxi

)
xj

+
n∑
i=1

Dα−βbiDβuxi +Dα−βcDβu

}

(b) Conclude that ũ is a weak solution of L̃ũ = f̃ in W .

Exercise 5

This exercise concerns the proof of Theorem 2.28 (for notation, see the lecture). Recall that
the coefficients aij, bi, c ∈ Cm+1(U) (i, j = 1, . . . , n). Prove that this is indeed enough for the
conclusion of the theorem to hold. (i.e. bi, c ∈ L∞(U), for example, is not needed.)

Homepage: http://www.mathematik.uni-muenchen.de/˜soneji/pde2.php


