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CHAPTER 1

Logic

The main subject of Mathematical Logic is mathematical proof. In this
introductory chapter we deal with the basics of formalizing such proofs and,
via normalization, analysing their structure. The system we pick for the
representation of proofs is Gentzen’s natural deduction from (1935). Our
reasons for this choice are twofold. First, as the name says this is a natural
notion of formal proof, which means that the way proofs are represented
corresponds very much to the way a careful mathematician writing out all
details of an argument would proceed anyway. Second, formal proofs in
natural deduction are closely related (via the so-called Curry-Howard cor-
respondence) to terms in typed lambda calculus. This provides us not only
with a compact notation for logical derivations (which otherwise tend to be-
come somewhat unmanagable tree-like structures), but also opens up a route
to applying the computational techniques which underpin lambda calculus.

An underlying theme of this chapter is to bring out the constructive
content of logic, particularly in regard to the relationship between minimal
and classical logic. For us the latter is most appropriately viewed as a
subsystem of the former. This approach will reveal some interesting aspects
of proofs, e.g., that it is possible and useful to distinguish beween existential
proofs that actually construct witnessing objects, and others that don’t.

As an example for a non-constructive existence proof, consider the fol-
lowing proposition.

There are irrational numbers a, b such that ab is rational.

This can be proved as follows, by cases.

Case
√

2
√
2

is rational. Choose a =
√

2 and b =
√

2. Then a, b are
irrational and by assumption ab is rational.

Case
√

2
√
2

is irrational. Choose a =
√

2
√
2

and b =
√

2. Then by
assumption a, b are irrational and

ab =
(√

2

√
2
)√2

=
(√

2
)2

= 2

is rational.
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2 1. LOGIC

As long as we have not decided whether
√

2
√
2

is rational, we do not
know which numbers a, b we must take. Hence we have an example of an
existence proof which does not provide an instance.

1.1. Natural deduction

The rules of natural deduction come in pairs: we have an introduc-
tion and an elimination rule for the logical connectives → and ∀. The re-
sulting system is called minimal logic; it was introduced by Kolmogorov
(1932), Gentzen (1935) and Johansson (1937). Notice that no negation
is yet present. If we go on and require ex-falso-quodlibet for the nullary
propositional symbol ⊥ (“falsum”) we can embed intuitionistic logic with
negation as A → ⊥. To embed classical logic, we need to go further and
add as an axiom schema the principle of indirect proof, also called stability
(∀~x(¬¬R~x→ R~x ) for relation symbols R).

1.1.1. Introduction and elimination rules for → and ∀. First we
have an assumption rule, allowing to write down an arbitrary formula A
together with a marker u:

u : A assumption.

The other rules of natural deduction split into introduction rules (I-rules
for short) and elimination rules (E-rules) for the logical connectives → and
∀. For implication → there is an introduction rule →+ and an elimination
rule →− also called modus ponens. The left premise A → B in →− is
called the major (or main) premise, and the right premise A the minor (or
side) premise. Note that with an application of the→+-rule all assumptions
above it marked with u : A are cancelled (which is denoted by putting square
brackets around these assumptions), and the u then gets written alongside.
There may of course be other uncancelled assumptions v : A of the same
formula A, which may get cancelled at a later stage.

[u : A]

|M
B →+uA→ B

|M
A→ B

| N
A →−B

For the universal quantifier ∀ there is an introduction rule ∀+ (again marked,
but now with the bound variable x) and an elimination rule ∀− whose right
premise is the term t to be substituted. The rule ∀+x with conclusion ∀xA
is subject to the following (eigen-)variable condition: the derivation M of
the premise A must not contain any open assumption having x as a free
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variable.

|M
A ∀+x∀xA

|M
∀xA(x) t

∀−
A(t)

As an example we derive (A→ B → C)→ (A→ B)→ A→ C:

u : A→ B → C w : A
B → C

v : A→ B w : A
B

C →+wA→ C →+v
(A→ B)→ A→ C

→+u
(A→ B → C)→ (A→ B)→ A→ C

Since in many cases the rule used is determined by the conclusion, we may
suppress in such cases the name of the rule. As an example involving the uni-
versal quantifier we derive ∀x(A → B) → A → ∀xB, under the assumption
that x is not free in A (written x /∈ FV(A)):

u : ∀x(A→ B) x

A→ B v : A
B ∀+x∀xB →+vA→ ∀xB →+u∀x(A→ B)→ A→ ∀xB

Note that the variable condition is satisfied: x is not free in A (and also not
free in ∀x(A→ B)).

Definition. A formula A is called derivable (in minimal logic), writ-
ten ` A, if there is a derivation of A (without free assumptions) using
the natural deduction rules. A formula B is called derivable from assump-
tions A1, . . . , An, if there is a derivation of B with free assumptions among
A1, . . . , An. Let Γ be a (finite or infinite) set of formulas. We write Γ ` B if
the formula B is derivable from finitely many assumptions A1, . . . , An ∈ Γ.

1.1.2. Properties of negation. Recall that negation was defined by
¬A := (A→ ⊥). The following can easily be derived.

A→ ¬¬A,
¬¬¬A→ ¬A.

However, ¬¬A→ A is in general not derivable.
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Lemma. The following are derivable.

(A→ B)→ ¬B → ¬A,
¬(A→ B)→ ¬B,

¬¬(A→ B)→ ¬¬A→ ¬¬B,
(⊥ → B)→ (¬¬A→ ¬¬B)→ ¬¬(A→ B),

¬¬∀xA→ ∀x¬¬A.

Derivations are left as an exercise.
We have not yet considered the logical connectives “or” (disjunction)

and “exists”. They are special from a constructive point of view, since a
proposition with such a connective should have “computational content”.
For this reason we do not consider them as logical concepts, but rather as
(special cases of) inductive definitions which will be dealt with later in this
course.

However, there is a substitute, the so-called weak (or “classical”) form of
disjunction end existence. We write them with a tilde to mark the difference
from the strong form of these connectives. They are defined by

A ∨̃ B := ¬A→ ¬B → ⊥, ∃̃xA := ¬∀x¬A.

Since ∃̃x∃̃yA unfolds into an awkward formula we extend the ∃̃-terminology
to lists of variables:

∃̃x1,...,xnA := ∀x1,...,xn(A→ ⊥)→ ⊥.

Moreover let

∃̃x1,...,xn(A1 ∧̃ . . . ∧̃Am) := ∀x1,...,xn(A1 → · · · → Am → ⊥)→ ⊥.

This allows to stay in the →,∀ part of the language. Notice that ∧̃ only
makes sense in this context, i.e., in connection with ∃̃.

1.1.3. Intuitionistic and classical derivability. In the definition of
derivability falsity ⊥ plays no role. We may change this and require ex-
falso-quodlibet axioms, of the form

∀~x(⊥ → R~x )

with R a relation symbol distinct from ⊥. Let Efq denote the set of all such
axioms. A formula A is called intuitionistically derivable, written `i A, if
Efq ` A. We write Γ `i B for Γ ∪ Efq ` B.

We may even go further and require stability axioms, of the form

∀~x(¬¬R~x→ R~x )
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with R again a relation symbol distinct from ⊥. Let Stab denote the set of
all these axioms. A formula A is called classically derivable, written `c A,
if Stab ` A. We write Γ `c B for Γ ∪ Stab ` B.

It is easy to see that intuitionistically (i.e., from Efq) we can derive
⊥ → A for an arbitrary formula A, using the introduction rules for the
connectives.

Theorem (Stability, or principle of indirect proof).

(a) ` (¬¬B → B)→ ¬¬(A→ B)→ A→ B.
(b) ` (¬¬A→ A)→ ¬¬∀xA→ A.
(c) `c ¬¬A→ A.

Proof. (a) For simplicity, in the derivation to be constructed we leave
out applications of →+ at the end.

u : ¬¬B → B

v : ¬¬(A→ B)

u1 : ¬B
u2 : A→ B w : A

B
⊥ →+u2¬(A→ B)

⊥ →+u1¬¬B
B

(b)

u : ¬¬A→ A

v : ¬¬∀xA

u1 : ¬A
u2 : ∀xA x

A
⊥ →+u2¬∀xA

⊥ →+u1¬¬A
A

(c) Induction on A. The case R~t with R distinct from ⊥ is given by Stab.
In the case ⊥ the desired derivation is

v : (⊥ → ⊥)→ ⊥
u : ⊥ →+u⊥ → ⊥

⊥
In the cases A→ B and ∀xA use (a) and (b), respectively. �

Using stability we can prove some well-known facts about the interaction
of weak disjunction and the weak existential quantifier with implication. We
first prove a more refined claim, stating to what extent we need to go beyond
minimal logic.
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Lemma. The following are derivable.

(∃̃xA→ B)→ ∀x(A→ B) if x /∈ FV(B),(1)

(¬¬B → B)→ ∀x(A→ B)→ ∃̃xA→ B if x /∈ FV(B),(2)

(⊥ → B[x:=c])→ (A→ ∃̃xB)→ ∃̃x(A→ B) if x /∈ FV(A),(3)

∃̃x(A→ B)→ A→ ∃̃xB if x /∈ FV(A).(4)

The last two items can also be seen as simplifying a weakly existentially
quantified implication whose premise does not contain the quantified variable.
In case the conclusion does not contain the quantified variable we have

(¬¬B → B)→ ∃̃x(A→ B)→ ∀xA→ B if x /∈ FV(B),(5)

∀x(¬¬A→ A)→ (∀xA→ B)→ ∃̃x(A→ B) if x /∈ FV(B).(6)

Proof. (1)

∃̃xA→ B

u1 : ∀x¬A x
¬A A

⊥ →+u1¬∀x¬A
B

(2)

¬¬B → B

¬∀x¬A

u2 : ¬B

∀x(A→ B) x

A→ B u1 : A
B

⊥ →+u1¬A
∀x¬A

⊥ →+u2¬¬B
B

(3) Writing B0 for B[x:=c] we have

∀x¬(A→ B) c

¬(A→ B0)

⊥ → B0

A→ ∃̃xB u2 : A

∃̃xB

∀x¬(A→ B) x

¬(A→ B)
u1 : B
A→ B

⊥ →+u1¬B
∀x¬B

⊥
B0 →+u2

A→ B0

⊥
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(4)

∃̃x(A→ B)

∀x¬B x
¬B

u1 : A→ B A
B

⊥ →+u1¬(A→ B)

∀x¬(A→ B)

⊥
(5)

¬¬B → B

∃̃x(A→ B)

u2 : ¬B
u1 : A→ B

∀xA x
A

B
⊥ →+u1¬(A→ B)

∀x¬(A→ B)

⊥ →+u2¬¬B
B

(6) We derive ∀x(⊥ → A) → (∀xA → B) → ∀x¬(A → B) → ¬¬A. Writing
Ax,Ay for A(x), A(y) we have

∀x¬(Ax→ B) x

¬(Ax→ B)

∀xAx→ B

∀y(⊥ → Ay) y

⊥ → Ay
u1 : ¬Ax u2 : Ax

⊥
Ay

∀yAy
B →+u2

Ax→ B

⊥ →+u1¬¬Ax
Using this derivation M we obtain

∀x¬(Ax→ B) x

¬(Ax→ B)

∀xAx→ B

∀x(¬¬Ax→ Ax) x

¬¬Ax→ Ax

|M
¬¬Ax

Ax
∀xAx

B
Ax→ B

⊥
Since clearly ` (¬¬A→ A)→ ⊥→ A the claim follows. �

Remark. An immediate consequence of (6) is the classical derivability

of the “drinker formula” ∃̃x(Px → ∀xPx), to be read “in every non-empty
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bar there is a person such that, if this person drinks, then everybody drinks”.
To see this let A := Px and B := ∀xPx in (6).

Corollary.

`c (∃̃xA→ B)↔ ∀x(A→ B) if x /∈ FV(B),

`i (A→ ∃̃xB)↔ ∃̃x(A→ B) if x /∈ FV(A),

`c ∃̃x(A→ B)↔ (∀xA→ B) if x /∈ FV(B).

There is a similar lemma on weak disjunction:

Lemma. The following are derivable.

(A ∨̃ B → C)→ (A→ C),

(A ∨̃ B → C)→ (B → C),
(7)

(¬¬C → C)→ (A→ C)→ (B → C)→ A ∨̃ B → C,(8)

(⊥ → B)→ (A→ B ∨̃ C)→ (A→ B) ∨̃ (A→ C),(9)

(A→ B) ∨̃ (A→ C)→ A→ B ∨̃ C,(10)

(¬¬C → C)→ (A→ C) ∨̃ (B → C)→ A→ B → C,(11)

(⊥ → C)→ (A→ B → C)→ (A→ C) ∨̃ (B → C).(12)

Proof. We only consider (8) and (12); the rest is left as an exercise.
(8)

¬¬C → C

¬A→ ¬B → ⊥

u1 : ¬C
A→ C u2 : A

C
⊥ →+u2¬A

¬B → ⊥

u1 : ¬C
B → C u3 : B

C
⊥ →+u3¬B

⊥ →+u1¬¬C
C

(12)

¬(B → C)

⊥ → C

¬(A→ C)

A→ B → C u1 : A
B → C u2 : B

C →+u1
A→ C

⊥
C →+u2

B → C

⊥
The general idea here is to view ∨̃ as a finitary version of ∃̃. �
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Corollary.

` (A ∨̃ B → C)→ (A→ C), ` (A ∨̃ B → C)→ (B → C),

`c (A→ C)→ (B → C)→ A ∨̃ B → C,

`i (A→ B ∨̃ C)↔ (A→ B) ∨̃ (A→ C),

`c (A→ C) ∨̃ (B → C)↔ (A→ B → C).

1.1.4. Gentzen translation. Classical derivability Γ `c B was defined
in Section 1.1.3 by Γ ∪ Stab ` B. This embedding of classical logic into
minimal logic can be expressed in a somewhat different and very explicit
form, namely as a syntactic translation A 7→ Ag of formulas such that A
is derivable in classical logic if and only if its translation Ag is derivable in
minimal logic.

Definition (Gentzen translation Ag).

(R~t )g := ¬¬R~t for R distinct from ⊥,
⊥g := ⊥,
(A→ B)g := Ag → Bg,

(∀xA)g := ∀xAg.
Lemma (Stability of Ag). ` ¬¬Ag → Ag.

Proof. Induction on A.
Case R~t with R distinct from ⊥. We must show ¬¬¬¬R~t → ¬¬R~t,

which is a special case of ` ¬¬¬B → ¬B.
Case ⊥. Use ` ¬¬⊥ → ⊥.
Cases A → B and ∀xA. Use parts (a) and (b) of the stability theorem

in Section 1.1.3. �

Theorem. (a) Γ `c A implies Γg ` Ag.
(b) Γg ` Ag implies Γ `c A.

Proof. (a) We use induction on Γ `c A. In case of a stability axiom
∀~x(¬¬R~x→ R~x ) we must derive ∀~x(¬¬¬¬R~x→ ¬¬R~x ), which is easy (as
above). For the rules →+, →−, ∀+, ∀− the claim follows immediately from
the induction hypothesis, using the same rule again. This works because the
Gentzen translation acts as a homomorphism for these connectives.

(b) First note that `c (B ↔ Bg). From Γg ` Ag we obtain Γ `c A as
follows. We argue informally. Assume Γ. Then Γg by the note, hence Ag

because of Γg ` Ag, hence A again by the note. �

1.2. Derivation terms, normalization

A derivation in normal form does not make “detours”, or more precisely,
it cannot occur that an elimination rule immediately follows an introduction
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rule. We use “conversions” to remove such “local maxima” of complexity,
thus reducing any given derivation to normal form.

1.2.1. The Curry-Howard correspondence. Since natural deduc-
tion derivations can be notationally cumbersome, it will be convenient to
represent them as typed “derivation terms”, where the derived formula is
the “type” of the term (and displayed as a superscript). This representa-
tion goes under the name of Curry-Howard correspondence. It dates back
to Curry (1930) and somewhat later Howard, published only in (1980), who
noted that the types of the combinators used in combinatory logic are ex-
actly the Hilbert style axioms for minimal propositional logic. Subsequently
Martin-Löf (1972) transferred these ideas to a natural deduction setting
where natural deduction proofs of formulas A now correspond exactly to
lambda terms with type A. This representation of natural deduction proofs
will henceforth be used consistently.

We give an inductive definition of such derivation terms for the →,∀-
rules in Table 1 where for clarity we have written the corresponding deriva-
tions to the left. This can be extended to the rules for ∨, ∧ and ∃, but we
will not do this here.

Every derivation term carries a formula as its type. However, we shall
usually leave these formulas implicit and write derivation terms without
them.

Every derivation term can be written uniquely in one of the forms

u ~M | λvM | (λvM)N~L,

where u is an assumption variable or assumption constant, v is an assump-
tion variable or object variable, and M , N , L are derivation terms or object
terms.

Notice that the final form (λvM)N~L of a derivation term is not “nor-

mal”: (λvM)N~L is called a β-redex (for “reducible expression”). It can be
reduced by a “conversion”, which removes a “detour” in a derivation.

1.2.2. Normalization. A conversion removes an elimination immedi-
ately following an introduction. We consider the following conversions, for
derivations written in tree notation and also as derivation terms.
→-conversion.

[u : A]

|M
B →+uA→ B

| N
A →−B

7→β

| N
A
|M
B
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Derivation Term

u : A uA

[u : A]

|M
B →+uA→ B

(λuAM
B)A→B

|M
A→ B

| N
A →−B

(MA→BNA)B

|M
A ∀+x (with var.cond.)
∀xA

(λxM
A)∀xA (with var.cond.)

|M
∀xA(x) t

∀−
A(t)

(M∀xA(x)t)A(t)

Table 1. Derivation terms for → and ∀

or written as derivation terms

(λuM(uA)B)A→BNA 7→β M(NA)B.

The reader familiar with λ-calculus should note that this is nothing other
than β-conversion.
∀-conversion.

|M
A(x)

∀+x∀xA(x) t
∀−

A(t)

7→β
|M ′

A(t)
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or written as derivation terms

(λxM(x)A(x))∀xA(x)t 7→β M(t).

The closure of the conversion relation 7→β is defined by

(a) If M 7→β M
′, then M →1 M

′.
(b) If M →1 M

′, then also MN →1 M
′N , NM →1 NM

′, λvM →1 λvM
′

(inner reductions).

Therefore M →1 N means that M reduces in one step to N , i.e., N is
obtained from M by replacement of (an occurrence of) a redex M ′ of M by
a conversum M ′′ of M ′, i.e., by a single conversion.

A term M is in normal form, or M is normal , if M does not contain
a redex. A reduction sequence is a (finite or infinite) sequence M0 →1

M1 →1 M2 . . . such that Mi →1 Mi+1, for all i. Finite reduction sequences
are partially ordered under the initial part relation; the collection of finite
reduction sequences starting from a term M forms a tree, the reduction tree
of M . The branches of this tree may be identified with the collection of all
infinite and all terminating finite reduction sequences. A term is strongly
normalizing if its reduction tree is finite.

Theorem 1.2.1. Every derivation term is strongly normalizing, and the
final element of each reduction sequence is uniquely determined.

For time reasons the proof is omitted. It can be found for instance in
Troelstra and van Dalen (1988).



CHAPTER 2

Computable functionals

The objects studied in mathematics have types, which in many cases are
function types, possibly of a higher type. We are particularly interested in
computable such objects. Their domains are partial continuous functionals
(Scott, Ersov) which we study first, via Scott’s information systems.

2.1. Information systems

The basic idea of information systems is to provide an axiomatic setting
to describe approximations of abstract objects (like functions or functionals)
by concrete, finite ones. We do not attempt to analyze the notion of “con-
creteness” or finiteness here, but rather take an arbitrary countable set A of
“bits of data” or “tokens” as a basic notion to be explained axiomatically.
In order to use such data to build approximations of abstract objects, we
need a notion of “consistency”, which determines when the elements of a
finite set of tokens are consistent with each other. We also need an “entail-
ment relation” between consistent sets U of data and single tokens a, which
intuitively expresses the fact that the information contained in U is suffi-
cient to compute the bit of information a. The axioms below are a minor
modification of Scott’s (1982), due to Larsen and Winskel (1991).

2.1.1. Ideals.

Definition. An information system is a structure (A,Con,`) where A
is an at most countable non-empty set (the tokens), Con is a set of finite
subsets of A (the consistent sets) and ` is a subset of Con×A (the entailment
relation), which satisfy

U ⊆ V ∈ Con→ U ∈ Con,

{a} ∈ Con,

U ` a→ U ∪ {a} ∈ Con,

a ∈ U ∈ Con→ U ` a,
U ∈ Con→ ∀a∈V (U ` a)→ V ` b→ U ` b.

13
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The elements of Con are called formal neighborhoods. We use U, V,W
to denote finite sets, and write

U ` V for U ∈ Con ∧ ∀a∈V (U ` a),

a ↑ b for {a, b} ∈ Con (a, b are consistent),

U ↑ V for ∀a∈U,b∈V (a ↑ b).

Definition. The ideals (also called objects) of an information system
A = (A,Con,`) are defined to be those subsets x of A which satisfy

U ⊆ x→ U ∈ Con (x is consistent),

U ` a→ U ⊆ x→ a ∈ x (x is deductively closed).

We write x ∈ |A| to mean that x is an ideal of A.

Examples. The deductive closure U := { a ∈ A | U ` a } of U ∈ Con is
an ideal.

Every countable set A can be turned into a “flat” information system by
letting the set of tokens be A, Con := {∅} ∪ { {a} | a ∈ A } and U ` a mean
a ∈ U . In this case the ideals are just the elements of Con. For A = N we
have the following picture of the Con-sets.

∅
•

•
{0}

�
��
•
{1}

�
��

��
•
{2}

. . .

A rather important example is the following, which concerns approxi-
mations of functions from a countable set A into a countable set B. The
tokens are the pairs (a, b) with a ∈ A and b ∈ B, and

Con := { { (ai, bi) | i < k } | ∀i,j<k(ai = aj → bi = bj) },
U ` (a, b) := (a, b) ∈ U.

It is easy to verify that this defines an information system whose ideals are
(the graphs of) all partial functions from A to B.

Remark. One can show that for an arbitrary information system A =
(A,Con,`) the structure (|A|,⊆, ∅) is a “domain” (also called Scott-Ershov
domain, or “bounded complete algebraic cpo”), whose set of “compact ele-
ments” can be represented as |A|c = {U | U ∈ Con }. The converse holds as
well: every countable domain can be represented as an information system.
We will not need this relation to standard (non-constructive) domain theory
(cf. Abramsky and Jung (1994)), and hence not even define these notions
here.
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2.1.2. Function spaces. We define the “function space” A → B be-
tween two information systems A and B.

Definition. Let A = (A,ConA,`A) and B = (B,ConB,`B) be infor-
mation systems. Define A→ B = (C,Con,`) by

C := ConA ×B,

{ (Ui, bi) | i ∈ I } ∈ Con := ∀J⊆I
( ⋃
j∈J

Uj ∈ ConA → { bj | j ∈ J } ∈ ConB

)
.

For the definition of the entailment relation ` it is helpful to first define the
notion of an application of W := { (Ui, bi) | i ∈ I } ∈ Con to U ∈ ConA:

{ (Ui, bi) | i ∈ I }U := { bi | U `A Ui }.

From the definition of Con we know that this set is in ConB. Now define
W ` (U, b) by WU `B b.

Remark. Clearly application is monotone in the second argument, in
the sense that U `A U ′ implies (WU ′ ⊆WU , hence also) WU `B WU ′. In
fact, application is also monotone in the first argument, i.e.,

W `W ′ implies WU `B W ′U.

To see this let W = { (Ui, bi) | i ∈ I } and W ′ = { (U ′j , b
′
j) | j ∈ J }. By

definition W ′U = { b′j | U `A U ′j }. Now fix j such that U `A U ′j ; we must

show WU `B b′j . By assumption W ` (U ′j , b
′
j), hence WU ′j `B b′j . Because

of WU ⊇WU ′j the claim follows.

Lemma 2.1.1. If A and B are information systems, then so is A→ B
defined as above.

Proof. Let A = (A,ConA,`A) and B = (B,ConB,`B). The first,
second and fourth property of the definition are clearly satisfied. For the
third, suppose

{(U1, b1), . . . , (Un, bn)} ` (U, b), i.e., { bj | U `A Uj } `B b.

We have to show that {(U1, b1), . . . , (Un, bn), (U, b)} ∈ Con. So let I ⊆
{1, . . . , n} and suppose

U ∪
⋃
i∈I

Ui ∈ ConA.

We must show that {b} ∪ { bi | i ∈ I } ∈ ConB. Let J ⊆ {1, . . . , n} consist
of those j with U `A Uj . Then also

U ∪
⋃
i∈I

Ui ∪
⋃
j∈J

Uj ∈ ConA.
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Since ⋃
i∈I

Ui ∪
⋃
j∈J

Uj ∈ ConA,

from the consistency of {(U1, b1), . . . , (Un, bn)} we can conclude that

{ bi | i ∈ I } ∪ { bj | j ∈ J } ∈ ConB.

But { bj | j ∈ J } `B b by assumption. Hence

{ bi | i ∈ I } ∪ { bj | j ∈ J } ∪ {b} ∈ ConB.

For the final property, suppose

W `W ′ and W ′ ` (U, b).

We have to show W ` (U, b), i.e., WU `B b. We obtain WU `B W ′U by
monotonicity in the first argument, and W ′U `B b by definition. �

We shall now give an alternative characterization of the ideals in A→ B,
as “approximable maps”. The basic idea for approximable maps is the desire
to study “information respecting” maps from A into B. Such a map is given
by a relation r between ConA and B, where (U, b) ∈ r intuitively means that
whenever we are given the information U ∈ ConA, then we know that at
least the token b appears in the value.

Definition. Let A = (A,ConA,`A) and B = (B,ConB,`B) be infor-
mation systems. A relation r ⊆ ConA × B is an approximable map if it
satisfies the following:

(a) if (U, b1), . . . , (U, bn) ∈ r, then {b1, . . . , bn} ∈ ConB;
(b) if (U, b1), . . . , (U, bn) ∈ r and {b1, . . . , bn} `B b, then (U, b) ∈ r;
(c) if (U ′, b) ∈ r and U `A U ′, then (U, b) ∈ r.

Theorem 2.1.2. Let A and B be information systems. Then the ideals
of A→ B are exactly the approximable maps from A to B.

Proof. Let A = (A,ConA,`A) and B = (B,ConB,`B). If r ∈ |A →
B| then r ⊆ ConA × B is consistent and deductively closed. We have to
show that r satisfies the axioms for approximable maps.

(a) Let (U, b1), . . . , (U, bn) ∈ r. We must show that {b1, . . . , bn} ∈ ConB.
But this clearly follows from the consistency of r.

(b) Let (U, b1), . . . , (U, bn) ∈ r and {b1, . . . , bn} `B b. We must show
that (U, b) ∈ r. But

{(U, b1), . . . , (U, bn)} ` (U, b)

by the definition of the entailment relation ` in A → B, hence (U, b) ∈ r
since r is deductively closed.
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(c) Let U `A U ′ and (U ′, b) ∈ r. We must show that (U, b) ∈ r. But

{(U ′, b)} ` (U, b)

since {(U ′, b)}U = {b} (which follows from U `A U ′), hence (U, b) ∈ r, again
since r is deductively closed.

For the other direction suppose that r ⊆ ConA × B is an approximable
map. We must show that r ∈ |A→ B|.

Consistency of r. Suppose (U1, b1), . . . , (Un, bn) ∈ r and U =
⋃
{Ui | i ∈

I } ∈ ConA for some I ⊆ {1, . . . , n}. We must show that { bi | i ∈ I } ∈
ConB. Now from (Ui, bi) ∈ r and U `A Ui we obtain (U, bi) ∈ r by axiom
(c) for all i ∈ I, and hence { bi | i ∈ I } ∈ ConB by axiom (a).

Deductive closure of r. Suppose (U1, b1), . . . , (Un, bn) ∈ r and

W := {(U1, b1), . . . , (Un, bn)} ` (U, b).

We must show (U, b) ∈ r. By definition of ` for A→ B we have WU `B b,
which is { bi | U `A Ui } `B b. Further by our assumption (Ui, bi) ∈ r we
know (U, bi) ∈ r by axiom (c) for all i with U `A Ui. Hence (U, b) ∈ r by
axiom (b). �

2.1.3. Continuous functions. We can also characterize approxima-
ble maps in a different way, which is closer to usual characterizations of
continuity1:

Lemma 2.1.3. Let A and B be information systems and f : |A| → |B|
monotone (i.e., x ⊆ y implies f(x) ⊆ f(y)). Then the following are equiva-
lent.

(a) f satisfies the “principle of finite support” PFS: If b ∈ f(x), then b ∈
f(U) for some U ⊆ x.

(b) f commutes with directed unions: for every directed D ⊆ |A| (i.e., for
any x, y ∈ D there is a z ∈ D such that x, y ⊆ z)

f
( ⋃
x∈D

x
)

=
⋃
x∈D

f(x).

Note that in (b) the set { f(x) | x ∈ D } is directed by monotonicity of
f ; hence its union is indeed an ideal in |B|. Note also that from PFS and
monotonicity of f it follows immediately that if V ⊆ f(x), then V ⊆ f(U)
for some U ⊆ x.

Proof. Let f satisfy PFS, and D ⊆ |A| be directed. f(
⋃
x∈D x) ⊇⋃

x∈D f(x) follows from monotonicity. For the reverse inclusion let b ∈
f(
⋃
x∈D x). Then by PFS b ∈ f(U) for some U ⊆

⋃
x∈D x. From the

1In fact, approximable maps are exactly the continuous functions w.r.t. the so-called
Scott topology. However, we will not enter this subject here.
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directedness and the fact that U is finite we obtain U ⊆ z for some z ∈ D.
From b ∈ f(U) and monotonicity infer b ∈ f(z). Conversely, let f commute
with directed unions, and assume b ∈ f(x). Then

b ∈ f(x) = f(
⋃
U⊆x

U) =
⋃
U⊆x

f(U),

hence b ∈ f(U) for some U ⊆ x. �

We call a function f : |A| → |B| continuous if it satifies the conditions
in Lemma 2.1.3. Hence continuous maps f : |A| → |B| are those that can
be completely described from the point of view of finite approximations of
the abstract objects x ∈ |A| and f(x) ∈ |B|: whenever we are given a finite
approximation V to the value f(x), then there is a finite approximation U
to the argument x such that already f(U) contains the information in V ;
note that by monotonicity f(U) ⊆ f(x).

Clearly the identity and constant functions are continuous, and also the
composition g ◦ f of continuous functions f : |A| → |B| and g : |B| → |C|.

Theorem 2.1.4. Let A = (A,ConA,`A), B = (B,ConB,`B) be in-
formation systems. Then the ideals of A → B are in a natural bijective
correspondence with the continuous functions from |A| to |B|, as follows.

(a) With any approximable map r ⊆ ConA×B we can associate a continuous
function |r| : |A| → |B| by

|r|(z) := { b ∈ B | (U, b) ∈ r for some U ⊆ z }.

We call |r|(z) the application of r to z.
(b) Conversely, with any continuous function f : |A| → |B| we can associate

an approximable map f̂ ⊆ ConA ×B by

f̂ := { (U, b) | b ∈ f(U) }.

These assignments are inverse to each other, i.e., f = |f̂ | and r = |̂r|.

Proof. Let r be an ideal of A → B; then by Theorem 2.1.2 we know
that r is an approximable map. We first show that |r| is well-defined. So let
z ∈ |A|.
|r|(z) is consistent: let b1, . . . , bn ∈ |r|(z). Then there are U1, . . . , Un ⊆ z

such that (Ui, bi) ∈ r. Hence U := U1 ∪ · · · ∪ Un ⊆ z and (U, bi) ∈ r by
axiom (c) of approximable maps. Now from axiom (a) we can conclude that
{b1, . . . , bn} ∈ ConB.
|r|(z) is deductively closed: let b1, . . . , bn ∈ |r|(z) and {b1, . . . , bn} `B b.

We must show b ∈ |r|(z). As before we find U ⊆ z such that (U, bi) ∈ r.
Now from axiom (b) we can conclude (U, b) ∈ r and hence b ∈ |r|(z).
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Continuity of |r| follows immediately from part (a) of Lemma 2.1.3
above, since by definition |r| is monotone and satisfies PFS.

Now let f : |A| → |B| be continuous. It is easy to verify that f̂ is indeed
an approximable map. Furthermore

b ∈ |f̂ |(z)↔ (U, b) ∈ f̂ for some U ⊆ z
↔ b ∈ f(U) for some U ⊆ z
↔ b ∈ f(z) by monotonicity and PFS.

Finally, for any approximable map r ⊆ ConA ×B we have

(U, b) ∈ r ↔ ∃V⊆U (V, b) ∈ r by axiom (c) for approximable maps

↔ b ∈ |r|(U)

↔ (U, b) ∈ |̂r|,

hence r = |̂r|. �

Consequently we can (and will) view approximable maps r ⊆ ConA×B
as continuous functions from |A| to |B|.

Equality of two subsets r, s ⊆ ConA × B means that they consist of
the same tokens (U, b). We can characterize equality r = s by extensional
equality of the associated functions |r|, |s|. It even suffices that |r| and |s|
coincide on all compact elements U for U ∈ ConA.

Lemma 2.1.5 (Extensionality). Assume that A = (A,ConA,`A) and
B = (B,ConB,`B) are information systems and r, s ⊆ ConA × B approxi-
mable maps. Then the following are equivalent.

(a) r = s,
(b) |r|(z) = |s|(z) for all z ∈ |A|,
(c) |r|(U) = |s|(U) for all U ∈ ConA.

Proof. It suffices to prove (c) → (a). As above this follows from

(U, b) ∈ r ↔ ∃V⊆U (V, b) ∈ r by axiom (c) for approximable maps

↔ b ∈ |r|(U). �

Moreover, one can easily check that

s ◦ r := { (U, c) | ∃V ((V, c) ∈ s ∧ (U, V ) ⊆ r) }
is an approximable map (where (U, V ) := { (U, b) | b ∈ V }), and

|s ◦ r| = |s| ◦ |r|, ĝ ◦ f = ĝ ◦ f̂ .

We usually write r(z) for |r|(z), and similarly (U, b) ∈ f for (U, b) ∈ f̂ .
It should always be clear from the context where the mods and hats should
be inserted.
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2.2. Partial continuous functionals

We define types, built from base types by the formation of function
types, τ → σ; types may involve type variables. For every closed type τ we
define an information system Cτ whose ideals will be the partial continuous
functionals of type τ .

2.2.1. Types. Types will be built from “algebras” (given by a list of
“constructor types”) by the formation of “function types” τ → σ. Types
may involve type variables α, β, γ, ξ, ζ. Iterated arrows are understood as
associated to the right. For example, α→ β → γ means α→ (β → γ), not
(α→ β)→ γ.

Definition. Constructor types κ have the form

~α→ (ξ)i<n → ξ

with all type variables αi distinct from each other and from ξ. An argument
type of a constructor type is called a parameter argument type if it is dif-
ferent from ξ, and a recursive argument type otherwise. A constructor type
is recursive if it has a recursive argument type. We call

ι := µξ~κ

with ~κ not empty an algebra form. An algebra form is non-recursive (or
explicit) if it does not have recursive argument types.

Examples. We list some algebra forms without parameters, with stan-
dard names for the constructors added to each constructor type.

U := µξ(Dummy: ξ) (unit),

B := µξ(tt : ξ, ff : ξ) (booleans),

N := µξ(0 : ξ, S : ξ → ξ) (natural numbers, unary),

P := µξ(1 : ξ, S0 : ξ → ξ, S1 : ξ → ξ) (positive numbers, binary),

Y := µξ(− : ξ,Branch: ξ → ξ → ξ) (binary trees, or derivations).

Algebra forms with parameters are

I(α) := µξ(Id: α→ ξ) (identity),

L(α) := µξ(Nil : ξ,Cons: α→ ξ → ξ) (lists),

S(α) := µξ(SCons: α→ ξ → ξ) (streams),

α× β := µξ(Pair : α→ β → ξ) (product),

α+ β := µξ(InL: α→ ξ, InR: β → ξ) (sum),

uysum(α) := µξ(DummyL: ξ, Inr : α→ ξ) (for U + α),

ysumu(α) := µξ(Inl : α→ ξ,DummyR: ξ) (for α+ U).
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The default name for the i-th constructor of an algebra form is Ci.

Definition (Type).

τ, σ, ρ ::= α | ι(~τ ) | τ → σ,

where ι is an algebra form with ~α its parameters, and ι(~τ ) the result of
substituting the (already generated) types ~τ for ~α. A type is closed if it has
no free type variables. Types of the form ι(~τ ) are called algebras. The level
of a type is defined by

lev(α) := 0,

lev(ι(~τ )) := max(lev(~τ )),

lev(τ → σ) := max(lev(σ), 1 + lev(τ)).

Base types are types of level 0, and a higher type has level at least 1.

Examples. 1. L(α), L(L(α)), α× β are algebras.
2. L(L(N)), N + B, Z := P + U + P, Q := Z× P are closed base types.
3. R := (N→ Q)× (P→ N) is a closed algebra of level 1.

There can be many equivalent ways to define a particular type. For
instance, we could take U + U to be the type of booleans, L(U) to be the
type of natural numbers, and L(B) to be the type of positive binary numbers.

2.2.2. The information system Cτ . For every closed type τ we de-
fine the information system Cτ = (Cτ ,Conτ ,`τ ). The ideals x ∈ |Cτ | are
the partial continuous functionals of type τ . Since we will have Cτ→σ =
Cτ → Cσ, the partial continuous functionals of type τ → σ will correspond
to the continuous functions from |Cτ | to |Cσ|.

Definition (Information system of a closed type τ). We simultaneously
define Cι, Cτ→σ, Conι and Conτ→σ.

(a) The tokens a ∈ Cι are the type correct constructor expressions Ca∗1 . . . a
∗
n

where a∗i is an extended token, i.e., a token or the special symbol ∗ which
carries no information.

(b) The tokens in Cτ→σ are the pairs (U, b) with U ∈ Conτ and b ∈ Cσ.
(c) A finite set U of tokens in Cι is consistent (i.e., U ∈ Conι) if all its

elements start with the same constructor C, say of arity τ1 → . . . →
τn → ι, and all Ui ∈ Conτi for i = 1, . . . , n, where Ui consists of all
(proper) tokens at the i-th argument position of some token in U =

{C ~a∗1, . . . ,C ~a∗m}.
(d) { (Ui, bi) | i ∈ I } ∈ Conτ→σ is defined to mean

∀J⊆I(
⋃
j∈J

Uj ∈ Conτ → { bj | j ∈ J } ∈ Conσ).
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Building on this definition, we define U `τ a for U ∈ Conτ and a ∈ Cτ .

(e) {C ~a∗1, . . . ,C ~a∗m} `ι C′ ~a∗ is defined to mean C = C′, m ≥ 1 and Ui ` a∗i ,
with Ui as in (c) above (and U ` ∗ taken to be true).

(f) W `τ→σ (U, b) is defined to mean WU `σ b, where application WU
of W = { (Ui, bi) | i ∈ I } ∈ Conτ→σ to U ∈ Conτ is defined to be
{ bi | U `τ Ui }; recall that U ` V abbreviates ∀a∈V (U ` a).

Note that the present definition is by recursion on the height of the syntactic
expressions involved:

|α| := 0,

|ι(τ1 . . . τn)| := 1 + max{ |τi| | i = 1, . . . , n },
|τ → σ| := max{1 + |τ |, 1 + |σ|},
|Ca∗1 . . . a∗n| := 1 + max{ |a∗i | | i = 1, . . . , n },
| ∗ | := 0,

|(U, b)| := max{1 + |U |, 1 + |b|},
|{ ai | i ∈ I }| := max{ 1 + |ai| | i ∈ I },
|U ` a| := max{1 + |U |, 1 + |a|}.

It is easy to see that (Cτ ,Conτ ,`τ ) is an information system. Observe
that all the notions involved are computable: a ∈ Cτ , U ∈ Conτ and U `τ a.

Definition (Partial continuous functionals). For every closed type τ let
Cτ be the information system (Cτ ,Conτ ,`τ ). The set |Cτ | of ideals in Cτ

is the set of partial continuous functionals of type τ . A partial continuous
functional x ∈ |Cτ | is computable if it is recursively enumerable when viewed
as a set of tokens.

Notice that Cτ→σ = Cτ → Cσ as defined generally for information
systems.

For example, the tokens for the base type N are shown in Figure 1. For
tokens a, b we have {a} ` b if and only if there is a path from a (up) to
b (down). As another (more typical) example, consider the base type Y
of binary trees with a nullary constructor − and a binary Branch. Then
{Branch(−, ∗),Branch(∗,−)} is consistent, and it entails Branch(−,−).

Recall that a partial continuous functional is an ideal in Cτ . We will
be interested in “cototal” and “total” ideals. To grasp what this means it
helps to look at examples of tokens for some closed base types.

B tt, ff

N Sn0, Sn+1∗
L(B) Cons(tt,Cons(∗,Cons(ff, [])))
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•0 • S∗@
@@
•S0

�
��
• S(S∗)@

@@
•S(S0)

�
��
• S(S(S∗))@

@@
•S(S(S0))

�
��

..
.

Figure 1. Tokens and entailment for N

S(B) SCons(tt, SCons(∗, SCons(ff, ∗))) =: a

L(S(B)) Cons(a,Cons(a, [])).

Generally these tokens can be described as terms built from the constructors
involved in the used base types and possibly the symbol ∗.

Definition (Cototal and total ideals of a closed base type). Let ι be
a closed base type. Its tokens can be seen as constructor terms with some
argument positions occupied by ∗. An ideal x in Cι is cototal if for each of
its tokens t(∗) with a distinguished occurrence of ∗ there is another token of
the form t(C~∗ ) in x. Here C is a constructor for the base type of ∗’s position
in t(∗). We call x total if it is cototal and finite.

We give some examples, with a more pictorial representation. Tokens in
CY:

−
− −

H
HH��

�@
@�� −

∗ −

H
HH��

�@
@��

Consistency in CY:

− ∗
H
HH��

� ↑
∗ −
H
HH��

�

Moreover

− −
H
HH��

� 6↑
−

∗ ∗

H
HH��

�@
@��

but

− ∗
H
HH��

� ↑
−

∗ ∗

H
HH��

�@
@��

Entailment in CY:

{
− ∗
H
HH��

�
,

∗ −
H
HH��

� } `Y

− −
H
HH��

�
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and also

∗
∗ −

HHH�
��
@@��

`Y

∗
∗ ∗

HHH�
��
@@��

and

∗ ∗
HHH�

��

Ideals in CY:

(1) 1 := closure of all

0

−
1
2

−
3
4

−

− ∗

(2) −1 is defined similarly
(3) −1 ∪ 1
(4) 1

2 := closure of all

0

−
1
2

3
4

− −

− ∗ −

− ∗

(5) Closure of

−
− −

H
HH��

�@
@��
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(6) Closure of

−
∗ −

HHH��
�@
@��

Among these are

(1)− (4) cototal ideals,

(5) a total ideal,

(6) a neither total nor cototal ideal.

2.2.3. Constructors as continuous functions. Let ι be a closed
base type. Every constructor C generates the following ideal in the function
space determined by the type of the constructor:

rC := { (~U,C ~a∗ ) | ~U ` ~a∗ },

where (~U, a) abbreviates (U1, (U2, . . . (Un, a) . . . )).
According to the general definition of a continuous function associated

to an ideal in a function space the continuous map |rC| satisfies

|rC|(~x ) = {C ~a∗ | ∃~U⊆~x(~U ` ~a∗) }.

(For N we have |rS |({0}) = {S0, S∗} and |rS |({S0, S∗}) = {SS0, SS∗, S∗}.)
An immediate consequence is that the (continuous maps corresponding to)
constructors are injective and their ranges are disjoint.

Lemma 2.2.1 (Constructors are injective and have disjoint ranges). Let
ι be a closed base type and C be a constructor of ι. Then

|rC|(~x ) ⊆ |rC|(~y )↔ ~x ⊆ ~y.

If C1,C2 are distinct constructors of ι, then |rC1 |(~x ) 6= |rC2 |(~y ), since the
two ideals are non-empty and disjoint.

Proof. Immediate from the definitions. �

Remark. Notice that neither property holds for flat information sys-
tems, since for them, by monotonicity, constructors need to be strict (i.e.,
if one argument is the empty ideal, then the value is as well). But then we
have

|rC|(∅, y) = ∅ = |rC|(x, ∅),

|rC1 |(∅) = ∅ = |rC2 |(∅)

where in the first case we have one binary and, in the second, two unary
constructors.
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Lemma (Ideals of a closed base type). Every non-empty ideal in the
information system associated to a closed base type has the form |rC|(~x )
with a constructor C and ideals ~x.

Proof. Let z be a non-empty ideal and Ca∗0b
∗
0 ∈ z, where for simplicity

we assume that C is a binary constructor. Let x := { a | Ca∗ ∈ z } and
y := { b | C∗b ∈ z }; clearly x, y are ideals. We claim that z = |rC|(x, y).
For ⊇ consider Ca∗b∗ with a∗ ∈ x ∪ {∗} and b∗ ∈ y ∪ {∗}. Then by defini-
tion {Ca∗∗,C∗b∗} ⊆ z, hence Ca∗b∗ ∈ z by deductive closure. Conversely,
notice that an arbitrary element of z must have the form Ca∗b∗, because
of consistency. Then {Ca∗∗,C∗b∗} ⊆ z again by deductive closure. Hence
a∗ ∈ x ∪ {∗} and b∗ ∈ y ∪ {∗}, and therefore Ca∗b∗ ∈ |rC|(x, y). �

It is in this proof that we need entailment to be a relation between finite
sets of tokens and single tokens, not just a binary relation between tokens.
Information systems with the latter property are called atomic.

The information systems Cτ enjoy the pleasant property of coherence,
which amounts to the possibility to locate inconsistencies in two-element
sets of data objects. Generally, an information system A = (A,Con,`) is
coherent if it satisfies: U ⊆ A is consistent if and only if all of its two-element
subsets are.

Lemma 2.2.2. Let A and B be information systems. If B is coherent,
then so is A→ B.

Proof. Exercise. �

2.3. Terms

To work with functionals in a formal theory we need to have a language
to denote them. Again lambda calculus is the appropriate tool, this time
extended by constants for functionals given by certain defining equations,
or more precisely, “computation rules”. For their formulation we need some
knowledge on most general unifiers and unification generally. The resulting
term system can be seen as a common extension of Gödel’s T (1958) and
Plotkin’s PCF (1977); we call it T+.

2.3.1. Unification. We show that for any two constructor terms one
can decide whether there exists a “unifier”, and if so, compute a “most
general” one. A solution of this problem has been given by Robinson (1965).
In the formulation of the algorithm below we follow Martelli and Montanari
(1982).

By a constructor term t, s (term for short) we mean a term built from
variables x, y, z and constructors C by application. A substitution is a finite
set ϑ = {t1/x1, . . . , tn/xn} of pairs of variables and terms, such that xi 6= xj
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for i 6= j, and ti 6= xi for all i. An element ti/xi of ϑ is called a binding (of xi
to ti). By tϑ we denote the result of simultaneously replacing each variable
xi in t by ti, and call tϑ the instance of t induced by ϑ. We shall use ϑ, η, ζ
for substitutions. Let ε be the empty substitution. For given substitutions

ϑ = {t1/x1, . . . , tn/xn}
η = {s1/y1, . . . , sm/ym},

the composition ϑη of ϑ and η is the substitution obtained by deleting in
the set

{t1η/x1, . . . , tnη/xn, s1/y1, . . . , sm/ym}
all bindings tiη/xi such that tiη = xi, and also all bindings sj/yj such that
yj ∈ {x1, . . . , xn}. A substitution ϑ is idempotent if ϑϑ = ϑ. A substitution
ϑ is called more general than η (written η ≤ ϑ), if there is a substitution ζ
such that η = ϑζ. ϑ and η are equivalent, if ϑ ≤ η ≤ ϑ.

It is easy to see that (tϑ)η = t(ϑη), and that composition is associative.
We now come to the unification problem. By this we mean the question

whether for two given terms t, s there is a substitution ϑ “unifying” the two
terms, i.e., with the property tϑ = sϑ.

Let E denote finite equation systems, i.e., multisets

{t1 = s1, . . . , tn = sn}
of equations between terms (more precisely pairs of terms). Consider {⊥} as
a (contradictory) equation system. A substitution ϑ unifies E, if for every
equation t = s in E we have tϑ = sϑ; no ϑ unifies {⊥}. ϑ is a most general
unifier (mgu) of E, if ϑ is a unifier of E and η ≤ ϑ for every unifier η of E.

The following characterization of idempotent mgus will be useful in the
proof of the Unification Theorem below.

Lemma 2.3.1 (Characterization of idempotent mgu’s). Let ϑ be a unifier
of E. Then ϑ is an idempotent mgu of E iff η = ϑη for all unifiers η of E.

Proof. Exercise.
�

Definition (Unification algorithm). E 7→ϑ E
′ is defined by

(a) {t = x} ∪ E 7→ε {x = t} ∪ E, if t is not a variable.
(b) {x = x} ∪ E 7→ε E.
(c) {Ct1 . . . tn = Cs1 . . . sn} ∪ E 7→ε {t1 = s1, . . . tn = sn} ∪ E.
(d) {Ct1 . . . tn = C′s1 . . . sn} ∪ E 7→ε {⊥} if C 6= C′.
(e) {x = t, t1(x) = s1(x), . . . , tn(x) = sn(x)} 7→{t/x}
{t1(t) = s1(t), . . . tn(t) = sn(t)} if x /∈ FV(t).

(f) {x = t} ∪ E 7→ε {⊥}, if x ∈ FV(t) and t 6= x.

Proposition. Assume E 7→ϑ E
′.
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(a) If η′ is a unifier of E′, then ϑη′ is a unifier of E.
(b) If η is a unifier of E, then η = ϑη and η is a unifier of E′.

Proof. By cases according to the definition of E 7→ϑ E′. Clearly it
suffices to treat case (e).

Let η′ be a unifier of E′. Then {t/x}η′ is a unifier of E.
Let η be a unifier of E. Then xη = tη, hence η = {t/x}η (since both

substitutions coincide on all variables), and moreover

ti{t/x}η = tiη = siη = si{t/x}η.

Hence η is a unifier of E′. �

Corollary. Assume

E1 7→ϑ1 E2 7→ϑ2 . . . En 7→ϑn En+1.

(a) If ϑ is a unifier of En+1, then ϑ1 . . . ϑnϑ is a unifier of E1.
(b) If η is a unifier of E1, then η = ϑ1 . . . ϑnη and η is a unifier of En+1.

Proof. The first part clearly follows from the first part of the Propo-
sition. The second part is proved by induction on n. For n = 0 there is
nothing to show. In the step we split the assumption into

E1 7→ϑ1 E2 and E2 7→ϑ2 . . . En 7→ϑn En+1.

By the second part of the Proposition we have that η = ϑ1η is a unifier of
E2. Hence by IH η = ϑ2 · · ·ϑnη is a unifier of En+1. Moreover we have
η = ϑ1η = ϑ1ϑ2 . . . ϑnη. �

Unification Theorem. Let E be a finite equation system. Then every
sequence

E = E1 7→ϑ1 E2 7→ϑ2 . . .

terminates with En+1 = ∅ or En+1 = {⊥}. In the first case E is unifi-
able, and ϑ1 . . . ϑn is an idempotent mgu of E. In the second case E is not
unifiable.

Proof. Exercise. Termination is proved using the lexicographic order-
ing of N3. To every E = {t1 = s1, . . . , tn = sn} assign a triple (n1, n2, n3) ∈
N3 by

n1 := number of variables in E,

n2 := number of occurrences of variables and constructors in E,

n3 := number of equations t = x in E such that t is not a variable. �
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2.3.2. A common extension T+ of Gödel’s T and Plotkin’s PCF.

Definition (Terms). Terms of T+ are built from (typed) variables and
(typed) constants (constructors C or defined constants D; see the definition
below) by application and abstraction:

M,N ::= xτ | Cτ | Dτ | (λxτMσ)τ→σ | (M τ→σN τ )σ.

The set FV(M) of free variables of a term M is defined by

FV(x) := {x}, FV(C) := FV(D) := ∅,
FV(λxM) := FV(M) \ {x}, FV(MN) := FV(M) ∪ FV(N).

Definition (Conversion). We define a conversion relation 7→β for terms
similarly to what we did for derivation terms:

(λxM(x))τ→σN τ 7→β M(N)σ.

In addition we will employ another conversion relation 7→η defined by

λx(Mx) 7→η M if x /∈ FV(M) (M not an abstraction).

Definition (Computation rule). Every defined constant D comes with
a system of computation rules, consisting of finitely many equations

(13) D~Pi(~yi) = Mi (i = 1, . . . , n where n ≥ 0)

with free variables of ~Pi(~yi) and Mi among ~yi, where the arguments on the
left hand side must be “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables. To ensure consistency of the

defining equations, we require that for i 6= j ~Pi and ~Pj have disjoint free

variables, and either ~Pi and ~Pj are non-unifiable (i.e., there is no substitution

which identifies them), or else for the most general unifier ϑ of ~Pi and ~Pj
we have Miϑ = Mjϑ. Notice that the substitution ϑ assigns to the variables

~yi in Mi constructor patterns ~Rk(~z ) (k = i, j). A further requirement on a

system of computation rules D~Pi(~yi) = Mi is that the lengths of all ~Pi(~yi)
are the same; this number is called the arity of D, denoted by ar(D). A
substitution instance of a left hand side of (13) is called a D-redex .

More formally, constructor patterns are defined inductively by (we write
~P (~x ) to indicate all variables in ~P ):

(a) x is a constructor pattern.
(b) The empty list is a constructor pattern.

(c) If ~P (~x ) and Q(~y ) are constructor patterns whose variables ~x and ~y are

disjoint, then (~P ,Q)(~x, ~y ) is a constructor pattern.

(d) If C is a constructor and ~P a constructor pattern, then so is C~P .
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Remark. The requirement of disjoint variables in constructor patterns
~Pi and ~Pj used in computation rules of a defined constant D is needed to
ensure that applying the most general unifier produces constructor patterns
again. However, for readability we take this as an implicit convention, and
write computation rules with possibly non-disjoint variables.

Examples of constants D defined by computation rules are abundant.
In particular, the (structural) recursion and corecursion operators will be
defined by computation rules.

The simplest example is the constant ⊥ι of type ι with no computation
rules. The boolean connectives andb, impb and orb are defined by

tt andb y = y,

x andb tt = x,

ff andb y = ff,

x andb ff = ff,

ff impb y = tt,

tt impb y = y,

x impb tt = tt,

tt orb y = tt,

x orb tt = tt,

ff orb y = y,

x orb ff = x.

Notice that when two such rules overlap, their right hand sides are equal
under any unifier of the left hand sides.

Decidable equality =ι : ι→ ι→ B for a closed base type ι can be defined
easily by computation rules. For example,

(0 =N 0) = tt,

(0 =N Sm) = ff,

(Sn =N 0) = ff,

(Sn =N Sm) = (n =N m)

and similarly for Y with constructors 0 (leaf) and C (branch)

(0 =Y 0) = tt,

(0 =Y Cts) = ff,

(Cts =Y 0) = ff,

(Cts =Y Ct′s′) = (t =Y t
′ andb s =Y s

′).

For L(ι) with ι a closed base type we define =L(ι) : L(ι)→ L(ι)→ B by

([] =L(ι) []) = tt,

([] =L(ι) a::`) = ff,

(a::` = []) =L(ι) ff,

(a::` =L(ι) a
′::`′) = (a =ι a

′ andb ` =L(ι) `
′).

For the base type N of natural numbers we have the doubling function

Double(0) := 0,

Double(S(n)) := S(S(Double(n))).

Addition (written infix) is defined similarly, this time with a parameter m:

m+ 0 := m,

m+ S(n) := S(m+ n).
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Multiplication (again written infix) is defined using addition by

m · 0 := 0,

m · S(n) := (m · n) +m.

Similarly we can define all primitive recursive functions.
Up to now we have only considered examples of total functions, in the

sense that total arguments are mapped to total values. But recall that in
our setting functions need not be total. To give an example consider the
base type of streams defined by

S(α) := µξ(α→ ξ → ξ)

with a single constructor C: α → S(α) → S(α). We write Cau or a :: u
for Cau. This base type differs from the ones previously considered by not
having a nullary constructor. As a consequence it does not have non-empty
total ideals, but clearly cototal ones. An example is {Cn

a(∗) | n ≥ 1 }.
We define the function Map of type (ρ → σ) → S(ρ) → S(σ) mapping its
function argument h : ρ→ σ over a stream u of type S(ρ) by the computation
rule

Maph(a :: u) := (ha) :: Maph(u).

2.3.3. Recursion operators. Important examples of such constants
D are the (structural) higher type recursion operators Rτι introduced by
Hilbert (1925) and Gödel (1958). They are used to construct maps from the
algebra ι to the value type τ , by recursion on the structure of ι.

For instance, RτN has type N→ τ → (N→ τ → τ)→ τ . It is defined by
the computation rules

RτN0af := a,

RτN(Sn)af := fn(RτNnaf).

The first argument is the recursion argument, the second one gives the base
value, and the third one gives the step function, mapping the recursion argu-
ment and the previous value to the next value. For example, RN

Nnmλn,l(Sl)
defines addition m+n by recursion on n. For λn,l(Sl) we often write λ ,l(Sl)
since the bound variable n is not used.

It will be convenient to write an algebra form

µξ(~αi → (ξ)ν<ni → ξ)i<k as µξ((ρiν(ξ))ν<ni → ξ)i<k.

Definition (Type of Rτι ). For the algebra ι = µξ((ρiν(ξ))ν<ni → ξ)i<k
and the result type τ we define the type of the recursion operator Rτι to be

ι→ ((ρiν(ι× τ))ν<ni → τ)i<k → τ.

Here ι is the type of the recursion argument, and each (ρiν(ι×τ))ν<ni → τ is
called a step type. Usage of ι× τ rather than τ in the step types can be seen
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as a “strengthening”, since then one has more data available to construct
the value of type τ . Moreover, for recursive argument types we avoid the
product type in ι × τ and take the two argument types ι and τ instead
(“duplication”).

Definition (Computation rules for Rτι ). Let

α0 → . . .→ αm−1 → (ξ)i<n → ξ

be the type of the i-th constructor Ci of ι and consider a term Ci~x of type
ι. We write ~xP = xP0 , . . . , x

P
m−1 for the parameter arguments xα0

0 , . . . , x
αm−1

m−1
and ~xR = xR0 , . . . , x

R
n−1 for the recursive arguments xιm, . . . , x

ι
m+n−1. Writ-

ing R for Rτι we take as its computation rules

R(Ci~x)~f := fi~x(RxR0 ~f ) . . . (RxRn−1 ~f ).

Examples.

RτB : B→ τ → τ → τ,

RτN : N→ τ → (N→ τ → τ)→ τ,

RτP : P→ τ → (P→ τ → τ)→ (P→ τ → τ)→ τ,

RτY : Y→ τ → (Y→ τ → Y→ τ → τ)→ τ,

RτL(ρ) : L(ρ)→ τ → (ρ→ L(ρ)→ τ → τ)→ τ,

Rτρ+σ : ρ+ σ → (ρ→ τ)→ (σ → τ)→ τ,

Rτρ×σ : ρ× σ → (ρ→ σ → τ)→ τ.

It is a helpful exercise to write out the computation rules for these particular
recursion operators.

There is an important variant of recursion, where no recursive calls oc-
cur. This variant is called the cases operator ; it distinguishes cases according
to the outer constructor form. For the algebra ι = µξ((ρiν(ξ))ν<ni → ξ)i<k
and result type τ the type of the cases operator Cτι is

ι→ ((ρiν(ι))ν<ni → τ)i<k → τ.

The simplest example (for type B) is if-then-else. Another example is

CτN : N→ τ → (N→ τ)→ τ.

It could be used to define the predecessor function on N by the term

Pm := CN
Nm0(λnn).

However, it is easier to define the predecessor function by the computation
rules P0 := 0 and P(Sn) := n.
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Remark. When computing the value of a cases term, we do not want
to (eagerly) evaluate all arguments, but rather compute the test argument
first and depending on the result (lazily) evaluate at most one of the other
arguments. This phenomenon is well known in functional languages; for
instance, in Scheme the if-construct is called a special form (as opposed
to an operator). Therefore instead of taking the cases operator applied to a
full list of arguments, one rather uses a case-construct to build this term;
it differs from the former only in that it employs lazy evaluation. Hence the
predecessor function could be written in the form

[case mN of (0 7→ 0 | Sn 7→ n)].

2.3.4. Corecursion. The computation rules forR work from the leaves
towards the root, and terminate because total ideals are finite. If, however,
we deal with cototal ideals, then a similar operator is available to define
functions with cototal ideals as values, namely “corecursion”.

To understand the type of a corecursion operator recall the constructor
types κi(ι) of an algebra ι = µξ(κ0, . . . , κk−1), written as

(ρiν(ι))ν<ni → ι (i < k).

The product of these k constructor types is isomorphic to∑
i<k

∏
ν<ni

ρiν(ι)→ ι

and the type of the recursion operator Rτι is isomorphic to

ι→
(∑
i<k

∏
ν<ni

ρiν(ι× τ)→ τ
)
→ τ.

Dually for the algebra ι the type of its destructor Dι (disassembling a
constructor-built object into its parts) is

ι→
∑
i<k

∏
ν<ni

ρiν(ι).

The corecursion operator coRτι is used to construct a map from τ to ι by
“corecursion” on the structure of ι. Its type is

(14) τ →
(
τ →

∑
i<k

∏
ν<ni

ρiν(ι+ τ)
)
→ ι.



34 2. COMPUTABLE FUNCTIONALS

Examples (Types and computation rules of corecursion operators).

coRτB : τ → (τ → U + U)→ B,
coRτN : τ → (τ → U + (N + τ))→ N,
coRτP : τ → (τ → U + (P + τ) + (P + τ))→ P,
coRτY : τ → (τ → U + (Y + τ)× (Y + τ))→ Y,
coRτL(ρ) : τ → (τ → U + ρ× (L(ρ) + τ))→ L(ρ),
coRτS(ρ) : τ → (τ → ρ× (S(ρ) + τ))→ S(ρ).

The computation rule for each of these is defined below. For f : ρ→ τ and
g : σ → τ we denote λx(Rτρ+σxfg) of type ρ+ σ → τ by [f, g], and similary
for ternary sumtypes etcetera. The identity functions id below are of type
ι→ ι with ι the respective algebra.

coRτBxf := [λ tt, λ ff](fx),

coRτNxf := [λ 0, λy(S([idN→N, PN]y))](fx),
coRτPxf := [λ 1, λy(S0([id, PP]y)), λy(S1([id, PP]y))](fx),
coRτYxf := [λ 0, λy0,y1(C([id, PY]y0)([id, PY]y1))](fx),

coRτL(ρ)xf := [λ [], λy0,y1(y0 :: [id, PL(ρ)]y1)](fx),
coRτS(ρ)xf := (fx)0 :: [id, PS(ρ)](fx)1

with (fx)i the i-th component of the pair fx, and Pα := λx(coRταxf) for
α ∈ {N,P,Y,L(ρ),S(ρ)}.

Definition. The (single) computation rule for coRτι of type (14) is

coRτι xf := [g0, . . . , gk−1](fx)

where gi of type
∏
ν<ni

ρiν(ι+ τ)→ ι is defined as

gi := λ~x(Ci(Nν)ν<ni) with xν : ρiν(ι+ τ),

Nν :=

{
xν if ρiν(ξ) is a parameter arg. type,

[idι→ι, P τ→ι]xι+τν ) otherwise,

and P := λx(coRτι xf) contains the corecursive call.

Remark. It can be difficult to read the computation rules for corecur-
sion operators. However, it helps if we know some properties of the “step”
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function f . For instance we have

coRτNxf =


0 if fx = DummyLU+(N+τ)

Sn if fx = Inr(InLN→N+τn)

S(coRτNx′f) if fx = Inr(InRτ→N+τx′)

coRτYxf =



0 if fx = DummyLU+(Y+τ)×(Y+τ)

Cts if fx = Inr〈InLY→Y+τ t, InLY→Y+τs〉
Ct(coRτYyf) if fx = Inr〈InLY→Y+τ t, InRτ→Y+τy〉
C(coRτYyf)s if fx = Inr〈InRτ→Y+τy, InLY→Y+τs〉
C(coRτYyf)(coRτYzf) if fx = Inr〈InRτ→Y+τy, InRτ→Y+τz〉

coRτS(ρ)xf =

{
a :: u if fx = 〈a, InLS(ρ)→S(ρ)+τu〉
a :: coRτS(ρ)x

′f if fx = 〈a, InRτ→S(ρ)+τx′〉.

Recall that Map of type (ρ → σ) → S(ρ) → S(σ) maps its function
argument h : ρ→ σ over a stream u of type S(ρ) (see Section 2.3.2, page 31).
It is an easy exercise to give an alternative definition of the function Map
by means of the corecursion operator.

Remark. It is possible to define interesting cototal objects by means
of corecursion operators. For instance the rightmost infinite path in the
algebra Y of binary trees is tR := coRτYx0f0 with τ, x0 arbitrary (for instance

τ := U, x0 := DummyU) and

f0x
τ := Inr〈InLY→Y+τ0, InRτ→Y+τx〉.

For the leftmost path we similary have tL.
Another example is a function converting a real number given as a

Cauchy sequence of rationals together a Cauchy modulus into an infinite
stream of signed digits {−1, 0, 1}. Such a function can be defined by a sim-
ple corecursion. One can extract it from a proof (using “coinduction”) of
the fact that such a conversion exists.

2.4. Denotational semantics

We now set up a connection between the model (|Cρ|)ρ of partial con-
tinuous functionals described in Section 2.2.2 and the term system T+ from
Section 2.3.2. The main point is to clarify how we can use computation rules
to define an ideal z in a function space.

2.4.1. Ideals as values of terms. The general idea is to inductively
define the set of tokens (U, a) that make up z. It is convenient to define the
value [[λ~xM ]], where M is a term with free variables among ~x. Since this

value is a token set, we can define inductively the relation (~U, a) ∈ [[λ~xM ]].
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For a constructor pattern ~P (~x ) and a list ~V of the same length and

types as ~x we define a list ~P (~V ) of formal neighborhoods of the same length

and types as ~P (~x ), by induction on ~P (~x ). x(V ) is the singleton list V ,

and for 〈〉 we take the empty list. (~P ,Q)(~V , ~w ) is covered by the induction
hypothesis. Finally

(C~P )(~V ) := {C ~a∗ | a∗i ∈ Pi(~Vi) if Pi(~Vi) 6= ∅, and a∗i = ∗ otherwise }.

We use the following notation. (~U, a) means (U1, (U2, . . . (Un, a)) . . . ),

and (~U, V ) ⊆ [[λ~xM ]] means (~U, a) ∈ [[λ~xM ]] for all (finitely many) a ∈ V .

Definition 2.4.1 (Inductive, of (~U, a) ∈ [[λ~xM ]]).

Ui ` a
(~U, a) ∈ [[λ~xxi]]

(V ),
(~U, V, a) ∈ [[λ~xM ]] (~U, V ) ⊆ [[λ~xN ]]

(~U, a) ∈ [[λ~x(MN)]]
(A).

For every constructor C and defined constant D we have

~V ` ~a∗

(~U, ~V ,C ~a∗) ∈ [[λ~xC]]
(C),

(~U, ~V , a) ∈ [[λ~x,~yM ]] ~W ` ~P (~V )

(~U, ~W, a) ∈ [[λ~xD]]
(D)

with one such rule (D) for every computation rule D~P (~y ) = M .

The height of a derivation of (~U, a) ∈ [[λ~xM ]] is defined as usual, by
adding 1 at each rule. We define its D-height similarly, where only rules
(D) count.

We begin with some simple consequences of this definition.

Lemma 2.4.2. The following transformations preserve D-height:

~V ` ~U → (~U, a) ∈ [[λ~xM ]]→ (~V , a) ∈ [[λ~xM ]],(15)

(~U, V, a) ∈ [[λ~x,yM ]]↔ (~U, a) ∈ [[λ~xM ]] if y /∈ FV(M),(16)

(~U, V, a) ∈ [[λ~x,y(My)]]↔ (~U, V, a) ∈ [[λ~xM ]] if y /∈ FV(M),(17)

(~U, ~V , a) ∈ [[λ~x,~y (M(~P (~y )))]]↔ (~U, ~P (~V ), a) ∈ [[λ~x,~z (M(~z ))]].(18)

Proof. (15) and (16) are both proved by easy inductions on the respec-
tive derivations.

(17). Assume (~U, V, a) ∈ [[λ~x,y(My)]]. By (A) we then have W such

that (~U, V,W ) ⊆ [[λ~x,yy]] (i.e., V `W ) and (~U, V,W, a) ∈ [[λ~x,yM ]]. By (15)

from the latter we obtain (~U, V, V, a) ∈ [[λ~x,yM ]]. Now since y /∈ FV(M),

(16) yields (~U, V, a) ∈ [[λ~xM ]], as required. Conversely, assume (~U, V, a) ∈
[[λ~xM ]]. Since y /∈ FV(M), (16) yields (~U, V, V, a) ∈ [[λ~xM ]]. Clearly we

have (~U, V, V ) ⊆ [[λ~x,yy]]. Hence by (A) (~U, V, a) ∈ [[λ~x,y(My)]], as required.
Notice that the D-height did not change in these transformations.
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(18). By induction on ~P , with a side induction on M . We distinguish
cases on M . The cases xi, C and D follow immediately from (16). In case
MN the following are equivalent by the side induction hypothesis:

(~U, ~V , a) ∈ [[λ~x,~y ((MN)(~P (~y )))]]

∃W ((~U, ~V ,W, a) ∈ [[λ~x,~y (M(~P (~y )))]] ∧ (~U, ~V ,W ) ⊆ [[λ~x,~y (N(~P (~y )))]])

∃W ((~U, ~P (~V ),W, a) ∈ [[λ~x,~z (M(~z ))]] ∧ (~U, ~P (~V ),W ) ⊆ [[λ~x,~z (N(~z ))]])

(~U, ~P (~V ), a) ∈ [[λ~x,~z ((MN)(~z ))]].

The final case is where M is zi. Then we have to show

(~U, ~V , a) ∈ [[λ~x,~y(P (~y ))]]↔ P (~V ) ` a.

We distinguish cases on P (~y ). If P (~y ) is yj , then both sides are equivalent

to Vj ` a. In case P (~y ) is (C ~Q)(~y ) the following are equivalent:

(~U, ~V , a) ∈ [[λ~x,~y((C ~Q)(~y ))]]

(~U, ~V , a) ∈ [[λ~x,~y(C ~Q(~y ))]]

(~U, ~Q(~V ), a) ∈ [[λ~x,~u(C~u )]] by IH for ~Q(~y )

(~U, ~Q(~V ), a) ∈ [[λ~xC]] by (17)

∃ ~a∗(a = C ~a∗ ∧ ~Q(~V ) ` ~a∗)

C ~Q(~V ) ` a. �

Let∼ denote the equivalence relation on formal neighborhoods generated
by entailment, i.e., U ∼ V means (U ` V ) ∧ (V ` U).

Lemma 2.4.3.

(19) If ~U ` ~P (~V ), then there are ~W such that ~U ∼ ~P ( ~W ) and ~W ` ~V .

Proof. By induction on ~P . The cases x and 〈〉 are clear, and in case
~P ,Q we can apply the induction hypothesis. It remains to treat the case

C~P (~x ). Since U ` C~P (~V ) there is a ~b∗0 such that C~b∗0 ∈ U . Let

Ui := { a | ∃ ~a∗(C ~a∗ ∈ U ∧ a = a∗i ) }.

For the constructor pattern C~x consider C~U . By definition

C~U = {C ~a∗ | a∗i ∈ Ui if Ui 6= ∅, and a∗i = ∗ otherwise }.

We first show U ∼ C~U . Assume C ~a∗ ∈ C~U . For each i, if Ui 6= ∅, then there

is an ~a∗i such that C ~a∗i ∈ U and a∗ii = a∗i , and if Ui = ∅ then a∗i = ∗. Hence

U ⊇ {C ~a∗i | Ui 6= ∅ } ∪ {C~b∗0} ` C ~a∗.
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Conversely assume C ~a∗ ∈ U . We define C~b∗ ∈ C~U by b∗i = a∗i if a∗i 6= ∗,
b∗i = ∗ if Ui = ∅, and otherwise (i.e., if a∗i = ∗ and Ui 6= ∅) take an arbitrary

b∗i ∈ Ui. Clearly {C~b∗} ` C ~a∗.

By definition ~U ` ~P (~V ). Hence by induction hypothesis there are ~W

such that ~U ∼ ~P ( ~W ) and ~W ` ~V . Therefore U ∼ C~U ∼ C~P ( ~W ). �

Lemma 2.4.4 (Unification). If ~P1(~V1) ∼ · · · ∼ ~Pn(~Vn), then ~P1, . . . , ~Pn
are unifiable with a most general unifier ϑ and there exists ~W such that

(~P1ϑ)( ~W ) = · · · = (~Pnϑ)( ~W ) ∼ ~P1(~V1) ∼ · · · ∼ ~Pn(~Vn).

Proof. Assume ~P1(~V1) ∼ · · · ∼ ~Pn(~Vn). Then ~P1(~V1), . . . , ~Pn(~Vn)

are componentwise consistent and hence ~P1, . . . , ~Pn are unifiable with a

most general unifier ϑ. We now proceed by induction on ~P1, . . . , ~Pn. If
they are either all empty or all variables the claim is trivial. In the case

(~P1, P1), . . . , (~Pn, Pn) it follows from the linearity condition on variables that

a most general unifier of (~P1, P1), . . . , (~Pn, Pn) is the union of most general

unifiers of ~P1, . . . , ~Pn and of P1, . . . , Pn. Hence the induction hypothesis ap-

plies. In the case C~P1, . . . ,C~Pn the assumption C~P1(~V1) ∼ · · · ∼ C~Pn(~Vn)

implies ~P1(~V1) ∼ · · · ∼ ~Pn(~Vn) and hence again the induction hypothesis
applies. The remaining case is when some are variables and the other ones

of the form C~Pi, say x,C~P2, . . . ,C~Pn. By assumption

V1 ∼ C~P2(~V2) ∼ · · · ∼ C~Pn(~Vn).

By induction hypothesis we obtain the required ~W such that

(~P2ϑ)( ~W ) = · · · = (~Pnϑ)( ~W ) ∼ ~P2(~V2) ∼ · · · ∼ ~Pn(~Vn). �

Lemma 2.4.5 (Consistency). [[λ~xM ]] is consistent.

Proof. Let (~Ui, ai) ∈ [[λ~xM ]] for i = 1, 2. By coherence it suffices

to prove that (~U1, a1) and (~U2, a2) are consistent. We shall prove this by
induction on the maximum of the D-heights and a side induction on the
maximum of the heights.

Case (V). Let (~U1, a1), (~U2, a2) ∈ [[λ~xxi]], and assume that ~U1 and ~U2 are
componentwise consistent. Then U1i ` a1 and U2i ` a2. Since U1i ∪ U2i is
consistent, a1 and a2 must be consistent as well.

Case (C). For i = 1, 2 we have

~Vi ` ~a∗i
(~Ui, ~Vi,C ~a∗i ) ∈ [[λ~xC]]

.

Assume ~U1, ~V1 and ~U2, ~V2 are componentwise consistent. The consistency of

C ~a∗1 and C ~a∗2 follows from ~Vi ` ~a∗i and the consistency of ~V1 and ~V2.
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Case (A). For i = 1, 2 we have

(~Ui, Vi, ai) ∈ [[λ~xM ]] (~Ui, Vi) ⊆ [[λ~xN ]]

(~Ui, ai) ∈ [[λ~x(MN)]]
.

Assume ~U1 and ~U2 are componentwise consistent. By the side induction
hypothesis for the right premises V1 ∪ V2 is consistent. Hence by the side
induction hypothesis for the left hand sides a1 and a2 are consistent.

Case (D). For i = 1, 2 we have

(~Ui, ~Vi, ai) ∈ [[λ~x,~yiMi(~yi)]] ~Wi ` ~Pi(~Vi)
(~Ui, ~Wi, ai) ∈ [[λ~xD]]

(D)

for computation rules D~Pi(~yi) = Mi(~yi). Assume ~U1, ~W1 and ~U2, ~W2 are
componentwise consistent; we must show that a1 and a2 are consistent.

Since ~W1 ∪ ~W2 ` ~Pi(~Vi) for i = 1, 2, by (19) there are ~V ′1 ,
~V ′2 such that

~V ′i ` ~Vi and ~W1 ∪ ~W2 ∼ ~Pi(~V
′
i ). Then by Lemma 2.4.4 (on unification)

there are ~W such that (~P1ϑ)( ~W ) = (~P2ϑ)( ~W ) ∼ ~Pi(~V
′
i ) ` ~Pi(~Vi) for i = 1, 2,

where ϑ is the most general unifier of ~P1 and ~P2. But then also

(~yiϑ)( ~W ) ` ~Vi,

and hence by (15) we have

(~Ui, (~yiϑ)( ~W ), ai) ∈ [[λ~x,~yiMi(~yi)]]

with smaller D-height. Now (18) gives

(~Ui, ~W, ai) ∈ [[λ~x,~zMi(~yi)ϑ]]

without increasing the D-height. Notice that M1(~yi)ϑ = M2(~yi)ϑ by our
condition on computation rules. Hence the induction hypothesis applied to

(~U1, ~W, a1), (~U2, ~W, a2) ∈ [[λ~x,~zM1(~y1)ϑ]] implies the consistency of a1 and
a2, as required. �

Lemma 2.4.6 (Deductive closure). [[λ~xM ]] is deductively closed, i.e., if

W ⊆ [[λ~xM ]] and W ` (~V , b), then (~V , b) ∈ [[λ~xM ]].

Proof. By induction on the maximum of the D-heights and a side
induction on the maximum of the heights of W ⊆ [[λ~xM ]]. We distinguish
cases on the last rule of these derivations (which is determined by M).

Case (V). For all (~U, a) ∈W we have

Ui ` a
(~U, a) ∈ [[λ~xxi]]

.
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We must show Vi ` b. By assumption W ` (~V , b), hence W~V ` b. It suffices

to prove Vi ` W~V . Let c ∈ W~V ; we show Vi ` c. There are ~U such that
~V ` ~U and (~U, c) ∈W . But then by the above Ui ` c, hence Vi ` Ui ` c.

Case (A). Let W = {(~U1, a1), . . . , (~Un, an)}. For each (~Ui, ai) ∈W there
is Ui such that

(~Ui, Ui, ai) ∈ [[λ~xM ]] (~Ui, Ui) ⊆ [[λ~xN ]]

(~Ui, ai) ∈ [[λ~x(MN)]]
.

Define U :=
⋃
{Ui | ~V ` ~Ui }. We first show that U is consistent. Let

a, b ∈ U . There are i, j such that a ∈ Ui, b ∈ Uj and ~V ` ~Ui, ~Uj . Then
~Ui and ~Uj are consistent; hence since [[λ~xN ]] is consistent by Lemma 2.4.5 a
and b are consistent as well.

Next we show (~V , U) ⊆ [[λ~xN ]]. Let a ∈ U ; we show (~V , a) ∈ [[λ~xN ]]. Fix

i such that a ∈ Ui and ~V ` Ui, and let Wi := { (~Ui, b) | b ∈ Ui } ⊆ [[λ~xN ]].
Since by the side induction hypothesis [[λ~xN ]] is deductively closed it suffices

to prove Wi ` (~V , a), i.e., { b | b ∈ Ui ∧ ~V ` ~Ui } ` a. But the latter set
equals Ui, and a ∈ Ui.

Finally we show (~V , U, b) ⊆ [[λ~xM ]]. Let

W ′ := {(~U1, U1, a1), . . . , (~Un, Un, an)} ⊆ [[λ~xM ]].

By side induction hypothesis it suffices to prove that W ′ ` (~V , U, b), i.e.,

{ ai | ~V ` ~Ui ∧ U ` Ui } ` b. But by definition of U the latter set equals

{ ai | ~V ` ~Ui }, which in turn entails b because by assumption W ` (~V , b).

Now we can use (A) to infer (~V , b) ∈ [[λ~xM ]], as required.

Case (C). Assume W ⊆ [[λ~xC]]. Then W consists of (~U, ~U ′,C ~a∗) such

that ~U ′ ` ~a∗. Assume further W ` (~V , ~V ′, b). Then

{C ~a∗ | ∃~U,~U ′((~U, ~U
′,C ~a∗) ∈W ∧ ~V ` ~U ∧ ~V ′ ` ~U ′) } ` b.

By definition of entailment b has the form C~b∗ such that

Wi := { a | ∃~U,~U ′, ~a∗(a = a∗i ∧ (~U, ~U ′,C ~a∗) ∈W ∧ ~V ` ~U ∧ ~V ′ ` ~U ′) } ` b∗i .

We must show (~V , ~V ′,C~b∗) ∈ [[λ~xC]], i.e., ~V ′ ` ~b∗. It suffices to show V ′i `
Wi, for every i. Let a ∈ Wi. Then there are ~U, ~U ′, ~a∗ such that a = a∗i ,

(~U, ~U ′,C ~a∗) ∈W and ~V ′ ` ~U ′. Hence V ′i ` U ′i ` a∗i = a.

Case (D). Let W = {(~U1, ~U
′′
1 , a1), . . . , (

~Un, ~U
′′
n , an)}. For every i there is

an ~U ′i such that

(~Ui, ~U
′
i , ai) ∈ [[λ~x,~yiMi(~yi)]] ~U ′′i ` ~Pi(~U ′i)

(~Ui, ~U ′′i , ai) ∈ [[λ~xD]]
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for D~Pi(~yi) = Mi(~yi) a computation rule. Assume W ` (~V , ~V ′′, b). We must

prove (~V , ~V ′′, b) ∈ [[λ~xD]]. Let

I := { i | 1 ≤ i ≤ n ∧ ~V ` ~Ui ∧ ~V ′′ ` ~U ′′i }.

Then { ai | i ∈ I } ` b, hence I 6= ∅. For i ∈ I we have ~V ′′ ` ~U ′′i ` ~Pi(~U
′
i),

hence by (19) there are ~V ′i such that ~V ′′ ∼ ~Pi(~V
′
i ) and ~V ′i ` ~U ′i . In particular

for i, j ∈ I
~V ′′ ∼ ~Pi(~V

′
i ) ∼ ~Pj(~V

′
j ).

To simplify notation assume I = {1, . . . ,m}. Hence by the unification lemma
~P1, . . . , ~Pm are unifiable with a most general unifier ϑ and there exists ~W
such that

(~P1ϑ)( ~W ) = · · · = (~Pmϑ)( ~W ) ∼ ~P1(~V
′
1) ∼ · · · ∼ ~Pm(~V ′m).

Let i, j ∈ I. Then by the conditions on computation rules Miϑ = Mjϑ. Also

(~yiϑ)( ~W ) ` ~V ′i ` ~U ′i . Therefore by (15)

(~V , (~yiϑ)( ~W ), ai) ∈ [[λ~x,~yiMi(~yi)]]

and hence by (18)

(~V , ~W, ai) ∈ [[λ~x,~yiMi(~yiϑ)]].

But Mi(~yiϑ) = Miϑ = M1ϑ = M1(~y1ϑ) and hence for all i ∈ I

(~V , ~W, ai) ∈ [[λ~x,~yiM1(~y1ϑ)]].

Therefore X := { (~V , ~W, ai) | i ∈ I } ⊆ [[λ~x,~yiM1(~y1ϑ)]]. Since { ai | i ∈
I } ` b, we have X ` (~V , ~W, b) and hence the induction hypothesis implies

(~V , ~W, b) ∈ [[λ~x,~yiM1(~y1ϑ)]]. Using (18) again we obtain (~V , (~yiϑ)( ~W ), b) ∈
[[λ~x,~yiM1(~y1)]]. Since ~V ′′ ∼ ~P1(~V

′
1) ∼ ~P1((~y1ϑ)( ~W )) we obtain (~V , ~V ′′, b) ∈

[[λ~xD]], by (D). �

Corollary. [[λ~xM ]] is an ideal.

2.4.2. Preservation of values. We now prove that Definition 2.4.1 of
the denotation of a term is reasonable in the sense that this denotation is
not changed by an application of the standard (β- and η-) conversions or a
computation rule. For the β-conversion part of this proof it is helpful to first
introduce a more standard notation, which involves variable environments.

Definition. Assume that all free variables in M are among ~x. Let

[[M ]]
~U
~x := { b | (~U, b) ∈ [[λ~xM ]] } and [[M ]]~u,

~V
~x,~y :=

⋃
~U⊆~u[[M ]]

~U,~V
~x,~y .

From (16) we obtain [[M ]]
~U,V
~x,y = [[M ]]

~U
~x if y /∈ FV(M), and similarly for

ideals ~u, v instead of ~U, V . We have a useful monotonicity property, which
follows from the deductive closure of [[λ~xM ]].
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Lemma 2.4.7. (a) If ~V ` ~U , a ` b and a ∈ [[M ]]
~U
~x , then b ∈ [[M ]]

~V
~x .

(b) If ~v ⊇ ~u, a ` b and a ∈ [[M ]]~u~x, then b ∈ [[M ]]~v~x.

Proof. (a) ~V ` ~U , a ` b and (~U, a) ∈ [[λ~xM ]] together imply (~V , b) ∈
[[λ~xM ]], by the deductive closure of [[λ~xM ]]. (b) follows from (a). �

Lemma 2.4.8. (a) [[xi]]
~U
~x = U i and [[xi]]

~u
~x = ui.

(b) [[λyM ]]
~U
~x = { (V, b) | b ∈ [[M ]]

~U,V
~x,y } and [[λyM ]]~u~x = { (V, b) | b ∈ [[M ]]~u,V~x,y }.

(c) [[MN ]]
~U
~x = [[M ]]

~U
~x [[N ]]

~U
~x and [[MN ]]~u~x = [[M ]]~u~x[[N ]]~u~x.

Proof. (b) It suffices to prove the first part. But (V, b) ∈ [[λyM ]]
~U
~x and

b ∈ [[M ]]
~U,V
~x,y are both equivalent to (~U, V, b) ∈ [[λ~x,yM ]].

(c) For the first part we argue as follows.

c ∈ [[M ]]
~U
~x [[N ]]

~U
~x ↔ ∃V⊆[[N ]]

~U
~x

((V, c) ∈ [[M ]]
~U
~x )

↔ ∃V ((~U, V ) ⊆ [[λ~xN ]] ∧ (~U, V, c) ∈ [[λ~xM ]])

↔ (~U, c) ∈ [[λ~x(MN)]] by (A)

↔ c ∈ [[MN ]]
~U
~x .

The second part is an easy consequence:

c ∈ [[M ]]~u~x[[N ]]~u~x ↔ ∃V⊆[[N ]]~u
~x
((V, c) ∈ [[M ]]~u~x)

↔ ∃V⊆[[N ]]~u
~x
∃~U⊆~u((V, c) ∈ [[M ]]

~U
~x )

↔ ∃~U1⊆~u∃V⊆[[N ]]
~U1
~x

∃~U⊆~u((V, c) ∈ [[M ]]
~U
~x )

↔(∗) ∃~U⊆~u∃V⊆[[N ]]
~U
~x

((V, c) ∈ [[M ]]
~U
~x )

↔ ∃~U⊆~u(c ∈ [[M ]]
~U
~x [[N ]]

~U
~x )

↔ ∃~U⊆~u(c ∈ [[MN ]]
~U
~x ) by the first part

↔ c ∈ [[MN ]]~u~x.

Here is the proof of the equivalence marked (∗). The upward direction is

obvious. For the downward direction we use monotonicity. Assume ~U1 ⊆ ~u,

V ⊆ [[N ]]
~U1
~x , ~U ⊆ ~u and (V, c) ∈ [[M ]]

~U
~x . Let ~U2 := ~U1 ∪ ~U ⊆ ~u. Then by

monotonicity V ⊆ [[N ]]
~U2
~x and (V, c) ∈ [[M ]]

~U2
~x . �

Corollary. [[λyM ]]~u~xv = [[M ]]~u,v~x,y.



2.4. DENOTATIONAL SEMANTICS 43

Proof.

b ∈ [[λyM ]]~u~xv ↔ ∃V⊆v((V, b) ∈ [[λyM ]]~u~x)

↔ ∃V⊆v(b ∈ [[M ]]~u,V~x,y ) by the lemma, part (b)

↔ b ∈ [[M ]]~u,v~x,y. �

Lemma 2.4.9 (Substitution). [[M(z)]]
~u,[[N ]]~u~x
~x,z = [[M(N)]]~u~x.

Proof. By induction on M , and cases on the form of M .
Case λyM . For readability we leave out ~x and ~u.

[[λyM(z)]][[N ]]
z = { (V, b) | b ∈ [[M(z)]][[N ]],V

z,y }
= { (V, b) | b ∈ [[M(N)]]Vy } by induction hypothesis

= [[λyM(N)]] by the last lemma, part (b)

= [[(λyM)(N)]].

The other cases are easy. �

Lemma 2.4.10 (Preservation of values, β). [[(λyM(y))N ]]~u~x = [[M(N)]]~u~x.

Proof. Again we leave out ~x, ~u. By the last two lemmata and the

corollary, [[(λyM(y))N ]] = [[λyM(y)]][[N ]] = [[M(y)]]
[[N ]]
y = [[M(N)]]. �

Lemma 2.4.11 (Preservation of values, η). [[λy(My)]]~u~x = [[M ]]~u~x if y /∈
FV(M).

Proof.

(V, b) ∈ [[λy(My)]]~u~x ↔ ∃~U⊆~u((~U, V, b) ∈ [[λ~x,y(My)]])

↔ ∃~U⊆~u((~U, V, b) ∈ [[λ~xM ]]) by (17)

↔ (V, b) ∈ [[M ]]~u~x. �

Lemma 2.4.12 (Preservation of values, computation rules). For every

computation rule D~P (~y ) = M of a defined constant D

[[λ~yD~P (~y )]] = [[λ~yM ]].

Proof. The following are equivalent:

(~V , b) ∈ [[λ~yD~P (~y )]]

(~P (~V ), b) ∈ [[D]] = [[λ~zD~z ]] by (18)

(~V , b) ∈ [[λ~yM ]],

where the last step is by definition. �





CHAPTER 3

A theory TCF of computable functionals

After getting clear about the domains we intend to reason about, the
partial continuous functionals and in particular the computable ones, we
now set up a theory to prove their properties. The main concepts are those
of inductively and coinductively defined predicates.

3.1. Formulas and their computational content

Formulas are built up from prime formulas P~t by implication → and
universal quantification ∀x; here the ti are terms, x is a variable and P is a
predicate of a certain arity (a list of types). We often write ~t ∈ P for P~t.

In a mathematical theory involving implication we need a notion of
equality of formulas. The reason is that in the rule

|M
A→ B

| N
A →−B

the two occurrences of A in the premises have to be “equal”. In our case
equality of formulas boils down to equality of terms: P~t and P~s are equal
if ~t and ~s are componentwise equal. Now for equality of terms we can make
use of the fact that our defined constants D come with a list of computation
rules. These rules are not required to terminate (corecursion is an example),
but we can and do consider two terms to be equal if they have a common
reduct. This is reasonable because by Section 2.4.2 the denotation of a term
is preserved under reduction.

Predicates can be inductively or coinductively defined. An example for
the former is TL(N), which is defined by the clauses (i) [] ∈ TL(N) and (ii)
∀n∈N(` ∈ TL(N) → n :: ` ∈ TL(N)). An example for the latter is coTL(N)

defined by a closure axiom saying that every ` ∈ coTL(N) is of the form n :: `′

with n ∈ N and `′ ∈ coTL(N) again. According to Kolmogorov (1932) a
formula can be seen as a problem, asking for a solution. In the inductive
example a solution for 4 :: 2 :: 0 :: [] ∈ TL(N) would be the generating (finite)
sequence [], 0 :: [], 2 :: 0 :: [], 4 :: 2 :: 0 :: [], and in the coinductive example
a solution for a prime formula t ∈ coTL(N) would be an (infinite) stream
of natural numbers. Generally, a solution for an inductive predicate is a
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finite construction tree, and for a coinductive predicate a finitely branching
possibly infinite destruction tree. Such trees can be seen as ideals of the
closed base types considered in Section 2.2.2. A solution for a problem
posed by the formula A→ B is a computable functional mapping solutions
of A into solutions of B.

Sometimes the solution of a problem does not need all available input.
We therefore mark the sources of such computationally superfluous input –
that is, some (co)inductive predicates – as “non-computational” (n.c.).

Assume an infinite supply of predicate variables, each of its own arity
(a list of types). We distinguish two sorts of predicate variables, “compu-
tationally relevant” ones Xc, Y c, Zc,W c . . . and “non-computational” ones
Xnc, Y nc, Znc, W nc . . . , and use X,Y, Z,W . . . for both.

Definition (Clauses and predicate forms). Clauses K have the form

∀~x(Ỹ c → Z̃nc → (∀~yi(W̃
nc
i → X̄i))i<n → X̄)

with all predicate variables Y c
i , Znc

i , W nc
i occurring exactly once and distinct

from each other and from X. By X̄ we denote the result of applying the
predicate variable X to a list of terms of fitting types, and by X̃ lists of
those. A premise of a clause is called a parameter premise if X does not
occur in it, and a recursive premise otherwise. A clause K is nullary if it

has no recursive premises. We call Ic := µXc ~K and Inc := µXnc ~K with ~K
not empty predicate forms (and use I for both), and similarly with coI for I
and ν for µ.

Examples. Recall that NilL(α) and Consα→L(α)→L(α) are the two con-
structors of the algebra form L(α) of lists, written [] and :: (infix).

1. Let Y of arity (α, α) and X of arity (L(α),L(α)) be predicate vari-
ables. Then

K0 := X([], []),

K1 := ∀x,x′(Y (x, x′)→ ∀`,`′(X(`, `′)→ X(x :: `, x′ :: `′)))

are clauses and both similarity ∼L(Y ) defined by µX(K0,K1) and bisimilar-
ity ≈L(Y ) defined by νX(K0,K1) are predicate forms with Y a parameter
predicate variable. Note that we can omit the type parameter α, since it
can be read off from the arity of Y .

2. Alternatively let Y of arity (α) and X of arity (L(α)) be predicate
variables. Then

K0 := ([] ∈ X),

K1 := ∀x(x ∈ Y → ∀`(` ∈ X → x :: ` ∈ X))
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are clauses and both relative totality TL(Y ) (or TL,Y ) defined by µX(K0,K1)
and also relative cototality coTL(Y ) (or coTL,Y ) defined by νX(K0,K1) are
predicate forms with Y a parameter predicate variable.

Definition (Algebra form of a predicate form). From every clause K
we obtain a constructor type by (i) omitting quantifiers, (ii) dropping all n.c.
predicates and from the c.r. predicates their arguments, and (iii) replacing
the remaining predicate variables by type variables. That is, from the clause

∀~x(Ỹ c → Z̃nc → (∀~yi(W̃
nc
i → X̄i))i<n → X̄)

we obtain the constructor type ~α→ (ξ)i<n → ξ. With every predicate form

Ic := (µ/ν)Xc ~K we associate the algebra form ιIc := µξ~κ.

Definition (Predicates and formulas).

P,Q ::= X | { ~x | A } | I(~ρ, ~P ) | coI(~ρ, ~P ) (predicates),

A,B ::= P~t | A→ B | ∀xA (formulas)

with I/coI a predicate form. (I/coI)(~ρ, ~P ) is the result of substituting the

types ~ρ and the (already generated) predicates ~P for its type and predicate
variables. To take care of the difference between Xc and Xnc we define the
final predicate of a predicate or formula by

fp(X) := X,

fp({ ~x | A }) := fp(A),

fp((I/coI)(~ρ, ~P )) := I/coI,

fp(P~t ) := fp(P ),

fp(A→ B) := fp(B),

fp(∀xA) := fp(A).

We call a predicate or formula C non-computational (n.c., or Harrop) if its
final predicate fp(C) is of the form Xnc or Inc, else computationally relevant

(c.r.). We require that all predicate substitutions involved in (I/coI)(~ρ, ~P )
substitute c.r. predicates for c.r. predicate variables and n.c. predicates for
n.c. predicate variables. Such predicate substitutions are called sharp.

Predicates of the form I(~ρ, ~P ) are called inductive, and predicates of

the form coI(~ρ, ~P ) coinductive.
The terms ~t are those introduced in Section 2.3.2, i.e., typed terms built

from typed variables and constants by abstraction and application, and (im-
portantly) those with a common reduct are identified.

A predicate of the form { ~x | C } is called a comprehension term. We
identify { ~x | C(~x ) }~t with C(~t ). For a predicate C of arity (ρ, ~σ ) we write
Ct for { ~y | Ct~y }.

It is a natural question to ask what the type of a “realizer” or “witness”
of a c.r. predicate or formula C should be.
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Definition (Type τ(C) of a c.r. predicate or formula C). Assume a
global injective assignment of type variables ξ to c.r. predicate variables Xc.

τ(Xc) := ξ,

τ({ ~x | A }) := τ(A),

τ((I/coI)(~ρ, ~P )) := ιI(τ(~P c)),

τ(P~t ) := τ(P ),

τ(A→ B) :=

{
τ(A)→ τ(B) (A c.r.)

τ(B) (A n.c.)

τ(∀xA) := τ(A)

where ~P c are the c.r. predicates among ~P and ιI is the algebra form associ-

ated with the predicate form I/coI. We call ιI(τ(~P c)) the algebra associated

with (I/coI)(~ρ, ~P ).

Examples. 1. The even numbers are inductively defined by

Even := µXc(0 ∈ Xc,∀n(n ∈ Xc → S(Sn) ∈ Xc)).

The constructor types of τ(Even) are ξ and ξ → ξ, hence τ(Even) = N.
2. For every closed base type ι(~ρ ) we define c.r. equality predicates

∼ι(~P ) and ≈ι(~P ) of arity (ι(~ρ ), ι(~ρ )) by induction on the height |ι(~ρ )| :=
1 + max |~ρ |. Here ι is the name of a algebra form (for instance L), the ρi
are closed algebras and the Pi are predicates of arity (ρi, ρi).

(i). ∼N := µXc(K0,K1) and ≈N := νXc(K0,K1) with clauses

K0 := Xc(0, 0),

K1 := ∀n,n′(Xc(n, n′)→ Xc(Sn, Sn′)).

Then τ(∼N) = τ(≈N) = N.
(ii). ∼L(≈N) := µXc(K0,K1) and ≈L(≈N) := νXc(K0,K1) with clauses

K0 := Xc([], []),

K1 := ∀n,n′(n ≈N n′ → ∀`,`′(Xc(`, `′)→ Xc(n :: `, n′ :: `′))).

Then τ(∼L(≈N)) = τ(≈L(≈N)) = L(N).
(iii). ∼L(∼L(≈N)) := µXc(K0,K1) and ≈L(∼L(≈N)) := νXc(K0,K1)

with clauses

K0 := Xc([], []),

K1 := ∀`,`′(`∼L(≈N) `′ → ∀u,u′(Xc(u, u′)→ Xc(` :: u, `′ :: u′))).

Then τ(∼L(∼L(≈N))) = τ(≈L(∼L(≈N))) = L(L(N)).
3. The transitive closure of a binary relation is defined as follows. Let

K0 := ∀x,y(Y xy → Xxy),

K1 := ∀x,y,z(Y xy → Xyz → Xxz)
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where x, y, z are variables of type α and Y,X predicate variables of arity
(α, α). From these clauses we define the predicate form

TC := µX(K0,K1)

with parameter type variable α and parameter predicate variable Y .
Let < be a c.r. “less than” relation on the natural numbers, of arity

(N,N). Then TC(N, <) is its transitive closure. The constructor types of
τ(TC) are β → ξ and β → ξ → ξ, hence τ(TC(N, <)) is the type of non-
empty lists of natural numbers.

4. An important example of an inductive predicate is Leibniz equality ,
defined simply by

EqD := µXnc(∀xXncxx) (D for “inductively defined”).

We will use the abbreviation

(x ≡ y) := EqD(x, y).

The missing logical connectives disjunction, conjunction and existence
can now be defined inductively. Disjunction is a special case of union

CupY,Z := µXc(∀~x(Y ~x→ Xc~x ), ∀~x(Z~x→ Xc~x )).

Since the parameter predicates Y,Z can be chosen as either c.r. or n.c. we
obtain the variants

CupDY c,Zc := µXc(∀~x(Y c~x→ Xc~x ), ∀~x(Zc~x→ Xc~x )),

CupLY c,Znc := µXc(∀~x(Y c~x→ Xc~x ), ∀~x(Znc~x→ Xc~x )),

CupRY nc,Zc := µXc(∀~x(Y nc~x→ Xc~x ), ∀~x(Zc~x→ Xc~x )),

CupUY nc,Znc := µXc(∀~x(Y nc~x→ Xc~x ), ∀~x(Znc~x→ Xc~x )),

CupNcY,Z := µXnc(∀~x(Y ~x→ Xnc~x ), ∀~x(Z~x→ Xnc~x )).

Here D is for “double”, L for “left”, R for “right” and U for “uniform”.
Then by definition

τ(CupD) = µξ(β0 → ξ, β1 → ξ) = β0 + β1,

τ(CupL) = µξ(β → ξ, ξ) = β + U = ysumu(β),

τ(CupR) = µξ(ξ, β → ξ) = U + β = uysum(β),

τ(CupU) = µξ(ξ, ξ) = B.
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We use the abbreviations

P ∪d Q := CupDP,Q,

P ∪l Q := CupLP,Q,

P ∪r Q := CupRP,Q,

P ∪u Q := CupUP,Q,

P ∪nc Q := CupNcP,Q.

In case of nullary predicates we use

A ∨d B := CupD{|A},{|B},

A ∨l B := CupL{|A},{|B},

A ∨r B := CupR{|A},{|B},

A ∨u B := CupU{|A},{|B},

A ∨nc B := CupNc{|A},{|B}.

Since the “decoration” is determined by the c.r./n.c. status of the two pa-
rameter predicates we usually leave it out in ∨d,∨l,∨r,∨u and just write
∨. However in the final nc-variant we suppress even the information which
clause has been used, and hence must keep the notation ∨nc.

Similarly conjunction is a special case of intersection

CapY,Z := µXc(∀~x(Y ~x→ Z~x→ Xc~x )),

and we obtain the variants

CapDY c,Zc := µXc(∀~x(Y c~x→ Zc~x→ Xc~x )),

CapLY c,Znc := µXc(∀~x(Y c~x→ Znc~x→ Xc~x )),

CapRY nc,Zc := µXc(∀~x(Y nc~x→ Zc~x→ Xc~x )),

CapNcY,Z := µXnc(∀~x(Y ~x→ Z~x→ Xnc~x )).

Then by definition

τ(CapD) = µξ(β0 → β1 → ξ) = β0 × β1
τ(CapL) = τ(CapR) = µξ(β → ξ) = I(β).

We use the abbreviations

P ∩d Q := CapDP,Q,

P ∩l Q := CapLP,Q,

P ∩r Q := CapRP,Q,

P ∩nc Q := CapNcP,Q.
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In case of nullary predicates we use

A ∧d B := CapD{|A},{|B},

A ∧l B := CapL{|A},{|B},

A ∧r B := CapR{|A},{|B},

A ∧nc B := CapNc{|A},{|B}.

Again since the decoration is determined by the c.r./n.c. status of the two
parameter predicates we usually leave out the decoration and just write ∧.

Finally existence is defined inductively by

ExY c := µXc(∀x(x ∈ Y c → Xc)),

ExNcY := µXnc(∀x(x ∈ Y → Xnc)).

Then by definition

τ(Ex) = µξ(β → ξ) = I(β).

We use the abbreviation

∃xA := Ex{x|A},

∃ncx A := ExNc{x|A},

and again since the decoration is determined by the c.r./n.c. status of the
parameter predicate we usually leave out the decoration and just write ∃.

3.2. Axioms of TCF

We define a theory of computable functionals, called TCF. Formulas are
the ones defined above, involving typed variables. Derivations use the rules
of minimal logic for → and ∀, and the axioms introduced below. However,
because of the presence of decorations we have an extra degree of freedom.
By an n.c. part of a derivation we mean a subderivation with an n.c. end
formula. Such n.c. parts will not contribute to the computational content of
the whole derivation, and hence we can ignore all decorations in those parts
(i.e., use a modified notion of equality of formulas there).

3.2.1. Axioms for inductive predicates. For each inductive predi-
cate there are “clauses” or introduction axioms, together with a “least-fixed-
point” or elimination axiom. To grasp the general form of these axioms it
is convenient to write a clause

∀~x(Ỹ c → Z̃nc → (∀~yi(W̃
nc
i → X̄i))i<n → X̄) as ∀~x((Aν(X))ν<n → X~t ).
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Definition (Introduction and elimination axioms for inductive predi-
cates). For an inductive predicate µX(∀~xi((Aiν(X))ν<ni → X~ti))i<k =: I
we have k introduction axioms I+i (i < k) and one elimination axiom I−:

I+i : ∀~xi((Aiν(I))ν<ni → I~ti),(20)

I− : (∀~xi((Aiν(I ∩X))ν<ni → X~ti))i<k → I ⊆ X(21)

(I ∩X was inductively defined above). (21) expresses that every competitor
X satisfying the same clauses contains I. We take all substitution instances
of I+i , I− (w.r.t. substitutions for type and predicate variables) as axioms.

Remarks. (i) We use a “strengthened” form of the “step formula”,
namely ∀~xi(Aiν(I ∩X))ν<ni → X~ti rather than ∀~xi(Aiν(X))ν<ni → X~ti. In
applications of the least-fixed-point axiom this simplifies the proof of the
“step”, since we have an additional I-hypothesis available.

(ii) Notice that there is no circularity here for the inductive predicate
Y ∩Z := CapY,Z , since there are no recursive calls in this particular inductive
definition and hence ∩ does not occur in

Cap−Y,Z : ∀~x(Y ~x→ Z~x→ X~x)→ CapY,Z ⊆ X.

(iii) The elimination axiom (21) could equivalently be written as

I− : ∀~x(I~x→ (∀~xi((Aiν(I ∩X))ν<ni → X~ti))i<k → X~x )

In this form it fits better with our (i.e., Gentzen’s) way to write the logical
elimination rules, where the main premise comes first. More importantly,
its type (cf. Section 3.1) will then be the type of the recursion operator Rτι
taken as the “computational content” (cf. Section 4.1) of the elimination
axiom for I. Therefore in the implementation of TCF this form is used.
However, for readability we often prefer the form (21) in the present notes.

Examples. 1. For Even the introduction axioms are

0 ∈ Even, ∀n(n ∈ Even→ S(Sn) ∈ Even)

and the elimination axiom is Even−:

0 ∈ X → ∀n(n ∈ Even→ n ∈ X → S(Sn) ∈ X)→ Even ⊆ X.
2. Consider the algebra Y of binary trees. We want to represent the set

of total ideals by an inductively defined predicate TY. The clauses are

(TY)+0 : − ∈ TY,

(TY)+1 : ∀t1,t2(t1, t2 ∈ TY → Ct1t2 ∈ TY)

and the elimination axiom is

T−Y : − ∈ X → ∀t1,t2(t1, t2 ∈ TY ∩X → Ct1t2 ∈ X)→ TY ⊆ X.
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3. For the transitive closure TC≺ := TC(ρ,≺) of a binary relation ≺ on
objects of type ρ the introduction axioms are

∀x,y(x ≺ y → TC≺(x, y)),

∀x,y,z(x ≺ z → TC≺(z, y)→ TC≺(x, y))

and the elimination axiom is TC−≺:

∀x,y(x ≺ y → Xxy)→ ∀x,y,z(x ≺ z → TC≺(z, y)→ Xzy → Xxy)→
TC≺ ⊆ X.

Recall the inductive definitions of existence, intersection and union given
above. For nullary predicates P = { | A } and Q = { | B } we write A ∧ B
for P ∩Q and A ∨B for P ∪Q. Then the introduction axioms are

∀x(A→ ∃xA),

A→ B → A ∧B,
A→ A ∨B, B → A ∨B

and the elimination axioms are (now written in the equivalent form men-
tioned above, where the main premise comes first)

∃xA→ ∀x(A→ B)→ B (x /∈ FV(B)),

A ∧B → (A→ B → C)→ C,

A ∨B → (A→ C)→ (B → C)→ C.

3.2.2. Axioms for coinductive predicates. To understand the ax-
ioms for coinductive predicates note that the conjunction of the k clauses
(20) of an inductive predicate I is equivalent to

∀~x(
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(I) ∧ ~x ≡ ~ti)→ I~x ).

Definition (Closure and greatest-fixed-point axioms). For an inductive
predicate µX(∀~xi((Aiν(X))ν<ni → X~ti))i<k =: I we define its dual coI (with
ν for µ) by the closure axiom coI− and the greatest-fixed-point axiom coI+:

coI− : ∀~x(coI~x→
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(coI) ∧ ~x ≡ ~ti)),(22)

coI+ : ∀~x(X~x→
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(coI ∪X) ∧ ~x ≡ ~ti))→ X ⊆ coI.(23)

(coI ∪ X was inductively defined above). The axiom expresses that every
“competitor” X satisfying the closure axiom is contained in coI. We take
all substitution instances of coI+, coI− (w.r.t. substitutions for type and
predicate variables) as axioms.
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Again we have used a “strengthened” form of the “step formula”, with
Aiν(coI ∪X) rather than Aiν(X). In applications of the greatest-fixed-point
axiom this simplifies the proof of the “step”, since its conclusion is weaker.

Remark. The greatest-fixed-point axiom (23) could be written as

∀~x(X~x→ ∀~x(X~x→
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(coI ∪X) ∧ ~x ≡ ~ti))→ coI~x).

Then its type will be the type of the corecursion operator coRτι taken as the
“computational content” (cf. Section 4.1) of the greatest-fixed-point axiom
for coI. Therefore in the implementation of TCF this form is used. However,
for readability we prefer the form (23) in the present notes.

Remark. Instead of Leibniz equality ≡ in (22) and (23) we could also
use a different equality relation, for instance the n.c. variant

.
=nc of pointwise

equality to be introduced in Section 3.3. This leads to a new variant of coI.

Examples. 1. To show how to construct the dual coI of an inductive
predicate I we consider the predicate Even. The conjunction of its two
clauses is equivalent to

∀n(n ≡ 0 ∨ ∃n′(n′ ∈ Even ∧ n ≡ S(Sn′))→ n ∈ Even).

Now the dual coEven of Even is defined by its closure axiom coEven−:

∀n(n ∈ coEven→ n ≡ 0 ∨ ∃n′(n′ ∈ coEven ∧ n ≡ S(Sn′)))

and its greatest-fixed-point axiom coEven+:

∀n(Xn→ n ≡ 0 ∨ ∃n′(n′ ∈ (coEven ∪X) ∧ n ≡ S(Sn′)))→ X ⊆ coEven.

2. Consider the algebra Y of binary trees. We want to represent the set
of cototal binary trees (cf. Section 2.2.2) by a coinductively defined predicate
coTY. Recall that the conjunction of the two clauses of TY is equivalent to

∀t((t ≡ −) ∨ ∃t1,t2(t1, t2 ∈ TY ∧ t ≡ Ct1t2)→ t ∈ TY).

Since TY is the least predicate with this property we even have equivalence

∀t(t ∈ TY ↔ (t ≡ −) ∨ ∃t1,t2(t1, t2 ∈ TY ∧ t ≡ Ct1t2))

(called inversion property). Now how can we formally represent cototality
of a binary tree? The idea is to define coTY as the largest set satisfying the
equivalence. Formulated differently, cototal ideals are not built from initial
objects by construction (synthesized), but rather defined by the property
that they can always be destructed (analysed). Therefore we require

coT−Y : ∀t(t ∈ coTY → (t ≡ −) ∨ ∃t1,t2(t1, t2 ∈ coTY ∧ t ≡ Ct1t2)).
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A set built by construction steps (synthesis) is meant to be the least set
closed under these steps. Similary, a set described by destruction (analysis)
is meant to be the largest set closed under destruction. Hence we require

coT+
Y : ∀t(t ∈ X → (t ≡ −) ∨ ∃t1,t2(t1, t2 ∈ coTY ∪X ∧ t ≡ Ct1t2))→

X ⊆ coTY.

coT+
Y expresses that every competitor X satisfying the closure property is

below coTY.

For n.c. inductive or coinductive predicates the axioms are formed as
in the c.r. case, using ∨nc for the closure axiom of coInc. But there is an
important restriction: for Inc with more than one clause the elimination
axiom (Inc)− can only be used with a non-computational competitor predi-
cate. This is needed in the proof of the soundness theorem. However, this
restriction does not apply to Inc defined by one clause only. Important exam-
ples of such one-clause-nc inductive predicates are Leibniz equality and the
non-computational variants of the existential quantifier and of conjunction.

Generally, an inductive predicate is always contained in its dual.

Lemma 3.2.1. I ⊆ coI, Inc ⊆ coInc.

Proof. The least-fixed-point axiom (21) for I (i.e., I−) is equivalent to

∀~x(
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(I ∩X) ∧ ~x ≡ ~ti)→ X~x )→ I ⊆ X.

It suffices that its premise holds with coI for X. To this end we use the
greatest-fixed-point axiom (23) (i.e., coI+), with the competitor predicate

X := { ~x |
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(I ∩ coI) ∧ ~x ≡ ~ti) }.

This means that we have to show the premise of (23) with this X, i.e.,

∀~x(X~x→
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(coI ∪X) ∧ ~x ≡ ~ti)).

But if we unfold the premise X~x, this follows from I ∩ coI ⊆ coI ∪ X. For
Inc the proof is similar. �

Remark. In case of an inductive predicate with non-recursive clauses
only also the reverse inclusions coIι ⊆ Iι, coInc ⊆ Inc. Hence it is not neces-
sary to consider coI. Examples are the inductively defined logical connectives
∃, ∧, ∨ with assigned algebras product ×, sum + and uysum, ysumu, where
the algebras uysum(α), ysumu(α) replace U + α, α+ U.

Lemma 3.2.2. I ⊆ Inc, coI ⊆ coInc.
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Proof. Let I := µX(∀~xi((Aiν(X))ν<ni → X~ti))i<k.
For I ⊆ Inc we use the elimination axiom (21) with Inc as competitor

predicate:

(∀~xi((Aiν(I ∩ Inc))ν<ni → Inc~ti))i<k → I ⊆ Inc.

It suffices to prove the premises. Let i < k, fix ~xi and assume Aiν(I ∩ Inc)
for all ν < ni. Since Aiν(X) is strictly positive in X we obtain Aiν(Inc) for
all ν < ni and hence Inc~xi by (Inc)+i .

For coI ⊆ coInc we use the greatest-fixed-point axiom for coInc with coI
as competitor predicate:

∀~x(X~x→
∨∨
i<k

∃~xi(
∧∧
ν<ni

Aiν(coInc ∪ coI) ∧ ~x ≡ ~ti))→ coI ⊆ coInc.

It suffices to prove the premise, which again follows from the fact thatAiν(X)
is strictly positive in X. �

Recall that for the n.c. Leibniz equality the introduction axiom is xτ ≡
xτ and the elimination axiom is x ≡ y → ∀xXxx → Xxy. From this
definition we can deduce the property Leibniz used as a definition.

Lemma 3.2.3 (Compatibility of EqD). ∀x,y(x ≡ y → A(x)→ A(y)).

Proof. By the elimination axiom with X := {x, y | A(x)→ A(y) }. �

Using compatibility of ≡ one easily proves symmetry and transitivity.
Define falsity by F := (ff ≡ tt).

Theorem 3.2.4 (Ex-falso-quodlibet). For every formula A we can de-
rive F → A from assumptions EfY : ∀~x(F → Y ~x ) for predicate variables
Y strictly positive in A, and EfI : ∀~x(F → I~x ) for inductive predicates I
without a nullary clause.

Proof. We first show EfEqD : F→ xτ ≡ yτ . To see this, we first obtain
RτBffxy ≡ RτBffxy from the introduction axiom. Then from ff ≡ tt we get
RτBttxy ≡ RτBffxy by compatibility. Now RτBttxy converts to x and RτBffxy
converts to y. Hence xτ ≡ yτ , since we identify terms with a common reduct.

The claim can now be proved by induction on A. Case I~s. If I has no
nullary clause take EfI . Otherwise let Ki be the nullary clause, with final
conclusion I~t. By induction hypothesis from F we can derive all parameter
premises. Hence I~t. From F we also obtain si ≡ ti, by the remark above.
Hence I~s by compatibility. Case coI~s. Use Lemma 3.2.1. The cases Y ~s,
A→ B and ∀xA are obvious. �

A crucial use of the equality predicate EqD is that it allows us to lift
a boolean term tB to a formula, using atom(tB) := (tB ≡ tt). This opens
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up a convenient way to deal with equality on closed base types. The com-
putation rules ensure that, for instance, the boolean term St =N Ss, or
more precisely =N(St, Ss), is identified with t =N s. We can now turn this
boolean term into the formula (St =N Ss) ≡ tt, which again is abbreviated
by St =N Ss, but this time with the understanding that it is a formula.
Then (importantly) the two formulas St =N Ss and t =N s are identified
because the latter is a reduct of the first. Consequently there is no need to
prove the implication St =N Ss→ t =N s explicitly.

3.3. Equality and extensionality

The notion of equality is of central importance in any mathematical
theory involving higher type objects. In our setting allowing infinite base

type data the distinction between least and greatest fixed points µX ~K and

νX ~K must be taken into account. This is already so at closed base types:
similarity ∼N and bisimilarity ≈N are very different concepts. However, this
difference is ignored in the definition of the type τ(C) of a c.r. predicate or
formula C. We therefore refine the definition of type τ(C) (page 47) to cotype
ϕ(C). Using ideas from Gandy (1953, 1956) and Takeuti (1953) we then
define pointwise equality

.
=ϕ, which is relative to a cotype ϕ. Extensionality

Extϕ relative to ϕ is defined by (x ∈ Extϕ) := (x
.
=ϕ x).

3.3.1. Similarity and bisimilarity for base types. We take the
algebra Y of binary trees as an example. In previous examples we have seen
that the set of total binary trees can be represented by an inductive predicate
TY (page 52), and that the set of cototal binary trees can be represented by
a coinductive predicate coTY (page 54). As candidates for equality we define
binary versions of TY and coTY, called similarity ∼Y and bisimilarity ≈Y.
The introduction axioms for ∼Y are

(∼Y)+0 : − ∼Y −,
(∼Y)+1 : ∀t1,t′1(t1 ∼Y t

′
1 → ∀t2,t′2(t2 ∼Y t

′
2 → Ct1t2 ∼Y Ct′1t

′
2))

and the elimination axiom is ∼−Y :

X(−,−)→
∀t1,t2((t1 ∼Y t2 ∧Xt1t2)→ ∀t′1,t′2((t′1 ∼Y t

′
2 ∧Xt′1t′2)→ X(Ct1t2,Ct

′
1t
′
2)))→

∼Y ⊆ X.

The elimination (or closure) axiom for ≈Y is ≈−Y :

∀t,t′(t ≈Y t
′ → ((t ≡ −) ∧ (t′ ≡ −)) ∨
∃t1,t2,t′1,t′2(t1 ≈Y t

′
1 ∧ t2 ≈Y t

′
2 ∧ t ≡ Ct1t2 ∧ t′ ≡ Ct′1t

′
2))
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and the introduction (or greatest-fixed-point or coinduction) axiom is ≈+
Y :

∀t,t′(Xtt′ → ((t ≡ −) ∧ (t′ ≡ −)) ∨
∃t1,t2,t′1,t′2((t1 ≈Y t

′
1 ∨Xt1t′1) ∧ (t2 ≈Y t

′
2 ∨Xt2t′2) ∧

t ≡ Ct1t2 ∧ t′ ≡ Ct′1t
′
2))→

X ⊆ ≈Y.

As an instance of Lemma 3.2.1 we have ∼Y ⊆ ≈Y.
We now aim at using ∼Y and ≈Y for a characterization of equality at TY

and coTY. This is useful because it gives us a tool (induction, coinduction)
to prove equalities t ≡ t′, which otherwise would be difficult. Generally we
will need another axiom:

Axiom (Bisimilarity). For every closed base type bisimilarity implies
Leibniz equality.

This axiom is justified by the fact that it holds in our intended model. As
an example we prove this for Y. Let a range over tokens for Y. By induction
on the height |a∗| of extended tokens a∗ we prove that for all ideals t, t′ and
extended tokens a∗ from a∗ ∈ t we can infer a∗ ∈ t′. It suffices to consider
the case Ca∗1a

∗
2. From t ≈Y t

′ we obtain by the closure property t1, t2, t
′
1, t
′
2

with

t1 ≈ t′1 ∧ t2 ≈ t′2 ∧ t ≡ Ct1t2 ∧ t′ ≡ Ct′1t
′
2.

Then a∗i ∈ ti (for i = 1, 2), and by IH a∗i ∈ t′i. Thus Ca∗1a
∗
2 ∈ t′.

For simplicity the following lemma and its corollaries are formulated for
Y. However, they hold for arbitrary closed base types as well.

Lemma 3.3.1 (Characterization of equality at TY and coTY). (a) ∀t,t′(t ∼Y

t′ ↔ t, t′ ∈ TY ∧ t ≡ t′).
(b) ∀t,t′(t ≈Y t

′ ↔ t, t′ ∈ coTY ∧ t ≡ t′).

Proof. (b). “→”. By the Bisimilarity Axiom it remains to prove t ≈Y

t′ → t ∈ coTY. To this end we apply coT+
Y with competitor X := { t | ∃t′(t ≈Y

t′) }. It suffices to prove the premise. Fix t, t′ with t ≈Y t
′. The goal is

(t ≡ −) ∨ ∃t1,t2((t1 ∈ coTY ∨ ∃t′1(t1 ≈ t′1)) ∧
(t2 ∈ coTY ∨ ∃t′2(t2 ≈ t′2)) ∧ t ≡ Ct1t2).

By the closure property ≈−Y we have

(t ≡ − ∧ t′ ≡ −) ∨ ∃t1,t2,t′1,t′2(t1 ≈ t′1 ∧ t2 ≈ t′2 ∧ t ≡ Ct1t2 ∧ t′ ≡ Ct′1t
′
2)).

In the first case we have t ≡ − and are done. In the second case we have
t1, t2, t

′
1, t
′
2 with t1 ≈ t′1, t2 ≈ t′2 and t ≡ Ct1t2, and are done as well.
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“←”. We prove t ∈ coTY → t ≡ t′ → t ≈Y t
′ by the greatest-fixed-point

property ≈+
Y with competitor X := { t, t′ | t ∈ coTY ∧ t ≡ t′ }. It suffices to

prove the premise. Fix t, t′ with t ∈ coTY ∧ t ≡ t′. The goal is

(t ≡ − ∧ t′ ≡ −) ∨ ∃t1,t2,t′1,t′2((t1 ≈ t′1 ∨ (t1 ∈ coTY ∧ t1 ≡ t′1)) ∧
(t2 ≈ t′2 ∨ (t2 ∈ coTY ∧ t2 ≡ t′2)) ∧
t ≡ Ct1t2 ∧ t′ ≡ Ct′1t

′
2)).

By the closure property coT−Y applied to t ∈ coTY we have

(t ≡ −) ∨ ∃t1,t2(t1 ∈ coTY ∧ t2 ∈ coTY ∧ t ≡ Ct1t2).

In the first case we have t ≡ − and are done, since t ≡ t′. In the second case
we have t1, t2 ∈ coTY with t ≡ Ct1t2. Then we are done as well with t′1 := t1
and t′2 := t2, since again t ≡ t′.

(a). Similar to (b), using T±Y , ∼±Y instead. For the proof of t ∼Y t′ →
t ≡ t′ use (b) and ∼Y ⊆ ≈Y. �

Corollary 3.3.2. (a) ∀t(t ∼Y t↔ t ∈ TY).
(b) ∀t(t ≈Y t↔ t ∈ coTY).

Proof. Immediate from Lemma 3.3.1. �

Corollary 3.3.3. (a) ∼Y is an equivalence relation on TY.
(b) ≈Y is an equivalence relation on coTY.

Proof. Immediate from Lemma 3.3.1. �

Remark. For closed base types like Y we can also relate ∼Y to the
binary boolean-valued function =Y : Y → Y → B defined in Section 2.3.2.
One easily proves that

∀t(t ∈ TY → t = t),

∀t(t ∈ TY → ∀t′(t′ ∈ TY → t = t′ → t ∼Y t
′)).

Usage of =Y has the advantage that proofs may become shorter, since we
identify terms with a common reduct.

As example for a base type with parameters consider L(α). Similarity
and bisimilarity for L(α) requires a binary predicate variable Y of arity
(α, α). As for Y we can define similarity and bisimilarity for L(α) as binary
versions of totality and cototality. These (co)inductive predicates have Y as
parameter. This can be generalized to arbitrary algebra forms.

Definition (Similarity and bisimilarity). For every algebra form ι with
type parameters ~α we define two predicate forms ∼ι, ≈ι (called relative
similarity and relative bisimilarity) with type parameters ~α and predicate
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parameters ~Y (where Yi has arity (αi, αi)) as follows. Let ~α→ (ξ)i<n → ξ be

a constructor type. Take (µ/ν)Z( ~K ), where the clause for the constructor
type above is

Y1u1u
′
1 → · · · → Ynunu

′
n → Zv1v

′
1 → · · · → Zvmv

′
m → Z(C~u~v,C~u ′~v )

with C the corresponding constructor of ι. (Absolute) similarity / bisimi-
larity predicates arise from the relative ones by substituting a similarity /
bisimilarity predicate for Y .

3.3.2. Pointwise equality. We now introduce cotypes of c.r. formulas,
as refinement of the assignment given in Section 3.1 (page 47) of the type
τ(C) to a c.r. predicate or formula C. We mark base types ι as coι when they

arise from a coinductive predicate ν( ~K) rather than an inductive predicate

µ( ~K). This is a syntactic procedure only: the model |Cι| with ι determined

by the clauses ~K is not changed. It is just that attention switches from total
ideals to cototal ones. This switch is necessary when we define pointwise
equality of realizers for formulas coI~t. We then must use bisimilarity ≈ι
rather than similarity ∼ι.

Definition (Cotype ϕ(C) of a c.r. predicate or formula C). Assume a
global injective assignment of type variables ξ to c.r. predicate variables Xc.

ϕ(Xc) := ξ,

ϕ({ ~x | A }) := ϕ(A),

ϕ(I(~ρ, ~P )) := ιI(ϕ(~P c)),

ϕ(coI(~ρ, ~P )) :=

{
ιI(ϕ(~P c)) for ιI non-recursive
coιI(ϕ(~P c)) otherwise,

ϕ(P~t ) := ϕ(P ),

ϕ(A→ B) :=

{
ϕ(A)→ ϕ(B) if A is c.r.

ϕ(B) if A is n.c.,

ϕ(∀xA) := ϕ(A)

where ~P c are the c.r. predicates among ~P and ιI is the algebra associated
with the predicate I.

In case of a non-recursive algebra ιI the marking coιI is not necessary,
because we not only have Iι ⊆ coIι, but also the reverse inclusion coIι ⊆ Iι.
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Examples. ϕ(∼N) = N and ϕ(≈N) = coN are cotypes, and

ϕ(∼L(∼N)) = L(N),

ϕ(∼L(≈N)) = L(coN),

ϕ(≈L(∼N)) = coL(N),

ϕ(≈L(≈N)) = coL(coN).

Definition (Pointwise equality
.
=ϕ w.r.t. a cotype ϕ). By recursion on

lev(ϕ) with a subordinate recursion on the height |ϕ| we define pointwise
equality

.
=ϕ w.r.t. a cotype ϕ by

(x
.
=α y) := Y xy with Y uniquely assigned to α,

(x
.
=ι(~ϕ ) y) := (x ∼ y) with ∼ := ∼ι(

.
=~ϕ),

(x
.
=coι(~ϕ ) y) := (x ≈ y) with ≈ := ≈ι(

.
=~ϕ),

(f
.
=ϕ→ψ g) := ∀x,y(x

.
=ϕ y → fx

.
=ψ gy).

where the height |ϕ| of a cotype ϕ is defined by |α| := 0, |ι(~ϕ )| := |coι(~ϕ )| :=
1 + max |~ϕ| and |ϕ→ ψ| := 1 + max(|ϕ|, |ψ|).

Remark. Relations like
.
=ϕ depending on a cotype ϕ which satisfy the

final condition above are called logical relations.

Definition. Extensionality w.r.t. a cotype ϕ is defined by

(x ∈ Extϕ) := (x
.
=ϕ x).

Example (A non-extensional functional). Define f, g of type N→ N by
the computation rules fn = 0 and g0 = 0, g(Sn) = gn. Then f⊥N = 0
because of the computation rules for f . For g⊥N no computation rule fits,

but because of the inductive definition of (~U, a) ∈ [[λ~xM ]] in Section 2.4,
page 36 [[g⊥N]] is the empty ideal [[⊥N]]. Hence f

.
= g, i.e., ∀n,m(n

.
=N

m → fn
.
=N gm), since n

.
=N m implies n ∈ TN and n ≡ m. Therefore

the functional F defined by Fh = h⊥N maps the pointwise equal f, g to
different values.

By Lemma 3.3.1 (page 58) we know the equivalence of ExtY and TY; this
also holds for arbitrary closed base cotypes. It can be extended to level 1.





CHAPTER 4

Computational content of proofs

We have already mentioned that (co)inductive predicates can be de-
clared as either computationally relevant (c.r.) or non-computational (n.c.).
But what is the computational content in the c.r. case? We first address
this question for (co)inductive predicates, and then extend it to arbitrary
formulas. Next we study in what sense a proof of a c.r. formula A provides
us with concrete computational content. This can be seen as a “witness”
for the validity of A, or – in the sense of Kolmogorov (1932) – a “solution”
to problem A.

Finally we take a step back and reflect on what we have done. We
formally define what it means for a term to “realize” the c.r. formula A. We
extract from a proof M of A a term et(M) and (again formally) prove that
it is a realizer of A. In this proof we need “invariance axioms” stating that
every c.r. formula not involving realizability is invariant under realizability,
formally A↔ ∃z(z r A), where z r A means “z realizes A”.

4.1. Realizers

Assume that we have a global assignment giving for every c.r. predicate
variable X of arity ~ρ an n.c. predicate variable Xr of arity (~ρ, ξ) where ξ
is the type variable associated with X. We will also introduce Ir/coIr for
(co)inductive predicates I/coI. A formula or predicate C is called r-free if it
does not contain any of these Xr, Ir or coIr. A derivation M is called r-free
if it contains r-free formulas only.

Definition (Cr for r-free predicates and formulas C). For every r-free
predicate or formula C we define a predicate or formula Cr. For n.c. C let
Cr := C. In case C is c.r. Cr is an n.c. predicate of arity (~σ, τ(C)) with ~σ
the arity of C. We often write z r C for Crz in case C is a c.r. formula. For
c.r. predicates X let Xr be the n.c. predicate variable provided, and

{ ~x | A }r := { ~x, z | z r A }.

Now consider a c.r. (co)inductive predicate

I/coI := (µ/ν)X((Ki(X))i<k

63
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with associated algebra form ιI = µξ(κi(ξ))i<k where κi(ξ) := τ(Ki(X)).
The i-th constructor of ιI is Ci : κi(ιI). Let s be a variable of type τ(I) and
ϑ the substitution ξ 7→ τ(I), Xr 7→ { ~x, s | Y ~xs }. We define n.c. predicates
Ir and coIr by

Ir/coIr := (µ/ν)Y ((Ci r Ki(X))ϑ)i<k.

The substitution ϑ is necessary since the arity of Y (and hence of Ir/coIr)
must be (~ρ, τ(I)) and not (~ρ, ξ). For c.r. formulas let

z r P~t := P r~tz,

z r (A→ B) :=

{
∀w(w r A→ zw r B) if A is c.r.

A→ z r B if A is n.c.

z r ∀xA := ∀x(z r A).

Example. As an easy example for the construction of Ir consider the
predicate Even, defined by µX(K0(X),K1(X)) with K0(X) := (0 ∈ X)
and K1(X) := ∀n(n ∈ X → S(Sn) ∈ X). The associated algebra form is
µξ(κ0(ξ), κ1(ξ)) with κ0(ξ) := ξ and κ1(ξ) := ξ → ξ, i.e., the algebra N
with constructors C0 := 0 and C1 := S. Let ϑ be the substitution ξ 7→ N,
Xr 7→ {n,m | Y nm }. Since S r K1(X) is ∀n,m(Xrnm → Xr(S(Sn), Sm))
we obtain

Ir := µY (Y 00,∀n,m(Y nm→ Y (S(Sn), Sm)).

We express Kolmogorov’s view of formulas as problems by means of
invariance axioms:

Axiom (Invariance under realizability). For r-free c.r. formulas A we
require as axioms

InvAllA : ∀z(z r A→ A).(24)

InvExA : A→ ∃z(z r A).(25)

Realizers of totality and cototality predicates will be of special interest
for us. Notice that the types τ(Tι) and τ(coTι) are both ι. Moreover we
have

Lemma 4.1.1 (Realizers of totality). For closed base types ι the following
are equivalent.

(a) T r
ι xy,

(b) x ∼nc
ι y,

(c) x ∈ T nc
ι ∧ x ≡ y.

Proof. (a)↔ (b). Both T r
ι xy and x ∼nc

ι y satify the same clauses. Use
the respective elimination axiom in each of the two directions.

(b) ↔ (c). Use Lemma 3.3.1, page 58. �
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Lemma 4.1.2 (Realizers of cototality). For closed base types ι the fol-
lowing are equivalent.

(a) coT r
ι xy,

(b) x ≈nc
ι y,

(c) x ∈ coT nc
ι ∧ x ≡ y.

Proof. As an example we give the proof for N. Since we have n.c. goals
only, decorations are omitted.

(a) → (b). We use the greatest-fixed-point axiom for ≈N:

∀n,m(Xnm→ (n ≡ 0 ∧m ≡ 0) ∨
∃n′,m′((n′ ≈N m′ ∨Xn′m′) ∧ n ≡ Sn′ ∧m ≡ Sm′))→ X ⊆ ≈N

and apply it with coT r
N for X. It suffices to prove the premise. Assume

coT r
Nnm; the goal is

C := (n ≡ 0∧m ≡ 0)∨∃n′,m′((n′ ≈N m′ ∨ coT r
Nn
′m′)∧n ≡ Sn′ ∧m ≡ Sm′).

By the closure axiom (coT r
N)− we have

(n ≡ 0 ∧m ≡ 0) ∨ ∃n′,m′(coT r
Nn
′m′ ∧ n ≡ Sn′ ∧m ≡ Sm′).

We argue by cases (i.e., use ∨−).
Case 1. n ≡ 0 ∧m ≡ 0. Go for the l.h.s. of the disjunction C.
Case 2. ∃n′,m′(coT r

Nn
′m′ ∧ n ≡ Sn′ ∧m ≡ Sm′). Go for the r.h.s. of C.

(b) → (a). Recall coTN := νX(0 ∈ X, ∀n∈X(Sn ∈ X)), hence by defini-
tion

coT r
N := νXr(Xr00, ∀n,m(Xrnm→ Xr(Sn)(Sm))).

We need to show m ≈N n→ coT r
Nmn. To this end we use the greatest-fixed-

point axiom for coT r
N:

∀n,m(Xnm→ (n ≡ 0 ∧m ≡ 0) ∨
∃n′,m′(n′,m′ ∈ (coT r

N ∪X) ∧ n ≡ Sn′ ∧m ≡ Sm′))→ X ⊆ coT r
N

and apply it with ≈N for X. It suffices to prove the premise. Assume
n ≈N m; the goal is

C := (n ≡ 0∧m ≡ 0)∨∃n′,m′((n′,m′ ∈ (coT r
N ∪≈N)∧n ≡ Sn′ ∧m ≡ Sm′)).

By the closure axiom (≈N)− we have

n ≈N m→ (n ≡ 0 ∧m ≡ 0) ∨ ∃n′,m′(n′ ≈N m′ ∧ n ≡ Sn′ ∧m ≡ Sm′).

We argue by cases (i.e., use ∨−).
Case 1. n ≡ 0 ∧m ≡ 0. Go for the l.h.s. of the disjunction C.
Case 2. ∃n′,m′(n′ ≈N m′ ∧ n ≡ Sn′ ∧m ≡ Sm′). Go for the r.h.s. of C.
(b) ↔ (c). Use the Bisimilarity axiom and Lemma 3.3.1. �
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Next we study what our general definition says about realizers for the
c.r. inductively defined decorated connectives.

Lemma 4.1.3 (Realizers for ∃). z r ∃xA↔ ∃x(z r A) for A c.r.

Proof. Recall ExY := µX(∀x(x ∈ Y → X)). Then

Exr
Y r := µXr(∀x,z(Y rxz → Xrz)).

Now substituting Y r by {x, z | z r A } in the introduction axiom gives

(Exr
{x,z|zrA})

+
0 : ∀x,z(z r A→ z r ∃xA)

Conversely, the elimination axiom (Exr
Y r)− is

∀z(z ∈ Exr
Y r → ∀x,z(Y rxz → z ∈ X)→ z ∈ X).

which is equivalent to

∀z(z ∈ Exr
Y r → ∀z(∃xY rxz → z ∈ X)→ z ∈ X).

Substituting X by { z | ∃x(Y rxz) } makes the middle part provable. Thus
with {x, z | z r A } for Y r we obtain ∀z(z r ∃xA → ∃x(z r A)) from
(Exr

{x,z|zrA})
−. �

Similarly we have

Lemma 4.1.4 (Realizers for ∧). z r (A ∧B) is equivalent to

z ≡ 〈lft(z), rht(z)〉 ∧ (lft(z) r A) ∧ (rht(z) r B) for A c.r. and B c.r.

(z r A) ∧B for A c.r. and B n.c.

A ∧ (z r B) for A n.c. and B c.r.

Proof. Case A,B c.r. Recall AndDXc,Y c := µZc(Xc → Y c → Zc).
Then

AndDr
Xr,Y r := µZr(∀x(x ∈ Xr → ∀y(y ∈ Y r → 〈x, y〉 ∈ Zr))).

Now substituting Xr by {x | x r A } and Y r by { y | y r B } in the
introduction axiom gives

(AndDr
{x|xrA},{y|yrB})

+
0 : ∀x((x r A)→ ∀y(y r B → 〈x, y〉 r (A ∧B))).

This suffices for “←”. Conversely, the elimination axiom (AndDr
Xr,Y r)− is

∀x(x ∈ Xr → ∀y(y ∈ Y r → 〈x, y〉 ∈ Z))→ AndDr
Xr,Y r ⊆ Z.

Substitute Z by { z | z ≡ 〈lft(z), rht(z)〉 ∧ (lft(z) r A)∧ (rht(z) r B) }. Then
with {x | x r A } for Xr and { y | y r B } for Y r the premise is provable and
we obtain

∀z(z r (A ∧B)→ z ≡ 〈lft(z), rht(z)〉 ∧ (lft(z) r A) ∧ (rht(z) r B)).



4.1. REALIZERS 67

Case A c.r. and B n.c. Recall AndLXc,Y nc := µZc(Xc → Y nc → Zc).
Then

AndLr
Xr,Y nc := µZr(∀z(z r X → Y nc → z ∈ Zr)).

Now substituting Xr by { z | z r A } and Y nc by B in the introduction
axiom gives

(AndLr
{z|zrA},B)+0 : ∀z((z r A)→ B → z r (A ∧B)).

This suffices for “←”. Conversely, the elimination axiom (AndLr
X,Y nc)− is

∀z(z r X → Y nc → z ∈ Z)→ AndLr
X,Y nc ⊆ Z.

Substitute Z by { z | (z r A) ∧B }. Then with { z | z r A } for X and B for
Y nc the premise is provable and we obtain

∀z(z r (A ∧B)→ (z r A) ∧B). �

Recall that for the sum type ρ+σ we had the constructors (InLρσ)ρ→ρ+σ

and (InRρσ)σ→ρ+σ. In the special situation that one of the two parameter
types is the unit type U it is common to view the sum type U + σ as a
unary algebra form, with constructors DummyL of type U + σ and Inr of
type σ → U + σ. Similarly ρ + U is viewed as a unary algebra form, with
constructors Inl of type ρ→ ρ+ U and DummyR of type ρ+ U.

Lemma 4.1.5 (Realizers for ∨). z r (A ∨B) is equivalent to

∃x(x r A ∧ z ≡ InL(x)) ∨nc ∃y(y r B ∧ z ≡ InR(y)) for A,B c.r.

∃x(x r A ∧ z ≡ Inl(x)) ∨nc (B ∧ z ≡ DummyR) for A c.r. and B n.c.

(A ∧ z ≡ DummyL) ∨nc ∃y(y r B ∧ z ≡ Inr(y)) for A n.c. and B c.r.

(A ∧ z ≡ tt) ∨nc (B ∧ z ≡ ff) for A,B n.c.

Proof. As an example we consider the case A n.c. and B c.r. Recall
OrRXnc,Y c := µZ(Xnc → Z, Y c → Z). Then

OrRr
Xnc,Y r := µZr(Xnc → DummyL ∈ Zr,∀y(y r Y → Inr(y) ∈ Zr)).

Now substituting Xnc by A and Y r by { y | y r B } in the introduction
axioms gives

(OrRr
A,{y|yrB})

+
0 : A→ DummyL r (A ∨B),

(OrRr
A,{y|yrB})

+
1 : ∀y(y r B → Inr(y) r (A ∨B)).

This suffices for “←”: if A ∧ z ≡ DummyL, then from (OrRr
A,{y|yrB})

+
0 we

obtain z r (A ∨ B), and if we have y with y r B and z ≡ Inr(y), then from
(OrRr

A,{y|yrB})
+
1 we again obtain z r (A ∨B).

Conversely, the elimination axiom (OrRr
Xnc,Y r)− is

(Xnc → DummyL ∈ Z)→ ∀y(y r Y → Inr(y) ∈ Z)→ OrRr
Xnc,Y r ⊆ Z.
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Substitute Z by { z | (A∧ z ≡ DummyL)∨nc ∃y(y r B ∧ z ≡ Inr(y)) }. Then
with A for Xnc and { y | y r B } for Y r the two premises become provable
and we obtain

∀z(z r (A ∨B)→ (A ∧ z ≡ DummyL) ∨nc ∃y(y r B ∧ z ≡ Inr(y))). �

4.2. Extracted terms, soundness

Let M be a proof in TCF of a c.r. formula A. Assume M is an r-free
proof, i.e., M contains no realizability predicates Ir or coIr. We define its
extracted term et(M), of type τ(A), with the aim to express M ’s compu-
tational content. It will be a term built up from variables, constructors,
recursion operators, destructors and corecursion operators by λ-abstraction
and application.

Definition (Extracted term). For an r-free proof M of a c.r. formula
A we define its extracted term et(M) by

et(uA) := zτ(A)u (z
τ(A)
u uniquely associated to uA),

et((λuAM
B)A→B) :=

{
λzuet(M) if A is c.r.

et(M) if A is n.c.

et((MA→BNA)B) :=

{
et(M)et(N) if A is c.r.

et(M) if A is n.c.

et((λxM
A)∀xA) := et(M),

et((M∀xA(x)t)A(t)) := et(M).

It remains to define extracted terms for the axioms. Consider a (c.r.) in-
ductively defined predicate I. For its introduction and elimination axioms
define et(I+i ) := Ci and et(I−) := R, where both the constructor Ci and
the recursion operator R refer to the algebra ιI associated with I. For
the closure and greatest-fixed-point axioms of coI define et(coI−) := D and
et(coI+i ) := coR, where both the destructor D and the corecursion operator
coR refer to the cotype coιI where ιI is the algebra associated with I. For
the elimination axiom (Inc)− of a one-clause-nc inductive predicate with a
c.r. competitor predicate the extracted term is the identity.

From the Soundness Theorem 4.2.6 below it will follow that the term
extracted from a closed r-free proof of a c.r. formula A realizes A. As a
preparation we first attend the axioms. Let I be an inductive predicate and
ιI its associated algebra. One can show that the extracted term of I±, coI±

realizes the respective axiom.
For the first two claims we only consider the inductive predicate ∼L with

L the algebra of lists of signed digits.



4.2. EXTRACTED TERMS, SOUNDNESS 69

Lemma 4.2.1. The constructors of L realize the clauses of ∼L.

Proof. We only consider the second constructor ::. We must show that
:: realizes the following formula C equivalent to (∼L)+1 :

∀s1,s2(s1 ∼D s2 → ∀`1,`2(`1 ∼L `2 → s1 :: `1 ∼L s2 :: `2))

i.e., :: r C. Pick s1, s2. The goal then is

:: r (s1 ∼D s2 → ∀`1,`2(`1 ∼L `2 → s1 :: `1 ∼L s2 :: `2)).

Pick s with ∼r
D(s1, s2, s). The goal then is

:: s r ∀`1,`2(`1 ∼L `2 → s1 :: `1 ∼L s2 :: `2).

Pick `1, `2, ` with ∼r
L(`1, `2, `). The goal then is

(s :: `) r (s1 :: `1 ∼L s2 :: `2), i.e.,

∼r
L (s1 :: `1, s2 :: `2, s :: `).

But this follows from what we have by the second clause of ∼r
L:

∀s1,s2,s,`1,`2,`(∼r
D(s1, s2, s)→ ∼r

L(`1, `2, `)→ ∼r
L(s1 :: `1, s2 :: `2, s :: `)). �

Lemma 4.2.2. The recursion operator RαL realizes the least-fixed-point
axiom ∼−L .

Proof. We equivalently rewrite ∼−L as C :=

∀`1,`2(`1 ∼L `2 →
X[][]→
∀s1,s2,`1,`2(s1 ∼D s2 → `1 ∼L `2 → X`1`2 → X(s1 :: `1, s2 :: `2))→
X`1`2)

to make its type the same as the one for RαL:

L→ α→ (D→ L→ α→ α)→ α.

We must show RαL r C. Pick `1, `2. The goal then is

RαL r (`1 ∼L `2 →
X[][]→
∀s1,s2,`1,`2(s1 ∼D s2 → `1 ∼L `2 → X`1`2 → X(s1 :: `1, s2 :: `2))→
X`1`2).

Pick ` with ∼r
L(`1, `2, `). Then the goal is

RαL` r (X[][]→
∀s1,s2,`1,`2(s1 ∼D s2 → `1 ∼L `2 → X`1`2 → X(s1 :: `1, s2 :: `2))→
X`1`2).
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Pick x with Xr[][]x. Then the goal is

RαL`x r (∀s1,s2,`1,`2(s1 ∼D s2 → `1 ∼L `2 → X`1`2 → X(s1 :: `1, s2 :: `2))→
X`1`2).

Pick f with

f r ∀s1,s2,`1,`2(s1 ∼D s2 → `1 ∼L `2 → X`1`2 → X(s1 :: `1, s2 :: `2)),

which implies

∀s1,s2,s,`1,`2,`,y(∼r
D(s1, s2, s)→ ∼r

L(`1, `2, `)→ Xr`1`2y →
Xr(s1 :: `1, s2 :: `2, fs`y)).

Our goal is
Xr(`1, `2,RαL`xf) =: Q`1`2`.

To this end we use the elimination axiom for ∼r
L:

∀`1,`2,`(∼r
L(`1, `2, `)→

Q[][][]→
∀s1,s2,s,`1,`2,`(∼r

D(s1, s2, s)→ ∼r
L(`1, `2, `)→ Q`1`2`→

Q(s1 :: `1, s2 :: `2, s :: `))→
Q`1`2`).

It suffices to prove the premises Q[][][] and ∀s1,s2,s,`1,`2,`(∼r
D(s1, s2, s) →

∼r
L(`1, `2, `) → Q`1`2` → Q(s1 :: `1, s2 :: `2, s :: `)). By a computation

rule for RαL the former is Xr[][]x, which we have. For the latter assume s1,
s2, s, `1, `2, ` and its premises. We show Q(s1 :: `1, s2 :: `2, s :: `), i.e.,

Xr(s1 :: `1, s2 :: `2,RαL(s :: `)xf).

By the computation rules for RαL this is the same as

Xr(s1 :: `1, s2 :: `2, fs`(RαL`xf)).

But with y := RαL`xf this follows from what we have. �

For the final two claims we only consider the coinductive predicate ≈S.

Lemma 4.2.3. The destructor DS realizes the closure axiom ≈−S .

Proof. Recall ≈−S :

∀u1,u2(u1 ≈S u2 →
∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ u′1 ≈S u

′
2 ∧ u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2))

with cotype coS→ D× coS. The goal is DS r ≈−S , which unfolds into

∀u1,u2,u(≈r
S(u1, u2, u)→ DSu r ∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ u′1 ≈S u

′
2 ∧

u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2)).
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Assume ≈r
S(u1, u2, u). We need to prove

∃s1,s2,u′1,u′2(DSu r (s1 ∼D s2 ∧ u′1 ≈S u
′
2) ∧ u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2).

By (≈r
S)− from ≈r

S(u1, u2, u) we obtain s1, s2, s, u
′
1, u

′
2, u

′ such that

∼r
D(s1, s2, s) ∧ ≈r

S(u′1, u
′
2, u
′) ∧ u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2 ∧ u ≡ s :: u′.

Take s1, s2, u
′
1, u

′
2. It remains to show DSu r (s1 ∼D s2 ∧ u′1 ≈S u′2). By

the computation rule of DS we know DSu ≡ DS(s :: u′) ≡ 〈s, u′〉. Hence we
must prove ∼r

D(s1, s2, s) and ≈r
S(u1, u2, u), which we both have. �

Lemma 4.2.4. The corecursion operator coRαS realizes the greatest-fixed-
point axiom ≈+

S .

Proof. We equivalently rewrite ≈+
S as C :=

∀u1,u2(Xu1u2 →
∀u1,u2(Xu1u2 → ∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ (u′1 ≈S u

′
2 ∨Xu′1u′2) ∧

u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2))→
u1 ≈S u2)

to make its cotype the same as the one for coRαS:

α→ (α→ D× (coS + α))→ coS.

We must show that coRαS realizes C, or more formally coRαS r C. The goal
then is

coRαS r (Xu1u2 →
∀u1,u2(Xu1u2 → ∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ (u′1 ≈S u

′
2 ∨Xu′1u′2) ∧

u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2))→
u1 ≈S u2).

Pick u with Xru1u2u. Then the goal is

coRαSu r ∀u1,u2(Xu1u2 → ∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ (u′1 ≈S u
′
2 ∨Xu′1u′2) ∧

u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2))→
u1 ≈S u2).

Pick f such that

f r ∀u1,u2(Xu1u2 → ∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ (u′1 ≈S u
′
2 ∨Xu′1u′2) ∧

u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2))
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i.e.,

∀u1,u2,u(Xru1u2u→ fu r ∃s1,s2,u′1,u′2(s1 ∼D s2 ∧ (u′1 ≈S u
′
2 ∨Xu′1u′2) ∧

u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2)).

Our goal is
≈r

S(u1, u2,
coRαSuf).

To this end we use the greatest-fixed-point axiom for ≈r
S in the form

∀u1,u2,u(Qu1u2u→
∀u1,u2,u(Qu1u2u→

∃s1,s2,s,u′1,u′2,u′(∼
r
D(s1, s2, s) ∧ (≈r

S(u′1, u
′
2, u
′) ∨Qu1u2u′) ∧

u1 ≡ s1::u′1 ∧ u2 ≡ s2::u′2 ∧ u ≡ s::u′))→
≈r

S(u1, u2, u))

with
∃z′(Xru1u2z

′ ∧ u ≡ coRαSz′f) =: Qu1u2u.

It suffices to prove the closure property of Q. Let u1, u2, u and also u′ be
given such that

Xru1u2u
′ ∧ u ≡ coRαSu′f.

We need to show

∃s1,s2,s,u′1,u′2,u′(
∼r

D(s1, s2, s) ∧ (≈r
S(u′1, u

′
2, u
′) ∨ ∃u′′(Xru1u2u

′′ ∧ u ≡ coRαSu′′f)) ∧
u1 ≡ s1 :: u′1 ∧ u2 ≡ s2 :: u′2 ∧ u ≡ s :: u′).

(26)

First note that ∼r
D(s1, s2, s) is equivalent to s1 ≡ s2 ≡ s. Since Xru1u2u

′

we know

fu′ r ∃s1,s2,u′1,u′2(s1 ∼D s2∧(u′1 ≈S u
′
2∨Xu′1u′2)∧u1 ≡ s1 :: u′1∧u2 ≡ s2 :: u′2).

Then fu′ ≡ 〈s, w〉 with ∼r
D(s1, s2, s) and w r (u′1 ≈S u

′
2 ∨Xu′1u′2), for some

s1, s2, u
′
1, u
′
2 such that u1 ≡ s1 :: u′1 and u2 ≡ s2 :: u′2. Hence

∃u′(≈r
S(u′1, u

′
2, u
′) ∧ w ≡ InL(u′)) ∨ ∃u′′(Xru′1u

′
2u
′′ ∧ w ≡ InR(u′′)).

We distinguish cases on this disjunction. Recall

coRαSuf ≡

{
s :: u if fu ≡ 〈s, InL(u)〉,
s :: coRαSu′f if fu ≡ 〈s, InR(u′)〉.

Case L. ≈r
S(u′1, u

′
2, u
′)∧w ≡ InL(u′) for some u′. Then (26) holds, since

u ≡ coRαSu′f ≡ s :: u′.
Case R. Xru′1u

′
2u
′′ ∧ w ≡ InR(u′′) for some u′′. Then again (26) holds

with u′ := coRαSu′′f , since u ≡ coRαSu′f ≡ s :: coRαSu′′f ≡ s :: u′. �
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Lemma 4.2.5 (Identities realize I− for one-clause-nc I). For one-clause-
nc inductive predicates the elimination axiom with a c.r. competitor predicate
is realized by the identity.

Proof. For ~A n.c. we have

(λzz) r ∀~x(I~x→ ∀~y( ~A→ X~t )→ X~x )

∀~x(I~x→ (λzz) r (∀~y( ~A→ X~t )→ X~x ))

∀~x(I~x→ ∀z(z r ∀~y( ~A→ X~t )→ z r X~x ))

∀~x(I~x→ ∀z(∀~y( ~A→ z r X~t )→ z r X~x ))

which is an instance of the same elimination axiom. �

Theorem 4.2.6 (Soundness). Let M be an r-free derivation of a formula
A from assumptions ui : Ci ( i < n). Then we can derive{

et(M) r A if A is c.r.

A if A is n.c.

from assumptions {
zui r Ci if Ci is c.r.

Ci if Ci is n.c.

Proof. Case u : A. Subcase A c.r. Then et(u) = zu. Subcase A n.c.
Immediate.

Case c : A. Subcase A c.r. The axioms have been treated above. Subcase
A n.c. Immediate.

Case (λuAM
B)A→B with B c.r. We must derive et(λuM) r (A → B).

To this end we distinguish subcases. Subcase A c.r. Then the goal

∀z(z r A→ et(M)(z) r B)

follows from the induction hypothesis by →+ and ∀+.
Subcase A n.c. Then the goal is

A→ et(λuM) r B.

Recall that et(λuM) = et(M). By induction hypothesis we have a derivation
of et(M) r B from A, which is what we want.

Case (λuAM
B)A→B with B n.c. We need a derivation of A→ B.

Subcase A c.r. By induction hypothesis we have a derivation of B from
z r A. Using the invariance axiom A → ∃z(z r A) we obtain the required
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derivation of B from A as follows.

A→ ∃z(z r A) A

∃z(z r A)

[z r A]

| IH
B
∃−B

Subcase A n.c. By induction hypothesis we have a derivation of B from A,
which is what we want.

Case (MA→BNA)B with B c.r. We need a derivation of et(MN) r
B. To this end we distinguish subcases. Subcase A c.r. Then et(MN) =
et(M)et(N). By induction hypothesis we have derivations of et(M) r (A→
B) and hence of

∀z(z r A → et(M)z r B)

and of et(N) r A. This gives the claim. Subcase A n.c. Then et(MN) =
et(M). By induction hypothesis we have derivations of et(M) r (A → B)
and hence of

A → et(M) r B

and of A. Applying the former to the latter gives et(M) r B.
Case (MA→BNA)B with B n.c. The goal is to find a derivation of B.

Subcase A c.r. By induction hypothesis we have derivations of A → B and
of et(N) r A. Now using the invariance axiom ∀z(z r A→ A) we obtain the
required derivation of B by →− from the derivation of A→ B and

∀z(z r A→ A) et(N)

et(N) r A→ A

| IH
et(N) r A

A
Subcase A n.c. By induction hypothesis we have derivations of A→ B and
of A, hence also a derivation of B.

Case (λxM
A)∀xA with ∀xA c.r. We need a derivation of et(λxM) r ∀xA.

By definition et(λxM) = et(M). Hence we must derive

et(M) r ∀xA, which is ∀x(et(M) r A).

This follows from the induction hypothesis.
Case (λxM

A)∀xA with ∀xA n.c. By induction hypothesis we have a
derivation of A. Apply ∀+.

Case (M∀xA(x)t)A(t) with A(t) c.r. We must derive et(Mt) r A(t). By
definition et(Mt) = et(M), and by induction hypothesis we can derive

et(M) r ∀xA(x), which is ∀x(et(M) r A(x)).

Case (M∀xA(x)t)A(t) with A(t) n.c. By induction hypothesis we have a
derivation of ∀xA(x). Apply ∀−. �



CHAPTER 5

Applications

Real numbers in the exact (as opposed to floating-point) sense can be
given in different formats, for instance

(i) as Cauchy sequences (of rationals, with a Cauchy modulus), or else
(ii) as infinite sequences (“streams”) of “signed digits”. Intuitively, the

stream d0, d1, d2 . . . represents the real number
∞∑
i=0

di
2i+1

with di ∈ {1, 0,−1}.

We are interested in formally verified algorithms on real numbers in an
arbitrary format. To this end we generate such algorithms as extracted terms
et(M) of formal existence proofs M . Recall that in our setting universal
quantifiers are ignored by realizability. This makes it possible to carry out
proofs using a standard representation of reals x (e.g., Cauchy sequences
with modulus), and let computational content only arise by relativising x
to appropriate c.r. predicates. An example is the relativization of x to a
predicate coI coinductively defined in such a way that the computational
content of x ∈ coI is a stream representing x. The required verification is
provided by a formal soundness proof of the realizability interpretation.

5.1. Exact real arithmetic

5.1.1. Cauchy sequences, equality. We shall view a real as a Cauchy
sequence of rationals with a separately given modulus.

Definition 5.1.1. A real number x is a pair ((an)n∈N,M) with an ∈ Q
and M : Z+ → N such that (an)n is a Cauchy sequence with modulus M ,
that is

|an − am| ≤
1

2p
for n,m ≥M(p)

and M is weakly increasing (that is M(p) ≤ M(q) for p ≤ q). M is called
Cauchy modulus of x.

We shall loosely speak of a real (an)n if the Cauchy modulus M is clear
from the context or inessential. Every rational a is tacitly understood as the

75
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real represented by the constant sequence an = a with the constant modulus
M(p) = 0.

Definition 5.1.2. Two reals x := ((an)n,M), y := ((bn)n, N) are called
equivalent (or equal and written x = y, if the context makes clear what is
meant), if

|aM(p+1) − bN(p+1)| ≤
1

2p
for all p ∈ Z+.

We want to show that this is an equivalence relation. Reflexivity and
symmetry are clear. For transitivity we use the following lemma:

Lemma 5.1.3 (RealEqChar). For reals x := ((an)n,M), y := ((bn)n, N)
the following are equivalent:

(a) x = y;
(b) ∀p∃n0∀n≥n0(|an − bn| ≤ 1

2p ).

Proof. (a) implies (b). For n ≥M(p+ 2), N(p+ 2) we have

|an − bn| ≤ |an − aM(p+2)|+ |aM(p+2) − bN(p+2)|+ |bN(p+2) − bn|

≤ 1

2p+2
+

1

2p+1
+

1

2p+2
.

(b) implies (a). Let q ∈ Z+, and n ≥ n0,M(p + 1), N(p + 1) with n0
provided for q by (b). Then

|aM(p+1) − bN(p+1)| ≤ |aM(p+1) − an|+ |an − bn|+ |bn − bN(p+1)|

≤ 1

2p+1
+

1

2q
+

1

2p+1
.

The claim follows, because this holds for every q ∈ Z+. �

Remark 5.1.4 (RealSeqEqToEq). An immediate consequence is that
any two reals with the same Cauchy sequence (but possibly different moduli)
are equal.

Lemma 5.1.5 (RealEqTrans). Equality between reals is transitive.

Proof. Let (an)n, (bn)n, (cn)n be the Cauchy sequences for x, y, z. As-
sume x = y, y = z and pick n1, n2 for p+ 1 according to the lemma above.
Then |an − cn| ≤ |an − bn|+ |bn − cn| ≤ 1

2p+1 + 1
2p+1 for n ≥ n1, n2. �

5.1.2. The Archimedian property. For every function on the reals
we certainly want compatibility with equality. This however is not always
the case; here is an important example.

Lemma 5.1.6 (RealBound). For every real x := ((an)n,M) we can find
px such that |an| ≤ 2px for all n.
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Proof. Let n0 := M(1) and px be such that max{ |an| | n ≤ n0 }+ 1
2 ≤

2px . Then |an| ≤ 2px for all n. �

Clearly this assignment of px to x is not compatible with equality.

5.1.3. Nonnegative and positive reals. A real x := ((an)n,M) is
called nonnegative (written x ∈ R0+) if

− 1

2p
≤ aM(p) for all p ∈ Z+.

It is p-positive (written x ∈p R+, or x ∈ R+ if p is not needed) if

1

2p
≤ aM(p+1).

We want to show that both properties are compatible with equality.
First we prove a useful characterization of nonnegative reals.

Lemma 5.1.7 (RealNNegChar). For a real x := ((an)n,M) the following
are equivalent:

(a) x ∈ R0+;
(b) ∀p∃n0∀n≥n0(− 1

2p ≤ an).

Proof. (a) implies (b). For n ≥M(p+ 1) we have

− 1

2p
≤ − 1

2p+1
+ aM(p+1)

= − 1

2p+1
+ (aM(p+1) − an) + an

≤ − 1

2p+1
+

1

2p+1
+ an.

(b) implies (a). Let q ∈ Z+ and n ≥ n0,M(p) with n0 provided by (b)
(for q). Then

− 1

2p
− 1

2q
≤ − 1

2p
+ an

= − 1

2p
+ (an − aM(p)) + aM(p)

≤ − 1

2p
+

1

2p
+ aM(p).

The claim follows, because this holds for every q. �

Lemma 5.1.8 (RealNNegCompat). If x ∈ R0+ and x = y, then y ∈ R0+.

Proof. Let x := ((an)n,M) and y := ((bn)n, N). Assume x ∈ R0+

and x = y, and let p be given. Pick n0 according to the lemma above
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and n1 according to the characterization of equality of reals in Lemma 5.1.3
(RealEqChar) (both for p+ 1). Then for n ≥ n0, n1

− 1

2p
≤ − 1

2p+1
+ an ≤ (bn − an) + an.

Hence y ∈ R0+ by definition. �

Lemma 5.1.9 (RealPosChar). For a real x := ((an)n,M) with x ∈p R+

we have
1

2p+1
≤ an for M(p+ 1) ≤ n.

Conversely, from ∀n≥n0( 1
2q ≤ an) we can infer x ∈q+1 R+.

Proof. Assume x ∈p R+, that is 1
2p ≤ aM(p+1). Then

1

2p+1
≤ − 1

2p+1
+ aM(p+1) = − 1

2p+1
+ (aM(p+1) − an) + an ≤ an

for M(p+ 1) ≤ n. Conversely,

1

2q+1
< − 1

2q+2
+

1

2q

≤ − 1

2q+2
+ an for n0 ≤ n

≤ (aM(q+2) − an) + an for M(q + 2) ≤ n.

Hence x ∈q+1 R+. �

Positivity is compatible with equality, but only up to a shift of p:

Lemma 5.1.10 (RealPosCompat). If x ∈p R+ and x = y, then y ∈p+2

R+.

Proof. Let x := ((an)n,M) and y := ((bn)n, N). Assume x = y and
x ∈p R+, that is 1

2p ≤ aM(p+1). The goal is 1
2p+2 ≤ bN(p+3). We have

1

2p+2
=

1

2p+1
− 1

2p+2
≤ aM(p+3) + (bN(p+3) − aM(p+3))

using Lemma 5.1.9 (RealPosChar) with the monotonicity of M , and the
definition of x = y. �

5.1.4. Arithmetical functions. Given real numbers x := ((an)n,M)
and y := ((bn)n, N), we define x + y, −x, |x|, x · y, and 1

x (the latter only
provided that |x| ∈q R+) as represented by the respective sequence (cn) of
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rationals with modulus L:

cn L(p)

x+ y an + bn max
(
M(p+ 1), N(p+ 1)

)
−x −an M(p)
|x| |an| M(p)
x · y an · bn max

(
M(p+ 1 + py), N(p+ 1 + px)

)
1
x for |x| ∈q R+

{
1
an

if an 6= 0

0 if an = 0
M(2(q + 1) + p)

where 2px is the upper bound provided by Lemma 5.1.6 (RealBound).

Lemma 5.1.11. For reals x, y also x+y, −x, |x|, x ·y and (provided that
|x| ∈q R+) also 1/x are reals.

Proof. We restrict ourselves to the cases x · y and 1/x.

|anbn − ambm| = |an(bn − bm) + (an − am)bm|
≤ |bn − bm| · |an|+ |an − am| · |bm|

≤ |bn − bm| · 2px + |an − am| · 2py ≤
1

2p

for n,m ≥ max
(
M(p+ 1 + py), N(p+ 1 + px)

)
.

For 1/x assume |x| ∈q R+. Then by the (proof of our) characterization
of positivity in Lemma 5.1.9 (RealPosChar), 1

2q+1 ≤ |an| for n ≥ M(q + 1).
Hence ∣∣∣ 1

an
− 1

am

∣∣∣ =
|am − an|
|anam|

≤ 22(q+1)|am − an| for n,m ≥M(q + 1)

≤ 1

2p
for n,m ≥M(2(q + 1) + p).

The claim now follows from the assumption that M is weakly increasing. �

Lemma 5.1.12. For reals x, y, z

x+ (y + z) = (x+ y) + z

x+ 0 = x

x+ (−x) = 0

x+ y = y + x

x · (y · z) = (x · y) · z
x · 1 = x

0 < |x| → x · 1

x
= 1

x · y = y · x
x · (y + z) = x · y + x · z
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Proof. For 0 < |x| → x · 1x = 1 the Cauchy sequences are finally the
same, which suffices. In all other cases both the Cauchy sequences and the
moduli are the same, hence both sides are actually identical. �

Lemma 5.1.13. The functions x + y, −x, |x|, x · y and (provided that
|x| ∈q R+) also 1/x are compatible with equality.

Proof. Routine. For instance in case x + y because of the commuta-
tivity of + it suffices to prove x = y → x + z = y + z. But this follows
immediately from Lemma 5.1.3 (RealEqChar): the n0 for the conclusion
can be the same as for the premise. �

Lemma 5.1.14. For reals x, y from x · y = 1 we can infer 0 < |x|.

Proof. Pick p such that |bn| ≤ 2p for all n. Pick n0 such that n0 ≤ n
implies 1

2 ≤ an ·bn. Then 1
2 ≤ |an| ·2

p for n0 ≤ n, and hence 1
2p+1 ≤ |an|. �

Lemma 5.1.15. For reals x, y,

(a) x, y ∈ R0+ → x+ y, x · y ∈ R0+,
(b) x, y ∈ R+ → x+ y, x · y ∈ R+,
(c) x ∈ R0+ → −x ∈ R0+ → x = 0.

Proof. (a), (b). Routine. (c). Let p be given. Pick n0 such that
− 1

2p ≤ an and − 1
2p ≤ −an for n ≥ n0. Then |an| ≤ 1

2p . �

5.1.5. Comparison of reals. We write x ≤ y for y − x ∈ R0+ and
x < y for y − x ∈ R+. Unwinding the definitions yields that x ≤ y is to
say that for every p, aL(p) ≤ bL(p) + 1

2p with L(p) := max(M(p), N(p)), or
equivalently (using Lemma 5.1.7 (RealNNegChar)) that for every p there
exists n0 such that an ≤ bn + 1

2p for all n ≥ n0. Furthermore, x < y is

a shorthand for the presence of p with aL(p+1) + 1
2p ≤ bL(p+1) with L the

maximum of M and N , or equivalently (using Lemma 5.1.9 (RealPosChar))
for the presence of p, q with an + 1

2p ≤ bn for all n ≥ q; we then write x <p y
(or x <p,q y) whenever we want to call these witnesses.

Lemma 5.1.16 (RealApprox). ∀x,p∃a(|a− x| ≤ 1
2p ).

Proof. Let x = ((an),M). Given p, pick aM(p). We show |aM(p)−x| ≤
1
2p , that is |aM(p) − aM(q)| ≤ 1

2p + 1
2q for every q. But this follows from

|aM(p) − aM(q)| ≤ |aM(p) − aM(p+q)|+ |aM(p+q) − aM(q)| ≤
1

2p
+

1

2q
. �
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Lemma 5.1.17. For reals x, y, z,

x ≤ x
x ≤ y → y ≤ x→ x = y

x ≤ y → y ≤ z → x ≤ z
x ≤ y → x+ z ≤ y + z

x ≤ y → 0 ≤ z → x · z ≤ y · z

x 6< x

x < y → y < z → x < z

x < y → x+ z < y + z

x < y → 0 < z → x · z < y · z

Proof. From Section 5.1.4. �

Here we have left out information on witnesses p for the statements
proving a <-formula. Such estimates can easily be given explicitely. Here
are two examples.

Lemma 5.1.18 (RealPosPlus). 0 ≤ x→ 0 <p y → 0 <p+3 x+ y.

Proof. From 0 ≤ x we have ∀q∃n0∀n≥n0(− 1
2q ≤ an). From 0 <p y we

have some n1 such that ∀n≥n1( 1
2p+1 ≤ bn). Pick n0 for p+2. Then n0, n1 ≤ n

implies 0 ≤ an + 1
2p+2 and 1

2p+2 ≤ bn − 1
2p+2 , hence 1

2p+2 ≤ an + bn. Now
Lemma 5.1.9 (RealPosChar) gives 0 <p+3 x+ y. �

Lemma 5.1.19. x ≤ y → y <p z → x <p+5 z.

Proof. This follows from Lemma 5.1.18 (RealPosPlus). �

As is to be expected in view of the existential and universal character of
the predicates < and ≤ on the reals, we have:

Lemma 5.1.20 (LeIsNotGt). x ≤ y ↔ y 6< x.

Proof. →. Assume x ≤ y and y < x. By Lemma 5.1.19 we obtain
x < x, a contradiction.
←. It clearly suffices to show 0 6< z → z ≤ 0, for a real z given by (cn)n.

Assume 0 6< z. We must show ∀p∃n0∀n≥n0(cn ≤ 1
2p ). Let p be given. By

assumption 0 6< z, hence ¬∃q( 1
2q ≤ cM(q+1)). For q := p + 1 this implies

cM(p+2) <
1

2p+1 , hence cn ≤ cM(p+2) + 1
2p+2 <

1
2p for M(p+ 2) ≤ n. �

Constructively, we cannot compare two reals, but we can compare every
real with a nontrivial interval.

Lemma 5.1.21 (ApproxSplit). Let x, y, z be given and assume x < y.
Then either z ≤ y or x ≤ z.

Proof. Let x := ((an)n,M), y := ((bn)n, N), z := ((cn)n, L). Assume
x <p y, that is (by definition) 1

2p ≤ bn−an for n := max(M(p+2), N(p+2)).
Let m := max(n,L(p+ 2)).
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Case cm ≤ an+bn
2 . We show z ≤ y. It suffices to prove cl ≤ bl for l ≥ m.

This follows from

cl ≤ cm +
1

2p+2
≤ an + bn

2
+
bn − an

4
= bn −

bn − an
4

≤ bn −
1

2p+2
≤ bl.

Case cm 6≤ an+bn
2 . We show x ≤ z. This follows from al ≤ cl for l ≥ m:

al ≤ an +
1

2p+2
≤ an +

bn − an
4

=
an + bn

2
− bn − an

4
≤ cm −

1

2p+2
≤ cl. �

Notice that the boolean object determining whether z ≤ y or x ≤ z
depends on the representation of x, y and z. In particular this assignment
is not compatible with our equality relation.

One might think that the non-available comparison of two reals could
be circumvented by using a maximum function. Indeed, such a function
can easily be defined (component-wise), and it has the expected properties
x, y ≤ max(x, y) and x, y ≤ z → max(x, y) ≤ z. But what is missing is the
knowledge that max(x, y) equals one of its arguments, i.e., we do not have
max(x, y) = x ∨max(x, y) = y.

However, in many cases it is sufficient to pick the up to ε largest real
out of finitely many given ones. This is indeed possible. We give the proof
for two reals; it can be easily generalized.

Lemma 5.1.22 (Maximum of two reals). Let x := ((an)n,M) and y :=
((bn)n, N) be reals, and p ∈ Z+. Then either x ≤ y + 1

2p or else y ≤ x+ 1
2p .

Proof. Let m := max
(
M(p+ 1), N(p+ 1)

)
.

Case am ≤ bm. Then for m ≤ n

an ≤ am +
1

2p+1
≤ bm +

1

2p+1
≤ bn +

1

2p
.

This holds for all n ≥ m, therefore x ≤ y + 1
2p .

Case bm < am. Then for m ≤ n

bn ≤ bm +
1

2p+1
< am +

1

2p+1
≤ an +

1

2p
.

This holds for all n ≥ m, therefore y ≤ x+ 1
2p . �

5.2. Algorithms on stream-represented real numbers

5.2.1. The predicates I and coI. We model infinite sequences of
signed digits (streams) as objects in the algebra S(D) := µξ(C: D→ ξ → ξ),
where D := µξ(SdR: ξ,SdM: ξ,SdL: ξ) is a 3-element algebra. Such streams
will appear as realizers of an inductive predicate I defined by the single
clause

(27) ∀d,x′,x
(
d ∈ Sd→ x′ ∈ I → x =

x′ + d

2
→ x ∈ I

)
.
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Here (and later) x, y, z range over real numbers in [−1, 1] and d over integers.
Sd is a (formally inductive) predicate expressing that its integer argument d
is a signed digit, i.e., |d| ≤ 1. We have chosen (27) rather than the simpler

(28) ∀d,x
(
d ∈ Sd→ x ∈ I → x+ d

2
∈ I
)
,

since we want I to be compatible with the defined equality = on real numbers

(29) ∀x,y(x = y → x ∈ I → y ∈ I),

which easily follows from (27) (with reflexivity, symmetry and transitivity
of =). Using (29) we then obtain (28) from (27) as a lemma.

The dual coI of I is defined by its closure axiom

x ∈ coI → ∃d,x′,y
(
d ∈ Sd ∧ x′ ∈ coI ∧ y =

x′ + d

2
∧ x = y

)
.

Similar to what was done above it can be simplified to

(30) x ∈ coI → ∃d,x′
(
d ∈ Sd ∧ x′ ∈ coI ∧ x =

x′ + d

2

)
.

As examples we consider proofs that

(I) any real given in format (i) can be converted into format (ii), and
(II) the average of two real numbers in [−1, 1] is in [−1, 1] again, w.r.t.

format (ii) for both input and output.

5.2.2. Conversion of real numbers into streams. An essential tool
in the proof for the first example is Lemma 5.1.21 (ApproxSplit) on page
81, expressing the possibility to compare a real z given as pair ((cn)n,M)
with a proper rational interval [a, b].

Theorem 5.2.1. |x| ≤ 1→ x ∈ coI.

Proof. We use coinduction with competitor predicate {x | |x| ≤ 1 }.
It suffices to prove

|x| ≤ 1→ ∃d,x′
(
d ∈ Sd ∧ (x′ ∈ coI ∨ |x′| ≤ 1) ∧ x =

x′ + d

2

)
.

Compare x with [−1
2 , 0]. If x ≤ 0, return SdL and continue with 2x+ 1. If

−1
2 ≤ x, compare x with [0, 12 ]. If x ≤ 1

2 , return SdM and continue with 2z.
If 0 ≤ x, return SdR and continue with 2x− 1. �

More precisely, we have proven (with f of type N→ Q)

f ∈ T →M ∈ T → x ≡ (f,M)→ x ∈ Real→ |x| ≤ 1→ x ∈ coI

of cotype (N → Q) → (P → N) → coS(D). Here x ∈ Real is an n.c. formula
expressing that x is a real number in format (i). The term extracted from
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this proof has type (N → Q) → (P → N) → S(D) and is built by the
corecursion operator with step function

x 7→


(SdL, 2x+ 1) if g(−1

2 , 0, x) = tt

(SdM, 2x) if g(−1
2 , 0, x) = ff and g(0, 12 , x) = tt

(SdR, 2x− 1) if g(0, 12 , x) = ff.

Here g is a function of type Q→ Q→ R→ B representing the computational
content of Lemma 5.1.21 (ApproxSplit).

5.2.3. Average of real numbers. In our second example we consider
a proof that the average of two real numbers in [−1, 1] is in [−1, 1] again:

x, y ∈ coI → x+ y

2
∈ coI.

Following Berger and Seisenberger (2010) we begin with an informal proof.
The computational content of this proof will be the desired algorithm.

Consider two sets of averages, the second one with a “carry” i ∈ Z

P :=

{
x+ y

2

∣∣∣x, y ∈ coI

}
, Q :=

{
x+ y + i

4

∣∣∣x, y ∈ coI, i ∈ Sd2

}
,

where Sd2 is a (formally inductive) predicate expressing that the integer i
is an extended signed digit, i.e., |i| ≤ 2. It suffices to show that Q satisfies

x ∈ Q→ ∃d,x′
(
d ∈ Sd ∧ x′ ∈ Q ∧ x =

x′ + d

2

)
,

for then by the greatest-fixed-point axiom for coI we have Q ⊆ coI. Since we
also have P ⊆ Q we then obtain P ⊆ coI, which is our claim.

Below we will need functions J,K : Z→ Z such that

(31) ∀i(i = J(i) + 4K(i)) (with ∀i(|J(i)| ≤ 2), ∀i(|i| ≤ 6→ |K(i)| ≤ 1)).

We use the following notation for streams u of type S(D):

(u)n := n-th entry in u,

Tu := rest of u after removal of its first entry.

Clearly (Tnu)m = (u)n+m, where Tn denotes the n-th iteration of T .

Lemma 5.2.2 (CoIAvToAvc).

x, y ∈ coI → ∃i,x′,y′
(
i ∈ Sd2 ∧ x′, y′ ∈ coI ∧ x+ y

2
=
x′ + y′ + i

4

)
.

Proof. By the closure axiom (30) for coI we can write x = x′+d
2 and

y = y′+e
2 for some d, e ∈ Sd and x′, y′ ∈ coI. Then

x+ y

2
=
x′ + y′ + d+ e

4
. �
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The computational content this proof is a function

Avinit : S(D)→ S(D)→ D2 × S(D)× S(D)

Avinit(u, v) := 〈(u)0 + (v)0, Tu, Tv〉.

Lemma 5.2.3 (CoIAvcSatCoICl).

i ∈ Sd2 ∧ x, y ∈ coI → ∃d∈Sd∃j∈Sd2∃x′,y′∈coI
(x+y+i

4
=

x′+y′+j
4 + d

2

)
.

Proof. By the closure axiom (30) for coI we can write x = x′+d
2 and

y = y′+e
2 for some d, e ∈ Sd and x′, y′ ∈ coI. Then

x+ y + i

4
=
x′ + y′ + d+ e+ 2i

8
.

Since |d + e + 2i| ≤ 6 we can write d + e + 2i = j + 4k with |j| ≤ 2 and
|k| ≤ 1 by the JK-property (31). Therefore

x+ y + i

4
=
x′ + y′ + j + 4k

8
=

x′+y′+j
4 + k

2
. �

The computational content of this proof is a function

Avstep : D2 × S(D)× S(D)→ D× D2 × S(D)× S(D)

Avstep〈i, u, v〉 := 〈K((u)0 + (v)0 + 2i), J((u)0 + (v)0 + 2i), Tu, Tv〉.

By coinduction from Lemma 5.2.3 we obtain

Lemma 5.2.4. ∀z(∃i,x,y(i ∈ Sd2 ∧ x, y ∈ coI ∧ z = x+y+i
4 )→ z ∈ coI).

Theorem 5.2.5. The average of two real numbers x, y in coI is in coI:

x, y ∈ coI → x+ y

2
∈ coI.

Proof. Immediate from Lemma 5.2.2 and Lemma 5.2.4. �

The extracted term is short (19 lines in minlog/examples/analysis/,
file sdavaux.scm), and involves the corecursion operator. It represents the
function

cCoIAverage: S(D)→ S(D)→ S(D)

defined using corecursion, as follows.

(i) From u, v ∈ S(D) form an initial triple Avinit(u, v) ∈ D2×S(D)×S(D).
(ii) Iterate Avstep : D2×S(D)×S(D)→ D×D2×S(D)×S(D) starting with

Avinit(u, v).
(iii) Return the stream of the generated d ∈ D.
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5.3. Lookahead

Recall that real numbers in [−1.1] can be represented in the form
∞∑
n=0

dn
2n+1

(dn ∈ {−1, 0, 1}).

We are interested in algorithms for arithmetical functions on real numbers
operating on such stream representations (dn)n. In particular we want to
verify lookahead properties of such algorithms.

To this end we inductively define a binary predicate L of arity (R,N).
The intended property of L is

a realizer of x ∈ Ln is a list (dm)m<n of signed digits which
approximates x with error bound 1

2n , i.e., such that∣∣∣ n−1∑
m=0

dm
2m+1

− x
∣∣∣ ≤ 1

2n
.

Here we have written x ∈ Ln for L(x, n). Let x, y, z range over real numbers
and d over integers. Sd is a (formally inductive) predicate expressing that
its integer argument d is a signed digit, i.e., |d| ≤ 1. L is defined by the two
clauses

L+
0 : ∀x(|x| ≤ 1→ x ∈ L0),

L+
1 : ∀x,y,n,d

(
d ∈ Sd→ x ∈ Ln → y =

x+ d

2
→ y ∈ Ln+1

)
.

L+
1 says that if we know the first n digits of a representation of x and that

y = x+d
2 , then we know the first n+ 1 digits of a representation of y.

The induction or least-fixed-point (lfp) axiom for L is

∀x(|x| ≤ 1→ Y (x, 0))→

∀x,y,n,d
(
d ∈ Sd→ x ∈ Ln → Y (x, n)→ y=

x+ d

2
→ Y (y, n+ 1)

)
→ L ⊆ Y.

The algebra associated with L is L := µξ(U : ξ, C : D → ξ → ξ), i.e.,
finite lists of signed digits −1, 0, 1. We write u, v for objects of type L, and
d :: u for Cdu.

We will need some properties of L.

Lemma 5.3.1 (LCompat). x = y → x ∈ Ln → y ∈ Ln.

Proof. Use the lfp-axiom for L. �

The term extracted from this proof is the identity on L; it will be omitted
in the sequel.

Lemma 5.3.2 (LToBd). x ∈ Ln → |x| ≤ 1.
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Proof. Use induction on n. �

Parallel to the (simplified) closure axiom (30) for coI (page 83) we have

Lemma 5.3.3 (LClosure). x∈Ln+1 → ∃d,x′(d∈Sd ∧ x′∈Ln ∧ x = x′+d
2 ).

Proof. Use the lfp-axiom for L. �

The extracted term cLClosure has type L→ D× L. It satisfies

cLClosure(d :: u) = 〈d, u〉.

We now proceed as before, but with L instead of coI. As in Section 5.2.3
(page 84) we show{

x+ y

2

∣∣∣x, y ∈ Ln+1

}
⊆
{
x+ y + i

4

∣∣∣x, y ∈ Ln, i ∈ Sd2

}
⊆ Ln,

where this time the final conclusion is proved by induction.

Lemma 5.3.4 (LAvToAvc).

x, y ∈ Ln+1 → ∃i,x′,y′
(
i ∈ Sd2 ∧ x′, y′ ∈ Ln ∧

x+ y

2
=
x′ + y′ + i

4

)
.

Proof. By Lemma 5.3.3 we can write x = x′+d
2 and y = y′+e

2 for some
d, e ∈ Sd and x′, y′ ∈ Ln. Then

x+ y

2
=
x′ + y′ + d+ e

4
. �

The extracted term cLAvToAvc has type L → L → D2 × L × L and
satisfies

cLAvToAvc(d :: u, e :: v) = 〈d+ e, u, v〉.

Lemma 5.3.5 (LAvcSatLCl).

i ∈ Sd2 ∧ x, y ∈ Ln+1 → ∃d∈Sd∃j∈Sd2∃x′,y′∈Ln
(x+y+i

4
=

x′+y′+j
4 + d

2

)
.

Proof. Let i ∈ Sd2 and x, y ∈ Ln+1. By Lemma 5.3.3 we can write

x = x′+d
2 and y = y′+e

2 for some d, e ∈ Sd and x′, y′ ∈ Ln. Then

x+ y + i

4
=
x′ + y′ + d+ e+ 2i

8
.

Since |d + e + 2i| ≤ 6 we can write d + e + 2i = j + 4k with |j| ≤ 2 and
|k| ≤ 1 by the JK-property (31). Therefore

x+ y + i

4
=
x′ + y′ + j + 4k

8
=

x′+y′+j
4 + k

2
. �
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The extracted term cLAvcSatLCl has type D2×L×L→ D×D2×L×L
and satisfies

cLAvcSatLCl〈i, d :: u, e :: v〉 = 〈K(d+ e+ 2i), J(d+ e+ 2i), u, v〉.
By induction from Lemma 5.3.5 we obtain

Lemma 5.3.6 (LAvcToL). n ∈ TN → i ∈ Sd2 ∧ x, y ∈ Ln → x+y+i
4 ∈ Ln.

Proof. By induction on n. Base. Assume i ∈ Sd2 and x, y ∈ L0. Then
|x|, |y| ≤ 1 by Lemma 5.3.2, hence x+y+i

4 ∈ L0 by the first clause of L. Step.
Assume i ∈ Sd2 and x, y ∈ Ln+1. By Lemma 5.3.5 we can write

x+ y + i

4
=

x′+y′+j
4 + d

2

with x′, y′ ∈ Ln, j ∈ Sd2 and d ∈ Sd. Now we can apply the second clause
of L, using the IH to obtain x′, y′ ∈ Ln and then compatibility of L. �

The extracted term cLAvcToL has type N → D2 × L × L → L and is
defined by recursion over N. It satisfies

cLAvcToL(0, 〈i, u, v〉) = U,

cLAvcToL(n+ 1, 〈i, u, v〉) = d :: cLAvcToL(n,w)

where

〈d,w〉 = cLAvcSatLCl〈i, u, v〉.

Theorem 5.3.7 (LAverage). n ∈ TN → x, y ∈ Ln+1 → x+y
2 ∈ Ln.

Proof. Immediate by Lemma 5.3.4 and Lemma 5.3.6. �

The extracted term cLAverage has type N→ L→ L→ L. It satisfies

cLAverage(n, u, v) = cLAvcToL(n, cLAvToAvc(u, v)).

The way cLAverage operates can be understood as follows.

• From u, v ∈ L form the initial triple cLAvToAvc(u, v) ∈ D2×L×L.
• Recall that cLAvcSatLCl has type D2 × L × L → D × D2 × L × L.

Iterate it n times, starting with cLAvToAvc(u, v).
• Return the list of generated d ∈ D.

The soundness proof is within TCF and can be automatically generated
with add-sound; see sdindav.scm (on the webpage of the course).

With the same method one can also treat other functions in exact real
arithmetic. For instance, recently Nils Köpp proved

x ∈ Ln+5 → x2 ∈ Ln,
x, y ∈ Ln+6 → xy ∈ Ln.
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Remark. For a lookahead result like Theorem 5.3.7 it is essential to
work with signed digits −1, 0, 1 rather than ordinary digits 0, 1. To see this
we sketch an attempt to only consider real numbers x ≥ 0 and their stream
representations with ordinary digits.

It will be helpful to work with dyadic rationals, whose denominator is a
power of two. Dyadic rationals in [0, 1) can be easily pictured:

0

1
2

1
4

3
4

7
8

1
8

Real numbers in [0, 1] can be seen as infinite paths in this tree.
Note that this representation is unique if we forbid trailing 1’s: replace

d0 . . . dn−101∞ by d0 . . . dn−110∞. However, to identify trailing 1’s requires
the “Limited Principle of Omniscience” (LPO) and hence is not possible
constructively.

A more severe problem is the lack of “productivity”: what is the first
digit when forming say the average of two such streams? As an example
consider stream representations of 1/3 and 2/3. The task is to compute the
first digit of their average.

;; Approximation of (1#3) from below:

(pp (nt (pt "DyToSds(05#16)"))) ;SdM::SdR::SdM::SdR:

;; Approximation of (1#3) from above:

(pp (nt (pt "DyToSds(11#32)"))) ;SdM::SdR::SdM::SdR::SdR:

The representations of the two approximations of 1/3 have 4 common digits.

;; Approximation of (2#3) from below:

(pp (nt (pt "DyToSds(21#32)"))) ;SdR::SdM::SdR::SdM::SdR:

;; Approximation of (2#3) from above:

(pp (nt (pt "DyToSds(43#64)"))) ;SdR::SdM::SdR::SdM::SdR::SdR:

The representations of the two approximations of 2/3 have 5 common digits.
Form the average of the two approximations from below:

(pp (nt (pt "DyToSds((1#2)*((05#16)+(21#32)))"))) ;SdM::...
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Form the average of the two approximations from above:

(pp (nt (pt "DyToSds((1#2)*((11#32)+(43#64)))"))) ;SdR::...

The representations of the averages of the approximations differ in the first
digit already.
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