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Problem Sheet 1

In the following, U C R"™ will always denote an open set.

Definition: for k > 1, 1 < p < oo, the Sobolev Space W*P?(U) is defined to be the space of
functions v € LP(U) whose weak partial derivatives D%u exist and are also in L”(U), for all
multi-indices a with |a| < k.

Question 1

(@) Letn = 1 and U = (0,2). Compute the weak derivative (if it exists) of the following L]
functions.

u(z) == v(z) =

2 ifl<ax<?2.

r if0<x<1 r if0<x<1
1 ifl<ax<?2,

(b) Let U = B(0, 1) be the unit ball in R", and
w(z) = |z|™* (zeU,z#0).

For which values of a > 0, n, and p > 1 does u belong to W (U)?

Question 2

Assume that u, v € W*P(U) and |a| < k. Prove the following statements:
1. D € Whlelr(U) and D?(D%u) = D¥(DPu) = DAy for all multi-indices a, 3 with
laf +16] < k.
2. Foreach \, 1 € R, Au+ pv € WEP(U) and D®(Au + pwv) = AD%u + puD*v for |a| < k.

3. If V is an open subset of U, then u € W»?(U).

Question 3

Prove the Fundamental Lemma of the Calculus of Variations: if u € L} (U) and

loc
/wpdx:() forall p € C°(U),
U

then . = 0 almost everywhere in U. (You may use the result from question 4 (c) ).



Question 4

Let n € C2°(R") satisfy

(i) 7> 0,n(z) =0 if |z[ > 1 (so supp(n) CC B(0,1)).

(i1) fR" ndx = 1.

Then, for € > 0, define n.(x) := ¢ "n(z/¢). Recall from PDE I that 1, is said to be a mollifier.
Recall also that for a function u© we define the convolution

(s a)(o)i= [ o= pu)dy.

(a) Let1 <p <ooandu € LP(U). Define u to be zero outside U. Show that . xu € C*(R"™).
(Hint: use difference-quotients, the dominated convergence theorem, and induction).

(b) Now suppose u € C.(U). Show that 7, * u converges uniformly to u as € — 0.

(c) Now let 1 < p < ooand u € LP(U), with u zero outside U. Show that ||n. * u — ul|, — 0

as € — 0. (And hence C*°(U) is dense in L”(U)). You may use without proof the following
facts:

(i) C.(U)isdensein LP(U) for 1 < p < oo.

D) Ime * ullp < flullp.

Homepage: http://www.mathematik.uni-muenchen.de/ soneji/pde2.php



