PC2025: Modal
Sequent Calculi




What is Sequent Calculus?

Proof Search Challenge. No systematic way of doing this in Hilbert calculi
> both for provability or non-provability
> can always use modus ponens

» no bound on formulae that can appear in a proof

Sequent Calculus repairs this:
> each proof rule deconstructs one connective
> strong structural relationship between premiss and conclusion
> often: premisses structurally simpler (i.e. backwards proof search terminates)
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Sequent Calculus 101

Notation. Let ', A be multisets of formulae, and A a formula.

\

» We write comma for union: ', A means ' U A

> We elide braces of singleton sets: I'; A means I', {A}

> We elide the empty multiset: = I means ) = I and [ = means [ = {).
> We apply operators elementwise: OI' means QA;,..., QA, if [ = Ay,... A,

J

-

A sequent is a pair (I, A), written T = A of multisets I', A of formulae.
> [ = A] =V TV Ais the formula associated with the sequent = A
> [A] = (= A) is the sequent associated with formula A.

A sequent [ = A is propositional if ', A are propositional formulae.
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Propositional Sequent Rules

Mp=pA 1, r=A

A BT = A r— AA = BA
ANBT = A F— AAB,A

AT = A = B,A
r— -AA T,-B—A

Definition.

If ® is a set of sequence, ® p is the least set of sequents that contains ® and is closed
under the above rules.

Notation: ¢ Fpp I =— A means — A € ¢ Ip..
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Soundness and Completeness of Propositional Logic

If FpL T = A for a propositional sequent = A, then [ => A is a propositional
tautology.

(Proof by induction on the derivation)

The Swiss Army Knife of Structural Proof Theory:
NMA<T,A (if every B € A is a proper subformula of A)

generates a well-founded partial order, the Dershowitz-Manna ordering

Completeness

If [T = A] is a propositional tautology, then Fp. I = A.

(Proof by well-founded induction on the Dershowitz-Manna ordering)
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Admissible Rules

Inversion Rules are depth-preserving admissible:
MNAAB,T = A [—= AAB,A Fr— AABA

MNAB=— A r— AA r— B,A
N-B— A — -AA
= B,A NMA= A

Admissible Structural Rules: Weakening, left and right contraction and cut.
r— A NnNAA= A = B,B,A r=AA L A=Tl

-_— L R
( )F,F’:A,A’ (L) NA= A (CR) = B,A (Cut) M>X= AT

Admissible rules.

> admissible rules can always be eliminated from a proof tree

> eliminating depth-preserving admissible rules doesn’t increase height of proof tree.

)]

[
|
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Contraction

Example.

(CL)

Nn-A=AA

M-A-A= A

NN-A= A

M-A= A A

(CL)

F— AAA

r— A A
r-A— A
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Cut Elimination: Two Cases

Cut on Principal / Non-Principal Formula

Yy = C,N
A= 80 = Ol T..C—N  AB=—A-C
(uy DANB=A-C T oC=T - (Cu BT AT
a AAB, L — A, N g ’

TAAB,Z — AN

Cut on Principal / Principal Formula

(=Ad _ ABY=T (.
B.T,x — A, !

r— AA [ = BA A B,Y = r— A

(Cut) L= ANB.D AANB,T = N ~(Cut)

Tt rre—MAA

NLYy—= AT
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Adding Modal Operators

Modal Rules.
r1 — A]_ . F,, — An

|_0:>A0

> A CVU{D(a,...,a,) | © €A n-ary, Ay, ..., A, € V} for i > 0 — only introduce modalities
> [ UA; Csubf(lgUAp) for i > 0 — no new literals in the premisses.

Notation.
> dFg = Aif [ = A can be derived from ® using propositional and modal rules.
> Gt and I—(R:|”t’w additionally uses cut and weakening.

.
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Soundness and Completeness: Road Map

Given axions Ax, find sequent rules Rl such that
> Rlis sound wrt. Ax: if FS'"Y T = A then [T = A] € L(Ax)
> RI complete wrt. Ax: if A € L(Ax) then Fr= A.

Trivial Observation.
» Soundness will also hold if Cut and W are not used, and

» Completeness will still be valid if we allow Cut and W.
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Example: Modal Logic K

Rule Set. Axiomatisation. tautologies, (MP), (US) plus:
A]_,...,A,,:>A0 A
>0 AN
FOA,. . .0A — AOA " =0 £ O(A—B)—DA— DB

Soundness: If F"™"Y I — A then [I = A] € K by induction

» Modal case: if Ay A---ANA, = A € Kthen OA; A--- AOA, — OAg € K.
> Key Lemma: OAA OB — O(A A B)
> Have A — (B — A A B), a tautology
» Hence (A — (B — AA B)) and O(A — (B — AA B)) — OA — 0O(B — (AA B))
> Using modus ponens, JA — O(B — A A B).
> On the other hand, also O(B — (AA B)) — OB — O(AA B)
> Using tautologies and modus ponens, JA — OB — O(A A B).

11
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Completeness

First Goal. If F§"* = A, then A € K.

As K is the least set
> that contains propositional tautologies and O(a — b) — Oa — Ob.
» is closed under modus ponens, substitution, necessitation
we just need to show that {A € L(A) |F=> A} has these closure properties.

Closure under ...
> propositional tautologies: follows from propositional completeness
» modus ponens: follows from Cut and inversion
> necessitation: is an instance of the K-rule
> distribution axiom: build derivation backwards
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Closure under Substitution

Generalised Axioms

Let ' = A be a sequent. Then - T, A= A, A for all formulae A € L(A).

(By induction on the formula where A = p is the case of axiom.)

Suppose that Fg ' = A. Then kg Fo = Ao for all substitutuions o : V. — L(A).

(By induction on the derivation, using Generalised Axiom for the base case.)

Both hold more generally if the Congruence Rule

A— B B— A
OA=— A,0B

is admissible.
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Cut Elimination

Second Goal. If A € K then Fr=— A.

Show more generally that Gt T = A, then g T = A

Modal / Propositional Rule Example.
A, ..., A, = Ao Y= AN Y= BT
rO0A, ..., 04, = A,0A Y= AAB,

> cuts on elements of I, A are trivial, cuts on elements of ¥, I1 can be permuted upwards
Modal / Modal Rule Example
A, ..., A = Ao Ao, Bi,...,Bk = By
OA; ...,04, = OA OAy, OBy, ..., 0By = OBy
OA,...0A,,0By,...,0B = OBy
> cuts between modal rules can be replaced by different instance of modal rules.
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Application |: Complexity and Consistency

| The modal logic K is consistent. \

Proof. The empty sequent is not derivable.

| Validity in K is decidable in polynomial space. \

Proof. Generalise to provability of sequents and use PSPACE = APTIME.
> Existential states: non-deterministically choose proof rule given a sequent
> Universal states: non-deterministically choose premiss given proof rule

» This machine runs in polynomial time, as branches are polynomially long.

15
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Application Il: Craig Interpolation

Definition.

A logic L has the Craig Interpolation Property (CIP) if for all implications A — B € L
there is / such that both A — I,/ — B € L and / only has variables common to A and 5.

Maehara’s Method: Generalise to Sequents
> 1| T = Ay = Dy is a splitting of T1,T, = A1, A
> [is an interpolant of Iy | T = Ay | Ag if F Ty = ;T and Iy, | = A,

(and [ only uses variables common to 'y, and Ay, Aj)

Main Idea. Construct interpolant of splitting of rule conclusion assuming that every splitting of
premisses have interpolant.

Theorem. The modal logic K has the CIP.

)

@
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Construction of Proof Rules

Starting Point. Necessitation and distribution axiom textbook

p
—_— Op—q)—0p—0
Op (p—q) P q
As Sequent Rules, i.e. applying inversion

= A
= DA 0O(A— B),0A= 0B

Find Occurrences of Cut

= A—>B
= 0(A— B) 0(A— B),0A= 0B
0OA=— 0B
Idea. Add this as a new rule
A=— B
OA= 0B
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More Cuts

Extended Rule Set.

= A A= B
= A 0OA= 0B O(A— B),0A=0B
More cuts.
A=—B—C
ODA=0O(B— () OB — (),0B=0cC
OA,O0B = 0OC
New Rule.
—|A,—|B,—|C
A, -0B,0C

After finitely many steps . ..
A, ..., A, = Ao

Ka
( )DAh...,DAn:}DAO
General Idea. Add cuts between modal rules until this process terminates.

18
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Ingredients of Cut Elimination

Admissibility of Weakening.
A, ..., A, = Ao A1, .

LA = Ao

OA,.....0A, — A,  T.0A...

Inversion and Contraction.
> hold for this example — easy to see.

Cuts Between Modal Rules.

A]_,...,An:>A0 Ao,B]_,..

L OA, — A, OA

.,Bk:>Bo

F,DAl...,DA,,:>DAO,A Z,DAo,DBl,..

0B, — OBy, N

F,Z,DAl, .. .DAn,DBl, - ,DBk - DB(),A, I

» Can be permuted upwards
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Example: The modal Logic T =K + LA — A

Admissibility of Cuts between (K) and (T) =0A = A

A= B
DA—0B  B=B ~ =t
0OA=B
Admissibility of Weakening and Inversion (e.g. B = —By)
A= B — NA= A
UA=B A=A

Admissibility of Conteraction (e.g. I = JA)

MA= A . MADA= A
rOA— A rOA— A
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Admissibility of Structural Rules

Let S(I = A) be the closure of = A under structural rules and inversion:

MAABT=A T =AABA T =AABA T,-B=A [ = -AA

A B— A r— AA — B,A r— B,A NLA=— A
r= A MAA= A T = B,BA
M — A, A NA— A r— B,A

Easy Theorem.

Let Rl be a set of rules, and suppose that Rl admits structural rules and inversion, i.e.
> forall T = Ayq,...,T, = A,/To= Ao €RI, every = A € S(I'y = Ay)
» [ = A is derivable from [ J{S(I'i = A;) | i=1,...,n}.

Then the structural and inversion rules are admissible in .
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Admissibility of Cut

Let Cut(Ry, R2, A) be the least set of sequents that contains:

> cuts between premisses of Ry, R, and cuts between a premiss of R; and a conclusion of R3_;

and is closed under:
> cuts on formulae < A, the structural rules, propositional rules, and rules in RI.
where R; and R» are rules with conclusion A= A and ¥ = A, Il.

Local Cut Elimination Theorem.

If Cut(Ry, Rz, A) contains I, X = A, I for all choices of Ry, R, € Rl and A as above,
and RI admits the structural rules, then (Cut) is admissible in Fgy.

Proof. This is set up in such a way that Gentzen’s double induction proof applies.
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