APPENDIX A

Denotational semantics: proofs

We show that every closed term M has a computable functional [M] as
its denotation.

A.1. Unification

We show that for any two constructor terms one can decide whether
there exists a unifier, and if so, compute a most general one. A solution of
this problem has been given by Robinson (1965). In the formulation of the
algorithm below we follow Martelli and Montanari (1982).

By a constructor term P, @ (term for short) we mean a term built from
variables x,y, z and constructors C by application. A substitution is a finite
set 9 = {P1/x1,..., P,/xy,} of pairs of variables and terms, such that x; # z;
for i # j, and P; # x; for all i. An element P;/z; of ¥ is called a binding
(of x; to P;). By P9 we denote the result of simultaneously replacing each
variable x; in P by P;, and call Py the instance of P induced by 9. We
shall use 9, n,  for substitutions. Let € be the empty substitution. For given
substitutions

19 = {Pl/xl,...,Pn/:rn}
n= {Ql/ylv .- -,Qm/ym};

the composition ¥n of ¥ and n is the substitution obtained by deleting in
the set

{Pln/l’ly---aPnn/mel/ylaw-va/ym}

all bindings Pjn/x; such that Pin = x;, and also all bindings Q;/y; such that
yj € {z1,...,2,}. A substitution ¥ is idempotent if 99 = . A substitution
9 is called more general than n (written n < ), if there is a substitution ¢
such that n = 9¢. ¥ and 7 are equivalent, if 9 < n <.

It is easy to see that (PY¥)n = P(9n), and that composition is associative.

We now come to the unification problem. By this we mean the question
whether for two given terms P, @ there is a substitution ¢ “unifying” the
two terms, i.e., with the property P = Q.

Let E denote finite equation systems, i.e., multisets

{Plela"'a-Pn:Qﬂ}
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60 A. DENOTATIONAL SEMANTICS: PROOFS

of equations between terms (more precisely pairs of terms). Consider {_L} as
a (contradictory) equation system. A substitution 9 unifies E, if for every
equation P = @ in E we have PY = QU; no 9 unifies {L}. ¥ is a most
general unifier (mgu) of E, if ¥ is a unifier of F and n < ¢ for every unifier
n of E.

The following characterization of idempotent mgus will be useful in the
proof of the Unification Theorem below.

LEMMA (Characterization of idempotent mgu’s). Let ¥ be a unifier of
E. Then 9 is an idempotent mgu of E iff n = 9n for all unifiers n of E.

PROOF. Assume that ¥ is a unifier of F.

—. Let ¥ be an idempotent mgu of E, and assume that 7 is a unifier of
E. Since ¥ is a mgu of E, we have n = 9 for some substitution (. Hence
n =9¢ =99 = In.

<. Assume that n = ¥n for all unifiers n of E. Now let 1 be a unifier
of E. Then n < 9; therefore ¥ is a mgu. Since 9 is a unifier, by assumption
we have ¥ = 9. O

DEFINITION (Unification algorithm). E +y E’ is defined by
) {P=2}UE —. {z=P}UE,if P is not a variable.
) {r=2}UE —. E.
) {CPl...Pn:CQl...Qn}UE'—)‘; {Pl :Ql,...Pn:Qn}UE.
d) {CPl...Pn:C/Ql...Qn}UE'—)E {L} 1fC7éC’
(e) {x =P, Pi(z) = Qi(x),...,Py(x) = Qn(x)} Pz}
{P(P) = Qi(P),... Po(P) = Qu(P)} if x ¢ FV(P).
(f) {x = PYUE —. {1}, ifx € FV(P) and P # z.

PROPOSITION. Assume E +y E'.
(a) If ' is a unifier of E', then 91’ is a unifier of E.
(b) If n is a unifier of E, then n = 9n and n is a unifier of E'.

PROOF. By cases according to the definition of F +—y E’. Clearly it
suffices to treat case (e).

Let 7' be a unifier of E’. Then {P/x}n is a unifier of E.

Let n be a unifier of E. Then zn = Pn, hence n = {P/x}n (since both
substitutions coincide on all variables), and moreover

P{P/z}n = Pn = Qin = Qi{P/x}n.
Hence 7 is a unifier of E’. O
COROLLARY. Assume
Ey =y, By =y, ... By =y, Entr.
(a) If ¥ is a unifier of Epy1, then ¥ ...9,9 is a unifier of E.
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(b) If n is a unifier of Eq, then n =191...9,n and n is a unifier of Ep41.

PrRoOOF. The first part clearly follows from the first part of the Propo-
sition. The second part is proved by induction on n. For n = 0 there is
nothing to show. In the step we split the assumption into

E1 9, E2 and E2 g e En 9, En+1.

By the second part of the Proposition we have that n = 1917 is a unifier of
E5. Hence by IH n = 95 ---9,n is a unifier of E, ;. Moreover we have
?’]:191’)7:191192...071?7. O

UNIFICATION THEOREM. Let E be a finite equation system. Then every
sequence

E:Eli—hgl Egi—>192...

terminates with Ep1 = 0 or Enp1 = {L}. In the first case E is unifi-
able, and 91 ...9, is an idempotent mgu of E. In the second case E is not
unifiable.

Proor. We first show termination using the lexicographic ordering of
N3. To every E = {P; = Q1,..., P, = Q,} assign a triple (n1,n2,n3) € N3
by

n1 := number of variables in F,
ngy := number of occurrences of variables and constructors in F,

ng := number of equations P = x in E such that P is not a variable.

In every step FE +—y E’ the assigned triple decreases w.r.t. the lexicographic
ordering of N3. This can be verified easily by considering the different cases:
For (a), n1,ne remain unchanged, and ng decreases. For (b), (c), (d) and
(f), no decreases, and n1 does not increase. For (e), n; decreases. Hence our
given sequence Ey —y, Eg >y, ... terminates with E,, —y, E,+1. Then it
is easy to see that either E, 1 =0 or B, = {L}.

Case E,11 = (). By the Corollary ¥ ...9, is a unifier of F, and by the
Proposition we have n = ¥ ...9,n for every unifier n of E. Hence by the
characterization of idempotent mgu’s #; ..., is an idempotent mgu of F.

Case Eny1 = {L}. Then by the proposition F is not unifiable. O

A.2. Ideals as denotations of terms

Recall the definition of the relation (U, a) € [AzM] in Section 2.3

The height of a derivation of (lj ,a) € [AgM] is defined as usual, by
adding 1 at each rule. We define its D-height similarly, where only rules
(D) count.
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We begin with some simple consequences of this definition. The following
transformations preserve D-height:

(12) V+HU— (U,a) € [DsM] — (V,a) € [N\sM],

(13)  (U,V,a) € AgyM] < (U,a) € [\aM] if y ¢ FV(M),

(14)  (U,V,a) € Pay(My)] & (U, V,a) € [\zM] ify ¢ FV(M),
(15)  (U,V,a) € Pag (M(PH)] (U, P(V),a) € [Azz(M(2))].

PRrROOF. (12) and (13) are both proved by easy inductions on the respec-
tive derivations.

(14) Assume (U,V,a) € [Azy(My)]. By (A) we then have W such
that (U, V,W) C [Azyy] (i.e., VW) and (U,V,W,a) € [\s,M]. By (12)
from the latter we obtain (U,V,V,a) € [Az,M]. Now since y ¢ FV (M),
(13) yields ((7 ,V,a) € [A\zM], as required. Conversely, assume ((7 ,V,a) €
[\zM]. Since y ¢ FV(M), (13) yields (U,V,V,a) € [AzM]. Clearly we
have (U, V,V) C [Azyy]. Hence by (A) (U,V,a) € [Azy(My)], as required.
Notice that the D-height did not change in these transformations.

(15). By induction on ﬁ, with a side induction on M. We distinguish
cases on M. The cases x;, C and D are follow immediately from (13). In
case M N the following are equivalent by induction hypothesis:

(U,V,a) € Dag (MN)(P()))]

—

(([7 VW) € Pag N(P@))A (U, V, W, a) € [Aag (M(PF)))])
w((T, P(V),W) € [Aag (N(Z))] A (T, P(V), W, a) € [As g (M(2))])
(U, P(V),a) € [Asg (MN)(2))].
The final case is where M is z;. Then we have to show
(0,V,0) € P\ g(P@))] & P(V) Fa.

We distinguish cases on P(y). If P(¥) is y;, then both sides are equivalent
to Vj Fa. In case P(y) is (CQ)(¥) the following are equivalent, using the
induction hypothesis for Q( J)
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CQ(V) F a. O
Let ~ denote the equivalence relation on formal neighborhoods generated
by entailment, i.e., U ~ V means (U V) A (V FU).
(16) If U - P(V), then there are W such that U ~ P(W) and W + V.

PROOF. By induction on P. The cases x and () are clear, and in case

ﬁ, @ we can apply the induction hypothesis. It remains to treat the case
CP(Z). Since U - CP(V) there is a b such that Cbj € U. Let

Up={a|3:(Ca* €UNa=a])}.
For the constructor pattern CZ consider CU . By definition
CU = { Ca* | af € U; if U; # 0, and a] = * otherwise }.

We first show U ~ CU. Assume Ca* € CU. For each i, if U; # 0, then there
is an af such that Ca; € U and af; = a}, and if U; = () then af = *. Hence

UD{Ca’|U;#0}U{Ch}F Cat.
Conversely assume Ca* € U. We define Cb* € CU by b = af if a} # ,
bf =« if U; = 0, and otherwise (i.e., if af = * and U; # 0) take an arbitrary
b* € U;. Clearly {Cb*} F Ca*.
By definition Ut ﬁ(‘?) Hence by induction hypothesis there are |14
such that U ~ P(W) and W V. Therefore U ~ CU ~ CP(W). O

LemMA (Unification). If PL(V}) ~ --- ~ P,(V,), then P,..., P, are
unifiable with a most general unifier 9 and there exists W such that

(BO)Y(W) = - = (B0)(W) ~ Pi(Vi) ~ - ~ B(Vo).
ProOOF. Assume Py(V;) ~ --- ~ B,(V,). Then Py(V}),...,P.(V,)
are componentwise consistent and hence Pp,..., P, are unifiable with a
most general unifier 9. We now proceed by induction on Pi,...,P,. If

they are either all empty or all variables the claim is trivial. In the case
(P, P)),...,(P,, P,) it follows from the linearity condition on variables that
a most general unifier of (Py, Py),...,(P,, P,) is the union of most general
unifiers of 151, ceey P, and of Py, ..., P,. Hence the induction hypothesis ap-
plies. In the case Cﬁl, el CP, the assumption Cﬁl(ﬁ) ~ e~ Cﬁn(vn)
implies P(V}) ~ --- ~ P,(V,) and hence again the induction hypothesis
applies. The remaining case is when some are variables and the other ones
of the form CP;, say x, Cﬁg, ...,CP,. By assumption

Vi ~ CPy(Va) ~ « -+ ~ CP, (V).



64 A. DENOTATIONAL SEMANTICS: PROOFS

By induction hypothesis we obtain the required W such that
(B)(W) = - = (P)(W) ~ Po(Vh) ~ - ~ By(Vo). O

We need a final preparation before we can tackle consistency of [AzM].
The information systems C, enjoy the pleasant property of coherence, which
amounts to the possibility to locate inconsistencies in two-element sets of
data objects. Generally, an information system A = (A, Con,t) is coherent
if it satisfies: U C A is consistent if and only if all of its two-element subsets
are.

LEMMA. Let A and B be information systems. If B is coherent, then
sois A — B.

PROOF. Let A = (A, Cony,t4) and B = (B, Conpg, tp) be information
systems, and consider {(Uy,b1),. .., (Un,by)} € Cong x B. Assume

Vi<i<j<n({(Ui, bi), (Uj, b5)} € Con).

We have to show {(U1,b1),...,(Upn,by)} € Con. Let I C {1,...,n} and
Uier Ui € Cong. We must show {b; | i € I} € Cong. Now since B
is coherent by assumption, it suffices to show that {b;,b;} € Conp for all

i,7 € 1. Solet 4,5 € I. By assumption we have U; UU; € Conyg, and hence
{bi,bj} (S COI]B. [l

By a similar argument we can prove
LEMMA (Coherence). The information systems C, are all coherent.

PRrROOF. By induction of the height |U| of consistent finite sets of tokens
in C,, as defined in parts (c) and (d) of the definition in 2.1.5. O

LEMMA (Consistency). [AzM] is consistent.

PROOF. Let (Uj,a;) € [AzM] for i = 1,2. By coherence it suffices
to prove that (Uy,a1) and (Us,az) are consistent. We shall prove this by
induction on the maximum of the D-heights and a side induction on the
maximum of the heights.

Case (V). Let (171, ap), (172, az) € [Azzi], and assume that U, and U, are
componentwise consistent. Then Uy; F a1 and Us; F ao. Since Uy; U Usy; is
consistent, a; and as must be consistent as well.

Case (C). For i = 1,2 we have

1_/; F a%
(ﬁi, ‘_/;‘, Caj‘) S [[)\fC]] '
Assume (7'1, Vi and (72, V, are componentwise consistent. The consistency of
Ca} and Caj follows from V; = a; and the consistency of Vi and V5.




A.2. IDEALS AS DENOTATIONS OF TERMS 65

Case (A). For i = 1,2 we have

(Ui, Vi,a;) € [\aM] (U3, Vi) € [MaN]
(Ui, a;) € [Mz(MN)] '

Assume U; and U, are componentwise consistent. By the side induction
hypothesis for the right premises V3 U V5 is consistent. Hence by the side
induction hypothesis for the left hand sides a; and a9 are consistent.

Case (D). For i = 1,2 we have

— . —

(Ui, Vivai) € Dag Mi(5)] Wik By(Vy)

D (D)
(0. Wira) € Dl

for computation rules Df_’;(gj;) = M;(7;). Assume ﬁl,Wl and ﬁg,Wg are
componentvvlse consistent; we must show that a; and ap_are consistent.
Since W1 U W2 F P(V) for i = 1,2, by (16) there are V/,VJ such that
Vi’ FV; and Wy UWy ~ (V’ ). Then by the unification lemma there are 1174
such that (Pj0)(W) = (Py0)(W) ~ B,(V/) - P(V;) for i = 1,2, where ¥ is
the most general unifier of ]31 and f’g. But then also

(59) (W) = Vi,
and hence by (12) we have
(T, (5:0) (W), i) € [Aag, Mi(5)]
with lesser D-height. Now (15) gives
(Ui, W, i) € [AgzMi(57:)0]

without increasing the D-height. Notice that M;(y;)9 = My (%;)9 by our
condition on computation rules. Hence the induction hypothesis applied to
(U, W,a1), (Ua, W, a9) € [Az M1 (71)9] implies the consistency of a; and
as, as required. O

LEMMA (Deductive closure). [AzM] is deductively closed, i.e., if W C
[AzM] and Wt (V,b), then (V,b) € [AzgM].

PRrROOF. By induction on the maximum of the D-heights and a side
induction on the maximum of the heights of W C [AzM]. We distinguish

cases on the last rule of these derivations (which is determined by M).
Case (V). For all (U,a) € W we have

U, Fa
(U,a) € [Mgzi]
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We must show V; b b. By assumption W  (V,b), hence WV F b. It suffices
to prove V; WV. Let c € WV; we show V; - ¢. There are U such that
V U and ((j, ¢) € W. But then by the above U; |- ¢, hence V; - U; + c.

Case (A). Let W = {(Uy,a1), ..., (Un,an)}. For each (Us,a;) € W there
is U; such that

(U}, Ui,CLi) S ﬂ)\fMﬂ (U}, Ul) - ﬂ)\fN]]
(Ui, a:) € [\s(MN)]

Define U := [J{U; | V + U;}. We first show that U is consistent. Let
a,b € U. There are 7, j such that a € U;, b € U; and VI ﬁi,[jj. Then U'Z
and ﬁj are consistent; hence by the consistency of [AzN] proved above a
and b are consistent as well.

Next we show (V,U) C [AzN]. Let a € U; we show (V,a) € [\zN]. Fix
i such that a € U; and V + U;, and let W; := {(U;,b) | b € U; } C [AzN].
Since by the side induction hypothesis [AzN] is deductively closed it suffices
to prove W;  (V,a), ie., {b|be Ui AV I U;} + a. But the latter set
equals U;, and a € U;.

Finally we show (V,U,b) C [AzM]. Let

W' = {(U,Ur,a1),...,(Upn,Up,an)} C [AzM].

By side induction hypothesis it suffices to prove that W’ (‘7, U,b), ie.,
{ai | VEUANUF U;} + b. But by definition of U the latter set equals
{a; | V+U;}, which in turn entails b because by assumption W - (V,b).
Now we can use (A) to infer (V,b) € [AzM], as required.
Case (C). Assume W C [A\3C]. Then W consists of (U,U’, Ca*) such
that U’ F a*. Assume further W  (V,V’,b). Then

{Ca* |3 (U, U, Ca*) e WAV EUAV' FU')} Fb.

U0
By definition of entailment b has the form Cb* such that

Wi={a|355 z(a=a; A(U,T,Ca*) e WAV TNV FT')}F b}

We must show (V,V’,Cb*) € [AzC], i.e., V' F b*. It suffices to show V! +
W;, for every i. Let a € W;. Then there are U,U’, a* such that a = a;,
(U,U',Ca*) € W and V' - U". Hence V/ + Ul F a} = a.

Case (D). Let W = {(U1,U,a1), ..., Uy, U, a,)}. For every i there is
an U! such that
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1;) a computation rule. Assume _’, % ,0). We must
i) = M;(7;) i le. A W (V, V" b). W

—

(v
V,V".b) € [AzD]. Let
I:={i|1<i<nAVFUAV'FU"}.

Then {a; | i € I} b, hence I # . For i € I we have V" - U + B;(U}),
hence by (16) there are V/ such that V” ~ P;(V/) and V/ + U!. In particular
fori,jel

for DP,;
prove (

V" ~ B,(V]) ~ Py(V)).
To snrnphfy notation assume I = {1,...,m}. Hence by the unification lemma
Pl, .. P are unifiable with a most general unifier ¥ and there exists W

such that
(PO)(W) =+ = (Pu®) (W) ~ PL(V]) ~ -+ ~ P(Vi}).

Let i,j € I. Then by the conditions on computation rules M;¥ = M;v. Also
(7:9)(W) V! - U!. Therefore by (12)

(V, (50) (W), ai) € [Ag g Mi(53)]
and hence by (15)
(v7W7ai) € [[)‘fy_%M( 19)]]
But M;(y;v) = M;9 = M9 = M;(yiv) and hence for all ¢ € I
(‘77Waai) € [[/\ ,szl(ylﬂ)]]

Therefore X := { (V, W, al) | i€ I} C [AggMi(yiv)]. Since {a; | i €
1 } F b, we have X (V W ,b) and hence the induction hypothesis 1mphes
(V,W,b) € [z 5 Mi(gi0)]. Using (15) again we obtain (V, (7:9)(W),b) €
Az 7ylM1(y1)]] Since V" ~ Py(V/) ~ Pi((719)(W)) we obtain (V,V",b) €
[AzD], by (D). O

COROLLARY. [AzM] is an ideal.

A.3. Preservation of values

We now prove that our definition above of the denotation of a term
is reasonable in the sense that it is not changed by an application of the
standard (8- and 7-) conversions or a computation rule. For the S-conversion
part of this proof it is helpful to first introduce a more standard notation,
which involves variable environments.

DEFINITION Assume that all free variables in M are among Z. Let
Uy
[[M]] —{b[(U b) € [\gM] } and [[M]]aa = Ugu[[M .

zj

E~2¢Q
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From (13) we obtain [[M]]g’;/ = [[M]]g if y ¢ FV(M), and similarly for
ideals #, v instead of U , V. We have a useful monotonicity property, which
follows from the deductive closure of [AzM].

LEMMA. (a) If VU, ab b anda e [M ]]f(7 then b € [M ﬂg
(b) If 5 2, at b and a € [M]Z, then b € [M]5.

PROOF. (a) V F U, at band (U,a) € [\zM] together imply (V,b) €
[AzM], by the deductive closure of [AzM]. (b) follows from (a). O

LEMMA. (a) [[afz]]ﬁ7 =U; and [[arz]]g = u;.
(b) DyMIE = {(V.D) | b€ [MIg)"} and P\ MIF = { (V1) | b€ [MIz) ).
(¢) IMNTZ = [MIZINTS ond [MNTE = [MZIVTE
PRrROOF. (b) It suffices to prove the first part. But (V,b) € [[)\yMﬂg and
be [[M]]gyv are both equivalent to (U, V,b) € Az, M].
(c) For the first part we argue as follows.
c € [MIYINTY Fycpz (Voe) € [M]
& 3y (U, V) C [AzN] A (U, V,¢) € [AzM])
& (U,e) € [\s(MN)] by (A)
& ce [MN]Y.
The second part is an easy consequence:
c € [MIZIN]Z © 3y cpna((Vio) € [M]3)

AR va[[N]];IEl(?ga((V’ c) € [M]Y)

U

U
7)

MN]Y) by the first part

Here is the proof of the equivalence marked (x). The upward direction is
obvious. lfor the downward direction we use monotonicity. Assume (71 C u,
V C NS, U C i@ and (V,c) € [M]Y. Let Uy := U, UT C @ Then by
monotonicity V C [N ]]g2 and (V,c) € [M ]]g2 O
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COROLLARY. [A\,M]% = [[M]]gj;’
PROOF.
be [Ny M]] ‘o > e, ((V,b) € [N\ M]%)
< Jyco(b e [[M]]g;j) by the lemma, part (b)
ebe ML, O

a@,[N]Z

7. = [M(N)]z
PRrOOF. By induction on M, and cases on the form of M.
Case A\yM. For readability we leave out & and .

M) = {(V,0) | b€ [M(2)]L}1Y
={(V,b)|be [[M(N)]]z‘// } by induction hypothesis
= [AyM(N)] by the last lemma, part (b)
= [(AyM)(N)]-
The other cases are easy. O

LEMMA (Preservation of values, 8). [(A,M (y))N]Z = [M(N)]Z.

LEMMA (Substitution). [M(z)]

PrOOF. Again we leave out Z, 4. By the last two lemmata and the
N
corollary, [(\M(y))N] = P M()]IN] = [M@IY = [M(N)]. 0

LEMMA (Preservation of values, n). [\, (My)]% = [M]Z if y ¢ FV(M).

PROOF.

(V;b) € [[Ay(My)]] & 3pca((U,V,0) € gy (My)])
cal(U.V,0) € \eM]) by (14)
( b eM ]]Z: O



