CHAPTER 4

Computational content of proofs

We have already mentioned that (co)inductive predicates can be de-
clared as either computationally relevant (c.r.) or non-computational (n.c.).
But what is the computational content in the c.r. case? We first address
this question for (co)inductive predicates, and then extend it to arbitrary
formulas. Next we study in what sense a proof of a c.r. formula A provides
us with concrete computational content. This can be seen as a “witness”
for the validity of A, or — in the sense of Kolmogorov (1932) — a “solution”
to problem A.

Finally we take a step back and reflect on what we have done. We
formally define what it means for a term to “realize” the c.r. formula A. We
extract from a proof M of A a term et(M) and (again formally) prove that
it is a realizer of A. In this proof we need “invariance axioms” stating that
every c.r. formula not involving realizability is invariant under realizability,
formally A <> 3,(z r A), where z r A means “z realizes A”.

4.1. Realizers

Assume that we have a global assignment giving for every c.r. predicate
variable X of arity p an n.c. predicate variable X* of arity (p,§) where £
is the type variable associated with X. We will also introduce I* /" for
(co)inductive predicates I/°°I. A formula or predicate C is called r-free if it
does not contain any of these X*, I" or “I*. A derivation M is called r-free
if it contains r-free formulas only.

DEFINITION (C™ for r-free predicates and formulas C'). For every r-free
predicate or formula C' we define a predicate or formula C*. For n.c. C' let
C* :=(C. In case C is c.r. C" is an n.c. predicate of arity (&,7(C)) with &
the arity of C. We often write z r C for C*z in case C is a c.r. formula. For
c.r. predicates X let X' be the n.c. predicate variable provided, and

{Z|A}Y ={Z,z|zr A}.
Now consider a c.r. (co)inductive predicate

I/ = (p/v) x ((Ki(X)) i<k
63
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with associated algebra form ¢ = pe(ki(§))ick Wwhere k;(€) = 7(K;(X)).
The i-th constructor of ¢; is C;: k;(¢r). Let s be a variable of type 7(I) and
¥ the substitution & — 7(I), X* +— {Z,s | YZs }. We define n.c. predicates
I* and °°I* by

I* 2 = (/) ((Ci v K3 (X)) )ik
The substitution 1 is necessary since the arity of Y (and hence of I*/[")
must be (p, 7(I)) and not (7,&). For c.r. formulas let

zr Pt:= P'iz,

zr(A— B):= Vo(wr A— zwr B) if Aisc.r.
" JA—2rB if A is n.c.

z2r VA=V, (21 A).

EXAMPLE. As an easy example for the construction of I™ consider the
predicate Even, defined by px(Ko(X), K1(X)) with Ko(X) := (0 € X)
and Ki(X) :=Vy(n € X = S(Sn) € X). The associated algebra form is
pe(ko(€), k1(§)) with k(&) = & and k1(§) := & — &, i.e., the algebra N
with constructors Cy := 0 and C; := 5. Let 9 be the substitution £ — N,
X" = {n,m|Ynm}. Since Sr Ki(X) is Vpm(X"nm — X*(S(Sn), Sm))
we obtain

I" := py (Y00,Vp m(Ynm — Y (S(Sn), Sm)).

We express Kolmogorov’s view of formulas as problems by means of
muvariance arioms:

AxioMm (Invariance under realizability). For r-free c.r. formulas A we
TequiITE as ATIOMS

(24) InvAll4: V(21 A — A).
(25) InvExy: A — 3,(zr A).

Realizers of totality and cototality predicates will be of special interest
for us. Notice that the types 7(7,) and 7(°°T,) are both . Moreover we
have

LEMMA 4.1.1 (Realizers of totality). For closed base types i the following
are equivalent.
(a) Ty,
(b) =~ y,
(c)x eI Nz =y.

PROOF. (a) <> (b). Both T} zy and = ~}° y satify the same clauses. Use
the respective elimination axiom in each of the two directions.
(b) <> (c). Use Lemma 3.3.1, page 58. O
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LEMMA 4.1.2 (Realizers of cototality). For closed base types ¢ the fol-
lowing are equivalent.
(a) COTLr'xyf
(b) = ~ivy,
(c) x eI N =y.

PROOF. As an example we give the proof for N. Since we have n.c. goals
only, decorations are omitted.
(a) — (b). We use the greatest-fixed-point axiom for ~:

Vom(Xnm — (n=0Am=0)V
e (0 =N M/ VvV Xn'm/) An =S Am=Sm')) - X C =y
and apply it with 7T for X. It suffices to prove the premise. Assume
coTynm; the goal is
C:=n=0Am=0)VIy((n ~ym'VeIEn'm)An=Sn"Am = Sm').
By the closure axiom (“°7y)~ we have
(Nn=0Am=0)V Iy (CITNn'm An=5n" Am=Sm).

We argue by cases (i.e., use V7).

Case 1. n=0Am = 0. Go for the Lh.s. of the disjunction C.

Case 2. 3y py (CTN'Mm' An = Sn’ Am = Sm’). Go for the r.h.s. of C.

(b) = (a). Recall Ty :=vx(0 € X, Vpex(Sn € X)), hence by defini-
tion

IV = vx+ (X700, Vpm(X'nm — X*(Sn)(Sm))).

We need to show m ~n n — “T{mn. To this end we use the greatest-fixed-
point axiom for “Ty:

Vom(Xnm — (n=0Am=0)V

o (0,m € (CTRUX) An=Sn" Am=Sm')) - X C Iy

and apply it with =y for X. It suffices to prove the premise. Assume
n ~N m; the goal is

C:=n=0Am=0)VIynw((n,m e (“CINUrnn)An=5n"Am=Sm).
By the closure axiom (/n)~ we have
nenm = (M=0AmM=0)V Iy w(n’ mnm An=Sn" Am=Sm').

We argue by cases (i.e., use V7).
Case 1. n=0Am = 0. Go for the Lh.s. of the disjunction C.
Case 2. 3y (0 =Ny m/ A= S0’ Am = Sm’). Go for the r.h.s. of C.
(b) <> (c). Use the Bisimilarity axiom and Lemma 3.3.1. O
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Next we study what our general definition says about realizers for the
c.r. inductively defined decorated connectives.

LEMMA 4.1.3 (Realizers for 3). zr 3,4 <> 3(zr A) for A c.r.
PRrROOF. Recall Exy := ux(Vy(z € Y — X)). Then
Exyr = uxr (Ve (Y22 — X'2)).
Now substituting Y* by {x,z | zr A} in the introduction axiom gives
(EXE%Z‘ZI,A})S_Z Ver(21 A= 2zr 3, A)
Conversely, the elimination axiom (Ex}:)~ is
Vi(z € Exyr = Vo (Y22 2 2€ X) 5 2€ X).
which is equivalent to
V.(z € Exyr = V(3 Y 22 - 2 € X) = 2z € X).

Substituting X by { z | 3(Y*xz) } makes the middle part provable. Thus
with {z,z | z v A} for Y* we obtain V,(z r 3,4 — J.(z r A)) from

(EXI{Px,z\er})f- Ol
Similarly we have
LEMMA 4.1.4 (Realizers for A). zr (A A B) is equivalent to
z = (Ift(z),rht(2)) A (Ift(2) r A) A (tht(z) r B) for A c.r. and B c.r.
(zr A)A B for A c.r. and B n.c.
AN (zr B) for A n.c. and B c.r.

ProOF. Case A,B cr. Recall AndDxyeye := pze(X¢ = Y — Z°).
Then

AndDr yr = pze (Va(z € X¥ = Vy(y € YT = (2,9) € Z7))).

Now substituting X* by {# | x r A} and Y" by {y | y r B} in the
introduction axiom gives

(AndD?x|er},{y|yrB})a_: vﬂ?((x r A) - Vy(y rB— <$, y> r (A N B)))
This suffices for “-”. Conversely, the elimination axiom (AndD%: y+)~ is
Ve(z € X' = Vy(y €Y' = (z,y) € Z)) = AndDxr y» C Z.

Substitute Z by { z | z = (Ift(z), rht(z)) A (Ift(z) r A) A (rht(z) r B) }. Then
with {x |zr A} for X" and {y | y r B} for Y the premise is provable and
we obtain

V.(zr (AAB) — z = (Ift(2), rht(2)) A (Ift(2) r A) A (rht(2) r B)).
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Case A c.r. and B n.c. Recall AndLxe yne := pze(X¢ — Y™ — Z°).

Then
AndLkr yne 1= pze(Vo(2 7 X = Y™ = 2 € Z7)).
Now substituting X* by {z | z r A} and Y™ by B in the introduction
axiom gives
(AndLEzmA},B)S_: V.((zr A) > B— zr (AAB)).
This suffices for “«-”. Conversely, the elimination axiom (AndL’ yxc)™ is
Vizr X = Y™ = 2€ Z) = AndLk yue € Z.

Substitute Z by {z | (zr A) A B}. Then with {z | zr A} for X and B for
Y "¢ the premise is provable and we obtain

V.(z2r (AANB) — (zr A) A B). O
Recall that for the sum type p+o we had the constructors (InL,, )77
and (InR,,)?7?7?. In the special situation that one of the two parameter
types is the unit type U it is common to view the sum type U + o as a
unary algebra form, with constructors DummyL of type U + ¢ and Inr of
type ¢ — U 4 o. Similarly p + U is viewed as a unary algebra form, with
constructors Inl of type p — p + U and DummyR of type p + U.
LEMMA 4.1.5 (Realizers for V). zr (AV B) is equivalent to
Je(xr ANz =InL(x)) V' 3 (yr BAz=1InR(y)) for A, B c.r.
dp(zr ANz =Inl(x)) V' (B A z = DummyR) for A c.r. and B n.c.
(AN z=DummyL) vV* 3 (yr BAz = Inr(y)) for A n.c. and B c.r.
(AANz=1t) VI (B Az =ff) for A, B n.c.
PROOF. As an example we consider the case A n.c. and B c.r. Recall
OrRxne ye := pz (X" — Z,Y¢ — Z). Then
OrRine yr := pize (X" — DummyL € Z%, ¥, (y r Y — Inr(y) € Z7)).
Now substituting X" by A and Y* by {y | y r B} in the introduction
axioms gives
(OrRz’{y‘yrB})a': A — DummyL r (A V B),
(OrR’;‘,{y‘yrB})f: Vy(yr B = Inr(y) r (AV B)).

This suffices for “«”: if A A z = DummyL, then from (OrR" {y‘yrB})Sr we
obtain z r (A V B), and if we have y with y r B and z = Inr(y), then from
(OrRQ’{y‘yrB})f we again obtain zr (A V B).

Conversely, the elimination axiom (OrRnc yr)™ is

(X" — DummyL € Z) = V,(yr Y — Inr(y) € Z) = OrRkunc y» C Z.
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Substitute Z by { z | (AA z = DummyL) V" 3,(y r BAz =Inr(y)) }. Then
with A for X" and {y | y r B} for Y the two premises become provable
and we obtain

V.(2r (AV B) = (AA z=DummyL) V'3, (y r BA 2z =1Inr(y))). O
4.2. Extracted terms, soundness

Let M be a proof in TCF of a c.r. formula A. Assume M is an r-free
proof, i.e., M contains no realizability predicates I" or “°I*. We define its
extracted term et(M), of type 7(A), with the aim to express M’s compu-
tational content. It will be a term built up from variables, constructors,
recursion operators, destructors and corecursion operators by A-abstraction
and application.

DEFINITION (Extracted term). For an r-free proof M of a c.r. formula
A we define its extracted term et(M) by

et(u?) AR (ZZ(A) uniquely associated to 14),
et((AuAMB)A%B) = A uet( ) 1 %S c.r

et(M) if Ais n.c.
et((MA~ENAYEY | eHMet(N) i A s e

et(M) if A is n.c.
et(AMA)4) o= et (M),

et ((M7=A@H A0 .= ot (M).

It remains to define extracted terms for the axioms. Consider a (c.r.) in-
ductively defined predicate I. For its introduction and elimination axioms
define et(I;") := C; and et(I7) := R, where both the constructor C; and
the recursion operator R refer to the algebra ¢; associated with I. For
the closure and greatest-fixed-point axioms of “I define et(“°/~) := D and
et(“I") := R, where both the destructor D and the corecursion operator
R refer to the cotype “°c; where ¢y is the algebra associated with I. For
the elimination axiom (/™)™ of a one-clause-nc inductive predicate with a
c.r. competitor predicate the extracted term is the identity.

From the Soundness Theorem 4.2.6 below it will follow that the term
extracted from a closed r-free proof of a c.r. formula A realizes A. As a
preparation we first attend the axioms. Let I be an inductive predicate and
17 its associated algebra. One can show that the extracted term of I, [+
realizes the respective axiom.

For the first two claims we only consider the inductive predicate ~| with
L the algebra of lists of signed digits.
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LEMMA 4.2.1. The constructors of L realize the clauses of ~ .

Proor. We only consider the second constructor ::. We must show that
:: realizes the following formula C' equivalent to (~ )]

V1,50 (81 ~D 82 = Vo, 0, (01 ~L by — 5120 4y~ 82 12 4o))
i.e., ::r C. Pick s1,s2. The goal then is
ir (51 ~p s2 = Vi 0, (0 ~L g — 51 4y~ s i 4a)).
Pick s with ~f(s1,s2,s). The goal then is
STV (0 ~L g — 51 by~ s i lg).
Pick 41,05, ¢ with ~] (€1, 02, £). The goal then is
(s::0)r (8101 ~L s2::4g), ie.,
~L (81 01,89 11 4g, 82 0).
But this follows from what we have by the second clause of ~{:
V1 s0,5.00,00.0(~D (51,82, 8) = ~ (01,02, 0) = ~[ (51 :: 41,82 :: lg, s ::0)). O
LEMMA 4.2.2. The recursion operator Ry realizes the least-fized-point
aziom ~ .
Proor. We equivalently rewrite ~ as C :=
Yoy oo (01 ~L by —
X[ =
V1 s0,010,05(51 ~D 82 = L1~ by — Xlily — X (51 :: 41,50 :: 4a)) —
X/1149)
to make its type the same as the one for R
Lba—-D—->Loa—a) —a
We must show Ry r C. Pick ¢, f3. The goal then is
RE T (b ~p by —
X[ =
V1 50,01,05 (81 ~D 82 = £y ~ by = XUily — X (51 :: 41,82 1 42)) —
X0145).
Pick ¢ with ~[ (¢, ¢2,¢). Then the goal is
ReCr (X[ -
V1 s0.01,05 (81 ~D 82 = £y ~ Uy = Xlily — X (s1 :: 4y, 89 11 2)) —
X/{105).
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Pick x with X™[][Jx. Then the goal is
Rzt (Vs 55.00.05(851 ~D 52 = £y ~ by = Xlily — X (51 :: 41,82 :: £2)) —
X0105).
Pick f with
F T Vs oot 02(51 ~D 82 = 1~ Uy — Xlily — X (51 :: 4y, 82 2 4g)),
which implies
Vs1,82,8,01,00.05(~D (51, 52,8) = ~ (£1,02,0) = X lilay —
X"(s1 2 1, 89 2 Lo, fsly)).
Our goal is
X (01, lo, Rz f) =: Ql1La0.
To this end we use the elimination axiom for ~:
Vo, 0a0(~1 (01,02, 0) —
QU —
Vs1,50,5,01,02,(~D(81, 82, 8) = ~[ ({1, b2, £) = Qlilal —
Q(s1::ly,89 1 lg, 5 L)) —
Ql100).

It suffices to prove the premises Q|[][] and Vs, s,.5.01.00.0(~5(51,52,5) —

~ (b, 02, 0) — QUilal — Q(s1 :: 41,82 = fa,s = £)). By a computation

rule for R{* the former is X*[|[Jx, which we have. For the latter assume s,

S9, 8, l1, 2, £ and its premises. We show Q(s1 :: 1,82 :: la, s :: £), i.e.,

X¥(s1 41,89 la, RY (s O)x f).

By the computation rules for R{* this is the same as

X¥(s1 4y, 89 bg, fsU(RPx])).

But with y := R{*/x f this follows from what we have. (|
For the final two claims we only consider the coinductive predicate ~s.
LEMMA 4.2.3. The destructor Ds realizes the closure axiom ~g .
PROOF. Recall ~g:

Vg up (U1 ~s ug —
Fop, 50,y (51 ~D S2 A uy s uh Aup = 81Ul Aug = so it ub))
with cotype “°S — D x ©°S. The goal is Ds r ~g, which unfolds into
Vo ug,u (s (U, ug, w) = Dsur 3y, o) 0 (81 ~D 52 A uy s uhy A

up = 810Ul Aug = sg b)),



4.2. EXTRACTED TERMS, SOUNDNESS 71

Assume ~§(u1,u2,u). We need to prove

I o — ! — i
351,52,u’1,u’2(DSU r (s1 ~p S2 Auj Rg Uy) Aug = 81 up Aug = Sg it Uy).

By (~§)~ from ~%(u1,u2,u) we obtain s1, s, s, u}, uh, v’ such that

~E(s1,82,8) ARS(ul,ub,u' ) Aup =81 nuf Aug = so nub Au=s

Take s1, s2, u), uf. It remains to show Dsu r (s; ~p s2 A u} ~s u)). By
the computation rule of Dg we know Dsu = Ds(s :: v) = (s, ). Hence we
must prove ~§(s1, s2,s) and ~§(u1,u2, u), which we both have. O

LEMMA 4.2.4. The corecursion operator ““Rg realizes the greatest-fized-

point axiom ~g .

PRrROOF. We equivalently rewrite zg as C':=

Vul,uQ (XU1UQ —

Vi us (Xurtie — 3y g, 0t ar (51 ~D 52 A (U] s ug V Xujup) A
up = 81 uj Aug = s it ub)) —
uy ~s u2)
to make its cotype the same as the one for “Rg:
a— (a—=Dx(“S+a)) = “S.

We must show that ““Rg realizes C, or more formally ““Rg r C. The goal
then is

ORE r (Xujug —
Vul’uZ (XU1UQ — 331,32,u’1,u’2 (31 ~p S92 A\ (u'l s u/2 V Xu’lué) A
up = 81 Ul Aug = 89 it ub)) —
U1 ~=s ’U,Q).
Pick v with XTujusu. Then the goal is
CORGU T Yy up (Xuruz = Iy gyt gy (51 ~D 52 A (u] =s uy V Xujus) A
up = 81 Ul Aug = 89 uh)) —
U1 ~s ’LLQ).
Pick f such that
f r vul,ug (XU1UQ — 381’5271/17“/2 (Sl ~p S2 N\ (ull s u/2 V Xullué) A

up = 81 Ul Aug = 89 uh))
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i.e.,
/ / !
Vs ugu(X uiugu — fur 381782#/17,&/2(31 ~p s2 A (u] s ub vV Xujub) A
up = 81 Ul Aug = sg i ub)).
Our goal is
~g(ur, uz, “R3uf).
To this end we use the greatest-fixed-point axiom for ~3 in the form
Vs ug u(Quiugu —
Vi uzu(Quiugu —
r O /
331,32,s,u’1,u/2,u’(ND(51a 52, 8) A (NS(ula Ug, U ) \ Qu1u2u ) A
uy = spiul Aug = sonug Au = stu')) —
~r
NS(ulv Uz, u))
with
(X ugugz’ Au=“ORE2 f) = Quiugu.
suffices to prove the closure property of (). Let ui,us,u and also u' be
It suffices to p the cl property of Let uq,us, d also v’ b
given such that
X ujugu' Au=°REu'f.
We need to show
Hsl,sz,s,u/l,ué,u’(
/ / / I — /"
(26)  ~p(s1,52,5) A (Rg(ul, uy,u') V Iy (X uugu” Au = “Ru" f)) A
up =81 U Aug = sy nub Au=s ).
First note that ~5(s1, s2, s) is equivalent to s1 = s = s. Since X ujuqu’
D 9 q
we know

Fu' v 3, g (51 ~D s2A (U] s upV X ujug) Aug = s1 iUy Aug = sg i ug).
Then fu' = (s,w) with ~§(s1,52,5) and w r (v} ~s u) V Xujus), for some
1, 82, uy, uby such that u; = s1 2 v} and ug = s9 :: u}y. Hence

(5 (u], uhy, u') Aw = InL(u)) V Jur (X ujubu” A w = InR(u)).
We distinguish cases on this disjunction. Recall
s:u if fu = (s,InL(u))

s OREU fif fu= (s,InR(u)).

Case L. =§(u}, uy,v') Aw = InL(u') for some u’. Then (26) holds, since
u="Rf=su

Case R. X™ujubu” AN w = InR(u”) for some «”. Then again (26) holds
with v/ := “Rgu" f, since u = “RU' f = s :: “Rgu'f=s v/, O

S
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LEMMA 4.2.5 (Identities realize I~ for one-clause-nc I). For one-clause-
nc inductive predicates the elimination axiom with a c.r. competitor predicate
1s realized by the identity.

PROOF. For A n.c. we have
(\oz) © Va(IT — Vg(A — XT) — X7)
Ve(IZ — (\2) v (Vi(A = XT) — X 7))
Ve(IZ — Vo (2 v Vg(A = XT) = 21 X7))
Ve(IZ — V. (Vf(A = 2 v XT') = 21 X7))

which is an instance of the same elimination axiom. O

THEOREM 4.2.6 (Soundness). Let M be an r-free derivation of a formula
A from assumptions u;: C; (i <n). Then we can derive

et(M)r A if Aisc.r.
A if A is n.c.

from assumptions

2y, T Cy if Cy is c.r.
C; if C; is n.c.

PRrROOF. Case u: A. Subcase A c.r. Then et(u) = z,. Subcase A n.c.
Immediate.

Case c: A. Subcase A c.r. The axioms have been treated above. Subcase
A n.c. Immediate.

Case (A\yaMP)478 with B c.r. We must derive et(A\,M) r (A — B).
To this end we distinguish subcases. Subcase A c.r. Then the goal

V.(zr A—et(M)(2) r B)

follows from the induction hypothesis by —* and V.
Subcase A n.c. Then the goal is

A —et(\,M) r B.

Recall that et(A, M) = et(M). By induction hypothesis we have a derivation
of et(M) r B from A, which is what we want.
Case (A yjaMP)A78B with B n.c. We need a derivation of A — B.
Subcase A c.r. By induction hypothesis we have a derivation of B from
z r A. Using the invariance axiom A — 3.(z r A) we obtain the required
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derivation of B from A as follows.

[z r A]
A—3(zr A) A | IH
d.(zr A) B -

B
Subcase A n.c. By induction hypothesis we have a derivation of B from A,
which is what we want.

Case (MA7BNME with B cr. We need a derivation of et(MN) r
B. To this end we distinguish subcases. Subcase A c.r. Then et(MN) =
et(M)et(N). By induction hypothesis we have derivations of et(M) r (4 —
B) and hence of

Vi(zr A — et(M)zr B)
and of et(INV) r A. This gives the claim. Subcase A n.c. Then et(MN) =
et(M). By induction hypothesis we have derivations of et(M) r (A — B)
and hence of
A — et(M)rB
and of A. Applying the former to the latter gives et(M) r B.

Case (MA7BNME with B n.c. The goal is to find a derivation of B.
Subcase A c.r. By induction hypothesis we have derivations of A — B and
of et(N) r A. Now using the invariance axiom V,(z r A — A) we obtain the
required derivation of B by —~ from the derivation of A — B and

ViizrA— A) et(V) | IH
et(N)rA— A et(N)r A
A
Subcase A n.c. By induction hypothesis we have derivations of A — B and
of A, hence also a derivation of B.

Case (\eM4)"+4 with V, A c.r. We need a derivation of et(\, M) r V, A.

By definition et(A\; M) = et(M). Hence we must derive

et(M) rV,A, whichis V,(et(M)r A).

This follows from the induction hypothesis.
Case (A\;MA)"+4 with V,A n.c. By induction hypothesis we have a
derivation of A. Apply V7.
Case (MY+A@)1)A®) with A(t) c.r. We must derive et(Mt) r A(t). By
definition et(Mt) = et(M), and by induction hypothesis we can derive
et(M) r V,A(z), whichis V,(et(M)r A(x)).

Case (M =A®)1)A®) with A(t) n.c. By induction hypothesis we have a
derivation of V,A(z). Apply V™. O




