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Introduction

In Constructive Mathematics,
objects proven to exist can be constructed,
proven disjunctions can be effectively decided,

and proofs of implications or universally quantified statements
give rise to algorithms for computable functions.

Program extraction is the process of extracting these algorithms.

Program extraction is implemented in various proof systems, for
example, NuprL, Coq (now Rocq), Minlog.

The fundamental ideas underlying program extraction are known as
the Brouwer-Heyting-Kolmogorov interpretation of intuitionistic
logic, or the Curry-Howard correspondence.
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Program extraction in type theory

In formalizations of constructive mathematics, such as constructive
type theory, proofs themselves are programs.

Therefore, in type theory, program extraction is viewed as code
optimization or compilation.

The correctness of extracted programs is defined with respect to
the operational semantics of type theory and depends on the
implementation:

“However, for such executables obtained by extraction, the
extraction process is part of the trusted code base (TCB), as are
Coq's kernel and the compiler used to compile the extracted code.
The extraction process contains intricate semantic transformation of
programs that rely on subtle operational features of both the source
and target language.” (Forster, Sozeau, Tabareau, 2024)
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Program extraction via realizability (Kleene 1945)

(1) Each formula A is interpreted as a predicate R(A)

that defines the computational problem expressed by A.

(2) From a formal proof d of A one extracts:

(a) a program ep(d)
(b) a formal proof that ep(d) satisfies R(A) (soundness)
(c) a typing - ep(d) : T(A) of the extracted program

Minlog's program extraction is based on realizability
(Schwichtenberg, Wainer 2012, Ch. 7).
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Program extraction for higher-order logic

In this lectures we study how to apply program extraction via
realizability to higher-order logic.

We work with an intuitionistic version of Church's simple theory of
types (CST, Church 1940) which formalizes higher-order logic as
an instance of the simply typed lambda calculus (STL).

The simply typed lambda calculus serves as a logical framework for
the formalization of higher-order logic, similar to the logical
framework LF (Pfenning 2013).
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Plan for the lectures

Lecture 1 Program extraction in Church’s Simple Theory of
Types
Lecture 2 Examples:
Continuous functions, integration
Martin Hofmann's breadth-first search
Non-monotone induction
Lecture 3 Avoiding garbage in extracted programs
Computational adequacy
Comparison with cAERN
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Lecture 1

Program extraction in Church’s Simple Theory of Types
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The simply typed lambda calculus (STL, Barendregt 1992)

Given a set BT of base types, the set of types of STL is defined by
the grammar

TYP>p,o = beBT|p—o|pxo

Given a set C of constants and a set VAR of variables, the set of
terms of STL is defined by the grammar

TER>M,N == xeVAR|ceC|
| Az p.M | MN | (M, N) | (M) | m(M)

For every constant ¢ € C we assume a type assignment ¢ : p.
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Type assignment for STL

————C:p
x:pkx:p Fc:p
Mx:pEFM:o rM-M:p—o r=N:p
FEAx:p.M:ip—o FMN:o
r=M:p rEN:o
F=(M,N):pxo
rMN-=M:pxo FrEM:pxo

FE=mo(M):p Nem(M):o
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Type assignment for STL

- c:p
Nx:pkEx:ip N=c:p
Mx:pEFM:o rM-M:p—o r=N:p
l=Xx:p.M:p—o r'-EMN:o
r=M:p r=N:o
F=(M,N):pxo
rEM:pxo FrEM:pxo
MNemo(M):p Nem(M):o

STL is parametric in the set BT of base types and the set of C of
typed constants ¢ : p

Each choice of these parameters defines an instance of STL.
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Type assignment for STL

- c:p
Nx:pkEx:ip N=c:p
Mx:pEFM:o rM-M:p—o r=N:p
l=Xx:p.M:p—o r'-EMN:o
r=M:p r=N:o
F=(M,N):pxo
rMN-=M:pxo rMN=M:pxo
MNemo(M):p Nem(M):o

STL is parametric in the set BT of base types and the set of C of
typed constants ¢ : p

Each choice of these parameters defines an instance of STL.

For brevity we will ignore product types.
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[Bn-equality

(Ax:p.M)N =5 M[N/x]

Ax 1 p.(Mx) =, M provided x is not free in M.

There are no extra equations for the constants.
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[Bn-equality

(Ax:p.M)N =5 M[N/x]
Ax 1 p.(Mx) =, M provided x is not free in M.
There are no extra equations for the constants.
fn-equality is the congruence on terms generated by =5 U =,,.

Due to strong normalization and confluence of the corresponding
reduction relation, Sn-equality is a decidable relation on typeable
terms.

We will identify Sn-equal terms.
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Interpretation
Let 51,5, two instances of STL.

An interpretation 6 : S; — S, maps
» each base type b of 51 to a type 6(b) of Sy, and
» each constant ¢ : p of S; to a closed term 6(c) in S, such
that S, proves F 6(c) : 6(p).

For every Si-type p, 6(p) is the Sy-type obtained by replacing
every base type b by (b
(

).
For every Si-term M, (M) is the Sp-term obtained by replacing
every base type b by 6(b) and every constant ¢ by 6(c).
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Interpretation
Let 51,5, two instances of STL.

An interpretation 6 : S; — S, maps
» each base type b of 51 to a type 6(b) of Sy, and
» each constant ¢ : p of S; to a closed term 6(c) in S, such
that S, proves F 6(c) : 6(p).

For every Si-type p, 6(p) is the Sy-type obtained by replacing
every base type b by 6(b).

For every Si-term M, (M) is the Sp-term obtained by replacing
every base type b by 6(b) and every constant ¢ by 6(c).
Lemma (Fundamental lemma of interpretation)

Interpretation commutes with substitution, respects [fn-equality,
and preserves typing:

O(M[N/x]) = 6(M)[O(N)/x].
If M =g, N, then O(M) =3, 6(N).
If Sy proves T = M : p, then Sy proves O(I) = 6(M) : 6(p). 1847



Church'’s Simple Theory of Types (CST, Church 1940)
CST is defined as the instance of STL given by

- a set Z of base types for sets of individuals;
- The base type o (type of propositions, or truth values);

- the constants

D . 0—~>0—o0 (— associates to the right)

V, © (p—o0)— o forevery type p
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with a classical Hilbert calculus to derive formulas (terms of type o)
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Church'’s Simple Theory of Types (CST, Church 1940)
CST is defined as the instance of STL given by

- a set Z of base types for sets of individuals;
- The base type o (type of propositions, or truth values);

- the constants

D . 0—~>0—o0 (— associates to the right)

V, © (p—o0)— o forevery type p

Remark. Church used the constants

V. . o—0—0
3, : (p—o)—o
tp + (p—0)—p (choice)

with a classical Hilbert calculus to derive formulas (terms of type o)

We will work with intuitionistic natural deduction instead.
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Intuitionistic natural deduction for CST

ADB = DAB
Vx:p.A(x) = Y(Ax:p.A(x))
(FAA:0
A AFr A 25T
AAFF B n A+rADB AFr A _
AFrASB ° At B -
AbFr,, A

AFrVx:p.Ax) *

AFrVx:p.A(x) I'I—I\/I:pv_
Atr AM) p

() x ZFV(A)
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RCST: CST with realizers

We extend CST to a system RCST by adding:

a new base type 4,
the constants

Fun: (6 = 48) =6
app:d —9d =9

21/47



RCST: CST with realizers

We extend CST to a system RCST by adding:

a new base type 4,
the constants

Fun: (6 = 48) =6
app:d —9d =9

Terms of type ¢ are called programs.

21/47



RCST: CST with realizers
We extend CST to a system RCST by adding:

a new base type 4,
the constants

Fun: (6 = 48) =6
app:d —9d =9

Terms of type ¢ are called programs.
We add the proof rule rule
rTEM:6—96 FrEN:§ A Fr A(app (Fun M) N)

At A(M N)
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RCST: CST with realizers
We extend CST to a system RCST by adding:

a new base type 4,
the constants

Fun: (§ = 46) =6
app:d —9d =9

Terms of type ¢ are called programs.
We add the proof rule rule

rTEM:6—96 FrEN:§ Al—rA(app(Funl\/l)N)(S
A Fr A(MN)

Remark: Using the notation

Asa.M(a) = Fun(Aa:d.M(a))
M-N = appMN

the rule § essentially says that (A\sa. M(a))-N equals M[N/a].

21/47



Interpretation of CST in RCST (realizability)

R: CST — RCST

R(:) =

R(o) = d0—o0

R(D) Ax,y:0—o0.Ad:d.Va:d.xaD y(d-a)
R(V,) Ap:R(p) =6 —o0.Xa:0.Vx:R(p).pxa
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Interpretation of CST in RCST (realizability)

R: CST — RCST

R(:) =

R(o) = d0—o0

R(D) Ax,y:0—o0.Ad:d.Va:d.xaD y(d-a)
R(V,) Ap:R(p) =6 —o0.Xa:0.Vx:R(p).pxa

Remark: Using the notation ar A := R(A) a, RCST derives

Fun(f)r(AD> B) DC Va:é.(arA)D((fa)rB)
arvx:p.A(x) DC Vx:R(p).arA(x)
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Soundness

Theorem (B, Hou 2017)

From a CST proof of A Fr A one can extract a program P such
that:
brA

R(N).5:5 PrA in RCST

Proof.

Induction on derivations.

The extracted program is obtained form the derivation, essentially,
by interpreting the rules for implication by the constructors Fun
and app and ignoring the rules for universal quantification (i.e.
interpreting them by the identity).
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Proof terms

For the implementation of program extraction it is necessary to
represent proofs by terms. These can be modelled as an instance
CSTPR of STL that extends CST. One adds:

a new base type pr,

the constants
o>t :o— (pr— pr) — pr
D7 ipr— pr—pr
Vi (p— pr) — pr

vV, ipr—p—pr
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Proof terms

For the implementation of program extraction it is necessary to
represent proofs by terms. These can be modelled as an instance
CSTPR of STL that extends CST. One adds:
a new base type pr,
the constants
o>t :o— (pr— pr) — pr
D7 ipr— pr—pr
Vj “(p—pr)—pr

vV, ipr—p—pr

The natural deduction calculus now derives judgments of the form

AFrd:A

where A is a finite set of assumptions uy : Az, ..., u, : A,, labelled
by different assumption variables u; that may occur in the proof d.
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Proof rules with proof terms

THAA:o
T:Au:Ablru:A

Au:Abrd: B Artrd:ADB Abre: A
ArrD>tAQQu:pr.d):ADB Atr> de: B
A brop d o A(x) Abrd:Vx:pA(x) r=M:p

AbrVi(Ax:p.d):Vx: pA(x) AbrV,dM:AM)
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Program extraction

Program extraction is a partial interpretation
ep : CSTPR — RCST U { L} defined by

ep(pr) =

ep(D7)
ep(D7) =
ep(V})

ep(V,) =

0
Fun
app
idg
ids

where ids = Aa: ¢.a (ep(c) = L for other constants). Hence

ep(v)

ep(DTA(Au: pr.d))
ep(D de)

ep(V; (Ax:p.d))
ep(V, d M)

= Asu.ep(d)
— ep(d)-ep(e)
= ep(d)
= ep(d)
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Soundness with proof terms
Theorem
If At d: Ain CSTPR, then,
R(A) Fr(ry,as ep(d) r A in RCST
where
R(A) ={urB|u:Be A}
A ={u:6|u:BeA}

Proof.

Induction on d.

If one extends RCST with proof terms, one can define the
soundness proof by structural recursion on d:

R(u) = ' (U afresh assumption variable)

R(OTA(\u : pr.d)) S(\u:d.ep(d))u
(Vi(\a: 3. (DT (R(A)a)\u : pr.R(d)))
R(>"de) = D7 (V5R(d)ep(d))R(e)

27 /47



Polymorphic types

We assign polymorphic types to (certain) programs of RCST.

The system is an instance of STL, known as Fw (Barendregt
1992), whose types we call kinds.

Roughly speaking, Fw is obtained from CST by erasing all
individual types.

Fw has
- one base kind * (kind of types)
- the constants

= % =k —> %

Vi : (k—x%)—=x forevery kind x
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Polymorphic types

We assign polymorphic types to (certain) programs of RCST.

The system is an instance of STL, known as Fw (Barendregt
1992), whose types we call kinds.

Roughly speaking, Fw is obtained from CST by erasing all
individual types.

Fw has
- one base kind * (kind of types)
- the constants

= ok x %
Vi : (k—x%)—=x forevery kind x

Terms of kind x are called polymorphic types. Terms of other kind
are called operators.
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Polymorphic type assignment

Let A’ :=b: A
M-AA:x
A a:Abra: A
AN a:AFrM: B ANrM:A=B AN N:A
AFrhya M:A= B A'Fr M-N:B
A brogxM:Aa AN M:V.A Nr-B:k

A M:V,.A a fresh A M:AB
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Polymorphic type assignment

Let A’ :=b: A
M[EAA:
A a:Abra: A

Aa:AFrM: B ANrFrM:A=B A N:A
A Frsa.M:A= B A Fr M-N:B

A brogxM:Aa AN M:V.A Nr-B:k
« fresh 7 .
N MV A ANrFrM:AB

By a straightforward induction on Fw derivations one shows:

Lemma
IfFA - M:AinFw, thenT HAA: % inFw,andb: 6~ M: 6 in
RCST.
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The type of a formula

We define a partial interpretation 7 : CST — Fw U {L}:

T(0) = =
T(2) = =

— ] Y70 fp=0—o0
T(Y) = { A x. A otherwise
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The type of a formula

We define a partial interpretation 7 : CST — Fw U {L}:

T(0) = =
T(2) = =

— ] Y70 fp=0—o0
T(Y) = { A x. A otherwise

By the fundamental lemma of partial interpretation one has:
If = M:pin CST and T(p) # L, then T(I") = T (M) : T(p).

l.p., for every CST formula ' A: 0 one has T(I') F T(A) : x,
i.e., T(A) is a polymorphic type in the context 7(I).
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The type of the extracted program

Theorem
If Atr d: Ain CSTPR, then, T(I') - ep(d) : T(A).

Proof.
Induction on d. O
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The missing logical operators

AN = Mx,y:0.Vz:0.(xDyDz)Dz
Ax,y:o.Vz:0.(xDz)D(yDz)Dz

F <
I

Vz:0.z

3, = Apip—=o.Vzio. (Vx:p.pxDz)Dz
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The missing logical operators

A = Ax,y:0.¥z:0.(xDyDz)Dz

V = M,y:0.Y¥z:0.(xDz)D(yDz)Dz
1l = Vz:o.z

3, = Apip—=o.Vzio. (Vx:p.pxDz)Dz

Remark: These definitions can be easily found by observing that

A DC Vz:0.(ADz)Dz

Now, replace A by x A y etc., and apply well-known equivalences.

For example, (x Ay) Dz) Dz DC (xDyDz)Dez.
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Derived rules for A, Vv, 1,3,

AFr A AtrB |

AFrAAB Abr AAB
AFr AAB A Afr A

M AFrB

Ar

AFrA N-B:0 . Atr B 'FA:o
AFrAVB L AFrAVB

+
VR

Abr AV B AAFC  ABHC
A C v

Abr L r'FA:o
ArA

AbrAM)  TEM:ip
Abr3x:p.Ax) i

Abr3x:p.A(x) AA(X) Froxe B
Atr B

3, x¢FV(A,B)
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Equality

=, = A, y:p.Vp:ip—=o0.pxDpy (Leibniz equality)
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reflexive relations (similarly to equality in Martin-Lof type theory):
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Equality

=, = A, y:p.Vp:ip—=o0.pxDpy (Leibniz equality)

Alternatively, one can define equality as the intersection of all

reflexive relations (similarly to equality in Martin-Lof type theory):

= = My:pVe:p—=p—o.(Vz:p.ezz)Dexy

Exercise. Prove in CST:
(1) =, is an equivalence relation,

(2) =, and =), are equivalent.
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Derived rules for equality

A’ pA l_l',p:p—m P B

ArrA=,B ~  PETVIAAB)

AbrA=,B At PA
AFrPB =
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Least and greatest fixed points
For every type p =6 — o (= 01 — ... = 0, — 0) we set

Cp, == AP, Q:p.VX:0.PXD QX
b = AP:p.AR:G.3Y:p.YC,PAGYX
C/I\D = AP ip XX G VY ip.PC,YDPYX
and define
Wy = )\CD:p—)p./\f(’:f}’.VP:p.(c\l/)ngP)DP)?
v, = /\CD:p—)p./\f(’:&’.EIP:p.(PQpc/];P)/\P)?
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Least and greatest fixed points
For every type p =6 — o (= 01 — ... = 0, — 0) we set

Cp, == AP, Q:p.VX:0.PXD QX
C\I/D = AP:p XX:0.3Y i p. Y, PAGYX
C/I\D = AP ip XX G VY ip.PC,YDPYX
and define
Wy = )\CD:p—)p./\f(’:f}’.VP:p.(c\l/)ngP)DP)?
v, = /\CD:p—)p./\f(’:&’.EIP:p.(PQpc/];P)/\P)?
Informally:

YC,P

dPC,P

N
P = ﬂ Y  y,d= U P
PCoY PC,& P
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Aczel's rule sets (Aczel 1977)

An operator ® : (0 — 0) — (0 — 0) can also be viewed (via
“uncurrying”) as
¢:(c >0)x0o—o0

Thus, ® is the set of pairs (X, x) where ® X x, i.e. x € & X.
Aczel calls the pairs (X, x) rules.

He calls a set P closed if whenever (X, x) € ® and X C P, then
x € P.

v
This is the same as saying & P C P.

Aczel defines a set /(@) inductively from & as the least closed set.

Hence /(®) = p, .
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Derived general fixed point rules

AbFrPCopd
Arr ®PC,p,® 17

AxC,PFrodxC,P
Abrp,®C, P

n,  x¢FV(A,P, 0)

AbrudC, P,
AfFrv,dC, 0P 7

APC,xFrPC,dx
FV(A,P,®
A PC,,e o XETVAP®
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Monotone operators
An operator ® : p — p is monotone if it preserves inclusion:

Mon,® :=Vx,y :p.xC,y DPxC, by

Clearly, if ® is monotone, then

. A
Oxr, dx~,dx

where x =, y :=x C, y Ay C, x, and therefore
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Derived fixed point rules for monotone operators

ro:p—p
Atr ®(uy®) Cp pp®

AFrMon,& AFr®PC,P

Mind
Afrp,®C, P e
lF®:p—p CoCl,
AbFrv,® C, o(v,9)
AbrMon,& AFPC, 0P
ro% T 7=, 7" MColnd,

AFrPC,u,®
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Definitional extensions of CST

To simplify extracted programs we add the defined logical
operators discussed earlier as constants to CST together with
proof constants for the derived logical rules.
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Definitional extensions of CST

To simplify extracted programs we add the defined logical
operators discussed earlier as constants to CST together with
proof constants for the derived logical rules.

Similarly, we add to RCST definable constants

Nil

prr,, prr, L, R
(app), Pair
(Fun), rec

case

)

0—9

0—=90—9

(6 =9)—0
d—=(0—=0)—=(0—=0)—9
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Extended realizability

R()
R(0)

L

6=t

AM,B:6—o0.)\d: 6.
3f:0—06.d=s Funf AVa:5.AaD B(f a)
M,B:6—0.)\d:§.
da,b:d.d =5 PairabANAaABb
AM,B:0—0)Xd: 0.
Ja:6.(d=sLanAa)Vv(d=s RaABa)
M:R(p) =2 d—0.)Ad:5.Yx:R(p) . Axd
M:R(p) =6 —>0.Md:6.3x:R(p) .Axd
A,y :R(p)Ad : 6. x =g(p) ¥
HR(p)

VR(p)
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Extended program extraction: Propositional logic

oF o — (pr — pr) — pr
D ¢ pr—pr—pr
At : pr — pr — pr
AL, AR T pr—pr
\/{, \/E : pr — o — pr
V™ pr— (pr— pr) = (pr — pr) — pr
ep(pr) )
ep(>") := Fun
ep(>”) := app
ep(At) = Pair
ep(AL) = prg
ep(Ag) = pry
ep(Vi) = L
ep(Vg) = R
ep(V7) = case
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Extended program extraction: Quantifiers and equality

vE oo (p—pr)—pr
V,  pr—p—pr
35 pr—op—opr
3,  pr—=>(p—pr)—pr
=1 (o — pr) — pr
=0 pr — pr — pr
ep(V)) =ep(V,) = ids
ep(3)) =ep(3,) ids
ep(=)) = Xa:d.Nil
ep(=,) = Aa,b:d.b
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Extended program extraction: Monotone (co)induction

Cl,, CoCl,
MInd,, MColnd,,

ep(Cl) = ep(CoCl)
ep(MInd)
ep(MColnd)

where

aob

(p—=p) = pr
pr — pr — pr

Funidg
Am,s:d.rec(Af :d.so(m-f))
Am,s:d.rec(Af :6.(m-f)os)

Asc . a-(b-c)
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Extended soundness and typing
The Soundness Theorem holds for extended program extraction.

Similarly, the typing theorem holds for extended program
extraction, w.r.t. a suitable extension of system Fw with the

constructors
unit type 1:x
functions, products and sums =, ®,P : * = *x — *
universal quantifier Vi (K — %) —
fixed points fix : (x = %) — %
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Remarks. To prove soundness for monotone induction and coinduction,
the corresponding monotone principles in RCST are not sufficient since
the realizability interpretation of a monotone operator need not be
monotone. The general fixed point rules are needed.
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Extended soundness and typing
The Soundness Theorem holds for extended program extraction.

Similarly, the typing theorem holds for extended program
extraction, w.r.t. a suitable extension of system Fw with the

constructors
unit type 1:x
functions, products and sums =, ®,P : * = *x — *
universal quantifier Vi (K — %) —
fixed points fix : (x = %) — %

Remarks. To prove soundness for monotone induction and coinduction,
the corresponding monotone principles in RCST are not sufficient since
the realizability interpretation of a monotone operator need not be
monotone. The general fixed point rules are needed.

In current systems, induction and coinduction require strictly positive
operators.

Monotone fixed point in lambda calculus where studied in (Mendler 91)
and (Matthes, Uustalu 2005).
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Summary of Lecture 1

» The simply typed lambda calculus (STL) and the notion of
interpretation serve a a logical framework.
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Extracted programs are untyped, but are assigned types in Fw.
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Summary of Lecture 1

>

A\

The simply typed lambda calculus (STL) and the notion of
interpretation serve a a logical framework.

Intuitionistic higher-order logic is an instance of STL.

Realizability and program extraction are defined as
interpretations.

Soundness guarantees correctness of extracted programs.
Extracted programs are untyped, but are assigned types in Fw.

Least and greatest fixed points of monotone operators can be
defined, but are introduced as constants to simplify extracted
programs.

We don't compute with proofs. Computation with programs
will be explained in Lecture 3 and in Hideki Tsuiki's lectures.
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Summary of Lecture 1

>

A\

The simply typed lambda calculus (STL) and the notion of
interpretation serve a a logical framework.

Intuitionistic higher-order logic is an instance of STL.

Realizability and program extraction are defined as
interpretations.

Soundness guarantees correctness of extracted programs.
Extracted programs are untyped, but are assigned types in Fw.

Least and greatest fixed points of monotone operators can be
defined, but are introduced as constants to simplify extracted
programs.

We don't compute with proofs. Computation with programs
will be explained in Lecture 3 and in Hideki Tsuiki's lectures.

Simplification of programs will be explained in Lecture 3.

47 /47



