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THE QUANTUM UNSHARP UNIVERSE AS A GENERALIZATION

TWO CLASSICAL ROOTS
o Classical sharp (Boolean algebras)
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THE QUANTUM UNSHARP UNIVERSE AS A GENERALIZATION

TWO CLASSICAL ROOTS

o Classical sharp (Boolean algebras)

o Based on Law of Non-Contradiction:
o xN\ x' =0.
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THE QUANTUM UNSHARP UNIVERSE AS A GENERALIZATION

TWO CLASSICAL ROOTS

o Classical sharp (Boolean algebras)

o Based on Law of Non-Contradiction:
o xN\ x' =0.

o Classical unsharp (MV-algebras)

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15— JPTEMBER 2025



THE QUANTUM UNSHARP UNIVERSE
000000000000 00O00000O00000O0O00O000000000000

THE QUANTUM UNSHARP UNIVERSE AS A GENERALIZATION

TWO CLASSICAL ROOTS

o Classical sharp (Boolean algebras)

o Based on Law of Non-Contradiction:
o xN\ x' =0.

o Classical unsharp (MV-algebras)

o Based on tukasiewicz's Law: xmy = y m x.
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THE QUANTUM UNSHARP UNIVERSE AS A GENERALIZATION

TWO CLASSICAL ROOTS
o Classical sharp (Boolean algebras)

o Based on Law of Non-Contradiction:
o xN\ x' =0.

o Classical unsharp (MV-algebras)

o Based on tukasiewicz's Law: xmy = y m x.

QUANTUM UNSHARP UNIVERSE
@ Both principles may fail:

xAx =0, XMy #ymx
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THE QUANTUM UNSHARP UNIVERSE AS A GENERALIZATION

TWO CLASSICAL ROOT
o Classical sharp (Boolean algebras)

o Based on Law of Non-Contradiction:
o xN\ x' =0.

o Classical unsharp (MV-algebras)

o Based on tukasiewicz's Law: xmy = y m x.

QUANTUM UNSHARP UNIVERSE
@ Both principles may fail:

xAx =0, XMy #ymx

e Generalization: Quantum MV-algebras (QMV-algebras)
extend both Boolean and MV-algebras.
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FroM PROJECTORS TO EFFECTS

SHARP QUANTUM EVENTS

@ Represented by projectors P on a Hilbert space:
P? = P = P*.
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FroM PROJECTORS TO EFFECTS

SHARP QUANTUM EVENTS

@ Represented by projectors P on a Hilbert space:
P? = P = P*.
@ Yes/No properties. Possible values: {0,1}.
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FroM PROJECTORS TO EFFECTS

SHARP QUANTUM EVENTS

@ Represented by projectors P on a Hilbert space:
P? = P = P*.
@ Yes/No properties. Possible values: {0,1}.

@ Algebraic structure: Orthomodular Lattices (Quantum
Logic).
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FroM PROJECTORS TO EFFECTS

SHARP QUANTUM EVENTS

@ Represented by projectors P on a Hilbert space:
P? = P = P*.
@ Yes/No properties. Possible values: {0,1}.

@ Algebraic structure: Orthomodular Lattices (Quantum
Logic).

| N,

UNSHARP QUANTUM EVENTS
@ Represented by effects.
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FroM PROJECTORS TO EFFECTS

SHARP QUANTUM EVENTS

@ Represented by projectors P on a Hilbert space:
P? = P = P*.
@ Yes/No properties. Possible values: {0,1}.

@ Algebraic structure: Orthomodular Lattices (Quantum
Logic).

| N,

UNSHARP QUANTUM EVENTS
@ Represented by effects.
o Possible (eigen-)values of effects: [0,1] C R.
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FroM PROJECTORS TO EFFECTS

SHARP QUANTUM EVENTS

@ Represented by projectors P on a Hilbert space:
P? = P = P*.
@ Yes/No properties. Possible values: {0,1}.

@ Algebraic structure: Orthomodular Lattices (Quantum
Logic).

UNSHARP QUANTUM EVENTS

@ Represented by effects.
o Possible (eigen-)values of effects: [0,1] C R.
@ Algebraic structure: QMV-algebras

Transition: from yes/no projectors to fuzzy quantum
properties.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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UNSHARP QUANTUM MECHANICS (LubpwiG, KRAUS, MITTELSTAEDT,
BuscH)

The notion of quantum event is liberalized.

The set MM(H) is replaced by the set of all effects of H
(denoted by £(H)), where an effect of H is a bounded linear
operator E that satisfies the following condition:

0<E<I,

where R < S iff S — E is a positive semidefinite operator.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2
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UNSHARP QUANTUM MECHANICS: EFFECTS OF A HILBERT SPACE

@ The spectrum Spec(E) is contained in [0, 1] C R.

@ There are some effects E such that
E? #+E.

Thus,
M(H) C E(H).

e p

projectors effects

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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UNSHARP QUANTUM MECHANICS: EFFECTS OF A HILBERT SPACE

Take
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UNSHARP QUANTUM MECHANICS: EFFECTS OF A HILBERT SPACE

Take

™
I
RS
oI5|~
S| wool=
N———

E is an effect.
The spectrum of E is {0.625,0.135723} and

E>2+£E

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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e Can the set £(H) of all effects be equipped with an
algebraic structure?
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e &(H) can be partially ordered:

E < F iff F—E is a positive semidefinite operator.

R. GIUNTIN AuT SCHOOL “PROOF
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THE ALGEBRAIC STRUCURE(S?) OF EFFECTS

o &(H) can be equipped with an involution operation ’:

E'=1-E.

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER
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THE ALGEBRAIC STRUCURE(S?) OF EFFECTS

@ &(H) can be equipped with an involution operation ’:

E'=1-E.

(E(H),<,’,0,L) is a regular involutive bounde poset, i.e. an
involutive bounded poset that satisfies the regularity condition:

VE,F € E(H):if E<E and F<F', then E < F'.
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THE ALGEBRAIC STRUCURE(S?) OF EFFECTS

@ &(H) can be equipped with an involution operation ’:

E'=1-E.

(E(H),<,’,0,L) is a regular involutive bounde poset, i.e. an
involutive bounded poset that satisfies the regularity condition:

VE,F € E(H):if E<E and F<F', then E < F'.

However, (£(H),<,’,0,1) is not a lattice.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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KRIPKEAN INTERLUDE

Let us consider the following accessibility relation:
EJYFiff EXF.

The relation [ is symmetric but, in general, not reflexive. It
may happen that F L F.
However, [ is serial: VE 3F (E L F).

If Y is restricted to the set of all of all projectors, [ is reflexive.

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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Let us consider the following accessibility relation:
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The relation [ is symmetric but, in general, not reflexive. It
may happen that F L F.
However, [ is serial: VE 3F (E L F).

If Y is restricted to the set of all of all projectors, [ is reflexive.
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KRIPKEAN INTERLUDE

Let us consider the following accessibility relation:
EJYFiff EXF.

The relation [ is symmetric but, in general, not reflexive. It
may happen that F L F.
However, [ is serial: VE 3F (E L F).

If Y is restricted to the set of all of all projectors, [ is reflexive.

Kripke Frame  Accessibility Rel. Modal System  Modal Axiom
(E(H), L) Symmetric and Serial D Op — Op
(M(H), L) Symmetric and Reflexive T Op—p
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THE ALGEBRAIC STRUCURE(S?) OF EFFECTS

There are effects E that violate both the non contradiction
and the excluded-middle law:

ENE #0 and EVE #1

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER



['HE UNSHARP CLASSICAL UNIVERSE THE QUANTUM UNSHARP UNIVERSE
[o]e] 000000000000 e000000000000O00000000000000

PROJECTORS AS SHARP EFFECTS

THEOREM

Let (E(H),<,’,0,I) be the involutive bounded poset of all
effect of a Hilbert space H. The following conditions are
equivalent YF € E(H):

e F is a projector (E? = E).
e FANF =0

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15— PTEMBER 2025
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Way QMV

= BA : MV = OML : QMY
Boolean lglgebras Mvialgebras orthomidular lattices qu;;tum MV algebras

OML (quantum sharp)
s QMYV generalizes

MV  (classical unsharp)

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15— EPTEMBER 2
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

e (S1) xo(ydz)=(xdy)®dz
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

o (S1) xe(y@z)=(xdy)®2z
0 (S2) xdy=yox
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

e (S1) xd(ydz)=(xdy)oz
0 (S2) xdy=yox
e (S3) (X)) =x

AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

) x@(yoz)=(xay)dz
) x@y=yo®x

(83) (X) =x
) xdx =1,

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

) xe(ydz)=(xdy)dz
) x@y=yox
e (S3) (X)) =x;
) xdx =1,
) x®0=x;
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

e (S1) xo(ydz)=(xdy)®dz
0 (S2) xdy=yox;

e (S3) (X)) =x;

o (S4) xox' =1,

e (S5) x®0=x;

e (S6) x®l=1.
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S-ALGEBRAS

A supplement algebra (S-algebra) is a structure
M=(M,d,’,1,0) of type (2,1,0,0) s.t. Vx,y,z € S:

e (S1) xo(ydz)=(xdy)®dz
0 (S2) xdy=yox;

e (S3) (X)) =x;

o (S4) xox' =1,

e (S5) x®0=x;

e (S6) x®l=1.

S := the variety of all S-algebras.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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SOME DEFINITIONS

Let M =(M,®,’,1,0) be an S-algebra:
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SOME DEFINITIONS

Let M =(M,®,’,1,0) be an S-algebra:

° xOy =Koy,

SCHOOL “PROOF



THE QUANTUM UNSHARP UNIVERSE
000000000000 00OeO00000000000000000000000

SOME DEFINITIONS

Let M =(M,®,’,1,0) be an S-algebra:
° xOy=xXa&y);

° xMy:=(x@y)oy
(pseudo-inf; generalized Sasaki projection);

CHING, 15-20 SEPTEMBER :
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SOME DEFINITIONS

Let M =(M,®,’,1,0) be an S-algebra:

° xOy =Koy,

° xMy:=(x@y)oy
(pseudo-inf; generalized Sasaki projection);

° xUy:=(x0y)dy; (pseudo-sup)
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SOME DEFINITIONS

Let M =(M,®,’,1,0) be an S-algebra:

° xOy =Koy,

° xMy:=(x@y)oy
(pseudo-inf; generalized Sasaki projection);

° xUy:=(x0y)dy; (pseudo-sup)
° x=y iff xmy=x.

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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QMV-ALGEBRAS

Recall:
MV :=S + Lukasiewicz axiom

XMy =ymx.



http://localhost:8888/notebooks/Dropbox/Logic/PROVER9-JUPYTER/QMV_ALGEBRAS/qmv.ipynb
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QMV-ALGEBRAS

Recall:
MV :=S + Lukasiewicz axiom

XMy =ymx.

QMV-algebras = S + QMV-axiom

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15— EPTEMBER 2
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QMV-ALGEBRAS

Recall:
MV :=S + Lukasiewicz axiom

XMy =ymx.

QMV-algebras = S + QMV-axiom

x&((Kmy)n(Enx)=(xeyn(xez) |

QMYV := the variety of all QMV-algebras
--+QMV-algebras

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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QMV-ALGEBRAS

# of elements | # of non-isomorphic QMV-algebras
1 1
2 1
3 1
4 4
5 5
6 16
7 21
8 88
9 127
10 817

--+QMV-algebras

SCHOOL “PROOF
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THE STANDARD QMV-ALGEBRA(S)

E(H) = (E(H),®,’,0,1I) ]

o E(H) is the set of all effects of #;

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER
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THE STANDARD QMV-ALGEBRA(S)

E(H) = (E(H),®,’,0,1I) ]

o E(H) is the set of all effects of #;
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THE STANDARD QMV-ALGEBRA(S)

E(H) = (E(H),®,’,0,1I) ]

o E(H) is the set of all effects of #;

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER



['HE UNSHARP CI A \ THE QUANTUM UNSHARP UNIVERSE
o] 000000000000 000000eO0000000000000000000

THE STANDARD QMV-ALGEBRA(S)

E(H) = (E(H),®,’,0,1I) ]

o E(H) is the set of all effects of #;
e forany E,F € E(H):

E+F, ifE+F e E(H);

EdF =
I, otherwise,

where + is the usual operator-sum.

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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THE STANDARD QMV-ALGEBRA(S)

E(H) = (E(H),®,’,0,1I) ]

o E(H) is the set of all effects of #;
e forany E,F € E(H):

E+F, ifE+F e E(H);

EdF =
I, otherwise,

where + is the usual operator-sum.
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THE STANDARD QMV-ALGEBRA(S)

E(H) = (E(H),®,’,0,1I) ]

o E(H) is the set of all effects of #;
e forany E,F € E(H):

E+F, ifE+F e E(H);

EdF =
I, otherwise,

where + is the usual operator-sum.

o E':=1—-E.

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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THE STANDARD QMV-ALGEBRA(S)

EH) =(E(H),®,’,0,I) is a QMV-algebra that is not an
MV-algebra, since, in general, Em F # F M E.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER 2025
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THE STANDARD QMV-ALGEBRA(S)

EH) =(E(H),®,’,0,I) is a QMV-algebra that is not an
MV-algebra, since, in general, Em F # F M E.

Let us define
E<F iff EmF=E.
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THE STANDARD QMV-ALGEBRA(S)

EH) =(E(H),®,’,0,I) is a QMV-algebra that is not an
MV-algebra, since, in general, Em F # F M E.

Let us define
E<F iff EmF=E.

(E(H),=,’,0,1) is a (regular) involutive bounded poset that
is not a lattice.
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THE STANDARD QMV-ALGEBRA(S)

Let us consider the following effects (in the matrix-representation)
on the Hilbert space R?:

It is not hard to see that G < E, F.

Suppose, by contradiction, that L = E A F exists in £(R?). An
easy computation shows that L must be equal to G. Let

m
Il
VR
O NI
Ni= O
N———
M
Il
N\
[« N[V
B~ O
N————
()
Il
N
O N
= O

Then, M is an effect such that M < E, F; however, M A L = G,
which is a contradiction.
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Let M =(M,®,’,1,0) be a QMV-algebra.
Recall:
o xOy = (X By,
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Let M =(M,®,’,1,0) be a QMV-algebra.

Recall:
e XOy:

o XMy :

(X/ D y/)/;

(x®y)oy;
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Let M =(M,®,’,1,0) be a QMV-algebra.
Recall:
o xOy = (X By,

o xMy:=(x®y)Oy;

e xUy =(x0y)oy=Kny).
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Let M =(M,®,’,1,0) be a QMV-algebra.
Recall:
o xOy = (X By,

o xMy:=(x®y)Oy;
e xUy =(x0y)oy=Kny).

e x 2y ifandonly if xmy = x.
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

@ (© is associative and commutative;
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

@ (© is associative and commutative;

e xOXx =0;
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

@ (© is associative and commutative;
e xOX =0;

e x®l=xandx®0=0;
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

@ (© is associative and commutative;
x®x =0;

x®l=xand x®0=0;

xml=1mx = x;

xmO0=0mx=0;

xMx =x; (idempotency);

(xmy) =xUy and (xUy) =x"my';
x <y implies x =y M x;
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

o (xmy)Mmz=(xmy)m(yMmz) (weak associativity)
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SOME PROPERTIES OF QMV-ALGEBRAS

o (xmy)mz=(xmy)m(ymz) (weak associativity)
o xM(yWUx)=x; (weak absorption)
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

o (xmy)Mmz=(xmy)m(yMmz) (weak associativity)
o xM(yuy x) X; (Weak absorption)
e xU (ymx)=x. (weak absorption)
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SOME PROPERTIES OF QMV-ALGEBRAS

THEOREM

o (xmy)Mmz=(xmy)m(yMmz) (weak associativity)
X,
X.

o xM(yWUx)=
o xU(ymx)=
e (M,=</,0,1) is an involutive bounded poset:

(weak absorption)

(weak absorption)

o (M,=) is a poset with maximum (0) and minimum (1),
° X”:X;
o Vx,y e M: ifx <y, theny <X x/;
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THE DIAMOND

The smallest genuine QMV-algebra is the “diamond” where,
apart from the obvious conditions, the operation @ is defined
as follows: adca=adb=bPdb=1.
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MV-ALGEBRAS

QMV-algebras can be thought of as non-commutative (w.r.t
M, W) generalizations of MV-algebras since

MV =QMV + (xmy=y m x)

GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15-20 SEPTEMBER
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ORTHOMODULAR LATTICES AS QMV-ALGEBRAS

Orthomodular lattices can be thought of as idempotent (with
respect to &) QMV-algebras .
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ORTHOMODULAR LATTICES AS QMV-ALGEBRAS

Orthomodular lattices can be thought of as idempotent (with
respect to &) QMV-algebras .

A QMV-algebra M is an orthomodular lattice if and only if
Vx € M: x& x = x.
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ORTHOMODULAR LATTICES AS QMV-ALGEBRAS

Orthomodular lattices can be thought of as idempotent (with
respect to &) QMV-algebras .

A QMV-algebra M is an orthomodular lattice if and only if
Vx € M: x& x = x.

OML =QMV + (x=x& x)
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QMYV AND BA

OML = QMV + (x=x@®x)

HOOL “PROOF
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QMYV AND BA

OML = QMV + (x=x@ x) ]

BA=MV + (x=x&x) J
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ORTHOMODULAR LATTICES AS QMV-ALGEBRAS

Orthomodular lattices can be thought of as sharp
QMV-algebras
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ORTHOMODULAR LATTICES AS QMV-ALGEBRAS

Orthomodular lattices can be thought of as sharp
QMV-algebras

A QMV-algebra M is an orthomodular lattice if and only if
Vx e M: x mx' =0.
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ORTHOMODULAR LATTICES AS QMV-ALGEBRAS

Orthomodular lattices can be thought of as sharp
QMV-algebras

A QMV-algebra M is an orthomodular lattice if and only if
Vx e M: x mx' =0.

OML = QMV + (x m x' =0)
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BA, MV, OML, QMV

BA=MV + (x=x&®x)
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BA, MV, OML, QMV

BA =MV + (x=x®x) J

OML = QMV + (x=x®x) J
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BA, MV, OML, QMV

BA=MV + (x=x&®x)
OML = QMV + (x=x@ x)
BA=MV + (x @x =0)
OML = QMV + (x mx"=0)
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BA MV, OML, QMV

BA=MV + (x=x&®x)
OML = QMV + (x=x@ x)
BA=MV + (x @x =0)
OML = QMV + (x mx"=0)

BA = OMIL + (distributivity)
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sharp and classical
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OMII, sharp and quantum

unsharp and classical IMI
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THE STANDARD M V-ALGEBRA

Recall:
HSP(M (o 1)):= the variety generated by the standard
MV-algebra Mg y;.
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THE STANDARD M V-ALGEBRA

Recall:
HSP(M (o 1)):= the variety generated by the standard
MV-algebra Mg y;.

THEOREM (CHANG 1958; CHANG 1959)

MYV = HSP(Mo 1))
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THE STANDARD QMV-ALGEBRA

What about the standard QMV-algebras £(H)?
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THE STANDARD QMV-ALGEBRA

What about the standard QMV-algebras £(H)?

[EH:= the variety generated by the class of all standard
QMV-algebras.
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THE STANDARD QMV-ALGEBRA
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THE STANDARD QMV-ALGEBRA

EHC QMY

There is an equation that holds in the variety of all
QMV-algebras of effects but fails in the variety of all
QMV-algebras.
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SUMMING UP

)
Mp,1j = LMV = MY, OMIL

00L “PROOF AN
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OPEN PROBLEMS

o Is the the variety EH (finitely) axiomatizable?

SCHOOL “PROOF
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LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15— JPTEMBER 2025



ICAL UNIVERSE THE QUANTUM UNSHARP UNIVERSE
000000000000 00O000O00O000O00O0O00O000000000e00

LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

@ Today, both conditions are met:
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LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

@ Today, both conditions are met:
> Fuzzy logics in technology (practical importance).
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LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

@ Today, both conditions are met:

> Fuzzy logics in technology (practical importance).
> Quantum theory as empirical indeterminism.
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LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

@ Today, both conditions are met:

> Fuzzy logics in technology (practical importance).
> Quantum theory as empirical indeterminism.

R. GIUNTINI AUTUMN SCHOOL “PROOF AND COMPUTATION”, HERRSCHING, 15— JPTEMBER 2025



NSHARP CLASSICAL UNIVERSE THE QUANTUM UNSHARP UNIVERSE
000000000000 00O000O00O000O00O0O00O000000000e00

LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

@ Today, both conditions are met:

> Fuzzy logics in technology (practical importance).
> Quantum theory as empirical indeterminism.

o QMV-algebras stand at the intersection:
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LukASIEWICZ® PROPHECY REVISITED

Lukasiewicz (1920)

Three-valued logic has above all theoretical importance as an
endeavour to construct a system of non-Aristotelian logic. Its
practical importance will be seen only when the consequences
of the indeterministic philosophy can be compared with
empirical data.

@ Today, both conditions are met:

> Fuzzy logics in technology (practical importance).
> Quantum theory as empirical indeterminism.

o QMV-algebras stand at the intersection: a unifying
framework for the fuzzy and the quantum.

tukasiewicz’ vision continues in QMV-algebras.
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THE END?

No... this is just the beginning!

THANK YOU
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