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1 FOUNDATIONS: MATHEMATICAL LOGIC AND SET THEORY 4
1 Foundations: Mathematical Logic and Set Theory

1.1 Introductory Remarks

The task of mathematics is to establish the truth or falsehood of (formalizable) state-
ments using rigorous logic, and to provide methods for the solution of classes of (e.g.
applied) problems, ideally including rigorous logical proofs verifying the validity of the
methods (proofs that the method under consideration will, indeed, provide a correct
solution).

The topic of this class is calculus, which is short for infinitesimal calculus, usually un-
derstood (as it is here) to mean differential and integral calculus of real and complex
numbers (more generally, calculus may refer to any method or system of calculation
guided by the symbolic manipulation of expressions, we will briefly touch on another
example in Sec. 1.2 below). In that sense, calculus is the beginning part of the broader
field of (mathematical) analysis, the section of mathematics concerned with the notion
of a limit (for us, the most important examples will be limits of sequences (Def. 7.1
below) and limits of functions (Def. 8.17 below)).

Before we can properly define our first limit, however, it still needs some preparatory
work. In modern mathematics, the objects under investigation are almost always so-
called sets. So one aims at deriving (i.e. proving) true (and interesting and useful)
statements about sets from other statements about sets known or assumed to be true.
Such a derivation or proof means applying logical rules that guarantee the truth of the
derived (i.e. proved) statement.

However, unfortunately, a proper definition of the notion of set is not easy, and neither is
an appropriate treatment of logic and proof theory. Here, we will only be able to briefly
touch on the bare necessities from logic and set theory needed to proceed to the core
matter of this class. We begin with logic in Sec. 1.2, followed by set theory in Sec. 1.3,
combining both in Sec. 1.4. Interested students can find an introductory presentation
of axiomatic set theory in [Phil6, Sec. A] and they should consider taking a separate
class on set theory, logic, and proof theory at a later time.

1.2 Propositional Calculus
1.2.1 Statements
Mathematical logic is a large field in its own right and, as indicated above, a thorough in-

troduction is beyond the scope of this class — the interested reader may refer to [EFT07],
[Kun12], and references therein. Here, we will just introduce some basic concepts using
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common English (rather than formal symbolic languages — a concept explained in books
like [EFTOT7]).

As mentioned before, mathematics establishes the truth or falsehood of statements. By
a statement or proposition we mean any sentence (any sequence of symbols) that can
reasonably be assigned a truth value, i.e. a value of either true, abbreviated T, or false,
abbreviated F. The following example illustrates the difference between statements and
sentences that are not statements:

Example 1.1. (a) Sentences that are statements:

Every dog is an animal. (T)
Every animal is a dog. (F)
The number 4 is odd. (F)
24+ 3=5. (T)

V2 < 0. (F)

x4+ 1> 0 holds for each natural number z. (T)

(b) Sentences that are not statements:

Let’s study calculus!
Who are you?
3-5+T.

r+1>0.

All natural numbers are green.

The fourth sentence in Ex. 1.1(b) is not a statement, as it can not be said to be either
true or false without any further knowledge on x. The fifth sentence in Ex. 1.1(b) is
not a statement as it lacks any meaning and can, hence, not be either true or false. It
would become a statement if given a definition of what it means for a natural number
to be green.

1.2.2 Logical Operators

The next step now is to combine statements into new statements using logical operators,
where the truth value of the combined statements depends on the truth values of the
original statements and on the type of logical operator facilitating the combination.

The simplest logical operator is negation, denoted —. It is actually a so-called unary
operator, i.e. it does not combine statements, but is merely applied to one statement.
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For example, if A stands for the statement “Every dog is an animal.”, then = A stands
for the statement “Not every dog is an animal.”; and if B stands for the statement “The
number 4 is odd.”, then =B stands for the statement “The number 4 is not odd.”, which
can also be expressed as “The number 4 is even.”

To completely understand the action of a logical operator, one usually writes what is
known as a truth table. For negation, the truth table is

Al -A
T|F (1.1)
F| T

that means if the input statement A is true, then the output statement —A is false; if
the input statement A is false, then the output statement —A is true.

We now proceed to discuss binary logical operators, i.e. logical operators combining
precisely two statements. The following four operators are essential for mathematical
reasoning:

Conjunction: A and B, usually denoted A A B.
Disjunction: A or B, usually denoted AV B.

Implication: A implies B, usually denoted A = B.
Equivalence: A is equivalent to B, usually denoted A & B.

Here is the corresponding truth table:

A|B|AANB|AVB|A=B| A& B

T|T T T T T

T|F F T F F (1.2)
F|T F T T F

F|F F F T T

When first seen, some of the assignments of truth values in (1.2) might not be completely
intuitive, due to the fact that logical operators are often used somewhat differently in
common English. Let us consider each of the four logical operators of (1.2) in sequence:

For the use in subsequent examples, let A1, ..., Ag denote the six statements from Ex.
1.1(a).

Conjunction: Most likely the easiest of the four, basically identical to common language
use: AN B is true if, and only if, both A and B are true. For example, using Ex. 1.1(a),
Ay N\ Ay is the statement “Every dog is an animal and 2 + 3 = 5.7, which is true since
both A; and A4 are true. On the other hand, A; A Az is the statement “Every dog is
an animal and the number 4 is odd.”, which is false, since Az is false.
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Disjunction: The disjunction AV B is true if, and only if, at least one of the statements
A, B is true. Here one already has to be a bit careful — AV B defines the inclusive or,
whereas “or” in common English is often understood to mean the exclusive or (which is
false if both input statements are true). For example, using Ex. 1.1(a), A; V Ay is the
statement “Every dog is an animal or 2 + 3 = 5.7, which is true since both A; and Ay
are true. The statement A; V As, i.e. “Every dog is an animal or the number 4 is odd.”
is also true, since A; is true. However, the statement Ay V As, i.e. “Every animal is a
dog or v/2 < 0.” is false, as both A, and Aj are false.

As you will have noted in the above examples, logical operators can be applied to
combine statements that have no obvious contents relation. While this might seem
strange, introducing contents-related restrictions is unnecessary as well as undesirable,
since it is often not clear which seemingly unrelated statements might suddenly appear
in a common context in the future. The same occurs when considering implications and
equivalences, where it might seem even more obscure at first.

Implication: Instead of A implies B, one also says if A then B, B is a consequence
of A, B is concluded or inferred from A, A is sufficient for B, or B is necessary for
A. The implication A = B is always true, except if A is true and B is false. At first
glance, it might be surprising that A = B is defined to be true for A false and B true,
however, there are many examples of incorrect statements implying correct statements.
For instance, squaring the (false) equality of integers —1 = 1, implies the (true) equality
of integers 1 = 1. However, as with conjunction and disjunction, it is perfectly valid
to combine statements without any obvious context relation: For example, using Ex.
1.1(a), the statement A; = Ag, i.e. “Every dog is an animal implies x + 1 > 0 holds for
each natural number z.” is true, since Ag is true, whereas the statement Ay = A,, i.e.
“2 + 3 = 5 implies every animal is a dog.” is false, as A, is true and A, is false.

Of course, the implication A = B is not really useful in situations, where the truth
values of both A and B are already known. Rather, in a typical application, one tries
to establish the truth of A to prove the truth of B (a strategy that will fail if A happens
to be false).

Example 1.2. Suppose we know Sasha to be a member of a group of students, taking
a class in Analysis. Then the statement A “Sasha has taken a class in Analysis before.”
implies the statement B “There is at least one student in the group, who has taken the
class before”. A priori, we might not know if Sasha has taken the Analysis class before,
but if we can establish that Sasha has, indeed, taken the class before, then we also know
B to be true. If we find Sasha to be taking the class for the first time, then we do not
know, whether B is true or false.
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Equivalence: A < B means A is true if, and only if, B is true. Once again, using
input statements from Ex. 1.1(a), we see that A; < Ay, i.e. “Every dog is an animal
is equivalent to 2 +3 = 5.7, is true as well as Ay <& As, i.e. “Every animal is a dog is
equivalent to the number 4 is odd.”. On the other hand, A, < As, ie. “2+3 =5 1is
equivalent to v/2 < 0, is false.

Analogous to the situation of implications, A < B is not really useful if the truth values
of both A and B are known a priori, but can be a powerful tool to prove B to be true
or false by establishing the truth value of A. It is obviously more powerful than the
implication as illustrated by the following example (compare with Ex. 1.2):

Example 1.3. Suppose we know Sasha has obtained the highest score among the stu-
dents registered for the Analysis class. Then the statement A “Sasha has taken the
Analysis class before.” is equivalent to the statement B “The student with the highest
score has taken the class before.” As in Ex. 1.2, if we can establish Sasha to have taken
the class before, then we also know B to be true. However, in contrast to Ex. 1.2, if we
find Sasha to have taken the class for the first time, then we know B to be false.

Remark 1.4. In computer science, the truth value T is often coded as 1 and the truth
value F is often coded as 0.

1.2.3 Rules

Note that the expressions in the first row of the truth table (1.2) (e.g. A A B) are not
statements in the sense of Sec. 1.2.1, as they contain the statement variables (also known
as propositional variables) A or B. However, the expressions become statements if all
statement variables are substituted with actual statements. We will call expressions of
this form propositional formulas. Moreover, if a truth value is assigned to each statement
variable of a propositional formula, then this uniquely determines the truth value of the
formula. In other words, the truth value of the propositional formula can be calculated
from the respective truth values of its statement variables — a first justification for the
name propositional calculus.

Example 1.5. (a) Consider the propositional formula (A A B) V (=B). Suppose A is
true and B is false. The truth value of the formula is obtained according to the
following truth table:

A|B|AANB|-B|(AAB)V(-B)
T|F| F | T| T

(1.3)

(b) The propositional formula AV (—A), also known as the law of the excluded middle,
has the remarkable property that its truth value is T for every possible choice of
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truth values for A:

A‘—\A‘A\/(—\A)
T F| T (1.4)
FIT| T

Formulas with this property are of particular importance.

Definition 1.6. A propositional formula is called a tautology or universally true if,
and only if, its truth value is T for all possible assignments of truth values to all the
statement variables it contains.

Notation 1.7. We write ¢(Ay,...,A,) if, and only if, the propositional formula ¢
contains at most the n statement variables Ay, ..., A,.

Definition 1.8. The propositional formulas ¢(A1, ..., A,) and (A, ..., A,) are called
equivalent if, and only if, ¢(Ay,..., A,) < (A, ..., Ay) is a tautology.

Lemma 1.9. The propositional formulas ¢(Aq, ..., A,) and Y(Aq, ..., A,) are equiva-
lent if, and only if, they have the same truth value for all possible assignments of truth
values to Aq, ..., A,.

Proof. Tt ¢(Ay,..., A,) and ¥(A;,..., A,) are equivalent and A; is assigned the truth
value t;, i = 1,...,n, then ¢(Ay,..., A,) & ¥(Aq, ..., A,) being a tautology implies it
has truth value T. From (1.2) we see that either ¢p(A;,..., A,) and (A, ..., A,) both
have truth value T or they both have truth value F.

If, on the other hand, we know ¢(Ay,..., A,) and ¥(A4,..., A,) have the same truth
value for all possible assignments of truth values to Aj,..., A,, then, given such an
assignment, either ¢(Aq,..., A,) and ¥(Aq, ..., A,) both have truth value T or both
have truth value F, i.e. ¢(Ay,..., A,) & (A4, ..., A,) has truth value T in each case,
showing it is a tautology. |

For all logical purposes, two equivalent formulas are exactly the same — it does not
matter if one uses one or the other. The following theorem provides some important
equivalences of propositional formulas. As too many parentheses tend to make formulas
less readable, we first introduce some precedence conventions for logical operators:

Convention 1.10. — takes precedence over A,V, which take precedence over =, <.

So, for example,
(AV-B=-BA-A)& -CAN(AV-D)

is the same as

((AV (=B) = (-B) A (=4)) & ((=C) A (4 v (=D))).
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Theorem 1.11. (a) (A = B) < —AV B. This means one can actually define impli-
cation via negation and disjunction.

(b) (A& B) < ((A= B)A(B=A)), i.e. A and B are equivalent if, and only if, A
is both mecessary and sufficient for B. One also calls the implication B = A the
converse of the implication A = B. Thus, A and B are equivalent if, and only if,
both A = B and its converse hold true.

(c) Commutativity of Conjunction: AN B < BN\ A.

(d) Commutativity of Disjunction: AV B < BV A.

(e) Associativity of Conjunction: (ANB)ANC < AN (BAC).
(f) Associativity of Disjunction: (AV B)V C < AV (BVC).
(g) Distributivity I: AN(BVC)< (ANB)V (AAC).

(h) Distributivity II: AV (BANC) < (AV B)AN(AVC).

(i) De Morgan’s Law I: =(A N B) < AV —B.

(3) De Morgan’s Law II: =(AV B) < ~A AN -B.

(k) Double Negative: =—A < A.

(1) Contraposition: (A = B) < (=B = —A).

Proof. Each equivalence is proved by providing a truth table and using Lem. 1.9.

(a):

A|B|-A|A=B|-AVBEB
T T| F T T
T F| F F F
F|T| T T T
FIF| T T T
(b) — (h): Exercise.
(1):
A|B|-A|-B|AAB —|(A/\B) -AV-B
T T| F | F T F F
T F| F | T F T T
F|T| T ]| F F T T
F/F| T | T F T T




1 FOUNDATIONS: MATHEMATICAL LOGIC AND SET THEORY 11

(j): Exercise.

(k):

All-A] A
T| F T
I
(1):
A|B|-A|-B|A=B|-B=-A
T|T| F | F T T
T|F| F | T F F
F|T|] T ]| F T T
FIF| T ]| T T T
Having checked all the rules completes the proof of the theorem. [ |

The importance of the rules provided by Th. 1.11 lies in their providing proof techniques,
i.e. methods for establishing the truth of statements from statements known or assumed
to be true. The rules of Th. 1.11 will be used frequently in proofs throughout this class.

In subsequent proofs, we will also frequently use so-called transitivity of implication as
well as transitivity of equivalence (we will encounter equivalence again in the context
of relations in Sec. 1.3 below). In preparation for the transitivity rules, we generalize
implication to propositional formulas:

Definition 1.12. In generalization of the implication operator defined in (1.2), we say
the propositional formula ¢ (A4, ..., A, ) implies the propositional formula (A, ..., A,)
(denoted ¢(Ay, ..., Ay) = ¥(Ay, ..., Ay)) if, and only if, each assignment of truth values
to the Ay, ..., A, that makes ¢(Ay,..., A,) true, makes ¥(Ay,..., A,) true as well.

Theorem 1.13. (a) Transitivity of Implication: (A= B) A\ (B = C) = (A= C).
(b) Transitivity of Equivalence: (A< B)A (B < C) = (A& C).
Proof. According to Def. 1.12, the rules can be verified by providing truth tables that

show that, for all possible assignments of truth values to the propositional formulas on
the left-hand side of the implications, either the left-hand side is false or both sides are
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true. (a):
A/B|C||A=B|B=C|(A=BANB=C)|A=C
T|T|T T T T T
T|F|T F T F T
F|T|T T T T T
F|F|T T T T T
T|T|F T F F F
T|F|F F T F F
F|T|F T F F T
F|F|F T T T T

(b):
A/B|C||lA=eB|B&C|(AeBANB&C)|AsC
T|T|T T T T T
T|F|T F F F T
F|T|T F T F F
F|F|T T F F F
T|T|F T F F F
T|F|F F T F F
F|T|F F F F T
F|F|F T T T T

Having checked both rules, the proof is complete. |

Definition and Remark 1.14. A proof of the statement B is a finite sequence of
statements Aq, Ay, ..., A, such that Ay is true; for 1 <7 < n, A; implies A;.1, and A,
implies B. If there exists a proof for B, then Th. 1.13(a) guarantees that B is true'.

1.3 Set Theory

In the previous section, we have had a first glance at statements and corresponding truth
values. In the present section, we will move our focus to the objects such statements
are about. Reviewing Example 1.1(a), and recalling that this is a mathematics class
rather than one in zoology, the first two statements of Example 1.1(a) are less relevant
for us than statements 3-6. As in these examples, we will nearly always be interested in

I Actually, more generally, a proof of the statement B is given by a finite sequence of statements
Ay, Ag, ..., A, such that A; is true; the logical disjunction A; V ---V A; implies A;41 for 1 < i < n;
and Ay V.-V A, implies B. It is then still correct that the existence of a proof of B guarantees B to
be true.
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statements involving numbers or collections of numbers or collections of such collections
etc.

In modern mathematics, the term one usually uses instead of “collection” is “set”.
In 1895, Georg Cantor defined a set as “any collection into a whole M of definite
and separate objects m of our intuition or our thought”. The objects m are called
the elements of the set M. As explained in [Phil6, Sec. A], without restrictions and
refinements, Cantor’s set theory is not free of contradictions and, thus, not viable to be
used in the foundation of mathematics. Axiomatic set theory provides these necessary
restrictions and refinements and an introductory treatment can also be found in [Phil6,
Sec. A]. However, it is possible to follow and understand the rest of this class, without
having studied axiomatic set theory.

Notation 1.15. We write m € M for the statement “m is an element of the set M”.

Definition 1.16. The sets M and N are equal, denoted M = N, if, and only if, M and
N have precisely the same elements.

Definition 1.16 means we know everything about a set M if, and only if, we know all its
elements.

Definition 1.17. The set with no elements is called the empty set; it is denoted by the
symbol ().

Example 1.18. For finite sets, we can simply write down all its elements, for example,
A= {0}, B :={0,17.5}, C := {5,1,5,3}, D := {3,5,1}, E := {2,v/2, -2}, where the

7

symbolism “:=" is to be read as “is defined to be equal to”.

Note C' = D, since both sets contain precisely the same elements. In particular, the
order in which the elements are written down plays no role and a set does not change if
an element is written down more than once.

If a set has many elements, instead of writing down all its elements, one might use
abbreviations such as F' := {—4,—2,...,20,22,24}, where one has to make sure the
meaning of the dots is clear from the context.

Definition 1.19. The set A is called a subset of the set B (denoted A C B and also
referred to as the inclusion of A in B) if, and only if, every element of A is also an
element of B (one sometimes also calls B a superset of A and writes B O A). Please
note that A = B is allowed in the above definition of a subset. If A C B and A # B,
then A is called a strict subset of B, denoted A C B.
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If B is a set and P(x) is a statement about an element x of B (i.e., for each x € B,
P(z) is either true or false), then we can define a subset A of B by writing

A:={x € B: P(z)}. (1.5)

This notation is supposed to mean that the set A consists precisely of those elements of
B such that P(z) is true (has the truth value T in the language of Sec. 1.2).

Example 1.20. (a) For each set A, one has A C A and () C A.
(b) f AC B, then A={z € B: z e A}

(c) We have {3} C {6.7,3,0}. Letting A :={-10,-8,...,8,10}, we have {—2,0,2} =
{reA: 23 A}, 0={reA: v +21 €A}

Remark 1.21. As a consequence of Def. 1.16, the sets A and B are equal if, and only
if, one has both inclusions, namely A C B and B C A. Thus, when proving the equality
of sets, one often divides the proof into two parts, first proving one inclusion, then the
other.

Definition 1.22. (a) The intersection of the sets A and B, denoted AN B, consists of
all elements that are in A and in B. The sets A, B are said to be disjoint if, and
only if, AN B = ().

(b) The union of the sets A and B, denoted AU B, consists of all elements that are in
A orin B (as in the logical disjunction in (1.2), the or is meant nonexclusively). If

A and B are disjoint, one sometimes writes AU B and speaks of the disjoint union
of A and B.

(c) The difference of the sets A and B, denoted A\ B (read “A minus B” or “A without
B”), consists of all elements of A that are not elements of B, i.e. A\ B := {x €
A: x ¢ B}. If Bis asubset of a given set A (sometimes called the universe in
this context), then A\ B is also called the complement of B with respect to A.
In that case, one also writes B¢ := A\ B (note that this notation suppresses the
dependence on A).

Example 1.23. (a) Examples of Intersections:
{1,2,3}N{3,4,5} = {3}, (1.6a)

{(V2yn{1,2,...,10} = 0, (1.6b)
{-1,2,-3,4,5} N {-10,—9, ..., -1} n{-1,7,-3} = {—1,-3}. (1.6¢)
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(b) Examples of Unions:

{1,2,3}U{3,4,5} = {1,2,3,4,5}, (1.7a)
{1,2,3}0{4,5} = {1,2,3,4,5}, (1.7b)

{-1,2,-3,4,5} U{-99,-98,..., -1} U {-1,7, -3}
= {-99,-98,...,—2,—1,2,4,5,7}. (1.7¢)

(c) Examples of Differences:

{1,2,3}\ {3,4,5) = {1,2}, (1.8a)
{1,2,3}\ {3,2,1,v5} = 0, (1.8Db)
{—10,-9,...,9,10} \ {0} = {—10,—9,..., -1} U{1,2,...,9,10}. (1.8¢)

With respect to the universe {1,2,3,4,5}, it is
{1,2,3}° = {4,5}; (1.8d)
with respect to the universe {0,1,...,20}, it is
{1,2,3}*={0}U{4,5,...,20}. (1.8e)
As mentioned earlier, it will often be unavoidable to consider sets of sets. Here are first
examples: {0, {0},{0,1}}, {{0,1},{1,2}}.

Definition 1.24. Given a set A, the set of all subsets of A is called the power set of A,
denoted P(A) (for reasons explained later (cf. Prop. 2.17), the power set is sometimes
also denoted as 24).

Example 1.25. Examples of Power Sets:

P0) = {0}, (1.9a)
P({0}) = {0,{0}}, (1.9b)
P(P{0}) = P({0.{0}}) = {0, {0}, {{0}}, P({0})}. (1.9¢)

So far, we have restricted our set-theoretic examples to finite sets. However, not sur-
prisingly, many sets of interest to us will be infinite (we will have to postpone a mathe-
matically precise definition of finite and infinite to Sec. 3.2). We will now introduce the
most simple infinite set.
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Definition 1.26. The set N := {1,2,3,...} is called the set of natural numbers. More-
over, we define Ny := {0} UN.

Remark 1.27. Mathematicians tend to desire as few fundamental objects as possible.
One of the consequences is the idea to actually define numbers as special sets: 0 := (),
1 := {0}, 2 := {0,1}; in general, define the natural number n := {0,1,...,n — 1} =
(n—1)U{n—1}.

The following theorem compiles important set-theoretic rules:

Theorem 1.28. Let A, B,C,U be sets.

(a) Commutativity of Intersections: AN B = BN A.

(b) Commutativity of Unions: AU B = B U A.

(c) Associativity of Intersections: (AN B)NC =AN(BNC).
(d) Associativity of Unions: (AUB)UC =AU (BUC).

(e) Distributivity I: AN (BUC) =(ANB)U(ANC).

(f) Distributivity II: AU(BNC)=(AUB)N(AUC).

(g) De Morgan’s Law I: U\ (ANB)=(U\ A)U (U \ B).

(h) De Morgan’s Law 1I: U\ (AU B) = (U\ A)n(U\ B).

(i) Double Complement: If AC U, then U\ (U\ A) = A.

Proof. In each case, the proof results from the corresponding rule of Th. 1.11:

(a):

Th. 1.11(c)

reEANBercANzeEB & "zeéBANxceAsxe BNA.

(g): Under the general assumption of x € U, we have the following equivalences:

reU\(ANB)& ~(z€ ANB) & ~(z € ANz € B) Th. 1110)

sreU\AVezeU\Bsxe(U\AUU\B).

—(z € A)V —(z € B)

The proofs of the remaining rules are left as an exercise. |
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Remark 1.29. The correspondence between Th. 1.11 and Th. 1.28 is no coincidence.
One can actually prove that, starting with an equivalence of propositional formulas
O(Ay, ..., An) & (A, ..., A,), where both formulas contain only the operators A, V, —,
one obtains a set-theoretic rule (stating an equality of sets) by reinterpreting all state-
ment variables Ay, ..., A, as variables for sets, all subsets of a universe U, and replacing
A by N, V by U, and = by U\ (if there are no multiple negations, then we do not need
the hypothesis that Ay, ..., A, are subsets of U). The procedure also works in the op-
posite direction — one can start with a set-theoretic formula for an equality of sets and
translate it into two equivalent propositional formulas.

1.4 Predicate Calculus

Now that we have introduced sets in the previous section, we have to return to the
subject of mathematical logic once more. As it turns out, propositional calculus, which
we discussed in Sec. 1.2, does not quite suffice to develop the theory of calculus (nor
most other mathematical theories). The reason is that we need to consider statements
such as

x + 1> 0 holds for each natural number z. (T) (1.10a)
All real numbers are positive. (F) (1.10b)
There exists a natural number bigger than 10. (T) (1.10¢)
There exists a real number x such that 2° = —1. (F) (1.10d)
For all natural numbers n, there exists a natural number bigger than n. (T) (1.10e)

That means we are interested in statements involving universal quantification via the
quantifier “for all” (one also often uses “for each” or “for every” instead), existential
quantification via the quantifier “there exists”, or both. The quantifier of universal
quantification is denoted by V and the quantifier of existential quantification is denoted
by 4. Using these symbols as well as N and R to denote the sets of natural and real
numbers, respectively, we can restate (1.10) as

Z’Nx—l—l > 0. (T) (1.11a)
xZ’R x> 0. (F) (1.11Db)
nglN n > 10. (T) (1.11c)

2 _ —
xgle =—1. (F) (1.11d)
vV 3 m>n. (T) (1.11e)

neN meN
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Definition 1.30. A wuniversal statement has the form

vV P(2), (1.12a)

z€EA

whereas an ezistential statement has the form

ng P(x). (1.12b)
In (1.12), A denotes a set and P(z) is a sentence involving the variable x, a so-called
predicate of x, that becomes a statement (i.e. becomes either true or false) if x is substi-
tuted with any concrete element of the set A (in particular, P(z) is allowed to contain
further quantifiers, but it must not contain any other quantifier involving x — one says
x must be a free variable in P(z), not bound by any quantifier in P(z)).

The universal statement (1.12a) has the truth value T if, and only if, P(z) has the truth
value T for all elements x € A; the existential statement (1.12b) has the truth value T
if, and only if, P(x) has the truth value T for at least one element x € A.

Remark 1.31. Some people prefer to write /\ instead of V and \/ instead of 3 .
€A z€A €A z€A
Even though this notation has the advantage of emphasizing that the universal statement

can be interpreted as a big logical conjunction and the existential statement can be
interpreted as a big logical disjunction, it is significantly less common. So we will stick
to ¥V and d in this class.

Remark 1.32. According to Def. 1.30, the existential statement (1.12b) is true if, and
only if, P(z) is true for at least one x € A. So if there is precisely one such z, then
(1.12b) is true; and if there are several different © € A such that P(z) is true, then
(1.12b) is still true. Uniqueness statements are often of particular importance, and one
sometimes writes

3 P(z) (1.13)

r€EA

for the statement “there exists a unique x € A such that P(z) is true”. This notation
can be defined as an abbreviation for

3 (P(x) AVY (Ply)=z= y)) : (1.14)

€A yeA
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Example 1.33. Here are some examples of uniqueness statements:

nﬂeg n > 10. (F) (1.15a)
312> 0> 10. (T) (1.15b)
311 >n>10. (F) (1.15c¢)
EGER r? = —1. (F) (1.15d)
EGER v? =1. (F) (1.15e)
EGER 22 =0. (T) (1.15f)

Remark 1.34. As for propositional calculus, we also have some important rules for
predicate calculus:

(a)

(b)

Consider the negation of a universal statement, — VA P(z), which is true if, and
HAS

only if, P(z) does not hold for each x € A, i.e. if, and only if, there exists at least
one r € A such that P(z) is false (such that =P(x) is true). We have just proved
the rule

—lx‘gA P(z) ng -P(x). (1.16a)
Similarly, consider the negation of an existential statement. We claim the corre-
sponding rule is

-3 P(zr) & V —P(x). (1.16b)

€A €A
Indeed, we can prove (1.16b) from (1.16a):

3 ) EY L3 ope) " oy —p@) TEY v Sp),
TxEA TEA TEA TEA
(1.17)

One can interpret (1.16) as a generalization of the De Morgan’s laws Th. 1.11(i),(j).

One can actually generalize (1.16) even a bit more: If a statement starts with several
quantifiers, then one negates the statement by replacing each V with 3 and vice versa
plus negating the predicate after the quantifiers (see the example in (1.20e) below).

If A, B are sets and P(z,y) denotes a predicate of both x and y, then VA ‘V’B P(z,y)
rEA ye

and V V P(z,y) both hold true if, and only if, P(z,y) holds true for each z € A

yeEB €A
and each y € B, i.e. the order of two consecutive universal quantifiers does not

matter:

V V Px,y) & V VYV P(x,y) (1.18a)

z€A yeB yeB z€A
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In the same way, we obtain the following rule:

4 4 P 4 34 P 1.1
reA yeB (LE y) < yeEB z€A (.’ﬂ y) ( 8b)

If A= B, one also uses abbreviations of the form

P fi P 1.1
Py for Y Y Ply) (1.19a)
i yEIeA P(z,y) for ng ygA P(x,y). (1.19Db)

Generalizing rules (1.18), we can always commute identical quantifiers. Caveat:
Quantifiers that are not identical must not be commuted (see Ex. 1.35(d) below).

Example 1.35. (a) Negation of universal and existential statements:
~(z+1>0)
Negation of (1.11a) : ng m (F) (1.20a)
—(z>0)
Negation of (1.11b): 3 55?6 (T) (1.20b)

—
Negation of (1.11c): V n <10. (F) (1.20c)
Negation of (1.11d): V 2?# —1. (T) (1.20d)

Negation of (1.11e): 3 V m<n.(F) (1.20e)

(b) As a more complicated example, consider the negation of the uniqueness statement
(1.13), i.e. of (1.14):

-3 P - 3 Px)N V =
z€EA (CC) < z€A ( ( ) yGA( ( ) = y)>
(1.16b), Th. 1.11(a)
V = Px)AN VY (-P(y)Va=
By (P, (P va =)
Th. 1.11(i) B
& IZ’A (—\P(x) V- ‘v’ (—\P(y) V= y))
(1.<1:§a) (ﬁP €T \/ B ﬁP( ) = )
aceA yeA
Th. 1.11(}), (k)
-P(x ) A
~ o:eA ( yEA * 7& y )
Th. 1.11(a)
P(x ) A 1.21
< meA ( yeA v ?é Y > ( )
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(c)

(d)

(e)

So how to decode the expression, we have obtained at the end? It states that if

P(z) holds for some = € A, then there must be at least a second, different, element

y € A such that P(y) is true. This is, indeed, precisely the negation of EI!A P(z).
Te

Identical quantifiers commute:

V Va*>0e V V 2™ >0, (1.22a)
z€R neN neN zeR
V 3 Inay>2* e V3 3 ny>a (1.22b)
z€R yeR neN z€R neN yeR

The following example shows that different quantifiers do, in general, not commute
(i.e. do not yield equivalent statements when commuted): While the statement

vV 3 y> 1.23
zeR yeR y * ( a)
is true (for each real number z, there is a bigger real number y, e.g. y := x + 1 will
do the job), the statement

3 Vy>ux (1.23Db)

yeR zeR

is false (for example, since y > y is false). In particular, (1.23a) and (1.23b) are not
equivalent.

Even though (1.13) provides useful notation, it is better not to think of 3! as a
quantifier. It is really just an abbreviation for (1.14), and it behaves very differently
from 3 and V: The following examples show that, in general, 3! commutes neither
with 3, nor with itself:

J A m<n < I I m<n

neN meN meN neN

(the statement on the left is true, as one can choose n = 2, but the statement on
the right is false, as EIN m < n holds for every m € N). Similarly,
ne

A m<n ¥ 3 A m<n

neN meN meN neN

(the statement on the left is still true and the statement on the right is still false
(there is no m € N such that H!N m <n)).
ne

Remark 1.36. One can make the following observations regarding the strategy for
proving universal and existential statements:

(a)

To prove that VA P(x) is true, one must check the truth of P(x) for every element
Te

x € A — examples are not enough!
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(b) To prove that VA P(z) is false, it suffices to find one © € A such that P(z) is
Te

false — such an x is then called a counterexample and one counterexample is always
enough to prove ‘V’A P(z) is false!
[AS

(c) To prove that EIA P(z) is true, it suffices to find one x € A such that P(x) is true
re

— such an x is then called an example and one example is always enough to prove
EIA P(z) is true!
Te

The subfield of mathematical logic dealing with quantified statements is called predicate
calculus. In general, one does not restrict the quantified variables to range only over
elements of sets (as we have done above). Again, we refer to [EFT07] for a deeper
treatment of the subject.

As an application of quantified statements, let us generalize the notion of union and
intersection:

Definition 1.37. Let I # () be a nonempty set, usually called an indez set in the present
context. For each i € I, let A; denote a set (some or all of the A; can be identical).

(a) The intersection

(p%:{x;%xe&} (1.24a)
1€

iel

consists of all elements = that belong to every A;.

(b) The union

UA,:{xgaxeA% (1.24b)
iel el

consists of all elements x that belong to at least one A;. The union is called disjoint

if, and only if, for each i,j € I, i # j implies A; N A; = ().

Proposition 1.38. Let I # () be an index set, let M denote a set, and, for each i € I,
let A; denote a set. The following set-theoretic rules hold:

(a) (ﬂAZ) AM = (4 N M).

el i€l

(b) (UAZ) UM = [J(A UM).

el el
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(c) (ﬂAi> UM = (A UM).

el el

(d) (UAZ) NM=UANM).

(e) M\ gAi = GL_JI(M\Ai)'
(F) M\ €LJ1A¢ = Q(M\Ai)'

Proof. We prove (c) and (e) and leave the remaining proofs as an exercise.

(c):

re (A UM & zeMVVYaoed 2 v (v € AjvreM)
il el el
& ze)(AUM).

iel

To justify the equivalence at (x), we make use of Th. 1.11(b) and verify = and <. For
= note that the truth of z € M implies x € A; Vo € M is true for each i € I. If x € A;
is true for each ¢ € I, then x € A; Vx € M is still true for each 7 € I. To verify <=, note
that the existence of ¢ € I such that x € M implies the truth of x € M Vv ZXI x € A,
If z € M is false for each i € I, then z € A; must be true for each ¢ € I, showing
re MYV igl x € A; is true also in this case.

(e):

xEM\ﬂAM:) reEMAN-NYzeA ©xeMANT ¢ A
- icl il
& JreM\A & vel JM\ A,

el

completing the proof. |
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Example 1.39. We have the following identities of sets:

(IN=N, (1.25a)
({12, .Z.E,Rn} = {1}, (1.25b)
- UN=N, (1.25¢)
{12, .x.e,Rn} =N, (1.25d)
nENN\ LEJN{Zn} —{1,3,5,...} = (JN(N\{%}). (1.25€)

Comparing with the notation of Def. 1.37, in (1.25a), for example, we have I = R and
A; = N for each i € I (where, in (1.25a), we have written = instead of 7). Similarly, in
(1.25b), we have I = N and A,, = {1,2,...,n} for each n € I.

2 Functions and Relations

2.1 Functions

Definition 2.1. Let A, B be sets. Given x € A, y € B, the set

(e,9) = {{z}{z.9} (2.1

is called the ordered pair (often shortened to just pair) consisting of = and y. The set of
all such pairs is called the Cartesian product A x B, i.e.

Ax B:={(z,y): x€ ANy € B}. (2.2)
Example 2.2. Let A be a set.

AxD=0xA=0, (2.3a)
{1,2} x {1,2,3} = {(1,1),(1,2),(1,3),(2,1),(2,2),(2,3) } (2.3b)
#{1,2,3} x {1,2} ={(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)}. (2.3¢)

Also note that, for = # y,

(z,y) = {{z} Az, v} } # {{v} {0} } = (1, 2). (2.4)
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Definition 2.3. Given sets A, B, a function or map f is an assignment rule that assigns
to each x € A a unique y € B. One then also writes f(z) for the element y. The set A
is called the domain of f, denoted D(f), and B is called the range of f, denoted R(f).
The information about a map f can be concisely summarized by the notation

f:A— B, zw— f(z), (2.5)

where z — f(x) is called the assignment rule for f, f(z) is called the image of x, and
x is called a preimage of f(z) (the image must be unique, but there might be several
preimages). The set

graph(f) := {(x,y) €EAxXB:y= f(x)} (2.6)

is called the graph of f (not to be confused with pictures visualizing the function f,
which are also called graph of f). If one wants to be completely precise, then one
identifies the function f with the ordered triple (A, B, graph(f)).

The set of all functions with domain A and range B is denoted by F(A, B) or B4, i.e.
F(A,B):=B*={(f: A— B): A=D(f) ANB=R(f)}. (2.7)

Caveat: Some authors reserve the word map for continuous functions, but we use func-
tion and map synonymously.

Definition 2.4. Let A, B be sets and f: A — B a function.

(a) If T is a subset of A, then
(1) = {f(2) € B: w €T} 2.5)
is called the image of T" under f.
(b) If U is a subset of B, then
fU) ={z€A: f(x) €U} (2.9)
is called the preimage or inverse image of U under f.

(c) f is called injective or one-to-one if, and only if, every y € B has at most one
preimage, i.e. if, and only if, the preimage of {y} has at most one element:

f injective & v (f_l{y} =0V ?A flz) = ?/)

yeB

r1,09€A
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(d) f is called surjective or onto if, and only if, every element of the range of f has a
preimage:

f surjective < V J y=f(z) & VB fHy} #0. (2.11)
ye

yeB x€A

(e) [ is called bijective if, and only if, f is injective and surjective.

Example 2.5. Examples of Functions:

Fi{1,2,3,4,5) — {1,2,3,4,5}, f(z) == —x +6, (2.12a)
g: N— N, g(n) := 2n, (2.12Db)
h:N-—{2,4,6,...}, h(n) := 2n, (2.12¢)
- ~ fi
hiN—{2,4,6,...}, hn) =" ORIV (9 19q)
n+1 for n odd,
G: N—R, G(n) :=n/(n+1), (2.12e)
F: P(N) — P(P(N)), F(A) :=P(A). (2.12f)
Instead of f(z) := —z + 6 in (2.12a), one can also write x — —x + 6 and analogously

in the other cases. Also note that, in the strict sense, functions g and h are different,
since their ranges are different (however, using the following Def. 2.4(a), they have the
same image in the sense that g(N) = h(N)). Furthermore,

flL,2h) =154} = f'({1,2}), ﬁ_l({2,4,6}) ={1,2,3,4,5,6}, (2.13)

f is bijective; ¢ is injective, but not surjective; h is bijective; h is surjective, but not
injective. Can you figure out if G and F' are injective and/or surjective?

Example 2.6. (a) For each nonempty set A, the map Id : A — A, Id(z) := =z, is
called the identity on A. If one needs to emphasize that Id operates on A, then one
also writes Id 4 instead of Id. The identity is clearly bijective.

(b) Let A, B be nonempty sets. A map f: A — B is called constant if, and only if,
there exists ¢ € B such that f(x) = ¢ for each € A. In that case, one also writes
f = ¢, which can be read as “f is identically equal to ¢”. If f =¢, ) # T C A, and
U C B, then

A forceU,

) force¢U. (2.14)

[T)={c}, f(U) = {

f is injective if, and only if, A = {z}; f is surjective if, and only if, B = {c}.
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(c) Given A C X, the map
t: A— X, zx):=u, (2.15)

is called inclusion (also embedding or imbedding). An inclusion is always injective;
it is surjective if, and only if A = X, i.e. if, and only if, it is the identity on A.

(d) Given A C X and amap f: X — B, themap g: A — B, g(x) = f(x), is called
the restriction of f to A; f is called the extension of g to X. In this situation, one
also uses the notation f[4 for g (some authors prefer the notation f|4 or f|A).

There are several important rules regarding functions and set-theoretic operations. How-
ever, we will not make use of them in this class, and the interested student can find
them in [Phil6, Th. 2.7].

Definition 2.7. The composition of maps f and g with f: A — B, g: C — D, and
f(A) C C is defined to be the map

gof: A—D, (gof)(x):=g(f(2)). (2.16)
The expression g o f is read as “g after f” or “g composed with f”.
Example 2.8. Consider the maps

f: N—R, n — n?, (2.17a)
g: N—R, n— 2n. (2.17b)

We obtain f(N) ={1,4,9,...} € D(g), 9(N) = {2,4,6,...} C D(f), and the composi-

tions
(gof): N— R, (go f)(n) = g(n?) =2n? (2.18a)
(fog): N—R, (fog)(n) = f(2n) = 4n?, (2.18Db)

showing that composing functions is, in general, not commutative, even if the involved
functions have the same domain and the same range.

Proposition 2.9. Consider maps f : A— B, g: C — D, h: E — F, satisfying
J(4) € C and g(C) C E.

(a) Associativity of Compositions:
ho(gof)=(hog)of. (2.19)

(b) One has the following law for forming preimages:

webop, @O HTHW) = 7 g™ W), (2.20)
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Proof. (a): Both ho(go f) and (hog)o f map A into F. So it just remains to prove
(h o(go f))(a:) = ((h og)o f) (x) for each x € A. One computes, for each z € A,

(ho(go))(x)="n((go f)(x)) =h(g(f(x)) = (hog)(f(x))
= ((hog)o f)(), (2.21)

establishing the case.

(b): Exercise. [ ]

Definition 2.10. A function g : B — A is called a right inverse (resp. left inverse)
of a function f: A — B if, and only if, f o g = Idp (resp. g o f = Ida). Moreover,
g is called an inverse of f if, and only if, it is both a right and a left inverse. If ¢ is
an inverse of f, then one also writes f~! instead of g. The map f is called (right, left)
invertible if, and only if, there exists a (right, left) inverse for f.

Example 2.11. (a) Consider the map

f: N—N, f(n):=2n. (2.22a)
The maps
n/2 if n even,
: N— N, = 2.22b
g 9:(n) {1 if n odd, ( )
n/2 if n even,
' N — N, - 2.22
92 92(1) {2 if n odd, (2.22¢)

both constitute left inverses of f. It follows from Th. 2.12(c) below that f does not
have a right inverse.

(b) Consider the map

n/2 for n even
: N— N, = ’ 2.23
f f {(n +1)/2 for n odd. (2.23)
The maps
g1: N— N, gi(n) :=2n, (2.23b)
go: N— N, go(n) :=2n—1, (2.23¢)

both constitute right inverses of f. It follows from Th. 2.12(c) below that f does
not have a left inverse.
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(c¢) The map
n—1 for n even,

(2.24a)
n+1 for n odd,

f: N—N, f(n) ::{
is its own inverse, i.e. f~! = f. For the map

forn =1,

fi =2
g: N—N, g(n):= e (2.24b)

for n = 3,
for n ¢ {1,2,3},

S koW

the inverse is

forn =1,

forn =2
g':N—N, gln):= o= (2.24¢)

for n = 3,

for n ¢ {1,2,3}.

S N~ W

While Examples 2.11(a),(b) show that left and right inverses are usually not unique,
they are unique provided f is bijective (see Th. 2.12(c)).

Theorem 2.12. Let A, B be nonempty sets.

(a) f: A — B is right invertible if, and only if, [ is surjective.
(b) f: A— B is left invertible if, and only if, [ is injective.

(c) f: A— B isinvertible if, and only if, f is bijective. In this case, the right inverse
and the left inverse are unique and both identical to the inverse.

Proof. (a): If f is surjective, then, for each y € B, there exists z, € f~'{y} such that
f(zy) =y. Define
g: B— A, gly) =ux, (2.25)

(note to the interested reader: the definition of g is, in general, not as unproblematic
as it might seem — ¢ is a so-called choice function, and its definition makes use of the
aziom of choice, see [Phil6, Sec. A.4]). Then, for each y € B, f(g(y)) = y, showing g
is a right inverse of f. Conversely, if g : B — A is a right inverse of f, then, for each
y € B, it is y = f(g(y)), showing that g(y) € A is a preimage of y, i.e. f is surjective.



2 FUNCTIONS AND RELATIONS 30

(b): Fix a € A. If f is injective, then, for each y € B with f~'{y} # 0, let x, denote
the unique element in A satisfying f(z,) = y. Define

x, for f~H{y} #0,

) (2.26)
a  otherwise.

g: B— A, g(y) r={
Then, for each x € A, g(f(x)) = z, showing ¢ is a left inverse of f. Conversely, if
g : B — Ais a left inverse of f and x;,25 € A with f(z1) = f(z2) = y, then
x1 = (g0 f)(x1) = g(f(21)) = g(f(22)) = (g © f)(22) = @2, showing y has precisely one
preimage and f is injective.
(c): Assume g to be a left inverse of f and h to be a right inverse of f. Then, for each
y € B,

9(y) = (go(foh))(y) = ((go f)oh)(y) =hy), (2.27)

showing ¢ = h. In particular, if f has an inverse f~!, then ¢ = h = f~L If f is
invertible, then f is bijective by (a) and (b). If f is bijective, then, by (a) and (b), f
has a left inverse g and a right inverse h. By (2.27), g = h, i.e. f is invertible. [ |

Theorem 2.13. Consider maps f : A — B, g: B — C. If f and g are both injective
(resp. both surjective, both bijective), then so is g o f. Moreover, in the bijective case,
one has

(gof) " =fTog™" (2.28)

Proof. Exercise. |

Definition 2.14. (a) Given an index set [ and aset A, amap f: [ — A is sometimes
called a family (of elements in A), and is denoted in the form f = (a;);e; with
a; := f(i). When using this representation, one often does not even specify f and
A, especially if the a; are themselves sets.

(b) A sequence in a set A is a family of elements in A, where the index set is the set of
natural numbers N. In this case, one writes (a,)nen or (ag, as, ... ). More generally,
a family is called a sequence, given a bijective map between the index set I and a
subset of N.

(c) Given a family of sets (A;);cr, we define the Cartesian product of the A; to be the
set of functions

IT4 ::{(f:[—>UA]-> :iglf(i)eAi}. (2.29)

If I has precisely n elements with n € N, then the elements of the Cartesian product
[Lic; Ai are called (ordered) n-tuples, (ordered) triples for n = 3.
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Example 2.15. (a) Using the notion of family, we can now say that the intersection
Nics Ai and union (J,; A; as defined in Def. 1.37 are the intersection and union of
the family of sets (A;);er, respectively. As a concrete example, let us revisit (1.25b),
where we have

(An)ner,  An:={1,2,...,n}, []4.={1}. (2.30)

neN

(b) Examples of Sequences:

Sequence in {0, 1} : (1,0,1,0,1,0,...), (2.31a)

Sequence in N : (n*)nen = (1,4,9,16,25,...), (2.31b)

Sequence in R : ((—1)”\/ﬁ)n€N = (—1, V2,3, .. ) . (2.31c)
11

Sequence in R : (1/n)pen = (1, 33 > , (2.31d)

Finite Sequence in P(N) :  ({3,2,1},{2,1}, {1}, 0). (2.31e)

(c) The Cartesian product [[..;
of all functions from [ into A. So, for example, []
sequences in R. If [ = {1,2,... ,n} with n € N, then

A, where all sets A; = A, is the same as A’, the set

aen R = RY is the set of all

[[4=atm= f[ A=A (2.32)
i=1

i€l

is the set of all n-tuples with entries from A.

In the following, we explain the common notation 24 for the power set P(A) of a set
A. Tt is related to a natural identification between subsets and their corresponding
characteristic function.

Definition 2.16. Let A be a set and let B C A be a subset of A. Then

1 ifxe B,

2.33
0 ifz¢ B, (2.33)

xs: A—1{0,1}, xg(z) = {

is called the characteristic function of the set B (with respect to the universe A). One
also finds the notations 1p and 1p instead of xp (note that all the notations supress
the dependence of the characteristic function on the universe A).
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Proposition 2.17. Let A be a set. Then the map
x: P(A) — {0,1}*, x(B) := s, (2.34)

is bijective (recall that P(A) denotes the power set of A and {0,1}* denotes the set of
all functions from A into {0,1}).

Proof. x is injective: Let B,C € P(A) with B # C. By possibly switching the names
of B and C, we may assume there exists € B such that ¢ C. Then xp(z) = 1,
whereas x¢(z) = 0, showing x(B) # x(C'), proving x is injective.

X is surjective: Let f: A — {0,1} be an arbitrary function and define B := {z € A:
f(z) = 1}. Then x(B) = xp = f, proving Y is surjective. [ |

Proposition 2.17 allows one to identify the sets P(A) and {0, 1}* via the bijective map
x. This fact together with the common practise of set theory to identify the number 2
with the set {0,1} (cf. Rem. 1.27 above) explains the notation 24 for P(A).

2.2 Relations

Definition 2.18. Given sets A and B, a relation is a subset R of A x B (if one wants
to be completely precise, a relation is an ordered triple (A, B, R), where R C A x B).
If A= B, then we call R a relation on A. One says that a € A and b € B are related
according to the relation R if, and only if, (a,b) € R. In this context, one usually writes
a Rb instead of (a,b) € R.

Example 2.19. (a) The relations we are probably most familiar with are = and <.
The relation R of equality, usually denoted =, makes sense on every nonempty set

A:
R:= A(A) :={(z,2) e Ax A: z e A} (2.35)

The set A(A) is called the diagonal of the Cartesian product, i.e., as a subset of
A x A, the relation of equality is identical to the diagonal:

r=y < rRys (r,y) € R=A(A). (2.36)
Similarly, the relation < on R is identical to the set

Re = {(z,y) eR?: z < y}. (2.37)

(b) Every function f: A — B is a relation, namely the relation

Ry ={(z,y) € Ax B: y= f(x)} = graph(f). (2.38)
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Conversely, if B # (), then every relation R C A x B uniquely corresponds to the
function

fr: A— P(B), f[fr(x)={ye€ B: xRy}. (2.39)
Definition 2.20. Let R be a relation on the set A.

(a) R is called reflezive if, and only if,

V xRz, (2.40)

z€EA

i.e. if, and only if, every element is related to itself.
(b) R is called symmetric if, and only if,

V (zRy = yRux), (2.41)

T,yEA
i.e. if, and only if, each x is related to y if, and only if, y is related to x.

(c) R is called antisymmetric if, and only if,

v ((ny ANyRz) = x:y), (2.42)

z,yeA

i.e. if, and only if, the only possibility for x to be related to y at the same time that
y is related to x is in the case z = y.

(d) R is called transitive if, and only if,

V. ((xRy A yRz) = xzRz), (2.43)

T,y,zEA

i.e. if, and only if, the relatedness of z and y together with the relatedness of y and
z implies the relatedness of z and z.

Example 2.21. The relations = and < on R (or N) are reflexive, antisymmetric, and
transitive; = is also symmetric, whereas < is not; < is antisymmetric (since z < yAy < x
is always false) and transitive, but neither reflexive nor symmetric. The relation

R:={(z,y) € N*: (z,y are both even) V (z,y are both odd)} (2.44)
on N is not antisymmetric, but reflexive, symmetric, and transitive. The relation
S = {(z,y) e N*: y = 2*} (2.45)

is not transitive (for example, 254 and 4.5 16, but not 2.5 16), not reflexive, not sym-
metric; it is only antisymmetric.
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Definition 2.22. A relation R on a set A is called an equivalence relation if, and only
if, R is reflexive, symmetric, and transitive. If R is an equivalence relations, then one
often writes z ~ y instead of x Ry.

Example 2.23. (a) The equality relation = is an equivalence relation on each A # ().

(b) The relation R defined in (2.44) is an equivalence relation on N.

(c) Given a disjoint union A = (J,c,;A4; with every A; # () (which is sometimes called a
decomposition of A), an equivalence relation on A is defined by

T~y & iéll (e ANy € A). (2.46)

Conversely, given an equivalence relation ~ on a nonempty set A, we can construct
a decomposition A = J,.;A; such that (2.46) holds: For each x € A, define

[z] ={y e A: z~y}, (2.47)

called the equivalence class of x; each y € [z] is called a representative of [z]. One
verifies that the properties of ~ guarantee

(b=l & z~y) A (2]nly =0 ~(x~y)) (2.48)

The set of all equivalence classes I := A/ ~:= {[z] : x € A} is called the quotient set

of Aby ~, and A = J,_,;A; with A; := i for each i € I is the desired decomposition
of A.

i€l

Definition 2.24. A relation R on a set A is called a partial order if, and only if, R is
reflexive, antisymmetric, and transitive. If R is a partial order, then one usually writes
x <y instead of x Ry. A partial order < is called a total or linear order if, and only if|
for each x,y € A, one has x <y or y < x.

Notation 2.25. Given a (partial or total) order < on A # (), we write < y if, and
only if, < y and x # y, calling < the strict order corresponding to < (note that the
strict order is never a partial order).

Definition 2.26. Let < be a partial order on A # (), ) # B C A.

(a) = € A is called lower (resp. upper) bound for B if, and only if, x < b (resp. b < x)
for each b € B. Moreover, B is called bounded from below (resp. from above) if, and
only if, there exists a lower (resp. upper) bound for B; B is called bounded if, and
only if, it is bounded from above and from below.
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(b)

(c)

x € B is called minimum or just min (resp. mazimum or maz) of B if, and only if,
x is a lower (resp. upper) bound for B. One writes = min B if x is minimum and
r = max B if z is maximum.

A maximum of the set of lower bounds of B (i.e. a largest lower bound) is called
infimum of B, denoted inf B; a minimum of the set of upper bounds of B (i.e. a
smallest upper bound) is called supremum of B, denoted sup B.

Example 2.27. (a) For each A C R, the usual relation < defines a total order on A.

(b)

For A = R, we see that N has 0 and 1 as lower bound with 1 = min N = inf N. On
the other hand, N is unbounded from above. The set M := {1,2,3} is bounded
with min M = 1, max M = 3. The positive real numbers RT := {z ¢ R: = > 0}
have inf R* = 0, but they do not have a minimum (if z > 0, then 0 < z/2 < ).

Consider A := N x N. Then
(ml,mg) < (n17n2> & mp < ng A me < no, (249)

defines a partial order on A that is not a total order (for example, neither (1,2) <
(2,1) nor (2,1) < (1,2)). For the set

B:={(1,1),(2,1),(1,2)}, (2.50)

we have inf B = min B = (1,1), B does not have a max, but sup B = (2,2) (if
(m,n) € A is an upper bound for B, then (2,1) < (m,n) implies 2 < m and
(1,2) < (m,n) implies 2 < n, ie. (2,2) < (m,n); since (2,2) is clearly an upper
bound for B, we have proved sup B = (2, 2)).

A different order on A is the so-called lexicographic order defined by
(ml,mg) < (nl,ng) S mp<ng V (m1 =n; N my < TLQ). (251)

In contrast to the order from (2.49), the lexicographic order does define a total
order on A.

Lemma 2.28. Let < be a partial order on A # 0, ) # B C A. Then the relation >,
defined by

Ty SyYszT, (2.52)

is also a partial order on A. Moreover, using obvious notation, we have, for each v € A,
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x <-lower bound for B & x >-upper bound for B, (2.53a)
x <-upper bound for B & x >-lower bound for B, (2.53b)
r =min<B & r = maxs B, (2.53¢)
r = max<B & x = mins B, (2.53d)
r =inf.B & T = sups B, (2.53e)
r =sup.B & x = inf> B. (2.53f)

Proof. Reflexivity, antisymmetry, and transitivity of < clearly imply the same properties
for >, respectively. Moreover

r <-lower bound for B < bVB r<b & bVB b>x < x >-upper bound for B,
c c

proving (2.53a). Analogously, we obtain (2.53b). Next, (2.53c) and (2.53d) are implied
by (2.53a) and (2.53b), respectively. Finally, (2.53e) is proved by

r=inf<B & x=max<{y € A: y <-lower bound for B}
& z=min>{y € A: y >-upper bound for B} < x =sup.B,

and (2.53f) follows analogously. [ |

Proposition 2.29. Let < be a partial order on A # (), ) # B C A. The elements
max B, min B, sup B, inf B are all unique, provided they exist.

Proof. Exercise. [ |

Definition 2.30. Let A, B be nonempty sets with partial orders, both denoted by <
(even though they might be different). A function f : A — B, is called (strictly)
isotone, order-preserving, or increasing if, and only if,

V (z<y = flx) < fly) (resp. f(z) < f(y))); (2.54a)

r,yeA

f is called (strictly) antitone, order-reversing, or decreasing if, and only if,

Vo (r<y = @)= fly) (esp. f@) > F(y)). (2.54b)

z,yeA
Functions that are (strictly) isotone or antitone are called (strictly) monotone.

Proposition 2.31. Let A, B be nonempty sets with partial orders, both denoted by <.
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(a) A (strictly) isotone function f : A — B becomes a (strictly) antitone function
and vice versa if precisely one of the relations < is replaced by >.

(b) If the order < on A is total and f: A — B is strictly isotone or strictly antitone,
then f 1s one-to-one.

(c) If the order < on A is total and f : A — B is invertible and strictly isotone (resp.
antitone), then f~1 is also strictly isotone (resp. antitone).

Proof. (a) is immediate from (2.54).

(b): Due to (a), it suffices to consider the case that f is strictly isotone. If f is strictly
isotone and x # y, then x < y or y < x since the order on A is total. Thus, f(x) < f(y)
or f(y) < f(x),ie. f(x)# f(y) in every case, showing f is one-to-one.

(c): Again, due to (a), it suffices to consider the isotone case. If u,v € B such that u < v,

then u = f(f~(u)), v= f(f~'(v)), and the isotonicity of f imply f~(u) < f~!(v) (we
are using that the order on A is total — otherwise, f~'(u) and f~!(v) need not be
comparable). [ |

Example 2.32. (a) f: N— N, f(n) := 2n, is strictly increasing, every constant map
on N is both increasing and decreasing, but not strictly increasing or decreasing.
All maps occurring in (2.24) are neither increasing nor decreasing.

(b) The map f: R — R, f(x) := —2x, is invertible and strictly decreasing, and so is
TR —R, f(2) = —x/2.

(c) The following counterexamples show that the assertions of Prop. 2.31(b),(c) are no
longer correct if one does not assume the order on A is total. Let A be the set from
(2.50) (where it had been called B) with the (nontotal) order from (2.49). The map

(1,1) := 1,
f:iA—N, f(1,2) =2, (2.55)
(2,1) :=2,

is strictly isotone, but not one-to-one. The map

fQ, 1)
frA—{1,2,3}, {f(1,2):

f(2,1):
is strictly isotone and invertible, however f~! is not isotone (since 2 < 3, but

f712) =(1,2) and f~*(3) = (2,1) are not comparable, i.e. f~1(2) < f~(3) is not
true).

1,
2, (2.56)
3,
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3 Natural Numbers, Induction, and the Size of Sets

3.1 Induction and Recursion

One of the most useful proof techniques is the method of induction — it is used in
situations, where one needs to verify the truth of statements ¢(n) for each n € N, i.e.
the truth of the statement

vV o(n). (3.1)

neN
Induction is based on the fact that N satisfies the so-called Peano azioms:
P1: N contains a special element called one, denoted 1.

P2: There exists an injective map S : N — N\ {1}, called the successor function (for
cach n € N, S(n) is called the successor of n).

P3: If a subset A of N has the property that 1 € A and S(n) € A for each n € A, then
A is equal to N. Written as a formula, the third axiom is:

V (1eAANSMACA= A=N).
AeP(N)

Remark 3.1. In Def. 1.26, we had introduced the natural numbers N := {1,2,3,...}.
The successor function is S(n) = n + 1. In axiomatic set theory, one starts with the
Peano axioms and shows that the axioms of set theory allow the construction of a
set N which satisfies the Peano axioms. One then defines 2 := S(1), 3 := 5(2), ...,
n+1:= S(n). The interested reader can find more details in [Phil6, Sec. D.1].

Theorem 3.2 (Principle of Induction). Suppose, for each n € N, ¢(n) is a statement
(i.e. a predicate of n in the language of Def. 1.30). If (a) and (b) both hold, where

(a) o(1) is true,
(b) ¥ (d(n) = ¢(n+1)),

neN
then (3.1) is true, i.e. ¢(n) is true for every n € N.
Proof. Let A:={n e N: ¢(n)}. We have to show A = N. Since 1 € A by (a), and
ned = o) R gn+1)= Sh)=n+1¢€ A4, (3.2)

i.e. S(A) C A, the Peano axiom P3 implies A = N. [ |
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Remark 3.3. To prove some ¢(n) for each n € N by induction according to Th. 3.2
consists of the following two steps:

(a) Prove ¢(1), the so-called base case.

(b) Perform the inductive step, i.e. prove that ¢(n) (the induction hypothesis) implies
d(n+1).

Example 3.4. We use induction to prove the statement

v (1+2+--~+n—@): (3.3)

(. J/

#(n)
Base Case (n=1): 1 =12 ie. ¢(1) is true.

Induction Hypothesis: Assume ¢(n), i.e. 1+2+---4+n= % holds.

Induction Step: One computes

o)) n(n+1 nn+1)+2n+2
I1+24---+n+(n+1) (:) —<2 )+n—|—1: ( )2

n*+3n+2 (n+1)(n+2)
2 B 2 ’

(3.4)

i.e. ¢(n + 1) holds and the induction is complete.

Corollary 3.5. Theorem 3.2 remains true if (b) is replaced by

(s, om) = e ). 5

Proof. 1f, for each n € N, we use 9(n) to denote 1<V< ¢(m), then (3.5) is equivalent to

v (¥(n) = ¥(n+1)),ie. to Th. 3.2(b) with ¢ replaced by . Thus, Th. 3.2 implies
ne
1 (n) holds true for each n € N, i.e. ¢(n) holds true for each n € N. |

Corollary 3.6. Let I be an index set. Suppose, for each i € I, ¢(i) is a statement. If
there is a bijective map f: N — I and (a) and (b) both hold, where

(a) gb(f(l)) is true,
(b) ¥ (e(fm) = o(f(n+1)).

neN
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then ¢(i) is true for every i € I.

Finite Induction: The above assertion remains true if f: {1,...,m} — I is bijective
for some m € N and N in (b) is replaced by {1,...,m —1}.

Proof. 1f, for each n € N, we use ¥(n) to denote gb(f(n)), then Th. 3.2 shows v¥(n) is
true for every n € N. Given ¢ € I, we have n := f~1(i) € N with f(n) = i, showing that
¢(i) = ¢(f(n)) = ¥(n) is true.

For the finite induction, let ¢(n) denote (n < m A ¢(f(n))) Vn > m. Then, for 1 <
n < m, we have ¢)(n) = ¥ (n+1) due to (b). For n > m, we also have 1)(n) = ¢(n+1)
due to n > m = n + 1 > m. Thus, Th. 3.2 shows ¥ (n) is true for every n € N. Given
i€l itisn:= (i) € {1,...,m} with f(n) =i. Since n <m A¢(n) = ¢(f(n)), we
obtain that ¢(7) is true. [ |

Apart from providing a widely employable proof technique, the most important ap-
plication of Th. 3.2 is the possibility to define sequences inductively, using so-called
recursion:

Theorem 3.7 (Recursion Theorem). Let A be a nonempty set and x € A. Given a
sequence of functions (fn)nen, where f, : A" — A, there exists a unique sequence
(Tn)nen in A satisfying the following two conditions:

(l) rp = @.

(ii) nzN Tpa1 = folT1, ... 2p).
The same holds if N is replaced by an index set I as in Cor. 3.6.

Proof. To prove uniqueness, let (x,,)nen and (y,)nen be sequences in A, both satisfying
(i) and (ii), i.e.

r1 =1y =x and
v (xn+1 = fn(xla cee 73:71) N Ynt1 = fn(?/la e 7yn>)'

neN

We prove by induction (in the form of Cor. 3.5) that (z,)neny = (Yn)nen, i-€.

V oz, =1yn: (3.7)

Base Case (n = 1): ¢(1) is true according to (3.6a).
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Induction Hypothesis: Assume ¢(m) for each m € {1,...,n}, i.e. z,, = y,,, holds for
each m e {1,...,n}.

Induction Step: One computes

(3.6b) (6(1)...0(m)) (3.6b)
Tpt1 = fn(xla-“yxn) = fn(ylw--»yn) = Yn+1, (38)

i.e. ¢(n + 1) holds and the induction is complete.

To prove existence, we have to show that there is a function F' : N — A such that the
following two conditions hold:

F(1) =, (3.9a)
ngN Fn+1) = fu(F(1),...,F(n)). (3.9b)

To this end, let
F:={BCNxA: (l,)e B A v, (n+1, fa(ar,...,a,)) € B (3.10)

and

G:=[)B (3.11)

Note that G is well-defined, as N x A € F. Also, clearly, G € F. We would like to
define F' such that G = graph(F’). For this to be possible, we will show, by induction,

|
2 2, ) €6 (3.12)
$(n)

Base Case (n = 1): From the definition of G, we know (1,z) € G. If (1,a) € G with
a # x, then H := G\ {(1,a)} € F, implying G C H in contradiction to (1,a) ¢ H.
This shows a = = and proves ¢(1).

Induction Hypothesis: Assume ¢(m) for each m € {1,...,n}.

Induction Step: From the induction hypothesis, we know

3l (1, z1),...,(n,z,) € G.

Thus, if we let .1 := fu(x1,...,2,), then (n+ 1,2,41) € G by the definition of G. If
(n+1,a) € G with a # x,41, then H := G\ {(n+ 1,a)} € F (using the uniqueness of
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the (1,21),...,(n,z,) € G), implying G C H in contradiction to (n + 1,a) ¢ H. This
shows a = @, 41, proves ¢(n + 1), and completes the induction.

Due to (3.12), we can now define F': N — A, F'(n) := x,, and the definition of G then

guarantees the validity of (3.9). [ |
Example 3.8. In many applications of Th. 3.7, one has functions g, : A — A and
uses

nzN (fn AT — A fular,. . a,) = gn(an)). (3.13)

Here are some important concrete examples:

(a) The factorial function F: Ny — N, n +— nl, is defined recursively by

0l:=1, 1:=1, V (n+1l:=Mn+1) nl (3.14a)

neN

i.e. we have A =N and g,(z) :== (n+ 1) - z. So we obtain

(M)ner, = (1,1,2,6,24,120,...). (3.14b)

(b) For each a € R and each d € R, we define the following arithmetic progression (also
called arithmetic sequence) recursively by

= = 1
a, = a, ngN (py1 := ap + d, (3.15a)

i.e. we have A = R and g, = ¢ with g(x) := x + d. For example, for a = 2 and
d = —0.5, we obtain

(an)nen = (2, 1.5, 1, 0.5, 0, —=0.5, —1, —1.5, ...). (3.15b)

(c) For each a € R and each ¢ € R\ {0}, we define the following geometric progression
(also called geometric sequence) recursively by

= = . 1
T a, nzN Tni1 T - g, (3 6&)

i.e. we have A = R and ¢, = ¢ with g(z) := z - ¢. For example, for a« = 3 and
q = —2, we obtain
(Z)men = (3, —6, 12, —24, 48, ...). (3.16b)

For the time being, we will continue to always specify A and the g, or f,, in subsequent
recursive definitions, but in the literature, most of the time, the g, or f,, are not provided
explicitly.
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Example 3.9. (a) The Fibonacci sequence consists of the Fibonacci numbers, defined

recursively by
Fo:=0, Fi:=1, ¥ Foui=F+F, (3.17a)
ne

i.e. we have A = Ny and

1 forn=1
s A" — A, wlar, ... ay) = ’ 3.17b
J falm an) {an—i-an_l for n > 2. ( )

So we obtain

(F)neno = (0,1, 1, 2,3, 5, 8,13, 21, 34, 55, 89, ... ). (3.17¢)

(b) For A:=N, z:=1, and
fo: A" — A fulay,...,an) = a1+ -+ ap, (3.18a)

one obtains

xlzlv x2:f1(1):17 $3:f2(1,1):2, 374:](.3(1,1,2):4,

3.18b
$5:f4(1717274):8a x6:f5(1a1a27478) = 167 ( )

Definition 3.10. (a) Summation Symbol: On A =R (or, more generally, on every set
where an addition + : A x A — A is defined), define recursively, for each given
(possibly finite) sequence (ay,as,...) in A:

1 n+1

Zai = aq, Zai = api1 + iai forn>1, (3.19a)

i=1 i=1 i=1
ie.
fo: A" — A, fulxy, .. o xn) =T + Qpy- (3.19Db)
In (3.19a), one can also use other symbols for i, except a and n; for a finite sequence,
n needs to be less than the maximal index of the finite sequence.

More generally, if I is an index set and ¢ : {1,...,n} — I a bijective map, then
define .
Z a; = Z Ag(i)- (3.19¢)
iel i=1

The commutativity of addition implies that the definition in (3.19¢) is actually
independent of the chosen bijective map ¢. Also define

> ai=0 (3.19d)
i€
(for a general A, 0 is meant to be an element such that a + 0 = 0 4+ a = a for each
a € A and we can even define this if 0 ¢ A).
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(b) Product Symbol: On A = R (or, more generally, on every set where a multiplication
-1 Ax A — A is defined), define recursively, for each given (possibly finite)
sequence (ag, as,...) in A:

1 n+1

l_IaZ H @i = Qpyq - Haz forn >1, (3.20a)

i=1
ie.

fo: A" — A fu(xy, .. ) =Ty G (3.20b)
In (3.20a), one can also use other symbols for i, except a and n; for a finite sequence,
n needs to be less than the maximal index of the finite sequence.

More generally, if I is an index set and ¢ : {1,...,n} — [ a bijective map, then
define .
H a; = H Ag(i)- (3.20¢)
i€l i=1

The commutativity of multiplication implies that the definition in (3.20c¢) is actually
independent of the chosen bijective map ¢. Also define

H a; =1 (3.20d)

(for a general A, 1 is meant to be an element such that a -1 =1-a = a for each
a € A and we can even define this if 1 ¢ A).

Example 3.11. (a) Given a,d € R, let (a,),en be the arithmetic sequence as defined
n (3.15a). It is an exercise to prove by induction that

Vo oa,=a+(n—1)d, (3.21a)

neN

3

(2a+ (n—1)d), (3.21b)

a; a1 +a,) =
nEN T ! n) 2
1=

where the S,, are called arithmetic sums.

(b) Given a € R and g € R\ {0}, let (z,)en be the geometric sequence as defined in
(3.16a). We will prove by induction that

Vo oz,=aq"", (3.22a)

n—1
for g =1,
neN sz = Z an { 1) g g 4 (3.22b)
17(1 )



3 NATURAL NUMBERS, INDUCTION, AND THE SIZE OF SETS 45

where the S, are called geometric sums.

For the induction proof of (3.22a), ¢(n) is x, = a¢"~'. The base case, ¢(1), is the
statement r; = a¢® = a, which is true. For the induction step, we assume ¢(n)
and compute

$(n) - .
xquxmq(z)a¢‘“q=aq, (3.23)

showing ¢(n) = ¢(n + 1) and completing the proof.

For ¢ = 1, the sum S, is actually arithmetic with d = 0, i.e. S,, = na can be
obtained from (3.21b). For the induction proof of (3.22b) with ¢ # 1, ¢(n) is

S, = —“(i:gn). The base case, ¢(1), is the statement S; = a(l%_qq) = a, which is true.

For the induction step, we assume ¢(n) and compute

o)) a(l —q" a(l — g + ag™(1 — a(l — g+
=Sty W all=g) | al—g)ta’l=q) _el=g")
l—q I I

showing ¢(n) = ¢(n + 1) and completing the proof.

3.2 Cardinality: The Size of Sets

Cardinality measures the size of sets. For a finite set A, it is precisely the number of
elements in A. For an infinite set, it classifies the set’s degree or level of infinity (it turns
out that not all infinite sets have the same size).

Definition 3.12. (a) The sets A, B are defined to have the same cardinality or the

(b)

same size if, and only if, there exists a bijective map ¢ : A — B. One can show
that this defines an equivalence relation on every set of sets (see [Phil6, Th. A.54]).

The cardinality of a set A is n € N (denoted #A = n) if, and only if, there exists
a bijective map ¢ : A — {1,...,n}. The cardinality of () is defined as 0, i.e.
#0 := 0. A set A is called finite if, and only if, there exists n € Nj such that
#A = n; Ais called infinite if, and only if, A is not finite, denoted #A = oo (in the
strict sense, this is an abuse of notation, since oo is not a cardinality — for example
#N = oo and #P(N) = oo, but N and P(N) do not have the same cardinality, since
the power set P(A) is always strictly bigger than A (see Th. 3.20 below) — #A = oo
is merely an abbreviation for the statement “A is infinite”). The interested student
finds additional material regarding the uniqueness of finite cardinality in [Phil6,
Th. A.62] and [Phil6, Cor. A.63], and regarding characterizations of infinite sets in
[Phil6, Th. A.55].
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(c) The set A is called countable if, and only if, A is finite or A has the same cardinality
as N. Otherwise, A is called uncountable.

Theorem 3.13. Let A # () be a finite set.

(a) If B C A with A # B, then B is finite with #B < #A.
(b) Ifa€ A, then #(A\ {a}) = #A - 1.

Proof. For #A = n € N, we use induction to prove (a) and (b) simultaneously, i.e. we
show

v (#A:n =

neN

perchin WL #BEL0 L n—1}A #(A\{a}) =n— 1) .

N J/

o(n)

Base Case (n = 1): In this case, A has precisely one element, i.e. B = A\ {a} = ), and
#0 =0=n— 1 proves ¢(1).

Induction Step: For the induction hypothesis, we assume ¢(n) to be true, i.e. we assume
(a) and (b) hold for each A with #A = n. We have to prove ¢(n + 1), i.e., we consider
A with #4 = n+1. From #A = n+ 1, we conclude the existence of a bijective map ¢ :
A —{1,...,n+1}. We have to construct a bijective map ¢ : A\ {a} — {1,...,n}.
To this end, set k := ¢(a) and define the auxiliary function

n+1 forx =k,
foAL ... on+1} —{1,...,n+ 1}, f(z):=<k for v =n+1,
x for x ¢ {k,n+ 1}.

Then fop: A— {1,...,n+ 1} is bijective by Th. 2.13, and

(few)a) = flpla)) = f(k) =n+1.

Thus, the restriction 1) := (f o ¢) [a\[q} is the desired bijective map ¢ : A\ {a} —
{1,...,n}, proving #(A\ {a}) = n. It remains to consider the strict subset B of A.
Since B is a strict subset of A, there exists a € A\ B. Thus, B C A\ {a} and, as
we have already shown #(A \ {a}) = n, the induction hypothesis applies and yields B
is finite with #B < #(A \ {a}) =n, i.e. #B € {0,...,n}, proving ¢(n + 1), thereby
completing the induction. |

Theorem 3.14. For #A = #B =n € N and f : A — B, the following statements
are equivalent:
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(i) f is injective.
(i) f is surjective.
(iii) f is bijective.

Proof. Tt suffices to prove the equivalence of (i) and (ii).

If f is injective, then f: A — f(A) is bijective. Since #A = n, there exists a bijective
map ¢ : A — {1,...,n}. Then (po f7!) : f(A) — {1,...,n} is also bijective,
showing #f(A) = n, i.e., according to Th. 3.13(a), f(A) can not be a strict subset of
B, ie. f(A) = B, proving f is surjective.

If f is surjective, then f has a right inverse g : B — A by Th. 2.12(a), i.e. fog = Idp.
But this also means f is a left inverse for g, such that ¢ must be injective by Th. 2.12(b).
According to what we have already proved above, ¢ injective implies g surjective, i.e.
g must be bijective. From Th. 2.12(c), we then know the left inverse of ¢ is unique,
implying f = ¢~ !. In particular, f is injective. [ |

Lemma 3.15. For each finite set A (i.e. #A = n € Ny) and each B C A, one has
4(A\ B) = #A— #B.
Proof. For B = (), the assertion is true since #(A\ B) = #A =#A —0=#A — #B.

For B # (), the proof is conducted over the size of B, i.e. as a finite induction (cf. Cor.
3.6) over the set {1,...,n}, showing

v . (#B=m = #(A\B):#A—#B)J.

g

¢(m)

Base Case (m = 1): ¢(1) is precisely the statement provided by Th. 3.13(b).

Induction Step: For the induction hypothesis, we assume ¢(m) with 1 < m < n. To
prove ¢(m + 1), consider B C A with #B = m + 1. Fix an element b € B and set
By := B\ {b}. Then #B; = m by Th. 3.13(b), A\ B = (A\ By) \ {b}, and we compute

AN B) = #((4\ B\ () ™2 a3 -1 ) pa g
proving ¢(m + 1) and completing the induction. [ |

Theorem 3.16. If A, B are finite sets, then #(AU B) = #A+ #B — #(ANB).
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Proof. The assertion is clearly true if A or B is empty. If A and B are nonempty, then
there exist m,n € N such that #A4 = m and #B = n, i.e. there are bijective maps
f:A—{l,...om}andg: B— {1,...,n}.

We first consider the case ANB = (). We need to construct a bijective map h : AUB —
{1,...,m+n}. To this end, we define

f(z) for x € A,

h: AUB —{1,..., . h(x):=
{ m+n (@) {g(m)—i—m for z € B.

The bijectivity of f and ¢ clearly implies the bijectivity of h, proving #(A U B) =
m+n=H#A+ #B.

Finally, we consider the case of arbitrary A, B. Since AUB = AU(B\ A) and B\ A =
B\ (AN B), we can compute

L(AUB) = 4(AU(B\ A)) = #A+ #(B\ A)
= #A+#(B\(ANB)) “° #A + #B — #(ANB),
thereby establishing the case. |
Theorem 3.17. If (Ay,...,A,), n €N, is a finite sequence of finite sets, then

# A =#(A x-- x A,) = [[ #4: (3.25)
i=1 i=1

Proof. 1f at least one A; is empty, then (3.25) is true, since both sides are 0.

The case where all A; are nonempty is proved by induction over n, i.e. we know k; :=
#A; € N for each i € {1,...,n} and show by induction

i=1 i=1
o(n)
Base Case (n =1): [[1_, Ai = #4, = k; = [[._, ki, i.c. #(1) holds.
Induction Step: From the induction hypothesis ¢(n), we obtain a bijective map ¢ :
A—{1,...,N}, where A =[], A; and N :=[[_, k;. To prove ¢(n + 1), we need
to construct a bijective map h: A X A,y1 — {1,..., N - k,1}. Since #A,11 = kn11,
there exists a bijective map f: A1 — {1,..., ki 1}. We define
h: AXAn+1 —>{1,...’N'kn+1}’

h(ay, ..., Gn, Gpyp) = (f(anH) — 1) N+ p(ag,...,a,).
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Since ¢ and f are bijective, and since every m € {1,..., N - k,41} has a unique rep-
resentation in the form m = a- N +r with a € {0,..., k41 — 1} and r € {1,..., N}
(exercise), h is also bijective. This proves ¢(n + 1) and completes the induction. [ |

Theorem 3.18. For each finite set A (i.e. #A =n € Ny), one has #P(A) = 2".

Proof. The proof is conducted by induction by showing
v (#A =n = #P(A) = 2”) .

neENg

é(n)
Base Case (n = 0): For n =0, we have A = (), i.e. P(A) = {0}. Thus, #P(A) =1 =2
proving ¢(0).
Induction Step: Assume ¢(n) and consider A with #A4 = n + 1. Then A contains
at least one element a. For B := A\ {a}, we then know #B = n from Th. 3.13(b).
Moreover, setting M := {C U{a}: C € P(B)}, we have the disjoint decomposition
P(A) = P(B)UM. As the map ¢ : P(B) — M, p(C) := CU{a}, is clearly bijective,
P(B) and M have the same cardinality. Thus,

((m))

#P(A) "2 YP(B) + #M = #P(B) + #P(B) = 22" =27,
thereby proving ¢(n + 1) and completing the induction. [ |

Remark 3.19. In the proof of the following Th. 3.20, we will encounter a new proof
technique that we did not use before, the so-called proof by contradiction, also called
indirect proof. 1t is based on the observation, called the principle of contradiction, that
AN —A is always false:

A \ —-A H AN-A
T| F F (3.26)

F| T F

Thus, one possibility of proving a statement B to be true is to show =B = A A = A for
some arbitrary statement A. Since the right-hand side of the implication is false, the
left-hand side must also be false, proving B is true.

Theorem 3.20. Let A be a set. There can never exist a surjective map from A onto
P(A) (in this sense, the size of P(A) is always strictly bigger than the size of A; in
particular, A and P(A) can never have the same size).

Proof. If A = (), then there is nothing to prove. For nonempty A, as mentioned above,
the idea is to conduct a proof by contradiction. To this end, assume there does exist a
surjective map f: A — P(A) and define

B={recA:z¢flx) (3.27)
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Now B is a subset of A, i.e. B € P(A) and the assumption that f is surjective implies
the existence of a € A such that f(a) = B. If a € B, then a ¢ f(a) = B, i.e. a € B
implies a € B A =(a € B), so that the principle of contradiction tells us a ¢ B must be
true. However, a ¢ B implies a € f(a) = B, i.e., this time, the principle of contradiction
tells us a € B must be true. In conclusion, we have shown our original assumption that
there exists a surjective map f: A — P(A) implies a € B A =(a € B), i.e., according
to the principle of contradiction, no surjective map from A into P(A) can exist. |

We conclude the section with a number of important results regarding the natural
numbers and countability.

Theorem 3.21. (a) Every nonempty finite subset of a totally ordered set has a mini-
mum and a maximum.

(b) Every nonempty subset of N has a minimum.

Proof. (a): Let A be a set and let < denote a total order on A. Moreover, let ) # B C A.
We show by induction
v (#B:n = Bhasamin).

neEN

¢(n)
Base Case (n = 1): For n = 1, B contains a unique element b, i.e. b = min B, proving
o(1).
Induction Step: Suppose ¢(n) holds and consider B with #B = n + 1. Let b be one
element from B. Then C := B\ {b} has cardinality n and, according to the induction
hypothesis, there exists ¢ € C' satisfying ¢ = min C. If ¢ < b, then ¢ < x for each z € B,

proving ¢ = min B. If b < ¢, then b < x for each z € B, proving b = min B. In each
case, B has a min, proving ¢(n + 1) and completing the induction.

(b): Let 0 # A C N. We have to show A has a min. If A is finite, then A has a min by (a).
If A is infinite, let n be an element from A. Then the finite set B :={k € A: k < n}
must have a min m by (a). Since m < z for each z € B and m < n < z for each
x € A\ B, we have m = min A. [ |

Proposition 3.22. Fvery subset A of N is countable.

Proof. Since () is countable, we may assume A # (. From Th. 3.21(b), we know that
every nonempty subset of N has a min. We recursively define a sequence in A by

min A, if A,:=A\{a;: 1 <i<n}#0,

=minA, a,y =
a; 1= min An+1 {an A =0,
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This sequence is the same as the function f: N — A, f(n) = a,. An easy induction

.....

.....

bijective, where k := min{n € N : a, = a,1}, showing A is finite, i.e. countable. If
there does not exist n € N with a,, = a,,11, then f is injective. Another easy induction
shows that, for each n € N, f({1,...,n}) 2 {k € A : k < n}, showing f is also
surjective, proving A is countable. |

Proposition 3.23. For each set A # (), the following three statements are equivalent:

(i) A is countable.
(ii) There exists an injective map f: A — N.

(iii) There exists a surjective map g : N — A.

Proof. Directly from the definition of countable in Def. 3.12(c), one obtains (i)=-(ii) and
(i)=(iii). To prove (ii)=-(i), let f : A — N be injective. Then f : A — f(A) is
bijective, and, since f(A) C N, f(A) is countable by Prop. 3.22, proving A is countable
as well. To prove (iii)=(i), let g : N — A be surjective. According to Th. 2.12(a), ¢
has a right inverse f : A — N, i.e. go f = Id4. But this means g is a left inverse for f,
showing f is injective according to Th. 2.12(b). Then A is countable by an application
of (ii). [ |

Theorem 3.24. If (Ai,..., A,), n € N, is a finite family of countable sets, then [[_, A;
1s countable.

Proof. We first consider the special case n = 2 with A; = A, = N and show the map
¢0: NxN-—N, ¢(m,n):=2™.3"

is injective: If p(m,n) = ¢v(p,q), then 2™ - 3" = 2P . 39, Moreover m < p or p < m.
If m < p, then 3" = 2P7™ . 39, Since 3" is odd, 2P~ - 3¢ must also be odd, implying
p—m = 0, i.e. m = p. Moreover, we now have 3" = 3%, implying n = ¢, showing
(m,n) = (p,q), i.e. ¢ is injective.

We now come back to the general case stated in the theorem. If at least one of the A;
is empty, then [];_; A; is empty. So it remains to consider the case, where all A; are
nonempty. The proof is conducted by induction by showing

neN

) H A; is countable.
i=1

J/

$(n)
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Base Case (n = 1): ¢(1) is merely the hypothesis that A; is countable.

Induction Step: Assuming ¢(n), Prop. 3.23(ii) provides injective maps fi : [/, A —
Nand f5 : A,+1 — N. To prove ¢(n+1), we provide an injective map h : H?:Jrl A —
N: Define

n+1
h HA’L — N7 h(a17 s 7an7an+1) = SO(fl(ah B 7an)7f2(an+1))‘

i=1

The injectivity of fi, fo, and ¢ clearly implies the injectivity of h, thereby proving
¢(n + 1) and completing the induction. [ |

Theorem 3.25. If (A;)ics is a countable family of countable sets (i.e. ) # I is countable
and each A;, i € I, is countable), then the union A :=]J,.; A; is also countable.

Proof. 1t suffices to consider the case that all A; are nonempty. Moreover, according to
Prop. 3.23(iii), it suffices to construct a surjective map ¢ : N — A. Also according
to Prop. 3.23(iii), the countability of I and the A; provides us with surjective maps
f:N— T and g; : N— A;. Define

F:NxN-—A F(m,n):= gsm)(n).

Then F' is surjective: Given z € A, there exists ¢ € I such that x € A;. Since f is
surjective, there is m € N satisfying f(m) = i. Moreover, since g; is surjective, there
exists n € N with g;(n) = x. Then F(m,n) = g;(n) = z, verifying that F' is surjective.
As N x N is countable by Th. 3.24, there exists a surjective map h : N — N x N. Thus,
F o h is the desired surjective map from N onto A. Note: The axiom of choice (AC,
see [Phil6, Sec. A.4]) is used when choosing each g; from the set of all surjective maps

from N onto A;. It has actually been shown that it is impossible to prove the theorem
without using AC (cf. [Phil6, Rem. 3.18]). [ |

4 Real Numbers

4.1 The Real Numbers as a Complete Totally Ordered Field

The set of real numbers, denoted R, is a set with special properties, namely a so-called
complete totally ordered field. We already know what totally ordered means, but we still
need to explain what a field is, what an ordered field is, and what it means for a total
order to be complete. We begin with the last part.
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Definition 4.1. A total order < on a nonempty set A is called complete if, and only if,
every nonempty subset B of A that is bounded from above has a supremum, i.e.

v ((EI N ng) = J s:supB). (4.1)
BeP(AN{0} \ \z€A beB sEA

Lemma 4.2. A total order < on a nonempty set A is complete if, and only if, every
nonempty subset B of A that is bounded from below has an infimum.

Proof. According to Lem. 2.28, it suffices to prove one implication. We show that (4.1)
implies that every nonempty B bounded from below has an infimum: Define

C:={x € A: z is lower bound for B}. (4.2)

Then every b € B is an upper bound for C' and (4.1) implies there exists s = supC' € A.
To verify s = inf B, it remains to show s € ( i.e. that s is a lower bound for B.
However, every b € B is an upper bound for C' and s = sup C' is the min of all upper
bounds for C', i.e. s < b for each b € B, showing s € C. [ |

Definition 4.3. Let A be a nonempty set with a map
o: AxA— A, (xr,y)—zoy (4.3)

(called a composition on A, the examples we have in mind are addition and multiplication
on R). Then A is called a group with respect to o if, and only if, the following three
conditions are satisfied:

(i) Associativity: x o (yoz) = (xoy) oz holds for all z,y,z € A.
(ii) There exists a neutral element e € A, i.e. an element e € A such that

V xoe=ux.
T€A

(iii) For each x € A, there exists an inverse element T € A, i.e. an element T € A such
that

roxT =e.

A is called a commutative or abelian group if, and only if, it is a group and satisfies the
additional condition:

(iv) Commutativity: x oy = y o  holds for all z,y € A.
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Definition 4.4. Let A be a nonempty set with two maps

+: AxA— A, (x,y)—z+y,

4.4
T AXA— A (ry)—a-y (44)

(4 is called addition and - is called multiplication; often one writes xy instead of = - y).
Then A is called a field if, and only if, the following three conditions are satisfied:

(i) A is a commutative group with respect to +. The neutral element with respect
to + is denoted 0.

(ii) A\{0} is a commutative group with respect to -. The neutral element with respect
to - is denoted 1.

(iii) Distributivity:

V xz-(y+z2)=z-y+x-z (4.5)
z,y,2EA

If Ais a field and < is a total order on A, then A is called a totally ordered field if, and
only if, the following condition is satisfied:

(iv) Compatibility with Addition and Multiplication:

< < 4.
2?’y’vzeA(x_y:>:1c—|rz_y—|rz), (4.6a)
vA(ongogy = 0 < ay). (4.6b)
x,ye

Finally, A is called a complete totally ordered field if, and only if, A is a totally ordered
field that is complete in the sense of Def. 4.1.

Theorem 4.5. There exists a complete totally ordered field R (it is called the set of
real numbers). Moreover, R is unique up to isomorphism, i.e. if A is a complete totally
ordered field, then there exists an isomorphism ¢ : A — R, i.e. a bijective map ¢ :
A — R, satisfying

x,;/véA ¢z +y) = o(x) + ¢(y), (4.7a)
L olay) = d(@)o(y), (4.7b)
x,yveA (z <y = o) <dy)). (4.7¢)

It also turns out that the isomorphism is unique.
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Proof. To really prove the existence of the real numbers by providing a construction
is tedious and not easy. One possible construction is provided in [Phil6, Sec. D] (the
existence proof is completed in [Phil6, Th. D.45], the results regarding the isomorphism
can be found in [Phil6, Th. D.49]). [ |

Theorem 4.6. The following statements and rules are valid in the set of real numbers
R (and, more generally, in every field):

(a) Inverse elements are unique. For each x € R, the unique inverse with respect to
addition is denoted by —x. Also define y—x := y+ (—x). For each x € R\ {0}, the
unique inverse with respect to multiplication is denoted by x=*. For x # 0, define

Y L with numerator y and denominator .

the fractions ¥ := y/z = ya~
(b) —(—2) =z and (z~)"' =z for z #0.

(¢) (=2)+(~y)=—(z+y) and2x™'y~" = (vy)~" for z,y #0.
(d) z+a=y+a = z=yand, fora#0, xa=ya = x =y.
(e) z-0=0.

() z(—y) = —(2y).

(8) (—2)(—y) =ay.

(h) z(y — 2) = 2y — 2.

(i) zy=0 = z=0Vvy=0.

(j) Rules for Fractions:

a b_ad+bc a

ab a_/c_ad

b
¢ d e«d ' ¢ d ced bld  bc
where all denominators are assumed # 0.

Proof. (a): Let a,b be additive inverses to . Thena =a+0=a+2z+b=0+b="0.
The multiplicative case is proved completely analogously.

(b): —z 4+ x = 0 already shows that z is the inverse to —z, i.e. —(—x) = z. The
multiplicative case is proved completely analogously.

() z+y+(—z)+(—y) =2 —x+y—y =0, showing (—z) + (—y) is the inverse to
(x 4+ y). The multiplicative case is proved completely analogously.
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(d): fz4+a=y+a,thenz =2x+4+a—a=y+a—a=y. Again, the multiplicative
case is proved completely analogously.

(e): One computes

2 0+2-1"2 2. 041)=2-1=0+2-1,

i.e. -0 =0 follows from (d).

(f): 2y + z(—y) = 2(y —y) = x - 0 = 0, where we used (4.5) and (e). This shows z(—y)
is the additive inverse to xy.

(8): 2y = —(—(x1)) = —(2(~9)) = —((~9)z) = (—4)(—x), where () was used twice.
(h): 2(y — 2) = x(y + (=2)) = 2y + 2(—2) = 2y — x2.

(i) fay=0and x #0, theny=1-y =z lay=2"1-0=0,

(

j): One computes

b d+b
L2 et bdt = add e + beetd ™t = (ad + be)(ed) ! = 2 o
c d cd
and ; ;
% i ac”tbd™! = ab(cd) ™t = Z_d
and J
ZT/; = ac (bd™H) ! = ac b~1d = ad(be)! = Z—C
completing the proof. |

Theorem 4.7. The following statements and rules are valid in the set of real numbers
R (and, more generally, in every totally ordered field):

(a) e <y = —x>—y.

(b) t<yAz>0 = zz<yz holds as well asx <yNz<0 = zz>yz.
(c) x#0 = 2?2 :=x-2>0. In particular 1 > 0.

(d) >0 = 1/ >0, whereasx <0 = 1/x <0.

(e) If0<z<uy, thenz/y<1,y/x>1, and1l/x > 1/y.

) r<yAhu<v = z+u<y+v.

(g) 0<z<yn0<u<wv = 0<azu<yv.
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(h) z<ynO<IA<l =z<dz+(1-Ny<uy. Inparticularx<%<y.

Proof. (a): Using (4.6a): <y = 0<y—a = —y< —zx.
(b): One argues, for z > 0,

(

r<y = 0<y—=zx Y 0<(y—2z)z=yz—xz = vz <yz,

and, for z <0,

r<y = 0<y—ux (L) 0<(y—x)(—2)=2z—yz = x2>y=.

(c): From (4.6b), one obtains x* > 0. From Th. 4.6(i), one then gets x* > 0.

(d): If x > 0, then = < 0 implies the false statement 1 = zz~! < 0, i.e. 71 > 0. The
case x < 0 is treated analogously.

(e): Using (d), we obtain from 0 < z < y that z/y =2y ' <yy ' =1land 1 = 22! <
yr -t =y/x.

f)2<y = z4+u<yt+uvandu <v = y+u <y-+v; both combined yield
rTH+u<y-+o.

(g:0<z<yAN0<u<v = 0<zu<yuANO<yu<yv = 0<zu<yv.
(h): Since 0 < A and 1 — A > 0, x < y implies
Ar <Ay A (I=XNz<(1-=MNy.
Using (4.6a), we obtain
r=dr+ (1= ANz < +1-Ny<y+(1—-Ny=uy,

completing the proof of the theorem. |
Theorem 4.8. Let ) # A,B C R, A\ € R, and define
A+B:={a+b:a€ ANbE B}, (4.8a)
M :={Xa: a€ A}. (4.8b)
If A and B are bounded, then
sup(A + B) = sup A + sup B, (4.9a)
inf(A+ B) = inf A + inf B, (4.9b)
o= {) ot 42 100
wion= 3 e 1o
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Proof. Exercise. |

4.2 Important Subsets

Remark 4.9. We would like to recover the natural numbers N as a subset of R. Indeed,
if we start with 1 as the neutral element of multiplication and define 2 := 141, 3 := 241,
..., then N:={1,2,... } is a subset of R, satisfying the Peano axioms P1, P2, P3 of Sec.
3.1. However, if one does actually construct R according to the axioms of axiomatic
set theory, then one starts by constructing N first (basically as we did in Rem. 1.27
and Def. 1.26), constructing R from N in several steps (cf. [Phil6, Sec. D]). Depending
on the construction used, the original set of natural numbers will typically not be the
same set as the natural numbers as a subset of R. However, both sets will satisfy the
Peano axioms and you will have a canonical bijection between the two sets. Which
one you consider the “genuine” set of natural numbers depends on your personal taste
and philosophy and is completely irrelevant. Any two models of N will always produce
equivalent results, since they must both satisfy the three Peano axioms.

We now introduce a zoo of important subsets of R together with corresponding notation:

N:={1,2,3,...} (natural numbers), (4.10a)
N, := NU {0}, (4.10b)
Z":={-n:neN} (negative integers), (4.10¢)

Z =7~ UN (integers), (4.10d)
Q" :={m/n: m,n e N} (positive rational numbers), (4.10e)
Qf == Qtu{o} (nonnegative rational numbers), (4.10f)
Q ={-q: ¢qeQ'} (negative rational numbers), (4.10g)
Qy, :=Q u{o} (nonpositive rational numbers), (4.10h)

Q:=QfuQ (rational numbers), (4.101)
Rf:={zeR: z >0} (positive real numbers), (4.10j)
Ry :={zreR: z>0} (nonnegative real numbers), (4.10k)
RT:={zeR: <0} (negative real numbers), (4.101)
Ry :={zeR: 2 <0} (nonpositive real numbers). (4.10m)
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For a,b € R with a < b, one also defines the following intervals:

[a,b] :={r eR:a<z<b} (bounded closed interval), (4.11a)
la,b[:=={z €R:a<z<b} (bounded open interval), (4.11b)
la,b) :={x eR: a<x<b} (bounded half-open interval), (4.11c)

[a, 0 :={z €R: a<z<b} (bounded half-open interval), (4.11d)

| —o0,b):i={zreR: x<b} (unbounded closed interval), (4.11e)
| —o00,b[:={zeR: x<b} (unbounded open interval), (4.11f)
l[a, 0] :={z €R: a<z} (unbounded closed interval), (4.11g)
la, 0] :=={z €eR:a<z} (unbounded open interval). (4.11h)

For a = b, one says that the intervals defined by (4.11a) — (4.11d) are degenerate or
trivial, where [a,a] = {a}, |a, a[=|a, a] = [a,a[= 0 — it is sometimes convenient to have
included the degenerate cases in the definition. It is sometimes also useful to abandon
the restriction a < b, to let ¢ := min{a, b}, d := max{a, b}, and to define

la,b] :=[c,d], la,b[:=]c,d[, |a,b]:=]|c,d]\{a}, [a,b]:=]c,d]\ {b}. (4.11i1)

Theorem 4.10 (Archimedean Property). Let €,z be real numbers. If € > 0 and x > 0,
then there exists n € N such that ne > x.

Proof. We conduct the proof by contradiction: Suppose x is an upper bound for the set
A :={ne: n e N}. Since the order < on R is complete, according to (4.1), there exists
s € R such that s = sup A. In particular, s — € is not an upper bound for A, i.e. there
exists n € N satisfying ne > s —e. But then (n+1) € > s in contradiction to s = sup A.
This shows x is not an upper bound for A, thereby establishing the case. |

5 Complex Numbers

5.1 Definition and Basic Arithmetic

According to Th. 4.7(c), > > 0 holds for every real number z € R, i.e. the equation
22 +1 = 0 has no solution in R. This deficiency of the real numbers motivates the
effort to try to extend the field of real numbers to a larger field C, the so-called complex
numbers. The two requirements that C is to be a field containing R and that there is to
be some complex number i € C satisfying i> = —1 already dictates the following laws
of addition and multiplication for complex numbers z = x + 1y and w = u + v with
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r,y,u,v € R:
zHw=z+iytu+iv=x+u+i(y+v), (5.1a)
2w = (x +1y)(u+iv) = xu — yv + i(zv + yu). (5.1b)
Moreover, if z + iy = u + v, then (z —u)? = —(v —y)? ie. 2 —u =0 = v —y,

implying © = v and y = v. This suggests to try defining complex numbers as pairs of
real numbers. Indeed, this works:

Definition 5.1. We define the set of complex numbers C := R x R, where, keeping in
mind (5.1), addition on C is defined by

+:CxC—C, ((x,y),(u,v)) = (z,y) + (u,v) == (x + u,y + v), (5.2)
and multiplication on C is defined by
:CxC—C, ((z,9),(u,v)) = (2,y) (u,0) := (zu—yv, zv+yu). (5.3)

Theorem 5.2. (a) The set of complex numbers C with addition and multiplication as
defined in Def. 5.1 forms a field, where (0,0) and (1,0) are the neutral elements
with respect to addition and multiplication, respectively,

—z:=(—z,—y) (5.4a)

is the additive inverse to z = (x,y), whereas

z_lzzl::( G- _y) (5.4D)

z 2y 2?4 y?

is the multiplicative inverse to z = (z,y) # (0,0).

(b) Defining subtraction and division in the usual way, for each z,w € C, by w — z :=
w+ (—2), and w/z == wz"' for z £ (0,0), respectively, all the rules stated in Th.
4.6 are valid in C.

(c¢) The map
t:R—C, x):=(x,0), (5.5)
is @ monomorphism, i.e. it is injective and satisfies
Voo z4y) =uz) + uy), (5.6a)
z,yeR
Voo u(zy) = u(x) - u(y). (5.6b)
z,yeR

It is customary to identify R with 1(R), as it usually does not cause any confusion.
One then just writes x instead of (z,0).
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Proof. All computations required for (a) and (c) are straightforward and are left as

an exercise; (b) is a consequence of (a), since Th. 4.6 and its proof are valid in every
field. |

Notation 5.3. The number i := (0, 1) is called the imaginary unit (note that, indeed,
i*=1-i=1(0,1)-(0,1) =(0-0-1-1,0-1+1-0) = (—1,0) = —1). Using i, one obtains
the commonly used representation of a complex number z = (z,y) € C:

z=(z,y) =z-(1,0)+y-(0,1) =z + iy, (5.7)

where one calls Rez := z the real part of z and Im z := y the imaginary part of z.
Moreover, z is called purely imaginary if, and only if, Re z = 0 (as a consequence of this
convention, one has the (harmless) pathology that 0 is both real and purely imaginary).

Remark 5.4. There does not exist a total order < on C that makes C into a totally
ordered field (i.e. no total order on C can be compatible with addition and multiplication
in the sense of (4.6)): Indeed, if there were such a total order < on C, then all the rules
of Th. 4.7 had to be valid with respect to that total order <. In particular, 0 < 12 =1
and 0 < 72 = —1 had to be valid by Th. 4.7(c), and, then, 0 < 1+ (—1) = 0 had to
be valid by Th. 4.7(f). However, 0 < 0 is false, showing that there is no total order on
C that satisfies (4.6). Caveat: Of course, there do exist total orders on C, just none
compatible with addition and multiplication — for example, the lexicographic order on
R x R (defined as it was in (2.51) for N x N) constitutes a total order on C.

Definition and Remark 5.5. Conjugation: For each complex number z = = + iy, we
define its complex conjugate or just conjugate to be the complex number z := z — 7y.
We then have the following rules that hold for each z = z 4+ 1y, w = u + v € C:

(a) z4+w=z+u—iy—iv = z4+w and Zw = zu—yv—(zv+yu)i = (x—iy)(u—iv) = Zw.
(b) z+z=2rx=2Rezand z — zZ = 2yi = 2i Im 2.

(c) z=z e xt+iy=ac—iy & y=0 < zeR

(d) 2z = (z+iy)(z —iy) = 2> +y* € R§.

Notation 5.6. Exponentiation with Integer Exponents: Define recursively for each
z € C and each n € Ny:

=1, VvV "Mi=z.2" andforz#0: "= ()" (5.8)

neNg

Theorem 5.7. Exponentiation Rules: Let z,w € C. For z,w # 0, the following rules
hold for every m,n € Z; otherwise they hold for each m,n € Ny:
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(a) zmtm =zm. 2n,
(b) z"w" = (zw)".

(c) (zm) = zmn,

Proof. (a): First, we fix n € Ny and prove the statement for each m € Ny by induction:
The base case (m = 0) is 2" = 2", which is true. For the induction step, we compute

m-+14n (5_8)

ind. hyp. (5.8)
> = 5. Zm+n i 5. Zm n \2C Zm—i—lzn

- Z

Y

completing the induction step. Now assume z # 0. Consider m > 0 and n < 0. If
m +n > 0, then, using what we have already shown,

Zmzn (5:8) Zm(z—l)—n — Zm—i—nz—n(z—l)—n _ Zm—l—n'
Similarly, if m + n < 0, then
M o1 (5:8) zm(z—l)—n — Zm(z—l)m(z—l)—n—m (5:8) Zm—i—n.

The case m < 0, n > 0 is treated completely analogously. It just remains to consider
m < 0 and n < 0. In this case,

=y (mmen) & (zhHym =) ()T (58) ZM 2"
(b): For n € Ny, the statement is proved by induction: The base case (n = 0) is
2%w% = 1 = (2w)?, which is true. For the induction step, we compute
Pttt B8 on g M (zw)" (22 (zw)"
completing the induction step. For n < 0 and z,w # 0:
ann (5:8) (Z—l)—n(w—l)—n — (Z—lw—l)—n Th'iﬁ(c) ((zw)—l)*n (5:8) (Zw)n

(c): First, we prove the statement for each n € Ny by induction: The base case (n = 0)
is (™) =1 = 2% which is true. For the induction step, we compute

(5.8) ind. hyp. (a)
(Zm)n—i—l =) m (Zm)n i, LM, ymn Zmn+m _ Zm(n+1)7

completing the induction step. From (5.8) and (a), we also have (™)1 = 27" for z # 0.
Thus, for n < 0 and z # 0:

(Zm)n (558) ((Zm)—l)—n — (me)fn — Lm)(n) gmn

thereby completing the proof. |
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5.2 Sign and Absolute Value (Modulus)

We face a certain conundrum regarding the handling of square roots. The problem
is that we will need the notion of a continuous function to prove the existence of a
unique square root y/x for every nonnegative real number z and, in consequence, we
will have to wait until Section 7.2.5 below to carry out this proof. On the other hand, it
is extremely desirable to present the theory of convergence simultaneously for real and
for complex numbers, which requires the notion of the absolute value or modulus of a
complex number, to be defined in Def. 5.9(b) below as the square root of a nonnegative
real number.

Faced with this difficulty, we will introduce the notion of square root now, assuming the
existence, until we can add the proof in Section 7.2.5. Some students might be worried
that this might lead to a circular argument, where our later proof of the existence of
square roots would somehow make use of our previous assumption of that existence. Of
course, we will be careful not to make such a circular (and, thereby, logically invalid)
argument. The point is that for real numbers the notion of absolute value does in no
way depend on the notion of a square root (see Lem. 5.10 below).

Definition and Remark 5.8. We define a nonnegative real number y € R{ to be the
square root of the nonnegative real number z € R if, and only if, y?> = z. If y is the
square root of x, then one uses the notation /zr := y. We will see in Rem. and Def.
7.61 that every € R has a unique square root and that the function f: Rj — Ry,
f(x) := +/z, is strictly increasing (in particular, injective).

Definition 5.9. (a) The sign function is defined by
1 for x > 0,
sgn: R— R, sgn(x):=<¢0 forx =0, (5.9)
—1 forz <O0.

It is emphasized that the sign function is only defined for real numbers (cf. Rem.
5.4)!

(b) The absolute value or modulus function is defined by
abs: C— Ry, z=x+iy— |z| :=Vz2z=+22+1y2 (5.10)

where the term absolute value is often preferred for real numbers z € R and the
term modulus is often preferred if one also considers complex numbers z ¢ R.

Lemma 5.10. For each x € R, one has

x  forx >0,

(5.11)
—x  forx <O.

|x| =z - sgn(x) = {
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Proof. One has
fi >0
7| = Va* = {x e (5.12)

—x for xz <0,

as claimed. [}

Theorem 5.11. The following rules hold for each z,w € C:

(a) 2#0 = |2/ >0.

() [lzl] = [2]-

(c) [z = [7].

(d) max{|Rez|,[Imz|} < |z[ <[Rez|+ |Imz]|.
(e) [zw] = |z[[w].

(f) Forw # 0, one has |Z| = Ll

|w]
(g) Triangle Inequality:
2+ w| < |2 + [wl. (5.13)
(h) Inverse Triangle Inequality:
||Z|_|’LUH < |z—w|. (5‘14)

Proof. We carry out the proofs for z,w € C. However, for z,w € R, everything can
easily be shown directly from (5.11), without making use of square roots.

Let z = x 4+ 1y with z,y € R.

(a): If 2 # 0, then x # 0 or y # 0, i.e. 22 > 0 or y?> > 0 by Th. 4.7(c), implying
22 4+ 42 > 0 by Th. 4.7(f), i.e. |2] = /22 + 12 > 0.

(b): Since a := |z| € R, we have |a| = Va2 = a = |2|.

(c):

(d): It is x = Rez, y = Im 2. Let a := max{|z|, |y|}. As remarked in Def. and Rem.
5.8, the square root function is increasing and, thus, taking square roots in the chain of
inequalities a® < 2% + y* < (|z| + |y|)? implies a < |z| < |z| + |y| as claimed.

Since z = x — iy, we have |Z| = \/x2 +(—y)? = \/x2 + 92 = |2].

(e): As remarked in Def. and Rem. 5.8, the square root function is injective, and, thus,
(e) follows from

2 Def. and Rem. 5.5(a)
|zw|” = zw Zw =
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(f): Let w = u + iv with u,v € R. We first consider the special case z = 1. Applying
the formula (5.4b) for the inverse to w, one obtains

2 2
12 U v B 1 B 1N\ 2
™" = (u? + v2)2 + (u? +v2)2 4 02 (| | ) ’
ie. Jw' = |w|™'. Now (f) follows from (e): |Z] = [zw™!| = |z|jw™!| = [z]|jw| ! = %
(g) follows from
1z +w|? = (z +w)(Z+ W) = 22 + wZ + 20 + wd
Def. and llam. 5.5(b) |Z|2 ) Re(zw) 4 |w|2
(d) 9 - 9 2
< [2[* + 2[zw0] + |w]* = (|2] + Jw])”,
once again using that the square root function is increasing.
(h): Using (g), we obtain
2l =z —wtwl <z —w[+w] = 2] - w[ <[z -wl,
jw| =fw—z+z2[ <[z —w[+]] = =(z] = |w]) < |z —wl,
implying ||z — w|| < [z — w| by (5.11) (notice |z| — |w| € R). [ |

Remark 5.12. Each complex number (z,y) = = + iy can be visualized as a point in
the so-called complex plane, where the horizontal z-axis represents real numbers and
the veritcal y-axis represents purely imaginary numbers. Then the addition of complex
numbers is precisely the vector addition of 2-dimensional vectors in the complex plane,
and conjugation is represented by reflection through the z-axis. Moreover, the modulus
|z| of a complex number is precisely its distance from the origin (0,0), and |z — w|
is the distance between the points z = (x,y) and w = (u,v) in the plane. Complex
multiplication can also be interpreted geometrically in the plane: If ¢ denotes the angle
that the vector representing z = (z,y) forms with the z-axis, and, likewise, ¢ denotes
the angle that the vector representing w = (u,v) forms with the z-axis, then zw is
the vector of length |zw| that forms the angle ¢ + ¢ with the z-axis (we will better
understand this geometrical interpretation of complex multiplication later (see Def. and
Rem. 8.29), when writing complex numbers in the polar form z = x + iy = |z| exp(i¢),
making use of the exponential function exp).

5.3 Sums and Products

Here we compile some important rules involving sums and products of complex numbers
(the exceptions are the estimates in Th. 5.13(d),(e) below, which actually require real
numbers):
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Theorem 5.13. (a) For each n € N and each A\, ji, z;,w; € C, j € {1,...,n}:

D Nzpw) =AY z+pd w;
j=1 j=1

J=1

(b) For each n € Ny and each z € C:

L=—2)(l+z+2"++2")=(1-2)Y 2/ =1-2z""

(c) For eachn € Ny and each z,w € C:

w"tt — 2 = (w - 2) Z A = (w—2)(w" w2 w2,
=0

(d) For eachn € N and each z;,y; € R, j € {1,...,n}:

77777

where equality can only hold if x; = y; for each j € {1,...,n}.

(e) For eachn € N and each xz;,y; € R, j € {1,...,n}:

where equality can only hold if x; = y; for each j € {1,...,n}.

(f) Triangle Inequality: For each n € N and each z; € C, j € {1,...,n}:

n n
2| <l
j=1 j=1

Proof. In each case, the proof can be conducted by an easy induction. We carry out
(c) and leave the other cases as exercises. For (c), the base case (n = 0) is provided by
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the true statement w — 2" = w — 2 = (w — 2)2°w’ . For the induction step, one
computes
n+1 n
(w — 2) E A = (w—2) [ 2T+ E 2 "I
j=0 7=0
n
=  (w—2)2""4+ (w—2)w g 2w
Jj=0
ind. hyp.
i, (U) o Z) ZnJrl 4 w(wnJrl o Zn+1) — wn+2 o Zn+2’
completing the induction. |

5.4 Binomial Coefficients and Binomial Theorem

The goal in this section is to expand (z+w)™ into a sum. This sum involves the so-called
binomial coefficients (’;), which are also useful in other contexts. To obtain an idea for
what to expect, let us compute the cases n =0,1,2,3: (z+w)? =1, (z + w)! = z + w,
(z + w)? = 22 + 22w + w?, (2 +w)® = 2% + 32%w + 3zw? + w?. One finds that the

coefficients form what is known as Pascal’s triangle, which we write for n =0,...,5:
n=0: 1
n=1: 1 1
n=2: 1 2 1
n=3: 13 31 (5.15)
n==4: 1 4 6 4 1

n=>5: 1 5 10 10 5 1

The entries of the nth row of Pascal’s triangle are denoted by (g), e (Z) One also
observes that one obtains each entry of the (n+ 1)st row, except the first and last entry,
by adding the corresponding entries in row n to the left and to the right of the considered
entry in row n + 1. The first and last entry of each row are always set to 1. This can
be summarized as

b ((g‘)z(;’)=1 (nzl):(kﬁl)—l-(?;)forké{l,...,n}). (5.16)

The following Def. 5.14 provides a different and more general definition of binomial
coefficients. We will then prove in Prop. 5.15 that the binomial coefficients as defined
in Def. 5.14 do, indeed, satisfy (5.16).
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Definition 5.14. For each a € C and each k£ € Ny, we define the binomial coefficient

(3) =1, (Z) = ﬁaJrjl. —j _oda- ll):é"('ofl;kﬂ) for ke N.  (5.17)

Jj=1

Proposition 5.15. (a) For each a € C and each k € N:

()= ()= () (5.15)
(Z> - (5.19)

The above statements include (5.16) as a special case.

(b) For each n € Ny:

Proof. (a): The first identity is part of the definition in (5.17). For the second identity,
we first observe, for each k € N,

k k—1

« a+l—7 a+1—-k a+1—7 a \a+1—-Fk
= = = _ 5.20
<k) 1= | (k—l) P 0

= j=1

which implies

(20 ()= G20 (o) = ()

k—1 . k .
a+1 a+1l—y a+2—) a+1
= = _— = : 5.21

k j 1 j ( k ) 20

J=1

J=1

(b): (8) = 1 according to (5.17). For n € N, (5.19) is proved by induction. The base
case (n = 1) is provided by the true statement (}) = % = 1. For the induction step,
one computes

1 n+1 1 11— 1 n 1.4 .
n+ :Hn—l— + j:n—l— Hn+' J_(n d.:hyp.L (5.22)
n+1 . Ji n+11 Ji n
Jj=1 j=1
which completes the induction. |

Theorem 5.16 (Binomial Theorem). For each z,w € C and each n € Ny, the following
formula holds:

n __ - n n—k k _ _n n n—1 n n—1 n
(z +w) —Z(k>z w' =z —i—(l)z w+ +(n_1>zw +w".  (5.23)

k=0
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Proof. The proof is conducted via induction on n. The base case (n = 0) is provided by
the correct statement (z+w)? =1 = (g) 29790, For the induction step, we first observe

z+w)""N=Cz+w) (z+w)" =2(z+w)" +w(z+w)" (5.24)

Using the induction hypothesis, we now further manipulate the two terms on the right-

hand side of (5.24):

2 (24 w)" ind_byp. Z (Z) kg k Z (Z) Sntl—k, k
k=0
(n)=0 i( ) ity
= ! , (5.25)
=0
w(z +w)" ind_hyp. Z < ) _ <Z) ok, ket
k= 0

n+1 n

_ n+l—-k, k

= ( . 1) P . (5.26)
k=1

Plugging (5.25) and (5.26) into (5.24) yields

S

n+1
n ny\ , n n .
(z +w)" (O +1wo+z<(k> < 1))2 ek
k=1
1 n+1 1
Prop. 5.15 (n-i- ) n+1wo+z (n—l— ) etk
0 k=1
n+1
(n_'_l) n+1— k’ k (527)
k=0
completing the induction. |

The binomial theorem can now be used to infer a few more rules that hold for the
binomial coefficients:

Corollary 5.17. One has the following identities:

el g (Z) = (8) - (Tf) et <Z> = 2", (5.284)
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Proof. (5.28a) is just (5.23) with z = w = 1; (5.28b) is just (5.23) with z = 1 and
w=—1. |

The formulas provided by the following proposition are also sometimes useful.

Proposition 5.18. (a) For each a € C and each k € Ny:

S (1) (1

J=0

k+1

(O‘ e ) (5.29)
k

(b) For each n,k € Ny with k < n:

(Z) - id(nn—lm' (5.30)

Moreover, for n > 1, one has (Z) = #Pr({1,...,n}), where
Pu(A) :={BeP(A): #B =k} (5.31)

denotes the set of all subsets of a set A that have precisely k elements.
(c) For each n,k € Ny:

ji)(nzj):(Z)Jr(nZl)Jr +<”Zk):(n:zi4{1) )

Proof. The induction proofs of (a) and (b) are left as exercises. For (c¢), one computes

Xk: (n + j) (5.30) Xk: (n+j)! (5.30) zk: (n +j)
N ! i—n) j
= n = nl(n+j—n)! s j
5200 (m+k+1\ 30 (n+E+1)!  (m+k+1
B k C km+D! o\ n+1 )
thereby establishing the case. |

6 Polynomials

6.1 Arithmetic of K-Valued Functions

Notation 6.1. We will write K in situations, where we allow K to be R or C.
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Notation 6.2. If A is any nonempty set, then one can add and multiply arbitrary
functions f,g : A — K, and one can define several further operations to create new
functions from f and g:

(f+9): A—K, (f +9)(@) == f(x) + g(x), (6.1a)
(Af): A—K, (Af)(z) == Af(x) for each A € K| (6.1b)
(fg): A—K, (f9)(z) = f(x)g(x), (6.1¢)
(f/9) - A—K, (f/9)(@) == f(x)/g(x) (assuming g(x) #0),  (6.1d)
Ref: A— R, (Re f)(x) := Re(f(x)), (6.1e)
Imf: A— R, (Im f)(x) := Im(f(z)) (6.1f)
For K = R, we further define

max(f,g): A— R, max(f,g)(z):=max{f(z),g(z)}, (6.1g)
min(f,g) : A— R,  min(f,g)(z) := min {f(z), g(z)}, (6.1h)
fr: A—R, [T =max(f,0), (6.1i)
f7: A—R, /7 :=max(—f,0). (6.1j)

Finally, once again also allowing K = C,
[fl: A—R, [f1(z) == |f(z)]. (6.1k)

One calls f* and f~ the positive part and the negative part of f, respectively. For
R-valued functions f, we have

fl=f"+f. (6.11)

6.2 Polynomials

Definition 6.3. Let n € Nj. Each function from K into K, x + 2", is called a
monomial. A function P from K into K is called a polynomial if, and only if, it is a
linear combination of monomials, i.e. if, and only if P has the form

P:K—K, P(z)= Zajxj =ap+ar+---+aa", a; €K (6.2)
=0

The a; are called the coefficients of P. The largest number d < n such that aq # 0 is
called the degree of P, denoted deg(P). If all coefficients are 0, then P is called the zero
polynomial; the degree of the zero polynomial is defined as —1 (in Th. 6.6(b) below, we
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will see that each polynomial of degree n € Nj is uniquely determined by its coefficients
ao, . . ., a, and vice versa).

Polynomials of degree < 0 are constant. Polynomials of degree < 1 have the form
P(z) = a+bx and are called affine functions (often they are also called linear functions,
even though this is not really correct for a # 0, since every function P that is linear (in
the sense of linear algebra) must satisfy P(0) = 0). Polynomials of degree < 2 have the
form P(z) = a + bx + cx? and are called quadratic functions.

Each ¢ € K such that P(§) = 0 is called a zero or a root of P.

A rational function is a quotient P/Q) of two polynomials P and Q.

Remark 6.4. Let A € K and let P, () be polynomials. Then AP, P+, and P() defined
according to Not. 6.2 are polynomials as well. More precisely, if A = 0 or P = 0, then

AP =0;if P=0,then P+Q =Q;if Q =0, then P+ Q = P;if P=0or ) =0, then
PQ=0.If A\ #0 and

P(z) = Zajxj, Q(zx) = ijxj,
=0 j=0 (6.3)
with deg(P) =n >0, deg(Q)=m=>0, n>m>0,
then, defining b; := 0 for each j € {m +1,...,n} in case n > m,

(AP)(z) = (Aaj)a?, deg(A\P) = n, (6.4a)
=0

(P+Q)@) =Y (@ +b)ed,  deg(P+Q) <n=max{mn},  (6.4b)
=0

m+n A

(PQ)(x) =Y ;2 deg(PQ) = m +n, (6.4¢)

=0

where, setting a := 0 for each k € {n +1,...,m + n} and by := 0 for each k €
{m+1,...,m+n},
J
\ ;= bi . A4d
j€{0,...,n+m} i A0j—k (6 )
k=0
Formula (6.4¢) can be proved by induction on m = deg(Q) € Ny as follows: For m = 0,

we compute
n+0

(PQ)(x) = by Z a; 7’ = Z boa; 27,
=0 =0
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i.e. c; = boa; = Zi:o arb;_i, which establishes the base case, remembering b;_; = 0 for
j > k. For the induction step, we compute, for deg(Q)) = m + 1,

m—+1 n m
(PQ)(xz) = Z a;a’ Z bo % Z a; 2’ (bmemH + Z ba x“)
7=0 a=0
m+n
ind.:hyp. Zaﬂ - L1t + Z (Z &kb] k)
m+n-+1 m+n '
- Z Aj—m— 1bm+1x + Z <Z akb] k’) !
Jj=m+1 j=0 k=0
m+n-+1 7 '
= Z (Z akbj_k> $],
j=0 k=0

which completes the induction step. There is a notational issue in the second and third
line in of the above computation, since, in both lines, the b,,,; in the first sum is the
actual b,,.1 from @, but b, ; = 0 in the second sum in both lines, which is due to the
induction hypothesis being applied for m < m+1. This is actually used when combining
both sums in the last step, computing, for m+1 < j <m+n: aj_pm-1bm41 2+ Aj—m—1 -
0-27 = aj_pm-1bpmi12?. For j = m—+n—+1, one has Zm+n+1
bmant1—k =0 for n > k and a = 0 for &k > n.

abmgnt1—k = Apbmo1, since

Finally, deg(PQ) = m + n follows from ¢, , = a;,b, # 0.

Theorem 6.5. (a) For each polynomial P given in the form of (6.3) and each £ € K,

we have the identity
OEDBACESIL (6.5)
5=0
where

k )
Vb= ) a <j)€k], in particular by = P(§), by = an. (6.6)
(b) If P is a polynomial with n := deg(P) > 1, then, for each & € K, there erists a
polynomial @ with deg(Q) =n — 1 such that

P(z) = P() + (x = §) Q(x). (6.7)

In particular, if £ is a zero of P, then P(x) = (x — &) Q(x).
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Proof. (a): For & = 0, there is nothing to prove. For & # 0, defining the auxiliary
variable n := z — £, we obtain x = £ + 1 and

n n k n n
Pla)=Y ale+)! 23 Y o (k> i =3 ( )fk‘W
k=0 k=0 j=0 J k=0 j=0
=> ) ax (k) &Iy = ax (k) gFany (6.8)
j=0 k=0 J §=0 k=j J

which is (6.5).
(b): According to (a), we have

n

P(z) =P+ (x—¢& Q(x), with Q(x)= ij (x—€Y 1 = Z_:bjﬂ (x—&), (6.9)

j=1
proving (b). [ |

Theorem 6.6. (a) If P is a polynomial with n := deg(P) > 0, then P has at most n
2eros.

(b) Let P,Q be polynomials as in (6.3) with n = m, deg(P) < n, and deg(Q) < n. If
P(z;) = Q(x;) at n+ 1 distinct points xg,x1,...,2, € K, then a; = b; for each
j€{0,....,n}.

Consequence 1: If P, Q) with degree < n agree at n+ 1 distinct points, then P = Q).

Consequence 2: If we know P = @, then they agree everywhere, in particular at
max{deg(P),deg(Q)} + 1 distinct points, which implies they have the same coeffi-
cients.

Proof. (a): For n =0, P is constant, but not the zero polynomial, i.e. P = a¢ # 0 with
no zeros as claimed. For n € N, the proof is conducted by induction. The base case
(n = 1) is provided by the observation that deg(P) = 1 implies P is the affine function
with P(z) = ag + a1z, a; # 0, i.e. P has precisely one zero at & = —ag/a;. For the
induction step, assume deg(P) = n + 1. If P has no zeros, then the assertion of (a)
holds true. Otherwise, P has at least one zero ¢ € K, and, according to Th. 6.5(b),
there exists a polynomial @) such that deg(Q)) = n and

P(z) = (x — &) Q(x). (6.10)

From the induction hypothesis, we gather that @) has at most n zeros, i.e. (6.10) implies
P has at most n + 1 zeros, which completes the induction.
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(b): If P(x;) = Q(x;) at n + 1 distinct points z;, then each of these points is a zero of
P — Q. Thus P — @ is a polynomial of degree < n with at least n + 1 zeros. Then (a)
implies deg(P — Q) = —1, i.e. P — @ is the zero polynomial, i.e. a; — b; = 0 for each
j€{0,....,n}. [ |
Remark 6.7. Let P be a polynomial with n := deg(P) > 0. According to Th. 6.6(a), P

has at most n zeros. Using Th. 6.5(b) for an induction shows there exists k € {0,...,n}
and a polynomial ) of degree n — k such that

k
P(z) = Q@) [[(x = &) = (¢ = &)z = &) --- (& = &)Q(w), (6.11a)
j=1
where @) does not have any zeros in K and {&;,...,&} ={{ € K: P(§) = 0} is the set
of zeros of P. It can of course happen that P does not have any zeros and P = @ (no
&; exist). It can also occur that some of the &; in (6.11a) are identical. Thus, we can
rewrite (6.11a) as

l

P(z)=Qx) [ [(z = A)™ = (z = M)™ (z = A)™ -+ (x = N)™Q(z),  (6.11b)

j=1

where A\y,..., A\, 1 € {0,...,k}, are the distinct zeros of P, and m; € N with 22‘:1 m; =
k. Then m,; is called the multiplicity of the zero \; of P.

7 Limits and Convergence in the Real and Complex
Numbers

7.1 Sequences

Recall from Def. 2.14(b) that a sequence in K is a function f: N — K| in this context
usually denoted as f = (2,,)nen Or (21, 22, ... ) with 2, := f(n). Sometimes the sequence
also has the form (z,),er, where I # () is a countable index set (e.g. I = Ny) different
from N (in the context of convergence (see the following Def. 7.1), I must be N or it
must have the same cardinality as N, i.e. finite I are not permissible).

Definition 7.1. The sequence (z,),en in K is said to be convergent with limit z € K if|
and only if, for each € > 0, there exists an index N € N such that |z, — z| < € for every
index n > N. The notation for (z,),en converging to z is lim,, ., 2, = z or z, — z for
n — oo. Thus, by definition,

limz,=2 < V 3 V |z—z<e (7.1)
n—r00 eeRt NeN n>N
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The sequence (2, )nen in K is called divergent if, and only if, it is not convergent.

Example 7.2. (a) For every constant sequence (z,)neny = (a)neny with a € K| one has
limy, 00 2, = lim,, oo @ = a: Since, for each n € N, |z, — a| = |a — a| = 0, one can
choose N =1 for each ¢ > 0.

(b) limy, ;o0 75 = 0 for each a € C: Here z, := 1/(n + a) (if n = —a, then set z, 1= w
with w € C arbitrary). Given e > 0, choose an arbitrary N € N with N > ¢! +al.

Then, for each n > N, we compute [n+a| = |n — (—a)| > |n — |a|| =n — |a|] >
N —a| > €', and, thus, |z,| = |n + a|™! < € as desired.
(¢) ((—=1)")nen is not convergent: We have z, = 1 for each even n and z, = —1 for each

odd n. Thus, for each z # 1 and each even n, |z, —z| = |1 —z| > [1 —2|/2 =€ > 0,
i.e. z is not a limit of (z,),en. However, z = 1 is also not a limit of the sequence,
since, for each odd n, |z, — 1| = | —1—1] =2 > 1 =: ¢ > 0, proving that the
sequence has no limit.

Theorem 7.3. (a) Let (z,)nen be a sequence in C. Then (z,)nen is convergent in C
if, and only if, both (Re z,)nen and (Im z,),en are convergent in R. Moreover, in
that case,

limz,=2 < lim Rez,=Rez A lim Imz, =Imz. (7.2)
n—00 n—00 n—0o0

(b) Let (x)nen be a sequence in R and z € C. Then

limz,=2 = z€eR (7.3)

n—oo

Proof. (a): Suppose (2,)nen converges to z € C. Then, given € > 0, there exists N € N
such that, for each n > N, |z, — z| < e. In consequence, for each n > N,
Th. 5.11(d)
|Rez, —Rez| =|Re(z, —2)] < |zn— 2| <e, (7.4)

proving lim,, .., Re z, = Rez. The proof of lim, _,, Imz, = Im 2 is completely anal-
ogous. Conversely, suppose there are x,y € R such that lim, ,. Rez, = z and
lim,, o, Im z,, = y. Here we encounter, for the first time, what is sometimes called an €/2
argument: Given e > 0, there exists N € N such that, for each n > N, |Re z, — x| < €/2
and | Im z, — y| < €/2, implying, for each n > N,

|z — (x +iy)| = |Re z, + iIm z, — (z + iy)|
<|Rez, —z|+|i||Imz, —y| <€/2+4¢€¢/2 =¢, (7.5)
proving lim,, .. 2, = x + iy.

(b) is a direct consequence of (a). [ |
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Example 7.4. (a) According to Th. 7.3(a), we have

lim (\/§+ A ) Ex. 7.2:(a),(b) \/§—|—OZ _ \/§

(b) According to Th. 7.3(a) and Ex. 7.2(c), the sequence (* + (—=1)"4),ey is divergent.

Another important example relies on the following inequality:

Proposition 7.5 (Bernoulli’s Inequality). For each n € Ny and each x € [—1,00[, we

have
(14+2)" > 1+ nz, (7.6)

with strict inequality whenever n > 1 and x # 0.

Proof. For n =0, (7.6) reads 1 > 1, for n = 1, (7.6) reads 1 +x > 1 + z, for n = 2,
(7.6) reads (14 x)* = 1+ 2x + 2> > 1 + 2z, all three statements being trivially true, in
the case n = 2 with strict inequality for x # 0. We now proceed by induction for n > 2.
For the induction step, one estimates

ind. hyp., z > —1

(1+2)""'=1+2z2)"(1+2) > (1+nz)(1+z) =1+ (n+ 1)z + na?
> 1+ (n+ 1)z, (7.7)
with strict inequality for x # 0. |

Example 7.6. We have, for each ¢ € C,
lgf <1 = lim¢"=0: (7.8)
n—oo

For ¢ = 0, there is nothing to prove. For 0 < |¢| < 1,itis |q|™' > 1,i.e. h :=|¢|'=1 > 0.
Thus, for each € > 0 and N > 1/(eh), we obtain

(7.6)
n>N = J|¢g™"=0+h" > 1+nh>nh>1/e = |"|=|q" <e. (7.9)

Definition 7.7. (a) Given z € K and ¢ € R*, we call the set B.(z) := {w € K :
|w — z| < €} the e-neighborhood of z or, in anticipation of Calculus II, the (open) e-
ball with center z (in fact, for K = C, B.(z) represents an open disk in the complex
plane with center z and radius €, whereas, for K = R, B.(z) =]z — €,z + €[ is the
open interval with center z and length 2¢). More generally, a set U C K is called
a neighborhood of z if, and only if, there exists ¢ > 0 with B.(z) C U (so, for
example, for € > 0, B.(z) is always a neighborhood of z, whereas R and [z — €, 00|
are neighborhoods of z for K = R, but not for K = C ([ — ¢, 0o[ not even being
defined for z ¢ R); the sets {z}, {w € K: Rew > Rez}, {w € K: Rew > Rez+¢€}
are never neighborhoods of z).
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(b) If ¢(n) is a statement for each n € N, then ¢(n) is said to be true for almost all
n € N if, and only if, there exists a finite subset A C N such that ¢(n) is true for
each n € N\ A, i.e. if, and only if, ¢(n) is always true, with the possible exception
of finitely many cases.

Remark 7.8. In the language of Def. 7.7, the sequence (z,)nen converges to z if, and
only if, every neighborhood of z contains almost all z,.

Definition 7.9. The sequence (z,)nen in K is called bounded if, and only if, the set
{|zn| : n € N} is bounded in the sense of Def. 2.26(a).

Proposition 7.10. Let (z,)nen be a sequence in K.

(a) Limits are unique, that means if z,w € K such that lim,,_,« 2, = z and lim,,_, 2, =
w, then z = w.

(b) If (zn)nen is convergent, then it is bounded.

Proof. (a): Exercise.

(b): If limy, o0 2, = 2, then A := {|z,] : |z, — 2| > 1} U {|z1]} is nonempty and finite.
According to Th. 3.21(a), A has an upper bound M. Then max{M, |z|+ 1} is an upper
bound for {|z,| : n € N}, and 0 is always a lower bound, showing that the sequence is
bounded. |

Proposition 7.11. Let (z,)nen be a sequence in C with lim,, . 2, = 0.

(@) If (bp)nen is a sequences in C such that there exists C' € RT with |b,| < C|z,| for
almost all n, then lim,,_.. b, = 0.

(b) If (¢p)nen is a bounded sequence in C, then lim,_,oo(cpz,) = 0.

Proof. (a): Given € > 0, there exists N € N such that |z,| < ¢/C and |b,| < C|z,| for
each n > N. Then, for each n > N, |b,| < C|z,| < €, proving lim,, . b, = 0.

(b): If (¢n)nen is bounded, then there exists C' € R* such that |c,| < C for each n € N.
Thus, |cnz,| < Clz,| for each n € N, implying lim,, ,(¢,2,) = 0 via (a). |

Example 7.12. The sequences ((—1)")neny and (b),eny with b € C are bounded. Since,
for each a € C, lim,, o 717 = 0 by Example 7.2(b), we obtain
-1 b
lim (=1) = lim =0 (7.10)

n—oo N+ a n—oo N + a

from Prop. 7.11(b).
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Theorem 7.13. (a) Let (z,)nen and (wy,)nen be sequences in C. Moreover, let z,w € C
with lim,, o 2, = 2z and lim,,_,o w, = w. We have the following identities:

lim (Az,) = Az for each \ € C, (7.11a)
n—oo
lim (2, + w,) = z + w, (7.11Db)
n—oo
lim (z,w,) = 2w, (7.11c)
n—oo
lim z,/w, = z/w given all w, #0 and w # 0, (7.11d)
n— o0
Jim |z, [ = ], (7.11e)
lim z, =z, (7.11f)
n—oo
lim 22 = 2P for each p € N. (7.11g)
n—oo

(b) Let (xn)nen and (Yn)nen be sequences in R. Moreover, let z,y € R with lim,, o x,, =
x and lim, o ¥y, =y. Then

lim max{z,,y,} = max{z,y}, (7.12a)
n—oo

lim min{z,,y,} = min{z, y}. (7.12b)
n— oo

(c) If, in the situation of (b) (i.e. for real sequences), x, < y, holds for almost all
n € N, then x < vy. In particular, if almost all x,, > 0, then x > 0.

Proof. We start with the identities of (a).
(7.11a): For A = 0, there is nothing to prove. For A # 0 and € > 0, there exists N € N
such that, for each n > N, |z, — z| < €¢/|A|, implying

V Az — Azl = | |zn — 2] < e (7.13a)
n>N

(7.11b): Given € > 0, there exists N € N such that, for each n > N, |z, — z| < €/2 and
|w, —w| < €/2, implying

‘v’N |2n + Wy — (2 +w)| < |zp — 2|+ |w, —w| < €/2+€/2 =€ (7.13b)

n>

(7.11c): Let M; := max{|z|,1}. According to Prop. 7.10(b), there exists M, € R* such
that My is an upper bound for {|w,| : n € N}. Moreover, given ¢ > 0, there exists
N € N such that, for each n > N, |z, — 2| < ¢/(2M3) and |w, —w| < €/(2M;), implying

20wy — 2w| = | (2, — 2)w, + 2(w, — w)|

’ \ (7.13c¢)
) 2 € ]\41E
v < o] 2w = 2l 2]y — ] < G 4 G = e
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(7.11d): We first consider the case, where all z, = 1. Given € > 0, there exists N € N
such that, for each n > N, |w, —w| < € |w|*/2 and |w,, — w| < |w|/2 (since w # 0 for
this case), implying |w| < |w — w,| + |w,| < |w|/2 + |w,| and |w,| > |w|/2. Thus,
1 1
v -

n>N

(7.13d)

wn—w‘ 2 Jw, —w| 2 elw)®

w, W Wy, W |w]? w2 2

The general case now follows from (7.11c).

(7.11e): This is a consequence of the inverse triangle inequality (5.14): Given ¢ > 0,
there exists N € N such that, for each n > N, |z, — z| < ¢, implying

VN |12n] = [2]] < |20 — 2] <. (7.13e)

(7.11f): Write z,, = x,, + iy, and z = x + iy with z,,y,, 2,y € R, n € N. Then we know

lim,, o 2, = x and lim,,_, ¥, = y from (7.2), and
lim 2z, = lim (x, —iy,) (THal(HD) o iy = Z, (7.13f)

n—oo n—oo

which establishes the case.
(7.11g) follows by induction from (7.11c) (cf. (7.16b) below).
The proofs for the two identities of (b) are left as exercises.

(c): Proceeding by contraposition, assume x > y and set s := (z+vy)/2. Theny < s <z
and y, < s < x, holds for almost all n, i.e. z,, <y, does not hold for almost all n. W

Example 7.14. (a) lim, . =% = 1 for each a,b € C: Here z, := (n +a)/(n +b) (if

n = —b, then set z, := w with w € C arbitrary). Using (7.11b) and (7.11d), one
obtains ) .
. n+a 1+a/n Jml4lmo g,
lim = lim = ;= =1 (7.14)
n—oco 1+ b n—>ool—|—b/n lim1+ lim > 140
n— o0 n—o0
(b) Using (7.11b), (7.11d), and (7.11g), one obtains
2nS — 3in3 + 2i 2—3i/n?>+2i/n> 24+04+0 2
L n+ 2 i/n*+2i/n _2+0+40_2 (7.15)
n—oo  3n° +17n n—o0 34 17/n* 3+0 3
Corollary 7.15. For k € N, let (zg))neN, o (zr(f))neN be sequences in C. Moreover,

let 2D 20 € C with lim,,_,o, 2 = 29 for each j € {1,....k}. Then

k k
; () — ()
nh_)rgo Z 2 Z LA (7.16a)

JLIEOHZ(] = Hz (7.16b)
7j=1
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Proof. (7.16) follows by simple inductions from (7.11b) and (7.11c), respectively. |

Theorem 7.16 (Sandwich Theorem). Let (,)nen, (Yn)nen, and (an)nen be sequences
inR. If v, < a, <y, holds for almost all n € N, then

lim 2, = limy,=2€R = lim a, = 2. (7.17)
n—oo

n—oo n—oo

Proof. Given € > 0, there exists N € N such that, for each n > N, z, < a, < y,,
|z, — x| <€, and |y, — z| < €, implying

V r—e<xz,<a, <y, <x+e, (7.18)
n>N

which establishes the case. |
Example 7.17. Since, 0 < % < % holds for each n € N, the Sandwich Th. 7.16 implies

. 1
nan;D i 0. (7.19)
Definition 7.18. Let (x,),en be a sequence in R. The sequence is said to diverge to
00 (resp. to —o0), denoted lim,, o , = 00 (resp. lim,,_,o x, = —00) if, and only if, for
each K € R, almost all x,, are bigger (resp. smaller) than K. Thus,

limaz,=00 < V 3 V z,>K, (7.20a)
n—00 KeR NeN n>N
limz,=-o0 < V 3 V z,<K. (7.20b)
n—00 KeR NeN n>N
Theorem 7.19. Suppose S = (x,)nen 1S a monotone sequence in R (increasing or

decreasing). Defining A := {x,, : n € N}, the following holds:

sup A if S is increasing and bounded,

lim z, — 00 if S is increasing and not bounded, (7.21)

n—o0 inf A if S is decreasing and bounded,

—oo  if S s decreasing and not bounded.

Proof. We treat the increasing case; the decreasing case is proved completely analo-
gously. If A is bounded and € > 0, let K := sup A — ¢; if A is unbounded, then let
K € R be arbitrary. In both cases, since K can not be an upper bound, there exists
N € N such that xy > K. Since the sequence is increasing, for each n > N, zy < 2,
showing |sup A — x,| < € in the bounded case, and x,, > K in the unbounded case. W
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Example 7.20. Theorem 7.19 implies
v (lim n* =00, lim(—n*) = —oo) : (7.22)

keN n—oo n—00

It is sometimes necessary to consider so-called subsequences and reorderings of a given
sequence. Here, we are interested in sequences in R or C, but for subsequences and
reorderings it is irrelevant in which set A the sequence takes its values. As it presents
virtually no extra difficulty to introduce the notions for general sequences, and since we
will need to consider sequences with values in sets other than R or C in Calculus II, we
admit general sequences in the following definition.

Definition 7.21. Let A be an arbitrary nonempty set. Consider a sequence ¢ : N —»
A. Given a function ¢ : N — N (that means (¢(n))nen constitutes a sequence of
indices), the new sequence (0 o ¢) : N — A is called a subsequence of o if, and
only if, ¢ is strictly increasing (i.e. 1 < ¢(1) < ¢(2) < ...). Moreover, o o ¢ is
called a reordering of o if, and only if, ¢ is bijective. One can write ¢ in the form
(zn)nen by setting z, := o(n), and one can write o o ¢ in the form (w,)nen by setting
wy, := (00 ¢)(n) = 24m). Especially for a subsequence of (z,)nen, it is also common
to write (2, )ren. This notation corresponds to the one above if one lets ny = ¢(k).
Analogous definitions work if the index set N of ¢ is replaced by a general countable
nonempty index set I.

Example 7.22. Consider the sequence (1,2,3,...). Then (2,4,6,...) constitutes a
subsequence and (2,1,4,3,6,5,...) constitutes a reordering. Using the notation of Def.
7.21, the original sequence is given by ¢ : N — N, o(n) := n; the subsequence
is selected via ¢; : N — N, ¢1(n) := 2n; and the reordering is accomplished via
n+1 if nis odd,

n—1 if nis even.

¢2: N— N, ¢o(n) :=

Proposition 7.23. Let (2,)nen be a sequence in C. If lim, , 2z, = 2, then every
subsequence and every reordering of (z,)nen 1S also convergent with limit z.

Proof. Let (w,)neny be a subsequence of of (z,)nen, i.e. there is a strictly increasing
function ¢ : N — N such that w, = z4(,). If lim, . 2, = z, then, given € > 0, there
is N € N such that z, € B(z) for each n > N. For N choose any number from N that
is > N and in ¢(N). Take M := ¢~'(N) (where ¢~' : #(N) — N). Then, for each
n > M, one has ¢(n) > N > N, and, thus, w, = Zo(n) € Be(2), showing lim,, o wy, = 2.

Let (w,)nen be a reordering of (z,)nen, i.e. there is a bijective function ¢ : N — N
such that w, = z4(,,). Let e and N be as before. Define

M :=max{¢ '(n): n < N}. (7.23)
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As ¢ is bijective, it is ¢(n) > N for each n > M. Then, for each n > M, one has
Wy, = Zg(n) € Be(2), showing lim,, . w, = 2. [ |

Definition 7.24. Let (z,)n,en be a sequence in K. A point z € K is called a cluster
point or an accumulation point of the sequence if, and only if, for each € > 0, B(z)
contains infinitely many members of the sequence (i.e. #{n € N: z, € B.(z)} = 00).

Example 7.25. The sequence ((—1)"),en has cluster points 1 and —1.

Proposition 7.26. A point z € K is a cluster point of the sequence (zp)nen in K if,
and only if, the sequence has a subsequence converging to z.

Proof. If (w,)nen is a subsequence of (2,)pen, lim, o w, = 2, then every B(z), € > 0,
contains infinitely many wy,, i.e. infinitely many z,, i.e. z is a cluster point of (z,),en.
Conversely, if z is a cluster point of (z,)nen, then, inductively, define ¢ : N — N as
follows: For ¢(1), choose the index k of any point z; in Bi(z) (such a point exists, since
z is a cluster point of the sequence). Now assume that n > 1 and that ¢(m) have already
been defined for each m < n. Let M := max{¢(m) : m < n}. Since Bi(z) contains
infinitely many zj, there must be some 2, € Bi(z) such that & > M. Choose this k as
¢(n). Thus, by construction, ¢ is strictly increnasing, i.e. (Wy)neny With wy, 1= 240, is a
subsequence of (z,)nen. Moreover, for each € > 0, there is N € N such that 1/N < e.
Then, for each n > N, w, € B1(z) C B1(z) € Be(z), showing lim, o w, = 2. [ |

Theorem 7.27 (Bolzano-Weierstrass). Fvery bounded sequence S = (x,)nen in K
has at least one cluster point in K. Moreover, for K = R, the set A := {x € R :
x is cluster point of S} has a maz x* € R and a min x, € R, i.e. every bounded sequence
in R has a largest and a smallest cluster point. In addition, for each € > 0, the inequality
Ty — €< xp, < ¥+ € holds for almost all n.

Proof. We first consider the case K = R. Define

A" :={z eR: z, <z for almost all n}, (7.24a)
A, :={x € R: x, >z for almost all n}. (7.24b)

We claim A* # () is bounded from below and z* = max A = inf A*; A, # () is bounded
from above and z, = min A = sup A,. We prove the claim for A* — the proof for A, is
conducted completely analogous. Let m, M € R be a lower and an upper bound for .5,
respectively. Then M € A*, showing A* # 0; and m is a lower bound for A*. Since A*
is bounded from below, a := inf A* € R by the completeness of R. Moreover, for each
€>0,a—¢€¢ A* as ais a lower bound for A*, i.e. z,, > a — € holds for infinitely many
n € N. On the other hand, a + ¢/2 € A* follows from a being the largest lower bound
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of A* i.e. z, > a+ €/2 holds for only finitely many n (if any). In particular, we have
shown z, < a + € holds for almost all n, and a — € < x,, < a + € must hold for infinitely
many n, showing a is a cluster point of S. To see that a is the largest cluster point of
S (i.e. a = max A), we have to show that = > a implies z is not a cluster point of S.
However, letting € := 2 — a > 0, we had seen above that z,, > a + ¢/2 holds for only
finitely many n, i.e. B./>(x) contains only finitely many x,, showing z is not a cluster
point of S.

It now remains to consider the complex case, i.e. a bounded sequence S := (2, )nen in C.
For eachn € N, let z,, = x,+iy, with z,,,y, € R. Due to Th. 5.11(d), we have |z,| < |z,
and |y,| < |z,/, i.e. the boundedness of S implies the boundedness of both (z,),en and
(Yn)nen- Then we know that (z,),eny has a cluster point x and, by Prop. 7.26, S
has a subsequence (2,,);jen such that x = lim;_, z,,. As the subsequence (yy,);en is
still bounded, it must have a cluster point y and a subsequence (ynjk)keN such that
y = limg_,o0 Yn;, - Since x = limy,_, Tn;, as well, we now have limy_, Zny, =T+ = 2,
i.e. S has a subsequence converging to z. According to Prop. 7.26, z is a cluster point
of S. |

Definition 7.28. A sequence (z,),en in C is defined to be a Cauchy sequence if, and
only if, for each € € R, there exists N € N such that |z, — z,| < € for each n,m > N,
ie.

(zZn)neny Cauchy < V. 3V |z, — 2z, <e (7.25)

ecRt NeN nm>N

Theorem 7.29. The sequence (z,)nen in C is convergent if, and only if, it is a Cauchy
sequence.

Proof. Suppose the sequence is convergent with lim, ,., 2, = z. Then, given ¢ > 0,
there is N € N such that z, € Bg(z) for each n > N. If n,m > N, then [z, — 2,,| <
|2n — 2| + |2 — 2| < § + § = €, establishing that (z,)nen is a Cauchy sequence.

Conversely, suppose the sequence is a Cauchy sequence. Using similar reasoning as in
the proof of Prop. 7.10(b), we first show the sequence is bounded. If the sequence is
Cauchy, then there exists N € N such that |z, — z,,,| < 1 for all n,m > N. Thus, the
set A= {|z,] : |20 — 2nv11] = 1} U {|21|} € R{ is nonempty and finite. According to
Th. 3.21(a), A has an upper bound M. Then max{M, |zy41|+ 1} is an upper bound for
{|zn| : n € N}, showing that the sequence is bounded. From Th. 7.27, we obtain that
the sequence has a cluster point z. It remains to show lim, ., 2, = z. Given ¢ > 0,
choose N € N such that |z, — z,| < €/2 for all n,m > N. Since z is a cluster point,
there exists k > N such that |z, — z| < €/2. Thus,

€ €
_ < — — — — = 2
n>VN lzn — 2| < |z — 2] + |2 — 2| < 5t5=6 (7.26)

proving lim,, .. 2, = 2. |
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Example 7.30. Consider the sequence S := (s,)nen defined by

"1 1 1
Nt 7.27

We claim S is not a Cauchy sequence and, thus, not convergent by Th. 7.29: For each
N € N, we find n, m > N such that s,, —s,, > 1/2, namely m = N+1and n = 2(N+1):

2(N+1)

1 1 1 1
S2(N+1) — SN+41 = + S e
I<:N+2k N +2 N—|—3 2(N +1)
1
>(N+1) ———=—. 7.28
WD 51 ~ 2 (728)

While we have just seen that S is not convergent, it is clearly increasing, i.e. Th. 7.19
implies S is unbounded and lim,,_,, s, = 00. Sequences defined by longer and longer
sums are known as series and will be studied further in Sec. 7.3 below. The series of the
present example is known as the harmonic series. It has become famous as the simplest
example of a series that does not converge even though its summands converge to 0. In
terms of the notation introduced in Sec. 7.3 below, we have shown

=1 1
—=1 ) 7.29
,;:k + = +3+ =00 (7.29)

7.2 Continuity
7.2.1 Definitions and First Examples

Roughly, a function is continuous if a small change in its input results in a small change
of its output. For functions defined on an interval, the notion of continuity makes
precise the idea of a function having no jump — no discontinuity — at some point x in
its domain. For example, we would say the sign function of (5.9) has precisely one
jump — one discontinuity — at x = 0, whereas quadratic functions (or, more generally,
polynomials) do not have any jumps — they are continuous.

Definition 7.31. Let M C C. If ( € M, then a function f : M — K is said to be
continuous in ( if, and only if, for each € > 0, there is 6 > 0 such that the distance
between the values f(z) and f({) is less than €, provided the distance between z and ¢
is less than 4, i.e. if, and only if,

v 3 (lz=¢l<d = [fz) = FQ]<e). (7.30)

eERT JeRT ZEM
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Moreover, f is called continuous if, and only if, f is continuous in every ( € M. The set of
all continuous functions from f: M — K is denoted by C'(M,K), C(M) := C(M,R).

Example 7.32. (a) Every constant map f: M — K, ) # M C C, is continuous: In
this case, given €, we can choose any ¢ > 0 we want, say 0 := 42: If (,z € M, then
|f(¢) — f(2)| = 0 < ¢, which holds independently of 0, in particular, if |¢ — z| < 6.

(b) Every affine function f : K — K, f(z) := az + b is continuous: For a = 0, this
follows from (a). For a # 0, given € > 0, choose § := ¢/|a|. Then,

€

=l <d=r = [fG) = Q] =Jaz +b—aC—b
% . (7.31)
c.oek = lal 2 —¢| < lal 1 = ¢

(c) The sign function of (5.9) is not continuous: It is continuous in each & € R\ {0}, but
not continuous in 0: If £ #£ 0, then, given € > 0, choose § := [£]. If |z — | < 0, then
sgn(z) = sgn(§), ie. |sgn(x) —sgn(&)| = 0 < €, proving continuity in £. However,
at 0, for € := 1/2, we have

1
A |sgn(0) —sgn(6/2)| =0—1]=1> 3=6 (7.32)

showing sgn is not continuous in 0.

Some subtleties arise from the possibility that f can be defined on subsets of C with
very different properties. The notions introduced in Def. 7.33 help to deal with these
subtleties.

Definition 7.33. Let M C C.

(a) The point z € C is called a cluster point or accumulation point of M if, and only if,
each e-neighborhood of z, e € RT, contains infinitely many points of M, i.e. if, and
only if|

V' #(M N B(z)) = oc. (7.33)

eeRt

Note: A cluster point of M is not necessarily in M.

(b) The point z is called an isolated point of M if, and only if, there is ¢ € RT such
that B.(z) N M = {z}. Note: An isolated point of M is always in M.

Proposition 7.34. If M C C, then each point of M 1is either a cluster point or an
1solated point of M, i.e.

M ={z € M : z cluster point of M} U{z € M : z isolated point of M}. (7.34)
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Proof. Consider z € M that is not a cluster point of M. We have to show that z is an

isolated point of M. Since z is not a cluster point of M, there exists € > 0 such that
A= (M N Bgz))\ {z} is finite. Define

_ {{nin{|a—z| ca€ A} if A0, (7.35)

€ if A=40.

Then B.(z) "M = {z}, showing z is an isolated point of M. Finally, the union in (7.34)
is clearly disjoint. [ |

Lemma 7.35. Let M C C, f: M — K. If C is an isolated point of M, then f is
always continuous in (.

Proof. Independently of the concrete definition of f, we know there is 6 > 0 such that
Bs(¢) " M = {(}. In other words, if z € M with |z — (| < 0, then z = (, implying
|f(2) — f(¢)] =0 < € for each € > 0, showing f to be continuous in (. |

Example 7.36. (a) The sign function restricted to the set M :=]—o0, —1JU{0}U[1, 00|,
le.
1 forxe[l,00]
sgn(z) =<0  forz =0,
—1 for z €] — o0, —1]

is continuous: As in Ex. 7.32(c), one sees that sgn is continuous in each { € M\ {0}.
However, now it is also continuous in 0, since 0 is an isolated point of M.

(b) Every function f: N — K is continuous, since every n € N is an isolated point of
N (due to {n} = NN B%(n)).

7.2.2 Continuity, Sequences, and Function Arithmetic

To make available the power of the results on convergent sequences from Sec. 7.1 to
investigations regarding the continuity of functions, we need to understand the relation-
ship between both notions. The core of this relationship is the contents of the following
Th. 7.37, which provides a criterion allowing one to test continuity in terms of convergent
sequences:

Theorem 7.37. Let M CC, f: M — K. If( € M, then f is continuous in C if, and
only if, for each sequence (zp)nen in M with lim,, ., 2, = (, the sequence (f(z,))nen
converges to f((), i.e.

lim 2z, =¢ = nh_)n;)f(zn) = f(Q). (7.36)

n—oo
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Proof. 1f ¢ € M is an isolated point of M, then there is 6 > 0 such that M NBs(¢) = {(}.
Then every f: M — K is continuous in ¢ according to Lem. 7.35. On the other hand,
every sequence in M converging to ¢ must be finally constant and equal to ¢, i.e. (7.36)
is trivially valid at (. Thus, the assertion of the theorem holds if ( € M is an isolated
point of M.

If ( € M is not an isolated point of M, then ( is a cluster point of M according to Prop.
7.34. So, for the remainder of the proof, let ( € M be a cluster point of M. Assume
that f is continuous in ¢ and (z,)nen is a sequence in M with lim,, ., z, = (. For each
€ > 0, there is § > 0 such that z € M and |z — (| < § implies |f(z) — f({)] < €. Since
lim, o0 2, = (, there is also N € N such that, for each n > N, |z, — (| < 6. Thus,
for each n > N, |f(z.) — f(Q)| < €, proving lim,_, f(z,) = f(¢). Conversely, assume
that f is not continuous in (. We have to construct a sequence (z,)neny in M with
lim,, o 2, = ¢, but (f(2,))nen does not converge to f(¢). Since f is not continuous
in ¢, there must be some ¢; > 0 such that, for each 1/n, n € N, there is at least one
zn € M satisfying |z, — (| < 1/n and |f(2,) — f(¢)| > €. Then (z,)nen is a sequence in
M with lim,, o 2, = ¢ and (f(z,))nen does not converge to f(¢). [ |

We can now apply the rules of Th. 7.13 to see that all the arithmetic operations defined
in Not. 6.2 preserve continuity:

Theorem 7.38. Let M CC, f,g: M — K, A€ K, (e M. If f,g are both continuous
inC, then \f, f+gq, fg, [/g for g #0, |f|, Re f, and Im f are all continuous in (. If
K =R, then max(f,g), min(f,g), [T and f~, are also all continuous in (.

Proof. Let (z,)nen be a sequence in M such that lim, . 2z, = . Then the continuity
of fand g in ¢ yields lim, o f(2,) = f(¢) and lim,,,~ g(2,) = g(¢). Then

(7.11a) = Jim (Af)(zn) = (AF)(C),
(7.11b) = Jim (f 4 g)(z) = (f +9)(C),
(7.11c) = lim (fg)(zn) = (f9)(C),
(7.11d) = Tim (f/9)(za) = (f/9)(0);
(7.11e) = Jim | £1(zn) = [1(0),
(7:2) = Jim (Re f)(z,) = (Re £)(C),
(7:2) = lim (Im f)(z,) = (Im f)(C).
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If f, g are both R-valued, then we also have

(7.12a) = T max(f, 9)(z) = max(f,)(<),
(7.12b) = T min(f, g) (=) = min(f, 9)(C).

and, finally, the continuity of f* and f~ follows from the continuity of max(f,g). W

Corollary 7.39. A function f : M — C, M C C, is continuous in ( € M if, and
only if, both Re f and Im f are continuous in (.

Proof. If f is continuous in ¢, then Re f and Im f are both continuous in ¢ by Th. 7.38.
If Re f and Im f are both continuous in (, then, as

f=Ref+ilmf, (7.37)
f is continuous in ¢, once again, by Th. 7.38. |

Example 7.40. (a) The continuity of the absolute value function z — |z| on K can be
concluded directly from (7.11e) and, alternatively, from combining the continuity
of f: K — K, f(2) = 2, according to Ex. 7.32(b), with the continuity of |f|
according to Th. 7.38.

(b) Every polynomial P : K — K, P(z) = > ja;2, a; € K, is continuous: First
note that every monomial z — 27 is continuous on K by (7.11g). Then Th. 7.38
implies the continuity of z — a;2/ on K. Now the continuity of P follows from
(7.16a) or, alternatively, by an induction from the f + g part of Th. 7.38.

(c) Let P,@Q : K — K, be polynomials and let A := Q~'{0} the set of all zeros of
@ (if any). Then the rational function (P/Q) : K\ A — K is continuous as a
consequence of (b) plus the f/g part of Th. 7.38.

Theorem 7.41. Let Dy, D, CC, f: Dy — C, g : D, — K, f(Dy) € D,. If f
is continuous in ¢ € Dy and g is continuous in f(¢) € Dy, then go f: Dy — K is
continuous in (. In consequence, if f and g are both continuous, then the composition
go f is also continuous.

Proof. Let ¢ € Dy and assume f is continuous in ¢ and g is continuous in f(¢). If (2,,)nen
is a sequence in Dy such that lim,,_, 2, = (, then the continuity of f in ¢ implies that

lim, o0 f(2,) = f(¢). Then the continuity of g in f(¢) implies lim, o g(f(2,)) =
g(f(C)), thereby establishing the continuity of g o f in (. [ |
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7.2.3 Bounded, Closed, and Compact Sets

Subsets A of C (and even subsets of R) can be extremely complicated. If the set A has
one or more of the benign properties defined in the following, then this can often be
exploited in some useful way (we will see an important example in Th. 7.54 below).

Definition 7.42. Consider A C C.

(a) A is called bounded if, and only if, A = () or the set {|z] : z € A} is bounded in R
in the sense of Def. 2.26(a), i.e. if, and only if,
3 AC By(0).

MeR+

(b) A is called closed if, and only if, every sequence in A that converges in C has its
limit in A (note that ) is, thus, closed).

(c) Ais called compact if, and only if, A is both closed and bounded.

Example 7.43. (a) Clearly, () and sets containing single points {z}, z € C are com-
pact. The sets C and R are simple examples of closed sets that are not bounded.

(b) Let a,b € R, a < b. Each bounded interval |a,b[, |a,b], [a,b], [a,b] is, indeed,
bounded (e.g. by M := 2max{|al, |b|}). If (z,)nen is & sequence in [a, b], converging
to z € R, then Th. 7.13(c) shows a < z < b, i.e. € [a,b] and [a, b] is, indeed,
closed. Analogously, one sees that the unbounded intervals |a, oo| and | — 0o, a| are
also closed. On the other hand, open and half-open intervals are not closed: For
sufficiently large n, the convergent sequence (b — ) ey is in [a, b[, but lim, (b —
1) = b ¢ [a,b[, and the other cases are treated analogously. In particular, only
intervals of the form [a, b] (and trivial intervals) are compact.

(c) For each € > 0 and each z € C, the set B(z) is bounded (since B.(z) € Bey2(0)
by the triangle inequality), but not closed (since, for sufficiently large n € N,
(z+€— %)neN is a sequence in B.(z), converging to z + € ¢ B.(z)). In particular,
B(z) is not compact.

Proposition 7.44. (a) Finite unions of bounded (resp. closed, resp. compact) sets are
bounded (resp. closed, resp. compact), i.e. if Ay,..., A, C C, n € N, are bounded
(resp. closed, resp. compact), then A := U;l:l A; is also bounded (resp. closed, resp.
compact).

(b) Arbitrary (i.e. finite or infinite) intersections of bounded (resp. closed, resp. com-
pact) sets are bounded (resp. closed, resp. compact), i.e. if I # 0 is an arbitrary
index set and, for each j € I, A; C C is bounded (resp. closed, resp. compact), then
A= ﬂjel A; is also bounded (resp. closed, resp. compact).
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Proof. (a): Exercise.

(b): Fix jo € I. If all A;, j € I, are bounded, then, in particular, there is M € R* such
that Aj, € By(0). Thus, A =[;.; A; € Aj, € Bu(0) shows A is also bounded. If all
A;, j eI, are closed and (a,)ney is a sequence in A that converges to some z € C, then
(an)nen is a sequence in each A;, j € I, and, since each A; is closed, z € A; for each
jel ie z€ A= ﬂje] A;. Ifall A;, j € I, are compact, then they are all closed and
bounded and, thus, A is closed and bounded, i.e. A is compact. [ |

Example 7.45. (a) According to Prop. 7.44(a), all finite subsets of C are compact.

(b) N = {U,en{n} shows that infinite unions of compact sets can be unbounded, and
10, 1[= U, enl7 1 — 757] shows that infinite unions of compact sets are not always
closed.

Many more examples of closed sets can be obtained as preimages of closed sets under
continuous maps according to the following remark:

Remark 7.46. In Calculus II, it will be shown in the more general context of maps f
between metric spaces that a map f is continuous if, and only if, all preimages f~1(A)
under f of closed sets A are closed. Here, we will only prove the following special case:

f: C — K continuous and A C K closed = f*(A) C C closed. (7.38)

Indeed, suppose f is continuous and A C K is closed. If (2, )nen is a sequence in f~1(A)
with lim,, . 2, = 2 € C, then (f(25))nen is a sequence in A. The continuity of f then
implies lim,, .o f(z,) = f(2) and, then, f(z) € A, since A is closed. Thus, z € f~1(A),
showing f~1(A) is closed.

Example 7.47. (a) For each z € C and each r > 0, the closed disk B,(z) := {w € C :
|z —w| < r} with radius r and center z is, indeed, closed by (7.38), since

B,.(2) = f'0,7], (7.39)

where f is the continuous map f : C — R, f(w) := |z —w|. Since B,(2) is clearly
bounded, it is also compact.

(b) For each z € C and each r > 0, the circle (also called a 1-sphere) S,(z) := {w € C:
|z — w| = r} with radius 7 and center z is closed by (7.38), since S,(z) = f~'{r},
where f is the same map as in (7.39). Moreover, S,(z) is also clearly bounded, and,
thus, compact.
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(c) According to (7.38), for each z € R, the closed half-spaces {z € C: Rez > z} =
Re ![z,00[ and {z € C: Imz > 2} = Im [z, 00| are, indeed, closed.

Theorem 7.48. A subset K of C is compact if, and only if, every sequence in K has a
subsequence that converges to some limit z € K.

Proof. Tf K is closed and bounded, and (z, ),y is a sequence in K, then the boundedness,
the Bolzano-Weierstrass Th. 7.27, and Prop. 7.26 yield a subsequence that converges to
some z € C. However, since K is closed, z € K.

Conversely, assume every sequence in K has a subsequence that converges to some
limit z € K. Let (z,)nen be a sequence in K that converges to some w € C. Then this
sequence must have a subsequence that converges to some z € K. However, according to
Prop. 7.23, it must be w = z € K, showing K is closed. If K is not bounded, then there
exists a sequence (2, )nen in K such that lim, . |2,| = co. Every subsequence (z,, )ken
then still has the property that limy . |2,,| = 00, in particular, each subsequence is
unbounded and can not converge to some z € C (let alone in K). |

Caveat 7.49. In Calculus II, we will generalize the notion of compactness to subsets of
so-called metric spaces, defining a set K to be compact if, and only if, every sequence
in K has a subsequence that converges to some limit in K. While it remains true that
every compact set is closed and bounded, the converse does not(!) hold in general metric
spaces (in general, even in closed sets, there exist bounded sequences that do not have
convergent subsequences).

One reason that compact sets are useful is that real-valued continuous functions on
compact sets assume a maximum and a minimum, which is the contents of Th. 7.54
below. In preparation, we now define maxima and minima for real-valued functions.

Definition 7.50. Let M CC, f: M — R.

(a) Given z € M, f has a (strict) global min at z if, and only if, f(z) < f(w) (f(z) <
f(w)) for each w € M \ {z}. Analogously, f has a (strict) global mazx at z if, and
only if, f(z) > f(w) (f(z) > f(w)) for each w € M\ {z}. Moreover, f has a (strict)
global extreme value at z if, and only if, f has a (strict) global min or a (strict)
global max at z.

(b) Given z € M, f has a (strict) local min at z if, and only if, there exists ¢ > 0
such that f(z) < f(w) (f(2) < f(w)) for each w € {w € M : |z —w| < e} \ {z}.
Analogously, f has a (strict) local max at z if, and only if, there exists ¢ > 0 such
that f(z) > f(w) (f(z) > f(w)) for each w € {w € M : |z —w| < €} \ {z}.



7 LIMITS AND CONVERGENCE OF REAL AND COMPLEX NUMBERS 93

Moreover, f has a (strict) local extreme value at z if, and only if, f has a (strict)
local min or a (strict) local max at z.

Remark 7.51. In the context of Def. 7.50, it is immediate from the respective definitions
that f has a (strict) global min at z € M if, and only if, —f has a (strict) global max
at z. Moreover, the same holds if “global” is replaced by “local”. It is equally obvious
that every (strict) global min/max is a (strict) local min/max.

Theorem 7.52. If K C C is compact, and f : K — C is continuous, then f(K) is
compact.

Proof. If (wy)nen is a sequence in f(K), then, for each n € N, there is some z, € K
such that f(z,) = w,. As K is compact, there is a subsequence (a,)nen Of (2,)nen
with lim,,_, a, = a for some a € K. Then (f(a,))nen is a subsequence of (w,,),en and
the continuity of f yields lim, , f(a,) = f(a) € f(K), showing that (w,)nen has a
convergent subsequence with limit in f(K). By Th. 7.48, we have therefore established
that f(K) is compact. [ |

Lemma 7.53. If K is a nonempty compact subset of R, then K contains a smallest
and a largest element, i.e. there exist m, M € K such that m < x < M for each x € K.

Proof. Since the compact set K is bounded, we know that
—oco<m:=inf K <supK =: M < .

According to the definition of the inf and sup as largest lower bound and smallest upper
bound, respectively, for each n € N, there must be elements x,,y, € K such that
m<ux, <m-+ 711 and M — % <y, < M. Since the compact set K is also closed, we get
m =lim, o, € K and M = lim,,_,, y, € K. [ |

Theorem 7.54. If ) # K C C is compact, and f : K — R is continuous, then f
assumes its max and its min, i.e. there are z,, € K and z; € K such that f has a global
min at z, and a global max at zy;. In particular, the continuous function f assumes its
mazx and min on each compact interval K = [a,b] CR, a,b € R, a # b.

Proof. Since () # K is compact and f is continuous, ) # f(K) C R is compact according
to Th. 7.52. Then, by Lem. 7.53, f(K) contains a smallest element m and a largest
element M. This, in turn, implies that there are z,,, z); € K such that f(z,) = m and

Example 7.55. On an unbounded set, a continuous function does not necessarily have
a global max or a global min, as one can already see from z — x. An example for a
continuous function on a bounded, but not closed, interval, that does not have a global
max is f :]0,1] — R, f(z) := 1/x, which is continuous by Th. 7.38.
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7.2.4 Intermediate Value Theorem

Theorem 7.56 (Bolzano’s Theorem). Let a,b € R with a < b. If f : [a,b] — R is
continuous with f(a) > 0 and f(b) < 0, then f has at least one zero in ]a,b]. More
precisely, the set A := f~1{0} has a min & and a maz &, a < & < & < b, where f > 0
on [a,& [ and f <0 on [&,b].

Proof. Let & :=inf f~1(Ry).

(a): f(&) < 0: This is clear if & = b. If & < b, then, for each n € N sufficiently large,
there exists x,, € [{1,& + 1/n[C [a,b] such that f(x,) < 0). Then lim,_, z, = & and
the continuity of f implies lim,, . f(z,) = f(&). Now f(&) < 0 is a consequence of
Th. 7.13(c). In particular, (a) yields a < & and f > 0 on [a,&].

(b): f(&1) > 0: The continuity of f implies lim, , f(& — 1/n) = f(&) and, since we
have already seen f(& — 1/n) > 0 for each n € N sufficiently large, f(&;) > 0 is again a
consequence of Th. 7.13(c). In particular, we have & < b.

Combining (a) and (b), we have f(£1) =0 and a < & < b.

Defining & := sup fH(R]), f(&) = 0 and a < & < b is shown completely analogous.
Then f < 0 on |, b] is also clear as well as & < &. [ |

Theorem 7.57 (Intermediate Value Theorem). Let a,b € R witha <b. If f : |a,b] —
R is continuous, then f assumes every value between f(a) and f(b), i.e.

min{/(a), f (8)}, max{f(a), f(B)}] € f([a,1]). (7.40)

Proof. 1f f(a) = f(b), then there is nothing to prove. If f(a) < f(b) and n €|f(a), f(b)],
then consider the auxiliary function g : [a,b] — R, g(x) := n — f(z). Then g is
continuous with g(a) =n — f(a) > 0 and ¢g(b) = n — f(b) < 0. According to Bolzano’s
Th. 7.56, there exists £ €la, b] such that g(§) =n — f(§) =0, i.e. f(§) = n as claimed.
If f(b) < f(a) and n €]f(b), f(a)], then consider the auxiliary function ¢ : [a,b] — R,
g(x) := f(x)—n. Then g is continuous with g(a) = f(a)—n > 0 and g(b) = f(b)—n < 0.
Once again, according to Bolzano’s Th. 7.56, there exists £ €]a,b[ such that g(§) =
(&) —n=0,1e f(§) =n. u

Theorem 7.58. If I C R is an interval (of one of the 8 types listed in (4.11)) and
f: I — R is continuous, then f(I) is also an interval (it can degenerate to a single
point if [ is constant). More precisely, if 0 # I = [a,b] is a compact interval, then
0 # f(I) = [min f(I), max f(I)]; if I is not a compact interval, then one of the following
9 cases occurs:

f) =R, (7.41a)
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J(I) =] = oo,sup f(I)], (7.41b)
f(I) =] = oo,sup f(I)], (7.41c)
f(I) = [inf f(I),00] (7.41d)
f(I) = [inf f(1),sup f(1)], (7.41¢)
f(I) = [inf f(I),sup f(I)], (7.41f)
f(I) =]inf f(I),00], (7.41g)
f(I) =|inf f(I),sup f(1)], (7.41h)
fI) =]inf f(I),sup f(I)] (7.41i)

Proof. If I is a compact interval, then we merely combine Th. 7.54 with Th. 7.57.
Otherwise, let n € f(I). If f(I) has an upper bound, then Th. 7.57 implies [, sup f(I)[C
f(I) and f(I)N[n,o0[C [n,sup f(I)]. If f(I) does not have an upper bound, then Th.
7.57 implies f(I) N [n, oco[= [n,o0[. Analogously, one obtains f(I)N] — oo, n] =] — o0, 7]
or f(I)N] —oo,n] = [inf f(I),n] or f(I)N] — oo, n] =|inf f(I),n], showing that there are
precisely the 9 possibilities of (7.41) for f(I) = (f(I)N] — oo, n]) U (f(I) N [n,c0[). M

The above results will have striking consequences in the following Sec. 7.2.5.

Example 7.59. The piecewise affine function

(_1)nn_%<x—%> fOY.%’E[
f:0,1] — R, f(z):= (1) -n+ 225 (2 — 1) foraze|

1
, =5, n even,

, =], n >3 odd,

1
n
1
n

satisfies f(1/n) = (—1)" - n for each n € N and is an example of a continuous function
on the bounded half-open interval [ :=|0, 1] with f(I) = R.

7.2.5 Inverse Functions, Existence of Roots, Exponential Function, Loga-
rithm

Theorem 7.60. Let I C R be an interval (of one of the 8 types listed in (4.11)). If
f: I — R is strictly increasing (resp. decreasing), then f has an inverse function f~!
defined on J := f(I), i.e. f~1: J — I, and f~* is continuous and strictly increasing
(resp. decreasing). If f is also continuous, then J must be an interval.

Proof. From Prop. 2.31(b), we know f : I — R is one-to-one. Then f : I — f(I)
is invertible and Prop. 2.31(c) shows f~! is strictly monotone in the same sense as f.
We need to prove the continuity of f~!. We assume f to be strictly increasing (the case
where f is strictly decreasing then follows by considering —f). Let n € J, € > 0, and
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¢ € I with f(¢) =n. If I ={¢}, then J = {n}, and there is nothing to prove. It remains
to consider three cases:

(a) &€ =min I, i.e. £ is the left endpoint of I (and £ # max]),

(b) ¢ = max I, i.e. £ is the right endpoint of I (and £ # min I),

(¢) £ is neither the min nor the max of I.

We carry out the proof for (c) and leave the (very similar) cases (a) and (b) as exercises.
In case (c), there are points &1, & € B.(§) N I such that

E—e<<E<EH<E+e (7.42)
As f is strictly increasing, this implies

f(&) <n < f(&)

Choose 6 > 0 such that

fl&) <n—d<n<n+d<f(&)

Then

42)

v (fle<y<s@ B a<rtw<e 2

y€JNBs(n)

7)€ B9)),

proving the continuity of f~! in . That J must be an interval if f is continuous was
already shown in Th. 7.58. ]

Remark and Definition 7.61 (Roots). We are now in a position to fulfill the promise
made in Def. and Rem. 5.8, i.e. to prove the existence of unique roots for nonnegative
real numbers: For each n € N, the function f : Ry — R, f(z) := 2", is continuous
and strictly increasing with J := f(R}) = Rj. Then Th. 7.60 implies the existence
of a continuous and strictly increasing inverse function f~' : Ry — R{. For each
z € RE, we call f~3(z) the nth root of x and write {/z := z» := f~'(z). Then
(/)" = (%)™ = z is immediate from the definition. Caveat: By definition, roots are
always nonnegative and they are only defined for nonnegative numbers (when studying
complex numbers and C-valued functions more deeply in the field of Complex Analysis,
one typically extends the notion of root, but we will not pursue this route in this class).
As anticipated in Def. and Rem. 5.8, one also writes /z instead of /z and calls /2 the
square root of x.

Remark and Definition 7.62. It turns out that v/2 (and many other roots) are not
rational numbers, i.e. v/2 ¢ Q. This is easily proved by contradiction: If v/2 € Q, then
there exist natural numbers m,n € N such that v/2 = m/n. Moreover, by canceling
possible factors of 2, we may assume at least one of the numbers m,n is odd. Now
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V2 = m/n implies m? = 2n?, i.e. m? and, thus, m must be even. In consequence, there
exists p € N such that m = 2p, implying 2n? = m? = 4p? and n? = 2p?. Thus n? and n
must also be even, in contradiction to m,n not both being even.

The elements of R\ Q are called irrational numbers. It turns out that most real numbers
are irrational numbers — one can show that Q is countable, whereas R \ Q is not count-
able (actually, every interval contains countably many rational and uncountably many
irrational numbers, see [Phil6, Sec. F|, in particular, [Phil6, Th. F.1(c)] and [Phil6,
Cor. F.4]).

Theorem 7.63 (Inequality Between the Arithmetic Mean and the Geometric Mean).
IfneN and zy,...,x, € RS, then

nxl...$n<—". 5 (7.43)

where the left-hand side s called the geometric mean and the right-hand side s called
the arithmetic mean of the numbers xy,...,x,. FEquality occurs if, and only if, xr1 =
e — In-

Proof. If at least one of the x; is 0, then (7.43) becomes the true statement 0 < #1F=+n
with strict equality if at least one z; > 0. If 21 = --- = x,, = 2, then (7.43) also holds
since both sides are equal to x. Thus, for the remainder of the proof, we assume all
x; > 0 and not all z; are equal. First, we consider the special case, where #LEF8n — 1,
Since not all z; are equal, there exists k with z;, # 1. We prove (7.43) by induction for
n €{2,3,...} in the form

e A 3 1 = s < 1.

Base Case (n = 2): Since x1 + x3 = 2, 0 < z1, 29 and not both x; and x5 are equal to
1, there is € > 0 such that 7y = 1 + e and 29 = 1 — ¢, i.e. 2129 = 1 — €2 < 1, which
establishes the base case. Induction Step: We now have n > 2 and 0 < x1,..., 2,41
with Z?;Lll x; = n+ 1 plus the existence of k,l € {1,...,n + 1} such that 2, = 1 + «,
x; =1—p with a;, 8 > 0. Then define y := x; +1x;,—1 =14« — . One observes y > 0
(since f < 1) and

n+1 n+1 n+1
ind. hyp.
y+§ xj:—l—i—éxj:n = yH:ngl
Jj=1, J=1 J=1
J#kl J#kl

(we can not exclude equality as y and all the remaining z; might be equal to 1). Since

= 14+a)(l=0)=14+a—-p—af =y—af <y, Wenowinfer]_[?illxj<1,
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concluding the induction proof. It remains to consider the case #E=F2n — X > 0, not
all z; equal. One estimates

1 X, special case T+ .-+ T, T+ -+ x,
"/xl...l'n:)\"_..._ < )\ — ’
A A An n

completing the proof of the theorem. |

Corollary 7.64. For each a € Ry \ {1}, n€{2,3,...}, pe{l,...,n—1}:

Var <1+ %(a ~1): p=1 yields (7.44)
Proof. The simple application
Y+ Th.7.63 —

Vap = ap-j[[ll < qug(a—l) (7.45)
of Th. 7.63 establishes the case. |
Example 7.65. We use (7.43) to show

lim {/n=1: (7.46)

n—oo

First note 0 <z < 1=0< 2™ <1, ie. {/n > 1 for each (/n)" =n > 1. Now write n
as the product of n factors n = v/ny/n - [[}_2 1. Then, for n > 1,

h. 2 -2 2
miedntn=2 42 (7.47)

Vn = - 7

x/_\/_H

It is an exercise to show

Now this together with 1 < /n <1+ \/—ﬁ and the Sandwich Th. 7.16 proves (7.46).

Example 7.66 (Euler’s Number). We use Th. 7.63 to prove the limit

1 n
= lim (1 + —) (7.49)
n—00 n
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exists. It is known as Fuler’s number. One can show it is an irrational number (see
[Phil6, Sec. H.2]) and its first digits are e = 2.71828... It is of exceptional impor-
tance for analysis and mathematics in general, as it pops up in all kinds of different
mathematical contexts. From Th. 7.63, we obtain

n n n+1
ooy (1) =1 (14 5) <(1+ & ) , (7.50)
neN  z€[—n,o0], n n n+1

x#0

where we have used that, on both sides of the inequality in (7.50), there are n+1 factors
having the same sum, namely n + 1 + z; and the inequality in (7.43) is strict, unless
all factors are equal. We now apply (7.50) to the sequences (a,)nen, (bn)nen, (Cn)nens

where
1\" 1\"
an::(l—l——) , bn::(l——) ,
n n
nZ/N o b_l o 1 1 -1 e - 1 I 1 el
n = Ot = Cn+1 B n

Applying (7.50) with z = 1 and © = —1, respectively, yields (a,)nen and (by,)nen are
strictly increasing, and (¢, )nen is strictly decreasing. On the other hand, a,, < ¢, holds
for each n € N, showing (a,)nen is bounded from above by ¢;, and (¢,)nen is bounded
from below by a;. In particular, Th. 7.19 implies the convergence of both (a,),en and
(€n)nen. Moreover, lim,, o ¢, = lim,, o (an(l + 1/n)) = e-1 = e, which, together with
a, < e < c, for each n € N can be used to compute e to an arbitrary precision.

Definition 7.67. Let A C R be a subset of the real numbers. Then A is called dense
in R if, and only if, every e-neighborhood of every real number contains a point from A,
i.e. if, and only if,

(7.51)

V YV ANB.(z)#0.

z€R ecRTt

Theorem 7.68. (a) Q is dense in R.
(b) R\ Q is dense in R.

(c) For each x € R, there exist sequences (rp)nen and (Sp)nen in the rational numbers
Q such that x = lim,, oo 7 = liMy, 00 Sp, (Tn)nen i strictly increasing and (Sp)nen
15 strictly decreasing.

Proof. (a): Since each B.(x) is an interval, it suffices to prove that every interval |a, b],

a < b, contains a rational number. If 0 €]a, b[, then there is nothing to prove. Suppose
0<a<bandset § :=b—a>0. Choose n € N such that 1/n < § and let

q::max{ﬁz k:GN/\E<b}.
n n
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Then g e Qand a < ¢ <b. If a < b <0, choose ¢ and n as above, but let

k k
q::min{——:kEN/\——>a}.

n n

Then, once again, ¢ € Q and a < ¢ < b.

(b): Analogous to (a), we show that every interval |a,b[, a < b, contains an irrational
number: According to (a), we choose ¢ € QNla,b[, 0 := b—¢q > 0 and n € N such
that v2/n < 6. Then a < A = ¢+ v2/n < b and also A € R\ Q (otherwise,
V2=n(A-q) € Q).

(c): Using (a), for each n € N, we choose rational numbers r,, and s,, such that

1 1 1 1
™ €| — —,T — , SpE€lvt+——,x+ —
n n+1 n+1 n

Then, clearly, (7, )nen is strictly increasing, (s, )nen is strictly decreasing, and the Sand-
wich Th. 7.16 implies z = lim,,_, 7, = lim,,_,o S,,. [ |

Definition and Remark 7.69 (Exponentiation). In Not. 5.6, we had defined a” for
(a,2) € C x Ny and for (a,z) € (C\ {0}) x Z. We will now extend the definition to
(a,x) € RT x R (later, we will further extend the definition to (a,z) € RT x C). The
present extension to (a,z) € R x R is accomplished in two steps — first, in (a), for
rational z, then, in (b), for irrational x.

(a) For rational x = k/n with k € Z and n € N, define

k

a® :=an := Vak. (7.52)

For this definition to make sense, we have to check it does not depend on the special

representation of x, i.e., we have to verify z = % = 2_1:1 with £ € Z and m,n € N

implies an = awm. To this end, observe, using Rem. and Def. 7.61,
(am)™™ = (Vak)™ = a" and (aw)™™ = ("Vabm)m = gt (7.53)

proving an = ann (here, as in Rem. and Def. 7.61, we used that A\ — AV is one-
to-one on Ry for each N € N). The exponentiation rules of Th. 5.7 now extend to
rational exponents in a natural way, i.e., for each a,b > 0 and each =,y € Q:

a* =a"aY, (7.54a)
a”b* = (ab)”, (7.54Db)
(a®)Y = a"". (7.54c)
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For the proof, by possibly multiplying numerator and denominator by some natural
number, we can assume z = k/n and y = [/n with k,l € Z and n € N. Then

(@) = (@554 = b T ET kgt gk (giyn ™ ETO) (g2 quyn,
proving (7.54a);
(a® )" Th. 5.7(b) (a%)" (bg)nak bk Th. 5.7(b) (ab)k _ (ab)%'” Th. 5.7(c) ((ab)™)",

proving (7.54b);

@y 2 ((@n))" = (@i ™ (@t o

proving (7.54c).

Moreover, we obtain the following monotonicity rules for each a,b € Rt and each
x,y € Q:

A <a <b = @< lf), (7.55a)
xzo (a <b = ada" > bﬂ”>, (7.55Db)
a¥1 (:c <y = a°'< ay), (7.55¢)
v (x <y = o> ay). (7.55d)

If x = k/n with k,n € N and a < b, then a'/™ < b/" according to Rem. and
Def. 7.61, which, in turn, implies a® = (a'/™)* < (b*/™)* = b®, proving (7.55a); and
a”t > b~ implies a™* = (a7 !)® > (b7')® = b~*, proving (7.55b). If z < y, set q :=
y—x >0. Then 1 < a and (7.55a) imply 1 = 17 < a?, i.e. a® < a” a? = a¥, proving
(7.55¢). Similarly, 0 < a < 1 and (7.55a) imply a? < 17 =1, i.e. a¥ = a”a? < a”,
proving (7.55d).

The following estimates will also come in handy: For a € RT and z,y € Q:

a>1ANz>0 = " —1<x-a" (7.56)

v (wyel-mml = Jef - < Llr-yl,
me

(7.57)
where L := max{a™"", (1/a)m+1}>.
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(b)

For x > 1, (7.56) is proved by a® < a®™' < z-a*™ + 1; for x < 1, write x = p/n
with p,n € N and p < n, and apply (7.44) to obtain a* <1+ z(a—1) <1+ za <
1+ 2 - a®. For the proof of (7.57), first consider a > 1. Moreover, by possibly
renaming = and y, we may assume = < y, i.e. z := y —x > 0. Thus, (7.56) holds
with  replaced by z. Multiplying the resulting inequality by a” yields

a*a® —a*=a'—a" <z-a"*a = (y—x)a < (y —x)a™,
proving (7.57) for a > 1. For a = 1, it is clearly true, and for a < 1, it is a™' > 1,
ie.

ja® —a| =[(@™) ™" = (@)Y < |y — [ ()",

finishing the proof of (7.57).

We now define a” for irrational x by letting

a® := lim a™, where (¢,)nen is a sequence in Q with ~ lim ¢, =z.  (7.58)
n—oo n—o0

For this definition to make sense, we have to know such sequences (g, )nen exist,
which we do know from Th. 7.68(c). We also know from Th. 7.68(c) that there
exists an increasing sequence (g, )nen in Q converging to z, in particular, bounded
by . Then, by (7.55¢) and (7.55d), respectively, (a%),ey is increasing for a > 1
and decreasing for 0 < a < 1. Moreover, the sequence is bounded from above by
a” with N € N, N > z, for a > 1; and bounded from below by 0 for 0 < a < 1.
In both cases, Th. 7.19 implies convergence of the sequence to some limit that we
may call a®. However, we still need to verify that, for each sequence (7,),en in Q
with lim,, ., r, = z, the sequence (a""),en converges to the same limit a* in R. If
lim,, o 7, = , then lim,,_, |g, — 7| = 0. Since (7, )nen and (g )nen are bounded,
(7.57) implies

3V ja™ —a™| < Llg, —rl, 7.59
3. Y, la —a™| < Lig — 74l (7.59)

such that Prop. 7.11(a) implies lim,,_, |a? — a™| = 0 and

lim a™ = lim (¢ — a™ + a™) =0+ a” = a”, (7.60)

showing (7.58) does not depend on the chosen sequence.

Proposition 7.70. The exponentiation rules (7.54), the monotonicity rules (7.55), and
the estimates (7.56) and (7.57) remain valid if x,y € Q is replaced by x,y € R. More-
over, for each a > 0 and each sequence (x,)nen in R:

limz,=2x€R = lim o™ =a". (7.61)

n—oo n—o0
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Proof. Given x,y € R, let (p,)nen and (g, )nen be sequences in Q such that lim,, o, p, =
r and lim, . ¢, = y.

We start by verifying (7.57). As we can assume (p,)nen and (¢, )nen to be monotone,
we may also assume p,,, g, € [—m,m] for each n € N. Then the rational case of (7.57)
implies

v’ —a™| < Lipn — gul,

neN

and Th. 7.13(c) establishes the case. Then (7.61) also follows, since

0<l|a* —a®| < L|x, — x| — 0.

We deal with (7.54) next. For each a,b > 0:

. (7.54a) .
a*™V = lim ot =" lim (¢’ a™) = a” @Y,
n—o0 n—o0
. : : (7.54b) .
a®b® = lim ¢’ lim b’ = lim (¢’ 0P") =" lim (ab)’" = (ab)",

. (7.54c) ..
Vo (a®)% = lim (aP")% 29 lim gPr9 = a®

keN n—00 n—00
. . (7.57)
= (a")’ = lim (a®)®™ = lim o =" a"",

thereby proving (7.54).

Proceeding to (7.55¢), let a > 1 and h > 0. If (g,)nen is a strictly increasing sequence
in QFf with lim, oo ¢, = h, then a" = lim,_o a? > a® > 1. Thus, if < y, let
h:=y—x > 0 to obtain a¥ = a®a”" > a*, i.e. (7.55¢). If 0 < a < 1 and = < y, then
(1/a)* < (1/a)?, yielding (7.55d). For (7.55a), consider > 0 and 0 < a < b. Then

b b* b\"

->1 = _:(_> >1 = " >ad",
a a” a

proving (7.55a). If x < 0 and 0 < a < b, then ¢ = (1/a)™ > (1/b)~" = b", proving

(7.55b).

Finally, it remains to verify (7.56). For z > 1, the proof for rational x still works for

irrational . For 0 < z < 1, one uses the usual sequence (¢, )nen in Q with lim, o ¢, = @
and obtains (recalling a > 1)

(7.44)
a® = lim o™ < lim (1+g(a—1))=14z(a—1)<1l+z-a",

n—o0 n—o0

proving (7.56). [
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Definition 7.71 (Exponential and Power Functions). (a) Each function of the form
f: Rt — R, f(z)=2% a€eR, (7.62)

is called a power function. For o > 0, the power function is extended to x = 0 by
setting 0% := 0; for a € Z, it is defined on R\ {0}; for o € Ny even on R.

(b) Each function of the form
f:R—R" f(z):=d" a>0, (7.63)

is called a (general) exponential function. The case where a = e with e being Euler’s
number from (7.49) is of particular interest and importance. Most of the time, when
referring to an exponential function, one actually means x — e*. It is also common
to write exp(z) instead of e”.

Theorem 7.72. (a) Every power function as defined in Def. 7.71(a) is continuous on
its respective domain. Moreover, for each o > 0, it is strictly increasing on [0, 0o|;
for each oo < 0, it is strictly decreasing on |0, col.

(b) Every exponential function as defined in Def. 7.71(b) is continuous. Moreover, for
each a > 1, it is strictly increasing; for each 0 < a < 1, it is strictly decreasing.

Proof. (a): The monotonicity claims are provided by (7.55a) and (7.55b), respectively.
For each o € Ny, the power function is a polynomial, for each a € Z, a rational function,
i.e. continuity is provided by Ex. 7.40(b) and Ex. 7.40(c), respectively. For a general
a € R, the continuity proof on R* will be postponed to Ex. 7.76(a) below, where it can
be accomplished more easily. So it remains to show the continuity in z = 0 for a > 0.
However, if (z,)nen 1S a sequence in RT with lim,, ., x, = 0 and k£ € N with 1/k < «,
then, at least for n sufficiently large such that z, < 1,0 < 2% < z/* by (7.55d). Then
the continuity of  — 2/* implies lim,,_, oo x}/ ¥ — 0 and the Sandwich Th. 7.16 implies
lim,, o 25 = 0, proving continuity in z = 0.

(b): Everything has already been proved — continuity is provided by (7.61), monotonicity
is provided by (7.55¢) and (7.55d). [ |

Remark and Definition 7.73 (Logarithm). According to Th. 7.72(b), for each a €
R*\ {1}, the exponential function f: R — R*, f(z) := a*, is continuous and strictly
monotone with f(R) = RT (verify that the image is all of RT as an exercise). Then
Th. 7.60 implies the existence of a continuous and strictly monotone inverse function
f7': RT — R. For each z € RT, we call f~!(z) the logarithm of x to base a and write
log, ¥ := f~(x). The most important special case is where the base is Euler’s number,
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a = e. This is called the natural logarithm. Bases a = 2 and a = 10 also carry special
names, binary and common logarithm, respectively. The notation is

Inz :=log, z, lbx:=log,z, lgx :=log,x, (7.64)

however, the notation in the literature varies — one finds log used instead of In, 1b, and
lg; one also finds lg instead of 1b. So you always need to verify what precisely is meant
by either notation.

Corollary 7.74. For each a € R*\ {1}, the logarithm function f: RT — R, f(z) =
log, x is continuous. For a > 1, it is strictly increasing; for 0 < a < 1, it is strictly
decreasing. |

Theorem 7.75. One obtains the following logarithm rules:

a€R+\{1} log, 1 =0, (7.65a)
werh (1) log, a = 1, (7.65b)
a€R*\{1} ven+ a* =z, (7.65¢)
aeRY\{l} ng log, a® =z, (7.65d)
aeRY\{l} oo T log,(zy) = log, © + log, v, (7.65¢)
aERY\{l} :pgllw yZ’R log,(z¥) = ylog, , (7.65f)
a€RT\{1}  zyeR* log,(x/y) = log, x —log, y, (7.65g)
a€RF\{1} b n log, {/z = %IOga T (7.65h)
mbeﬂg\{l} ze‘%’w log, = = (log, a) log, . (7.651)

7.65b): It is log, a =
It is a'°&«® = f(f~1(x)) = .

It is log, a®* = f~1(f(x)) = .

7.65¢): 1t is log, (zy) = [~ (zy) = [~ (f(log, x + log, y)) = log, = + log, y, since

(7.65¢)

f(log, x +log,y) = a8 "8y — gloBa® glogay V"= gy
a a °

Proof. All the rules are easy consequences of the logarithm being defined as the inverse
function to f: R — RT, f(z) := a”.

7.65a): It islog, 1 = f~1(1) =0, as f(0) =a’ = 1.
fHa)=1,as f(1) = a' = a.
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(7.65f): Tt is log,(z¥) = f~*(z¥) = f~*(f(ylog, z)) = ylog, z, since

f(ylog, x) = a¥'°%:® = (q'°82)¥ (7.650) 4y

(7.65g) is just a combination of (7.65¢) and (7.65f): log,(x/y) = log,(zy~!) = log, v —
log, y.

(7.65h) is just a special case of (7.65f): log, ¥/z = log, zV/" = L log, .

(7.651): One computes

(7.65f)

(log, a) log, z =" log, a'°&* (765

K log;, x.

Thus, we have verified all the rules and concluded the proof. |
Example 7.76. (a) For each a € R, the power function
f:RY — R, f(z):=a%=e""7 (7.66)

is continuous, which follows from Th. 7.41, since f = expo(aIn), In is continuous
by Cor. 7.74, and exp is continuous by Th. 7.72(b).

(b) As a consequence of Th. 7.41, each of the following functions fi, fa, f3, where

fi: R —R, fi(z) = (eXp()\+x2))a,
1

fo: R—R, fo(z) = o N
.

fa: R—R, f3(r) == e

is continuous for each o € R and each \ € RT.

7.3 Series
7.3.1 Definition and Convergence

Series are a special type of sequences, namely sequences whose members arise from
summing up the members of another sequence. We have, on occasion, already encoun-
tered series, for example the harmonic series (s, ),en, whose members s, were defined
in (7.27). In the present section, we will study series more systematically.
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Definition 7.77. Given a sequence (a,)nen in K (or, more generally, in any set A,
where an addition is defined), the sequence (s,)nen, where

n

RACAE ; aj, (7.67)

is called an (infinite) series and is denoted by

Zaj = a; = ($n)nen- (7.68)

JEN
The a,, are called the summands of the series, the s, its partial sums. Moreover, each
series » 7%, a; with k € N is called a remainder (series) of the series (s,)nen-

The example of the remainder series already shows that it is useful to allow countable
index sets other than N. Thus, if (a;);er, where I is a countable index set and ¢ : N —

I a bijective map, then define
doai= ) as) (7.69)

jel j=1
(compare the definition in (3.19¢) for finite sums). Note that the definition depends on
¢, which is suppressed in the notation » jer @j-

For sequences in K, the notion of convergence is available, and, thus, it is also available
for series arising from real or complex sequences (as such series are, again, sequences in

K).

Definition 7.78. If (s,)nen is a series with the s,, defined as in (7.67) and with sum-
mands a; € K, then the series is called convergent with limit s € K if, and only if,
lim,, . s, = s in the sense of (7.1). In that case, one writes

o0

Z aj=s (7.70)

j=1

and calls s the sum of the series. The series is called divergent if, and only if, it is
not convergent. We write » 7%, a; = oo (resp. 77 a; = —o0) if, and only if, (s,)nen
diverges to oo (resp. —oo) in the sense of Def. 7.18.

Caveat 7.79. One has to use care as the symbol Zj; a; is used with two completely
different meanings. If it is used according to (7.68), then it means a sequence; if it is
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used according to (7.70), then it means a real or complex number (or, possibly, oo or
—00). It should always be clear from the context, if it means a sequence or a number.
For example, in the statement “the series Z;’il 277 is convergent”, it means a sequence;
whereas in the statement “Z;; 277 =17, it means a number.

Example 7.80. (a) For each ¢ € C with |g| < 1, 3777 ¢ is called a geometric series.
From (3.22b) (the reader is asked to go back and check that (3.22b) and its proof,

indeed, remain valid for each ¢ € C), we obtain the partial sums s, = Z?:o ¢ =

l—lq_"(;l' Since |q| < 1, we know lim,, ., ¢"™' = 0 from Ex. 7.6. Thus, the series is

convergent with

v i i = | T A (7.71)
= lim s, = lim = : :
lgl<1 s q n—00 n—oo | — q 1— q
(b) In Ex. 7.30, we obtained the divergence of the harmonic series:
io: . 0. (7.72)
k
k=1

Corollary 7.81. Let 3 7%, a; and )72 bj be convergent series in C.

(a) Linearity:

VoY (Naj+pb) =AY ajtp ) by (7.73)
j j=1 j=1

A ueC
I e

(b) Complex Conjugation.:

(e 9]

Za—j: Za,-. (7.74)

J=1 J=1

(c) Monotonicity:

JeN

<\V/ CLj,bjER VAN (lijj) = Zaj Szbj (775)
=1 =1

o0

(d) Fach remainder series ;?’;Hl aj, n € N, converges, and, letting S := -7,

n
Sn 1= D iy A, Tn t= D71 aj, one has

CL]’,

n—oo

( V S=s,+ rn> . lim a, = lim r, = 0. (7.76)
neN n—o0
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Proof. (a) follows from the first two identities of Th. 7.13(a), (b) is due to

n
Def. and Rem. 5.5(a) . (7 11f)
g a; = lim g = lim E lim E a; = E a;,
n—00 n—00 n—00

Jj=1 Jj=1 Jj=1

(c) follows from Th. 7.13(c), and, for (d), one computes

lim a, = lim (s, —s,-1) =5 — S =0,

n—00 n—00
k

vV r,= lim Z aj = lim (s — s,) = 5 — sp,

neN k—oo | k—o0
j=n+1
lim r, = lim (S —s,) =95 —5=0,
n—0o0 n—oo
completing the proof. [ |

7.3.2 Convergence Criteria

Corollary 7.82. Let 322, a; be series such that all a; € Ry. If s, := 377 a; are the
partial sums of 7 a;, then

i s, — sup{s, : n € N} z:f (Sn)nen 2:3 bounded, (7.77)
n—00 00 if (Sn)nen s not bounded.
Proof. Since (S, )nen is increasing, (7.77) is a consequence of (7.21). [ |

Theorem 7.83. Let 3 7 a; and 3777, b; be series in C such that |aj| < |b;| holds for
each j > k for some fized k € N.

(a) If 3272, |bj| is convergent, then 3772 | aj is convergent as well, and, moreover,

o
>4
j=k

(b) If 3772, aj is divergent, then 3777 |b;| is divergent as well.

<> bl (7.78)
j=k

Proof. Since (b) is merely the contraposition of (a), it suffices to prove (a). To this end,

let s, == > 7 a; and t, := > 7, [bj| be the partial sums of > 7 a; and » 77, [b)],

respectively. Since (f,)nen converges, it must be a Cauchy sequence by Th. 7.29. Thus,
L= [t — tim| = |bmgr| + -+ |bn] <€

ecR+t NeEN, n>m>N
N>k
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and the triangle inequality for finite sums implies

v 3 v 150 = S| = |@msr + -+ F an| < |@mgr] + -+ |an|
B < [l + oo+ fbul <c,

showing (s,)nen is a Cauchy sequence as well, i.e. convergent by Th. 7.29. Since the
triangle inequality for finite sums also implies }Z?:k a;| < > i |bj| for each n > £,

(7.78) is now a consequence of Th. 7.13(c). [ |
Definition 7.84. A series Zj; a; in R is called alternating if, and only if, its summands
alternate between positive and negative signs, i.e. if sgn(a;+1) = —sgn(a;) # 0 for each
jeN.

Theorem 7.85 (Leibniz Criterion). Let » 77, a; be an alternating series. If the se-
quence (|ay|)nen of absolute values is decreasing and lim,, ., a, = 0, then the series is
convergent and

Y 3 Ty = Z aj =0y any1, (7.79)

neN  0<0,<1 )
j=n+1

that means the error made when approximating the limit by the partial sum s, has the
same sign as the first neglected summand a,.1 (or is 0), and its absolute value is at
most |ay41|. Moreover, one even obtains 0 < 0, < 1 in (7.79), if (|an|)nen is strictly
decreasing.

Proof. We first consider the case where a; > 0, i.e. where there exists a decreasing
sequence of positive numbers (b, ) ey such that a, = (—1)"*1b,. Asthe b, are decreasing,
we obtain b, — b,4+1 > 0 for each n € N, such that the sequences (u,)neny and (v,)nen,
defined by

n

V. oouy, = Sg, = 2(523'71 —boj) = (b1 —ba) + (bs — bs) + -+ - + (bop—1 — bay),

neN
=1
n\gN Uy = Sopp1 = by — ;(bm — bajy1)
= by — (ba = b3) — (by — b5) — -+ — (ban — b2nt1),

are monotone, namely (u,),ey increasing and (v, )nen decreasing. Since, 0 < u,, < u, +
bant1 = v, < by for each n € N, both sequences (u,)neny and (v, )nen are also bounded,
and, thus, convergent by Th. 7.19, i.e. U := lim,,_,oc u, € R and V := lim,,_,, v, € R.
Since

V —U = lim (v, — u,) = lim (Sg,11 — S2,) = lim ag,1 =0,
n—0o0 n—oo n—oo
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we obtain U =V and lim,, .+, s, = U and

In particular, there is 0 € [0, 1] satisfying > 72, a; = 0 ay (if (|a,|)nen is strictly decreas-
ing, then the inequalities in (7.80) are strict and we obtain 6 €]0, 1[).

In the case a; < 0, the above proof yields convergence of — 3 %, a; =377 (—a;) with

> (—a;) = 0(—ay) for a suitable § € [0,1]. However, this then yields, as before,
j

.
1S

Zj:l a; = 0 aj.
Applying the above result to each remainder series Z;’in 41 a5, n € N, completes the
proof of (7.79) and the theorem. [ |

Example 7.86. (a) Each of the following alternating series clearly converges, as the
Leibniz criterion of Th. 7.85 clearly applies in each case:

(=17t 1 1

e =1—-4-—+..., 7.81a
> S+ 3 (781
L (—1)H 11
Z(zj)—1:1_§+5_+“" (7.81b)

-1 1 11
ey 11, t 781
mG+1) W2 3 4 (7.81c)

NgER

1

J

(b) To see that Th. 7.85 is false without its monotonicity requirement, take any diver-
gent series with E‘;‘;l aj = 00, 0 < aj, lim;_, a; = 0 (for example the harmonic
series), any convergent series with 3 7%, ¢; = s € R* and 0 < ¢; (for example any
geometric series with 0 < ¢ < 1), and define

. {a(n+1)/2 for n odd,

—Cn/2 for n even.

It is an exercise to show that Zj; d; is an alternating series with lim,,_,o d,, = 0
and Y % d; = oo.

Definition 7.87. The series Z]oil a; in C is said to be absolutely convergent if, and
only if, > 772 |a;| is convergent.

Corollary 7.88. FEvery absolutely convergent series Zj; a; s also convergent and
satisfies the triangle inequality for infinite series:

o0
P
i=1

<> ayl. (7.82)
j=1



7 LIMITS AND CONVERGENCE OF REAL AND COMPLEX NUMBERS 112
Proof. The corollary is given by the special case a; = b; for each j € Nof Th. 7.83(a). W
Theorem 7.89. We consider the series Z]O; a; 1 C.

(a) If 772, ¢j is a convergent series such that ¢; € Ry and |a;| < ¢; for each j € N,
then Z;’il a; 15 absolutely convergent.

(b) Root Test:

( 3 (Vl]an| < ¢ <1 for almost all n € N))
0<g<1

= Zaj is absolutely convergent, (7.83a)
j=1
# {n eN: {|a,| > 1} =00 = Zaj is divergent. (7.83b)
j=1

(c) Ratio Test: If all a,, # 0, then

( 3 ( o+l < q <1 for almost allnGN))
0<g<1 A,
= Zaj is absolutely convergent, (7.84a)
j=1
nit| > for almost alln e N = Z a; is divergent. (7.84Db)
an

j=1

Proof. (a) is just another special case of Th. 7.83(a).
(b): If there is ¢ €]0,1] and N € N such that {/|a,| < ¢ for each n > N, i.e. |a,| < ¢"
for each n > N, then, by (7.71), 3°°%, |a;| is bounded by l%q + Zjvzl la;| and, thus,

convergent. If {/|a,| > 1 for infinitely many n € N, then |a,| > 1 for infinitely many
n € N, showing that (a,)nen does not converge to 0, proving the divergence of > 7% a;.

(c): If there is ¢ €]0,1] and N € N such that

letting C' := |ax1|, an induction shows |ax,i4x] < Cq¢* for each k € N, i.e., by (7.71),

> ;= la;] is bounded by % + Z;V:tl laj| and, thus, convergent. If there is N € N such

> 1 for each n > N, then |a,| > |ay41| > 0 for each n > N, showing (a,)nen

An+1
a

< q for each n > N, then,

an41
an

that

does not converge to 0 and proving the divergence of Z;; a;. |
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Caveat 7.90. In (7.83a), it does not suffice to have {/|a,| < 1 to conclude convergence,
and, likewise, || < 1 does not suffice in (7.84a): As a counterexample, consider

the harmonic series, which does not converge, but {/1/n < 1 for each n > 2 and
1/(n+1)

U_n:nLH<1foreaChn€N.

Example 7.91. (a) For each z € C with |z| < 1 and each p € Ny, the series >~ n? 2"
is absolutely convergent: We have lim,_,., /77 = 1 as a consequence of Ex. 7.65.
This implies lim,, oo {/|a,| = lim, oo ¥/nP|z|* = |z| < 1. Thus, the root test of
(7.83a) applies and proves convergence of the series.

(b) Let z € C. The series > - £ is absolutely convergent for |z| < e and divergent
for |z| > e, where e is Euler’s number from (7.49). We have, for each n € N,

2[ (n+1)n" 2| 2]
(n 4 1)n+t (1 + %)n e o (7.85)

Qp41
G,

Thus, the ratio test of (7.84a) applies and proves absolute convergence of the series
for |z| < e. For |z| > e, (7.84b) applies and proves divergence. Since, according to
Ex. 7.66, (1 + %)n < e for each n € N, (7.84b) applies to prove divergence also for
|z] =e.

7.3.3 Absolute Convergence and Rearrangements

In general, one has to use care when dealing with infinite series, as convergence properties
and even the limit in case of convergence can depend on the order of the summands (in
obvious contrast to the situation of finite sums). For real series that are convergent, but
not absolutely convergent, one has the striking Riemann rearrangement theorem [Phil6,
Th. 7.93] that states one can choose an arbitrary number S € RU{—00, o0} and reorder
the summands such that the new series converges to S (actually, [Phil6, Th. 7.93] says
even more, namely that one can prescribe an entire interval of cluster points for the
rearranged series). However, the situation is better for absolutely convergent series. In
the present section, we will prove results that show the sum of absolutely convergent
series does not depend on the order of the summands.

Theorem 7.92. Let 7, a; and 377 b; be series in C such that (by)nen is a reordering
of (an)nen in the sense of Def. T.21. If > 72 a; is absolutely convergent, then so is

Z;‘il bj and Z;il aj = Z;il bj.

Proof. Let s, == Y77 a;, 3, := Y 7 |a;|, and ¢, := Y7, b; denote the respective
partial sums. We will show that lim,, (s, —t,) = 0. Given € > 0, since (3, ),en 1S a
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Cauchy sequence by Th. 7.29, there exists N € N, such that

v |§n_§m|:|am+l|+"'+|an|<€'
n>m>N

Since (b )nen is a reordering of (a,)nen, there exists a bijective map ¢ : N — N such
that b, = agn) for each n € N. Since ¢ is bijective, there exists M € N such that
{1,2,...,N+1} C ¢{1,2,..., M}. Then n > M implies ¢(n) > N + 1, and

n>vM ]EN |5 = tn] < lango| + -+ lang] <€,

since all a; with j < N+1 occur in both s, and ¢,, and cancel in s, —t,, (i.e. all a; that do
not cancel must have an index j > N +1). So we have shown that lim,,_,.(s, —t,) =0,
which, in turn, implies

io:bj: lim ¢, = lim(tn—sn+sn):0+§:aj :iaj.

n—oo n—oo
Jj=1 Jj=1 j=1

Applying this to 5, := > ", [a;] yields > 222, [bj| = > 272, |a;], proving absolute conver-
gence of > 7% b;. [ |

Theorem 7.93. Let I be an arbitrary infinite countable index set and let

I= U I, (7.86)

neN

be a disjoint decomposition of I into (empty, finite, or infinite) countable index sets I,,.

(a) If the series 3, a; (cf. (7.69)) is absolutely convergent, then

Zaj = Z Z Ug- (7.87)

Jjel n=1 a€cl,

(b) The following statements are equivalent:

1 _.a; 1s absolutely convergent.
jel ™I Y )

(ii) fhefre] exists a constant C' € R such that >jeslajl < C for each finite subset
of I.

(iii) 220:1 Zaeln |aq| < o0,

Proof. The proof needs some work; see, e.g., [Phil6, Th. 7.95]. [ |



7 LIMITS AND CONVERGENCE OF REAL AND COMPLEX NUMBERS 115

Example 7.94. We apply Th. 7.93 to so-called double series, i.e. to series with index
set I := N x N. The following notation is common:

D = ) ), (7.88)

m,n=1 (m,n)ENXN

where one writes @y, (also a,,) instead of a(y ). Recall from Th. 3.24 that N x N is
countable. In general, the convergence properties of the double series and, if it exists,
the value of the sum, will depend on the chosen bijection ¢ : N — N x N.

However, we will now assume our double series to be absolutely convergent. Then Th.
7.92 guarantees the sum does not depend on the chosen bijection and we can apply Th.
7.93. Applying Th. 7.93 to the decompositions

NxN= U {(m,n) : n € N}, (7.89a)
meN
N x N = U {(m,n): m e N}, (7.89Db)
neN
NxN=|[J{(mn) e NxN:m+n=k} (7.89¢)
keN
yields
(7.89) o= (7.89b) o
DL Gmm = DD W = DD
(m,n)eENxN m=1n=1 n=1 m=1
750 oo oo k—1
(729 Z Z Ay := Z Z A k- (7.90)
k=2 m+n=~k k=2 m=1

Theorem 7.95. It is possible to compute the product of two absolutely convergent (real
or complex) series Yy | Gy and Y by, as a double series:

m,n=1 k=2 m=1

o (7.91)

where ¢, 1= Ambr—m = a1bp_1 + aoby_o9 + -+ + ar_1b;.

m=1

This form of computing the product is known as a Cauchy product.
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Proof. We first show that Zmn L @mby, is absolutely convergent: By letting A :=
Yoo i lam| and B == 3" |by|, we obtain

szmb |_Z<|am|B):AB<OO7

m=1n=1 =

i.e. Y o _1 amby, is absolutely convergent according to Th. 7.93(b)(iii). Now the second
equality in (7.91) is just the third equality in (7.90), and the first equality in (7.91) also
follows from (7.90):

i b —ZZamb —iamibn— (Z%) <mi;lbm>

m,n=1 m=1 n=1

completing the proof. |

Theorem 7.95 will be useful in Sec. 8.2 below.

7.3.4 b-Adic Representations of Real Numbers

We are mostly used to representing real numbers in the decimal system. For example,
we write

395
r=- =1316=1-1024+3-10" +1- 100+26 107", (7.92a)

n=1

where

- ,(7.71) 1 1 2
6-107" = =6--—=—.
> o (2 1) =v5- s

The decimal system represents real numbers as, in general, infinite series of decimal
fractions. Digital computers represent numbers in the dual system, using base 2 instead
of 10. For example, the number from (7.92a) has the dual representation

r =10000011.10 = 27 2" +2° ) " 27O+, (7.92b)
n=0

where it is an exercise to verify

- 9—(2n+1) _ 2

Representations with base 16 (hexadecimal) and 8 (octal) are also of importance when
working with digital computers. More generally, each natural number b > 2 can be used
as a base.
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Definition 7.96. Let b > 2 be a natural number.

(a) Given an integer N € Z and a sequence (dy,dy_1,dn_2,...)in {0,...,b— 1}, the
series

D dy, 0N (7.93)
v=0

is called a b-adic series. The number b is called the base or the radiz, and the
numbers d,, are called digits.

(b) If z € Ry is the sum of the b-adic series given by (7.93), than one calls the b-adic
series a b-adic representation or a b-adic expansion of x.

Theorem 7.97. Given a natural number b > 2 and a nonnegative real number x €
Ry, there exists a b-adic series representing x, i.e. there is N € Z and a sequence

(dN, dN—h dN_Q, ce ) mn {0, ce ,b - ]_} such that
r=Y dy_,b"". (7.94)
v=0

If one introduces the additional requirement that 0 # dy, then each x > 0 has either a
unique b-adic representation or precisely two b-adic representations. More precisely, for
0 # dy and x > 0, the following statements are equivalent:

(i) The b-adic representation of x is not unique.
(ii) There are precisely two b-adic representations of x.

(iii) There exists a b-adic representation of x such that d, = 0 for each n < nq for
some ng < N.

(iv) There exists a b-adic representation of x such that d,, = b — 1 for each n < nqy for
some ng < N.

Proof. The proof is a bit lengthy and is provided in [Phil6, Sec. E.2]. [ |

Example 7.98. Every natural number has precisely two decimal (i.e. 10-adic) repre-
sentations. For instance,

o > | 1 1
2:2.0:1.9:1+Z9-10—"(7=”)1+9-(1 1—1)=1+9-§, (7.95)
10

n=1

and analogously for all other natural numbers.
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8 Convergence of K-Valued Functions

8.1 Pointwise and Uniform Convergence

So far we have studied the convergence of sequences in K. We will now also need to
study the convergence of sequences (f,)nen, Where each member f,, of the sequence is
a function f, : M — K, M C C. Here, for the first time, we encounter the situation
that there exist different useful notions of convergence for such sequences.

Definition 8.1. Let (f,,).en be a sequence of functions, f, : M — K, £ M C C.

(a) We say (fn)nen converges pointwise to f : M — K if, and only if, lim,_, f.(2) =
f(z) for each z € M, i.e. if, and only if|

VoV 3V |fulz) - f(2)] < e (8.1)

zeEM eeR+ NeN n>N
So, in general, NV in (8.1) depends on both z and e.

(b) We say (f)nen converges uniformly to f: M — K if, and only if,

Vo3 YV faz) - o) <e (8.2)

eeRt NeN n>N zeM

In (8.2), N is still allowed to depend on €, but, in contrast to the situation of (8.1),
not on z — in that sense, the convergence is uniform in z.

Remark 8.2. It is immediate from Def. 8.1(a),(b) that uniform convergence implies
pointwise convergence, but Ex. 8.3(b) below will show the converse is not true.

Example 8.3. (a) Let ) # M C C (for example M = [0,1] or M = B;(0)), and
fo: M — K, f.(2) = 1/n for each n € N. Then, clearly, (f,)nen converges
uniformly to f = 0.

(b) The sequence (fy)nen, where f, : [0,1] — R, f,(x) := 2™, converges pointwise,
but not uniformly, to

0 for0<xz<l,

8.3
1 forxz=1: (8:3)

f:10,1] — R, f(z):= {

For x =1, lim,_,o 2™ = lim,_,oo 1 = 1, and, for 0 < x < 1, lim,,_,,, 2™ = 0 by Ex.
7.6. To see that the convergence is not uniform, consider € := % Then, for every
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n € N, according to the intermediate value Th. 7.57, there exists &, €]0, 1] such
that f,(&,) =& = 3, ie.

1

Va6 @) =& = 5 = (34)

proving the convergence is not uniform.

Theorem 8.4. Let (f,,)nen be a sequence of functions, f,: M — K, § # M C C. If
(fn)nen converges uniformly to f: M — K and all f,, are continuous at ( € M, then
f is also continuous at (. In particular, if each f, is continuous, then so is f (uniform
limits of continuous functions are continuous).

Proof. Let € > 0. Due to the uniform convergence of (f,)nen,

3 Y (@)~ fR) < 5. (8.5)

meN zeM

Due to the continuity of f,, in (,

0>0 ze MNBs

2 ol ) = Q)] < 5 (8.6)
Thus,

v NFE=FOI < 1F(2) = fm(2) [+ fm(2) = frn (O H|fin (O = F (O] < 3‘% =€ (87)

2€MNBs(C)

proving continuity of f in (. |

8.2 Power Series

Definition 8.5. (a) In Def. 7.77, it was mentioned that series can be formed from each
sequence in a set A, where an addition is defined. Letting ) # M C C, we now
consider A := F(M,K), i.e. the set of functions from M into K. Then the addition
on A is defined according to (6.1a) and, given a sequence of functions (f,)en in A,
the series

ij = <5n>n€N (88)

is defined as the sequence of partial sums s, := Z?Zl fj-



8 CONVERGENCE OF K-VALUED FUNCTIONS 120

(b) Given a sequence of functions (f,)nen,, where f, : K — K, f,.(z) = a, 2" with

a, € K, the series
oo

o0
aj 2’ = Zf] (8.9)
=0 =0
is called a power series and the a; are called the coefficients of the power series.
Note: The notation )7 a; 27 introduced in (8.9) is very common, but not entirely
correct, since one writes a; 2/ = f;(z) for the summands, even though one actually
means f;. Moreover, one uses the same notation if one actually does mean the series
> 2o Ji(2) in K so one has to see from the context if Y3°° a; 2/ means a series of
K-valued functions or a series of numbers.

Definition 8.6. Consider a series of K-valued functions )77, f; as in Def. 8.5(a), in
particular, s, := > f; for each n € N.

(a) The series converges pointwise to f : M — K if, and only if, it (i.e. ($,)nen)
converges pointwise in the sense of Def. 8.1(a). In that case, we use the notation

f=2_10 (8.10)

If (8.10) holds, then the series is sometimes called a series expansion of f, in par-
ticular, a power series expansion if the series happens to be a power series.

Analogous to the situation of series in K, the notation Z;L f;j is also used with
two different meanings — it can mean the sequence of partial sums as in (8.8) or, in
the case of convergent series, the limit function as in (8.10) (cf. Caveat 7.79).

(b) The series converges uniformly to f : M — Kif, and only if, it converges uniformly
in the sense of Def. 8.1(Db).

Corollary 8.7. Consider a function series Z;’il fi with f; : M — K, 0 # M C C.
(a) The series converges uniformly to some f : M — K if, and only if, for each
n € N and each z € M, the remainder series Z;’inﬂ [i(2) in K converges to some
rn(z) € K such that
V 3 V¥V V(2 <e (8.11)
e€RT NeN n>N zeM

(b) If 372, a; is a convergent series in Ry, then the condition

v v LG <q (8.12)

zeM jeN

implies uniform convergence of » 22| f;.
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(c) If each f; is continuous in ¢ € M and the series converges uniformly to f: M —
K, then f is continuous in (. In particular, if each f; is continuous, then f is
continuous.

Proof. (a): If 377, f; converges uniformly to f, then f(z) = >_7, f;(2) holds for each
z € M, r,(2) = f(2) — su(2) for each n € N, z € M according to (7.76), where
sn(2) = > 5_; fj(2). Then (8.11) is just (8.2), where the s, now play the role of the f,
n (8.2). Conversely, if the remainder series converge for each z € M, then we can define
fi M —K, f(z):= fi(2)+r1(2) = 2272, fj(2). Then, once again, r,(z) = f(2)—sn(2)
for each n € N, z € M, and (8.11) is just (8.2), yielding the uniform convergence of the
series.

(b): First, (8.12) implies each remainder series > | f;(2) converges absolutely. Thus,
with r,(z) as in (a),

(7.82) =X a
ZGVM Irn(2)] < Z |fi(2)] < Z aj =0 for n — oo,
j=n+1 j=n+1
such that (a) yields uniform convergence.
(c) is immediate from Th. 8.4. |

Remark 8.8. Given a function series Z;’;l f;with f; : M — K, 0 # M C C; for each
z e M, Z;; fj(z) constitutes a series in K. Typically, one will only have convergence
of 3777, fj(2) in K on a subset C' C M. The series then converges pointwise in the
sense of Def. 8.6(a) if all f; are restricted to C. It can be very difficult to determine
if Z;; fi(z) converges or diverges for some z € M, and such investigations are often
of particular interest in the context of function series. Even for power series, studying
convergence can still be difficult, but the availability of the following Th. 8.9 does help
to (at least partially) settle the question in many cases.

Theorem 8.9. For each power series Z]oio a; 27, a; € K, there exists a number r €

[0, 00] := R} U {0}, called the radius of convergence of the power series, such that
<z eK A |z < r) = iaj 2/ converges absolutely in K, (8.13a)
=0
<Z ceK A |z] > 7") = iaj 2 diverges in K (8.13b)
=0
(for r = oo, (8.13a) claims absolute convergence for each z € K). In particular,

Z;io a;j 20 converges pointwise in the sense of Def. 8.6(a) for each z € B,(0) (c¢f. Def.
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7.7(a)). Moreover,

v i%‘ i ?onverges uniformly on B,,(0) (cf. Ex. 7.47(a)) . (8.14)
0<ro<r \ =5 in the sense of Def. 8.6(b)
For the radius of convergence, one has the formula
1
r=T where L :=limsup {/|a,|. (8.15)
n—oo

In (8.15), limsup denotes the so-called limit superior, which is defined as the largest
cluster point of the sequence (/|an|)nen if the sequence is bounded (cf. Th. 7.27) and
oo if the sequence is unbounded. As the limit superior can be 0 or oo, we also define
1/0:=00 and 1/o0 :=0 in (8.15).

One has the simpler formula
. Qp,
r= lim

n—oo

) 8.16
An41 ( )

provided all a,, are nonzero and provided the limit in (8.16) either exists in R or is co.

Proof. For the proof of (8.15), we apply the root test from Th. 7.89(b). Here, for the
root test, we have to consider the sequence ({/|a,||z|")nen. As a consequence of (7.11a)
and Prop. 7.26, limsup,,_, . (Ax,) = Alimsup,,_, . =, for each A > 0 and each sequence
(Zn)nen in R (with A - 00 := oo, this also holds if the limit superior is infinite). Thus,

limsup v/ |a,||z|™ = |z|limsup {/|a,| = |z| L.
n—00 n—00
If |z| > 1/L, then |z| L > 1 and (7.83b) applies, i.e. (8.13b) holds for r = 1/L. If
|z| < 1/L, then |z| L < 1, and, recalling the Bolzano-Weierstrass Th. 7.27, one sees that
(7.83a) applies, i.e. (8.13a) holds for r = 1/L.

Next, if 0 < 7o < 7, then > 7 a; 7| converges according to (8.13a). Since, for each

2 € B,,(0) and each j € N, we have |a; 27| < |a; 7], (8.14) is a consequence of Cor.
8.7(b).

The validity of (8.16) follows from the ratio test of Th. 7.89(c): If all a,, # 0 and z # 0,
then
Ap41 ‘Z|

A

lim,, 00

lim

n—oo

= |z| lim
n—oo an

An+1

an+1zn+1‘

Ay 2™

If 2] < 1= limp o )—+) then |2|/l < 1, i.e. (7.84a) applies, proving (8.13a) for r = I.

n

If |z| >, then |z|/l > 1, i.e. (7.84b) applies, proving (8.13b) for r = [. [ |
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Corollary 8.10. If Z;io a; 27, a; € K, is a power series with radius of convergence
r €]0, 00|, then the function

f:B,(0) =K, f(z):=) a;, (8.17)

j=0

18 continuous. In particular, if r = oo, then f is continuous on K.

Proof. Each partial sum z — Z?:o a; 27 is a polynomial, i.e. continuous on K. Moreover,
if ¢ € B,(0), then the power series converges uniformly on M := Bj¢(0) by (8.14), i.e.
it is continuous at ¢ € M by Th. 8.4. [ ]

Example 8.11. (a) For each a € R, the radius of convergence of > > n®z"isr =1,
since

limsup {/|a,| = lim ¥n* =1, (8.18)
n—oo

n—oo

which, for each a € Z, follows from (7.46) and Th. 7.13(a), and, then, for all « € R
from the Sandwich Th. 7.16.

Let us investigate what can happen for |z| = r = 1 for some cases: The series
Yo 2" (o = 0) is divergent for each z € C with z = 1 by the observation that
(2")nen does not converge to 0 for n — oo (as 2" = 1 for each n € N); the
series > >° n~' 2" (o = —1) is the harmonic series, i.e. divergent, for z = 1, but
convergent for z = —1 according to Ex. 7.86(a).

(b) The radius of convergence of both Y7 /2% and »>° 2% is r = oo by (8.16) and
(8.15), respectively, since

n _ 1! _
lim |- | = lim (n+1) = lim (n + 1) = oo, (8.19a)
n—00 | Ap41 n—o00 n! n—o0o
limsup /Jan] = lim {/— = lim = =0 (8.19D)
im su a,| = lim {/— = lim — =0. :
n_mop n—o00 nmn n—oo N
(c) The radius of convergence of "> nlz"is r =0 by (8.16), since
n ! 1
lim [ | = lim — " = lim - (8.20)
n—00 | Ap41 n—00 (TL + 1)' n—oo 1, + 1

Caveat 8.12. Theorem 8.9 does not claim the uniform convergence of Z;io a; 2’ on
B,(0), which is usually not true (e.g., it is an exercise to show that ) 7% 2/ does not
converge uniformly on B;(0)). Theorem 8.9 also claims nothing about the convergence

or divergence of 77 a; 27 for |z| = r, which has to be determined case by case (cf. Ex.
8.11(a)).
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Definition and Remark 8.13. Given two power series p := Z;io a; 2’ and ¢ =
> o2ob; ) in K, we define their Cauchy product

00 J
D*q = Z ¢ 27, where cj = Z agbj—r = aob; +arbj_1 + - -+ a;bo. (8.21)
= k=0

Note that we have not assumed any convergence of the series so far, i.e. p, ¢, and p *x ¢
are not K-valued functions, but sequences of K-valued functions according to Def. 8.5
(sequences of polynomials, actually). Sometimes one also calls the Cauchy product p*q
the convolution of p and q.

Now, if we do assume p and ¢ to have some nonzero radii of convergence, say r,,7, €
10, 0¢], respectively, then, by (8.13a), both series are absolutely convergent for each
z € B,(0), where r := min{r,, r,}. Thus, the functions

f:B.(0)—K, f(z):=) a2/, g: B.(0)—K, g(2):= ij 2 (8.22)

J=0

are well-defined, and (7.91) implies

s = 2 with ¢; as in (8.21). 8.23
et [P =2 s with g s in (821 (3.23)

8.3 Exponential Functions

The notion of power series allows us to extend the definition of exponential functions to
complex arguments:

Definition and Remark 8.14. We define the exponential function

o n 2 3

exp: C—C, exp(z Z—‘—l—i—z—i———i—yjt (8.24)
n=0

From Ex. 8.11(b), we already know the radius of convergence of the power series in
(8.24) is oo, such that the function in (8.24) is well-defined.

For the time being, we also redefine Euler’s number as e := exp(1) > 1 > 0 and, for each
r € R, Inz := log.,)(x). This, as well as calling the function of (8.24) exponential
function, will be justified as soon as we will have proved

1\" X1 1 1 1
1i 1+=-) = — =1+ — ... 8.25
1m(+n) > i tatatagt (8.25)

n—oo
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and

2 x3

poN a* &
A _;H_1+x+2!+3!+... (8.26)

in (8.36) of Th. 8.18 and in Th. 8.16(c) below, respectively.

Proposition 8.15. If a continuous function E : R — R satisfies

a:=FE()>0 and (8.27a)
V.  E(x+y) = E(x)E(y), (8.27b)

z,yeR

then f is an exponential function — more precisely

zgR E(x) =a". (8.28)
Proof. First, a = E(1) = E(0+ 1) = E(0)E(1) = E(0)a and a > 0 shows E(0) = 1.
Then, for each z € R, 1 = E(0) = E(z — z) = E(z)E(—xz), i.e. E(—z) = (E(z) -
showing F(z) # 0 for each z € R. Thus, F(1) > 0, the continuity of F, and the
intermediate value Th. 7.57 imply E(z) > 0 for each x € R. Next, an induction shows

V. VYV Em-z)=(E@)": (8.29)

zeR neN

The base case is trivially true and the induction step is
E((n+1)a) = E(na) E(x) "= (B(2))" E(x) = (E(x))"*".

Applying (8.29) with x = 1 shows E(n) = a™ for each n € N. Applying (8.29) with
x=1/n,n € N, shows a = E(1) = (E(1/n))", i.e. E(1/n) = a*/™ since E(1/n) > 0.
Next,

8.29) k

v E(k/n) "2 (E1/n)" = (/") = at,

n,keN

showing (8.28) holds for each z € Q*. Then (8.28) also holds for each z € R™, since, if
(Gn)nen 1is a sequence in Q" with lim,, ., ¢, = x, then the continuity of F implies

a® = lim a™ = lim E(q,) = E(z).

n—oo n—o0

Finally, if x € R™, then

-1

@ = (@) = (E(~2)) ' = B(a),

completing the proof that (8.28) holds for each = € R. [ |
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Theorem 8.16. We consider the exponential function exp as defined in (8.24). The
following holds:

(a) exp is continuous on C.
(b) exp(z +w) = exp(z) exp(w) is valid for all z,w € C.
(c) With e:=exp(l) (cf. Def. and Rem. 8.14), it is

o0 xn

& pu— pu— —_—

xZIR ¢ = exp(z) Zo n!’
n=

Proof. (a) holds by Cor. 8.10; for (b), we compute (using (7.91)),

[e.9]

exp(2) exp(w) = 3 ca,
V(C n:O ) ( . )
zw€ z (5.23) (2 +w)"
_ —j 2
e =S ()2
(8.30)
and then (c) is an immediate consequence of (a), (b), and Prop. 8.15. |

Definition 8.17. Let M C C. If ( € C is a cluster point of M, then a function
f: M — K is said to tend to n € K (or to have the limit n € K) for z — (
(denoted by lim,_,. f(z) = n) if, and only if, for each sequence (zj)reny in M \ {¢} with
limy o0 2 = (, the sequence (f(zx))ren converges to n € K| i.e.

lim = & 4 (lim 2k = = lim f(z) = ) . 8.31

z—>Cf( )= (i)pen in MV(C} \kovoo ¥ ¢ k—>oof< k) = (8:31)
Theorem 8.18. We consider the exponential function exp as defined in (8.24). With
e? = exp(z) for each z € C and Inx := log.,y(z) for each v € R™ (cf. Th. 8.16(c)
and Def. and Rem. 8.14), we have the following limits:

lim &L (z € M :=C\{0}), (8.32)

z—0 z
i 20D (e am) - 1L so\{0)), (8.33)

x—0 x
A :lcgr%ln(l—i-ﬁx%:é (xeM—{xeR 1+&x>0}\ {0}), (8.34)
A4 iii%(uafx% ¢ (reM:={zeR:1+cx>0}\{0}), (8.35)
PR R o s
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Proof. (8.32): From (8.24) and e* = exp(z), we obtain

e —1 = 2" z 22

v = =l4+=4+=+...

o 2 nZ:OOH—l)! TR TR
which, since z — Y 7 (nZTnl)' is continuous on C by Cor. 8.10, implies (8.32).
(8.33): Consider the auxiliary function f :] — 1,00 — R, f(x) := In(x + 1), with
f~Hx) = e* — 1. Now, given a sequence (z3)gen in | — 1,00[\{0} with limy_,.. 2 = 0,
one obtains

In(1 + xy) In (1+ f~1(f(zx))) In (14 e/t —1)

= — i
koo 1 oo U (f(zr) oo ef@n) — 1

g ) @32
- k—00 ef(mk) —1 -

L,

where, in the last step, it was used that limy .., x5, = 0 and the continuity of f implies
limy oo f(z) =In1 =0.

Similarly, but simpler, one obtains (8.34) and (8.35) (exercise). Finally, for the sequence
(n)nen With z,, :=1/n, (8.35) implies (8.36). [ |

Definition 8.19 (Exponentiation with Complex Exponents). For each (a, z) € RT x C,

we define
z

a® :=exp(zlna), (8.37)

where exp is the function defined in (8.24). For a = e, (8.37) yields e* = exp(z), i.e.
(8.37) is consistent with (8.26).

Theorem 8.20. (a) The first two exponentiation rules of (7.54) still hold for each
a,b> 0 and each z,w € C:

a*t = a*a”, (8.38a)

a®b* = (ab)®. (8.38b)
(b) For each a € RT, the exponential function
f:C—C, f(z2):=d, (8.39a)
1s continuous, and, for each ¢ € C, the power function
g: RY — C, g(z):=2", (8.39b)

18 continuous.
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(c) The limit in (8.36) extends to complex numbers:

zeC n—o00

vV lim (1 + %)n =e = i Z—T (8.40)
n=>0

Proof. (a): We compute

(8.37)
az+w i

exp((z +w)lna) =exp(zlna+ wlna)

Th. 8.16(b)

= exp(zIna)exp(wlna) B30 g2 qv

proving (8.38a), and

atbr exp(z1na)exp(z1nb) he 2100)

(r5e) exp (zIn(ab)) (820 (ab)Z,

exp(zlna + z1Inb)

proving (8.38b).

(b): The continuity of both functions follows from the continuity of exp (according to
Th. 8.16(a)) and from the fact that continuity is preserved by compositions (according
to Th. 7.41): The exponential function f, given by f(z) = e*"%, is the composition of
the continuous functions z +— zIna and w — €, whereas (analogous to Ex. 7.76(a)),
the power function g, given by g(z) = e¢!"?, is the composition g = exp o(( In), where
In is continuous by Cor. 7.74.

(c): We have to show that

©  _k
, Z\" z
Jim (1 5) X | =0
k=0
Given € > 0, choose K € N such that
(2| +DF €
i k,Z—: Y
We continue by using (5.23) to estimate
2\ = 2F
VoA, = (1+—) N <R, 48, +T,
neN n k!
k=0
where
K-1 k k n k o0 k
o n\ z z B n\ |z| B |z
o R (k)ﬁ | Se= (zf)ﬁ T=2 Or
k=0 k=K k=K
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We proceed to estimate each of the three terms R,,, S,,, and T, starting with the last:

= |z (] + D)k e

k .
n\ 1 n! 1 n—k+j 1
S — A
n\gN 1§Z/§n (k) nk kl(n—Fk)In* Kl ]lj[ n ~ k!
We then obtain . .
IRSNAANE F €
gg%ZQ)TSZ@-T%-

To estimate R, we first compute the limit

k 4
. n\ 1 1 . n—k+y 1 1
ﬁgﬁ)m—aﬁﬁﬂ—ﬁr——aﬂl—ﬁ
]:
implying lim,, ,,, R, = 0 and

3 Vv R, <<

N>K n>N 3

Combining the three estimates shows

v Anan+Sn+T<f+f+f:e,
n>N>K 3 3 3

completing the proof. |

8.4 Trigonometric Functions

The first “definition” of the trigonometric functions sine and cosine is the one based on
geometric visualization usually given in high school: cosx and sin x are the coordinates
of the point p = (p1,p2) € R? on the unit circle, such that z is the angle measured in
radian between the line segment between (0,0) and (1,0) and the line segment between

(0,0) and p.

While this “definition” allows to obtain many important properties of sine and cosine
using geometric arguments, it is not mathematically rigorous, and, for example, provides
no clue how to compute values like sin 1. The problem is related to the fact that the
angle measured in radian between the line segment between (0,0) and (1, 0) and the line
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segment between (0,0) and p is supposed to be the length of the segment of the unit
circle between (1,0) and p (taken in the counter-clockwise direction).

In the following Def. and Rem. 8.21, we will provide a mathematically rigorous definition
of sine and cosine using power series, and we will then verify that the functions have the
familiar properties one learns in high school. However, as the computation of lengths
of curved paths is actually beyond the scope of this lecture, we will not be able to see
that our sine and cosine functions are precisely the same we visualized in high school
(the interested reader is referred to Ex. 1 in Sec. 5.14 of [Wal02]).

Definition and Remark 8.21. We define the sine function, denoted sin, and the
cosine function, denoted cos by

. C s . i (_1)n »2n+1 23 N 5 N (8 " )
sin : , sin z = — =z =+ =—+..., Ala
—~ (2n+1)! 3! 5!
0 (_1)nz2n 22 4
cos: C—C cosz::Z—zl———l———+.... (8.41b)
’ | | |
£ (2n))] ol " 4l

(a) sin and cos are well-defined and continuous: For both series and each z € C, we can
estimate the absolute value of the nth summand by the nth summand of the series
for the exponential function el*! (cf. (8.36)), which we know to be convergent from
Ex. 8.11(b). Thus, by Th. 8.9, both series in (8.41) have radius of convergence oo
and are continuous by Cor. 8.10.

CoS : — l.e. cos|gr) has a smallest positive zero o € . e adefine = 2a.
b R R (i [r) h 11 1ti R*. We d 2

One can show 7 is an irrational number (see [Phil6, Sec. H.3]) and its first digits
are m = 3.14159 . ..

To see cos has a smallest positive zero and to obtain a first (very coarse) estimate,

note
VoV G 1> k41
— > & > & >,
z€R+ keN k' (k+1)! k41 ‘
showing :’;;—If > % holds for each k& > 2 and each = €]0,3[. In particular, the

summands of the series in (8.41) converge monotonically to 0 (for k£ > 2) and, since
the series are alternating for x # 0, Th. 7.85 applies and (7.79) yields

2 5(72 4

f(x) :zl—x—<cosx<1——+x—::g(x),
2 2 "4 (8.42)
0<z<3 23 3 b
x—€<sinx<x—g+ﬁo.
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The zeros of x — f(x) are —v/2,v/2, i.e. v/2 is its smallest positive zero; the zeros

of z — g(x) are —\/6—2\/_,—\/6+2\/§, \/6—2\/5, \/6+2\/§, ie. v6—2V3
is its smallest positive zero. Thus, as f(0) = ¢g(0) = 1, the intermediate value Th.
7.57 implies cos has a smallest positive zero a and

14<V§<g;:&<V6—%@<16 (8.43)

Theorem 8.22. We have the following identities:

sin0 =0, cosO=1, (8.44a)
V(C sinz = —sin(—z), cosz = cos(—z), (8.44b)
ze
v . sin(z + w) = sin z cos w + cos z sinw, (8.44c¢)
zZ,we
\ . cos(z + w) = cos z cosw — sin z sin w, (8.44d)
zZ,we
‘v’(c (sin2)® + (cos2)® = 1, (8.44e)
ze
T 7r
T_0, sinc=1, V >0, 8.44f
cos 3 sin o e coS T ( )
voosin(z4 ) = (:4+5)=—s (8.44g)
Y. osin(z4 ) =cosz, cos(z4 5 ) = —sinz, Adg
VC sin(z +7) = —sinz, cos(z+m) = —cosz, (8.44h)
ze
VC sin(z 4+ 2m) =sinz, cos(z + 2m) = cos 2, (8.441)
zE
. sinz . cosz—1 1 )
==t == (54

Identities (8.441) can be restated as sine and cosine being periodic functions with period
2.

Proof. (8.44a) is immediate from (8.41) since, for z = 0, all summands of the sine

series are 0 and all summands of the cosine series are 0, except the first one, which is
-1 0 00

( 31 =1

(8.44D) is also immediate from (8.41), since (—z)*"T! = (—1)%Fi2nFl = 20+ and

(_Z)Qn — (_1)2n22n — Z2n.
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(8.44c) and (8.44d) can be verified using the Cauchy product: According to (7.91),

o0 oo
sin z cosw = E Cp, COSzsinw = g d,
n=0 n=0

" (—1)d 220 (1T q2(n—3)
where anz( ) - ' (=1 w» )
s wee per YA VL eI D) L I

n (_1)3' 2 (_l)n—j w2(m—i)+1
dn - Z 211 5 — 1 b
2 @)l @ j) + )

that means, for each z,w € C,

2(n—7)+1

y Z’"‘: (_1)n 22j+1 w?(nfj) z’"‘: (_1)71 ZQj w
= G+ Q=9 = @) Ch-g)+ D)
n ,2j+1 w2n+H1—(2i+1) L

(=D
=2 @1 (2n+1—(2j+1))!+j2 2 @nt1-2j)

2n+1

j 2n+1—j n 2ntl
= (=1)" Z ﬁ w J _ (—1) Z (Qn + 1> L g1
= Jl2n+1—-4)! (2n+1)! = J

(=D (2 +w)t!
(2n +1)! ’

proving (8.44c). Similarly, according to (7.91),

o0 o0
coszcosw:E Cns sinzsinw:E dy,,

n=0 n=0
" (=1)7 227 (—1)" T 2(n—3)
% where ¢, = Z ( ) 2 (=) w. ,
z,weC =0 (2.])' (2(71 - j))' ’

n (_1)3 22j+1 (_1)n—j w2(n—j)+1

d":; 2+ @m—j)+1)
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that means, for each z,w € C,

co=1 and

n (_1)n 22 p2(n—) n—1 (_1)71—1 »2j+1 w2(n—1-5)+1

i C"_d“_;o 2))! (2(n—j))!_j; @i+ @m—1—j)+1)
B n (_1)n22j w2n—2 n—1 (_1)n22j+1 w2n—(25+1)
~ 2 2))! (2n—2j)!+j2:; @+ 1) 2n—(2j+ 1)
n 2w )" 2n 2
- S s (0
_ =)t w)
(2n)! ’

proving (8.44d).
(8.44¢): One computes for each z € C:

(8.44d)

? = coszcos(—z) —sin zsin(—z) = cos(z — z) = cos 0 = 1.

(sin 2)? + (cos 2)

(8.44f): cos § = 0 and cosx > 0 for 0 < 2 < 7 hold according to the definition of 7 in
Def. and Rem. 8.21(b). Then

2 (3440 2 2)3 (8.43) 1.6)3
<sing> (85)1—(%8%) =1 and sing>g—<ﬂ/6) (> 1.4—( 6) > 0.7 > 0.

(8.44g) is immediate from (8.44c), (8.44d), and (8.44f).
(8.44h): One obtains

sinm = sm( g) 1. 0+0-1=0,
cosm = cos< g) 844d)O 0-1-1=-1,
ZZC sin(z + ) G2 inz+ 0= —sin z,
YV cos(z+m) GLY o524 0= — cosz.

zeC
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(8.44i): One obtains

sin(2r) = sin(7 +7) G290 40 = 0,
cos(2m) = cos(m+ ) 29 (—1)(-1)—-0=1,
Z‘g’c sin(z + 2m) G2 Gnz+0=sin z,
(8.44d)

vV cos(z+2m) cosz — 0 = cos z.

zeC

(8.44j): One obtains

sinz o= (—1)" 22" 2 2
_ —1— —+...
. Zo(an) I
% .
=€C\{0} cosz—l_i( etz 1 +22_Z4_|__
22 4~ (2(n+1) 20 4l 6

Il
o

n

For both series on the right-hand side and each z € C, we can estimate the absolute
value of each summand by the corresponding summand of the exponential series for el?!
(cf. (8.36)), showing they have radius of convergence oo and are continuous by Cor. 8.10.

In particular, their continuity in z = 0 proves (8.44j). [ |
Theorem 8.23. One has sin(R) = cos(R) = [—1,1], i.e. the image of both sine and

cosine is [—1,1]. Moreover, for each k € Z:
sin is strictly increasing on [—5 + 2km, — —|— 2k77Ti| , (8.45a)

3

sin is strictly decreasing on {2 + 2km, — + 2]{371} , (8.45Db)
cos is strictly increasing on  [(2k — 1)7T, 2km], (8.45¢)
cos is strictly decreasing on [2kw, (2k + 1)7], (8.45d)

which, due to (8.44e), can be summarized (and visualized) by saying that, if x runs from
2km to 2(k + 1)m, then (cosx,sinz) runs once counterclockwise through the unit circle,
starting at (1,0).

Proof. From (8.44e), we know sin(R) C [—1, 1] and cos(R) C [—1,1]. As

sing (8440 1, sin (—g) (6.440) —1, cos0

(8.440) 1, cosw (5.420) —cos0 = —1,
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the continuity of sine and cosine together with the intermediate value Th. 7.57 implies
sin(R) = cos(R) = [—1,1].

From (8.42), we know 0 < 2 — %3 < sinz and cosz < 1 — %2 + g—z < 1 for each z €]0, 7],
implying

N cos(x +y) = cosx cosy — sinzsiny < cosx cosy < cos T,
0<z<z+y<%t
showing cos is strictly decreasing on [0, 5]. Then cos is strictly increasing on [—7,0] by
(8.44b), sin is strictly increasing on [0, 7] and strictly decreasing on [7, 7] by (8.44g),
implying sin is strictly increasing on [—~7,0] and strictly decreasing on [—m, —g] by
(8.44b), i.e. sin is strictly increasing on [2F, 27| and strictly decreasing on [7r 3] by

(8.44i), implying cos is strictly decreasing on [5, 7] and strictly increasing on [—m, —7]
by (8.44g). Since this fixes the monotonicity properties of both sine and cosine over

more than one period, the general statements in (8.45) are provided by (8.44i). |
We now come to important complex number relations between sine, cosine, and the
exponential function.

Theorem 8.24. One has the following formulas, relating the (complex) sine, cosine,
and exponential function:

V(c ¢” =cosz+isinz (BEuler formula), (8.46a)
ze
eiz + efiz
= .46b
ZZ’C oS 2 5 (8.46b)
eiz — ez
nyg— ————. 4
ZZ’C sin z % (8.46¢)

Proof. Let z € C. For (8.46a), one computes

o 837,620 s (12)" = (=) (=12t
oot S =3 (S

n=0 n=0
Th. 7.93(a) i ()22 SR (=) 22 g .
= —+ZZ— = Cosz+1sinz.
| |
— (2n)! — (2n+1)!
Then
iz _i, (8.46a) .. ..
e +e = cosz+isinz+ cos(—z) +isin(—z) = 2cos z
proves (8.46b), and
¢z — == O cogr tising — cos(—z) —isin(—z) = 2isin z

proves (8.46¢). [ |



8 CONVERGENCE OF K-VALUED FUNCTIONS 136

As a first application of (8.46), we can now determine all solutions to the equation
e =1 and all zeros (if any) of exp, sin, and cos:

Theorem 8.25. The set of (complex) solutions to the equation e* = 1 consists precisely
of all integer multiples of 2i, the exponential function has no zeros (neither in R nor
in C), and the set of all (real or complex) zeros of sine and cosine consists of a discrete
set of real numbers. More precisely:

exp {1} = {2kmi: k € Z}, (8.47a)
exp {0} =0, (8.47D)
sin~ {0} = {k7: k € Z}, (8.47¢)
cos {0} ={(2k+1)Z: k€ Z}. (8.47d)

Proof. We start by considering the zeros of the functions cos,sin : R — R: Due to
(8.44f), cosx > 0 for each x € [0, [ such that cos(—xz) = cosz (by (8.44b)) implies 7
to be the only zero of cos in the interval | — 5, Z]. Then, since cos(x + m) = — cos for
each z € R by (8.44h), 7 and § + 7 are the only zeros of cos in the interval | — %, T +7],
and, thus, using that cos has period 27 according to (8.44i), adding integer multiples of

27 to § and § + 7 must generate precisely all zeros of cos : R — R, i.e.
RNcos M0} ={F+km: keZ}={(2k+1)3: keZ}.
Since, by (8.44g), sinx = —cos(z + §) for each # € R, we also obtain
RNsin {0} ={-Z+z: 2€RnNcos ' {0}} = {kr: k € Z}.
We consider (8.47a) next. If k € Z, then
ekl = (62’”)k (846 (cos(2m) + i sin(27r))k =1"=1,

proving “2”. For the remaining inclusion, assume z € exp~'{1}, i.e. €* = 1, and write
z =z + 1y with x,y € R. Then

1= le*| = e" |eY] (B202) o |cosy +isiny| = e /(siny)? + (cos y)>2 (54 e’
first implying x = 0 and, then, using (8.46a) once again, 1 = ¢* = ¢ = cosy + isiny
implies cosy = 1 and siny = 0, i.e. y € {2kw : k € Z}, proving “C”.
To finish the proof of (8.47¢), assume sinz = 0. Then e¢”* = cosz = cos(—z) = e 7,
implying €** = 1 and, by (8.47a), there is k € Z such that 2iz = 2kwi, i.e. z = km,
proving (8.47c). Since, by (8.44g), cosz = sin(z + ) for each z € C, we also obtain
(8.47d):

cos {0} ={-3+2: zesin”{0}} ={(2k+1)%: ke Z}.
Finally, if 2 = x + iy with 2,y € R, then |¢*| = e” [¢¥| = e® # 0 proves (8.47b). [ |
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Definition and Remark 8.26. We define tangent and cotangent by

tan : C\ cos {0} — C, tan z 1= sz, (8.48a)
—_—— oS z
C\{(2k+1)% : k € Z} by (8.47d)
. Cos z
cot : C\sin™ {0} —C, cot z 1= ——, (8.48Db)
—_——— sin z

C\{km: k € Z} by (8.47c)

respectively. Since sine and cosine are both continuous, tangent and cotangent are also
both continuous on their respective domains. Both functions have period 7, since, for
each z in the respective domains,

sin(z + ) (8.44n) —sinz (8.44h) — COS 2

= cot 2.

=tanz, cot(z+ ) :
cos(z + ) —Cos 2 —sinz

tan(z + ) =

Since

1 1 1
lim sin— =sin0=0 A limcos—=cos0=1 A sin— >0
n—00 n n—00 n n

) 1
= lim cot — = oo,

n—oo n
. . 1 ) . 1
Iimsin|{7#—— | =sint=0 A limcos|m—— ) =cosm=—1
n—oo n n—oo n

1 1
A sin(w——) >0 = lim cot (7‘(’——):—00,
n n—oo n

we obtain tan(R \ cos™*{0}) = cot(R \ sin™'{0}) = R.
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For each k € Z,

tan is strictly increasing on }—g + km, g + km [, (8.50a)

cot is strictly decreasing on }k‘ﬂ', (k + 1)%[ : (8.50b)

On |0, %[, sin is strictly increasing and cos is strictly decreasing, i.e. tan is strictly
increasing and cot is strictly decreasing. Since tan(—x) = sin(—xz)/ cos(—z) = — tan(x),
on ] — 7,0[, tan is strictly increasing and cot is strictly decreasing. Taking into account
the signs of tan and cot on the respective intervals and their m-periodicity according to

(8.49) proves (8.50).

Definition and Remark 8.27. Since we have seen sin to be strictly increasing on
[—%, 5] with image [—1, 1], cos to be strictly decreasing on [0, 7] with image [—1,1], tan
to be strictly increasing on | — 7, 7| with image R, and cot to be strictly decreasing on
10, [ with image R; and since all four functions are continuous, Th. 7.60 implies the

existence of inverse functions, denoted by

arcsin : [—1,1] — [-7/2,7/2], (

arccos : [—1,1] — [0, 7], (8.51b
arctan : R —| — w/2,7/2], (8.51c
arccot : R —]0, [, (8.51d

respectively, where all four inverse functions are continuous, arcsin is strictly increasing,
arccos is strictly decreasing, arctan is strictly increasing, and arccot is strictly decreasing.

Of course, using (8.45) and (8.50), respectively, one can also obtain the inverse functions
on different intervals, and, in the literature, such inverse functions are, indeed, considered
as well. Somewhat confusingly, it is common to denote all these different functions by
the same symbols, namely the ones introduced in (8.51). Here, we will not need to pursue
this any further, i.e. we will only consider the inverse functions precisely as defined in
(8.51), which are also known as the principle inverse functions of sin, cos, tan, and cot,
respectively.

8.5 Polar Form of Complex Numbers, Fundamental Theorem
of Algebra

Theorem 8.28. For each complexr number z € C, there exist real numbers r > 0 and
¢ € R such that '
z=re'’. (8.52)
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Moreover, if (8.52) holds with r > 0 and ¢ € R, then r is the modulus of z and, for
2z # 0, ¢ is uniquely determined up to addition of an integer multiple of 27, i.e.

v (z:rem:rew? ANr>0 = r=|z| A3 901—<p2:27rk>. (8.53)
zeC\{0} kEZ
Proof. For z = 0, there is nothing to prove, so we assume z # 0 and set r := |z|. We
write z = x + iy with x,y € R, first assuming y > 0. Then
Z—¢+in, where £=2, n=2>0, E4+nt=1 (8.54)
r r r

In particular, —1 < ¢ < 1. Thus, letting
 := arccos ¢,

we obtain ¢ € [0, 7], £ = cos ¢, and sin ¢ > 0, yielding

sinp = /1 — (cos )2 = /1 — €2 (554 7.

In consequence,
.46a)

; =¢+4in=cosp +isinp - e,
as desired. If y < 0, then the above shows the existence of ¢ € R such that z =z —iy =
re® = rcos +irsinty. Letting ¢ := —1), we, once again, have z = r cos ) — irsiny =
re”" = re'?, as desired, completing the existence proof for the representation (8.52).
Now assume (8.52) holds with » > 0. Then

12| = 7|e"] = ri/(sin )2 + (cos )2 = r.

Finally, if 7 €1 = 7 €2 with r > 0, then !*1=%2) = 1 i.e. i(p; — o) € {2kmi : k € Z}
by (8.47a). o

Definition and Remark 8.29. The representation of z € C given by (8.52) is called its
polar form, where (r, p) are also called polar coordinates of z, ¢ is called an argument of
z. For z # 0, one can fix the argument uniquely by the additional requirement ¢ € [0, 27|
(but one also finds other choices, for example ¢ €] — 7, 7], in the literature). The above
terminology is consistent with the common use of calling (7, ¢) polar coordinates of the
vector z = (z,y) € R*(= C) (in contrast to the Cartesian coordiantes (z,y)), where r
constitutes the distance of the point z = (z,y) from the origin (0,0) and ¢ is the angle
between the vector z = (z,y) and the x-axis (cf. the three introductory paragraphs
of the previous Sec. 8.4). As promised, we can now better understand the geometric
interpretation of complex multiplication already described in Rem. 5.12: If z; = re%!
and 2y = 19€"2, then 2129 = r12e! #1192 je. complex multiplication, indeed, means
multiplying absolute values and adding arguments.
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Corollary 8.30. If z € C, then |z| = 1 holds if, and only if, there exists ¢ € R such
that z = e — in other words, the map

fiR—{2€C: |z|=1}, flp):=¢€Y, (8.55)

is surjective. Moreover f(v1) = f(p2) holds if, and only if, o1 — @2 = 2wk for some
k € 7.

Proof. Everything is immediate from Th. 8.28. ]

Corollary 8.31 (Roots of Unity). For each n € N, the equation z™ =1 has precisely n
distinct solutions (y,...,(, € C, where
G = ek2miim (845 k2m k2w

il _ k
- os = +isin—— = (f. (8.56)

The numbers (1, ... ,¢, defined in (8.56) are called the nth roots of unity.

Proof. Tt is (! = €™ = 1 for each k € {1,...,n} and the (,...,(, are all distinct
by Cor. 8.30, since, for k,l € {1,....,n} with k A1, (k—1)/n ¢ Z. As (,...,(, are
n distinct zeros of the polynomial P : C — C, P(z) := 2™ — 1, and P has at most n
zeros by Th. 6.6(a), (1,. .., (, constitute all solutions to z" = 1. [ |

We are now in a position to prove one of the central results of analysis and algebra,
namely the fundamental theorem of algebra. The following proof does not need any tools
beyond the ones provided by this class — it is actually mainly founded on continuous
functions attaining a min and a max on compact sets according to Th. 7.54 and the
existence of nth roots of unity according to Cor. 8.31.

Theorem 8.32 (Fundamental Theorem of Algebra). Every polynomial P : C — C,
P(z) =377 a2, of degree n > 1 (i.e. aq,...,a, € C with a, # 0) has at least one
zero zy € C.

Proof. Dividing the equation P(z) = 0 by a,, # 0, it suffices to consider the case a,, = 1.
We therefore assume

VC P(z)=2"4+an_12" "+ -+ a1z +ag.
ze

Claim 1. The function | P| attains its global min on C, i.e. there exists z; € C such that
| P| is minimal in z.
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Proof. We first note

ZZO P(z) =2"(14r(z)), where r(z):= + 4 —.

Set M := |ag| + -+ + |ap—1] and R := max{1,2M}.

Then
r(2)| |Z\<21 M lz=2M ]
l2|>R e P - 2
and, thus,
|2["
— || > =Sy
a |P(2)| = || ‘1+T(z)}_ 5 > M

This estimate together with [P(0)| = [ao| < M shows that the min of | P| on the compact
disk Bg(0) (see Ex. 7.47(a)) (such a min zg € Bg(0) exists due to Th. 7.54) must be
the global min of |P| on C. A

Claim 2. If |P| has a min in zy € C, then P(z) = 0.

Proof. Proceeding by contraposition, we assume P(zy) # 0 and show that | P| does not
have a min in zy. We need to construct z; € C such that |P(z1)| < [P(z)|. To this end,
define
P(zo + 2)

P(z)

Then p is still a polynomial of degree n. Since p(0) = 1,

p: C—C, p(z):=

ke{l,...n}  bg,...bn€C 2eC

3 3 Voop(z) =14 b2, b #0.
j=k

Write —b,;l in polar form, i.e. —b,;l = re® with » € RT and ¢ € R. Define
Bi=re?t (ie. pF =re = —b.)
and
q: C—C, q2):=p(Bz) =1+b8"+ i bz =1— 28+ M1 S5(2),
j=k+1
where S is the polynomial

n—k—1
S:C—C, S(z2):= Z b1 8T 27 (S =01in case k = n).

=
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Then, according to Th. 7.54,

3 v Sk <C
CERT  2eB;(0)

Lettin
’ ¢ :=min{l,C"'},

one obtains
}Zk—&-l S(Z)} S C |Z‘k+1 < |Z|k
0<|z|<e
and, thus,
]VO [ lg(z)] < 1—2"+ 2" S(z)| < 1—2" +2F = 1.
z€|0,c

Thus, finally,

| P (20 + pz)|
—_—— = )| = |q(z) <1,
o e = e = la)
showing |P| does not have a min in z. A
Combining Claims 1 and 2 completes the proof of the theorem. |

Corollary 8.33. For every polynomial P : C — C of degree n > 1, there exist numbers
¢, Cye ooy Gy € C such that

n

Pe) = ][ - &) = ez~ Q)= = &) -~ (= = G) (8.57)

j=1

(the (i, ..., ¢, are precisely all the zeros of P, some or all of which might be identical).

Proof. One just combines Th. 8.32 with Rem. 6.7. ]

9 Differential Calculus

9.1 Definition of Differentiability and Rules

The basic idea of differential calculus is to locally approximate nonlinear functions f by
linear functions. In our case, f will be defined on a subset M of R and, given £ € M
and R-valued f, we will investigate the question if we can define a number f'(£) € R
that represents the slope of the graph of f at ¢ such that the line through & with slope
f'(€) (called the tangent of f in &) can be considered as a local approximation of the
graph of f.
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If such a local approximation of f in £ is at all reasonable, then, for x # &,

fx) = f(§)

r—¢
should provide “good” approximations of f/(£) if x tends to . This leads to the following
Def. 9.1, where we also allow C-valued functions (while the above-described geometric
interpretation only works for R-valued functions, it can be applied to both the real and
the imaginary parts of a C-valued function, cf. Rem. 9.2 below); but note that we do
not consider differentiability of functions f : C — C, which would lead to the notion
of complex differentiability or holomorphicity, which is studied in the field of Complex
Analysis and is beyond the scope of this class.

Definition 9.1. Let a < b, f :]a,b[— K (a = —o0, b = o0 is admissible), and & €]a, b].
Then f is said to be differentiable at £ if, and only if, the following limit in (9.1) exists
in the sense of Def. 8.17 (where z — %:g(f) plays the role of x — f(z) in Def. 8.17).
The limit is then called the derivative of f in £&. Many symbols are used in the literature
to denote derivatives, the following provides a selection:

F1(€) = 0,f() := )y L@ = HE) ) JEFR =)

dx r—E xr — f h—0 h

(9.1)

Note both limits occurring in (9.1) are, indeed, identical, since the sequence (zj)ken in
la, b[ converges to ¢ if, and only if, the sequence (hy)g—oo With hy := x, — £ converges
to 0. The number in (9.1) (if it exists) is also called a differential quotient, whereas

—f(xz):g(é) is known as a difference quotient.

f is called differentiable if, and only if, it is differentiable at each £ €la, b]. In that case,
one calls the function
f e b— K, x— (), (9.2)

the derivative of f.

Remark 9.2. In the situation of Def. 9.1, the complex-valued function f :]a,b[— C
is differentiable at £ €]a, [ if, and only if, both functions Re f,Im f :]a,b[— R are
differentiable, and, in that case

F1(€) = (Re f)'(§) + i (Im f)'(€). (9.3)
Indeed, we merely have to note

f(z) = /() _ Ref(z) —Ref(§)  Tmf(x)—1Imf(£)

z,£€)a,b], x—£& r—£& r—¢&
A€

(9.4)

and that, by (7.2) a sequence (2,)neny in C converges to ¢ € C if, and only if, both
lim,, .., Re z, = Re( and lim,, ,,, Im z, = Im ¢ hold.
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Definition 9.3. If f :]a,b|— R as in Def. 9.1 is differentiable at £ €]a, b, then the
graph of the affine function

LiR—R, L) =€)+ () —9) (9.5)

i.e. the line through (&, f(&)) with slope f'(¢) is called the tangent to the graph of f at
€.

Theorem 9.4. If f :]a,b|— K as in Def. 9.1 is differentiable at & €]a,b[, then it is
continuous at &. In particular, if f is everywhere differentiable, then it is everywhere
continuous.

Proof. Let (xy)ren be a sequence in |a, b[\{£} such that limy_ . xx = £. Then

i () — () = tim 2= QU @) =)

k—o0 k—o0 Ty — 5

=0-/(=0,  (9.)

proving the continuity of f in &. |

Example 9.5. (a) For each a,b € K| the affine function f : R — K, f(z) := ax + b,
is differentiable with f’(z) = a for each x € R: If x € R and (hy)ren is a sequence
with hy # 0 such that lim;_,o, by = 0, then

a(x +hg)+b—ax—0> a hy,

lim L&) = @) = lim % —q. (9.7

k—o0 h’k k—o0 hk k—o0 hk

In particular, each constant function f = b has derivative f' = 0.

(b) For each ¢ € K, the function f : R — K, f(x) := e, is differentiable with
f'(z) = ce® for each x € R (in particular, ¢ = 1 yields f'(x) = e* for f(x) = ¢,
and ¢ = Ina yields f'(z) = (Ina) a® for f(z) = a® = e a € RT): The case ¢ = 0
was treated in (a). Thus, let ¢ # 0. If x € R and (hy)ren is a sequence with hy # 0
such that limg_ o hr = 0, then

) — cx+chy, _ ,cx chy __ 1 (s
lim @+ ) = /(@) = lim S % = e lim & B3 eex (9.8)
k—00 hk k—oo hk k—o00 Chk

(c) The sine and the cosine function f,g : R — R, f(z) := sinx, g(z) := cosz, are
differentiable with f'(xz) = cosz and ¢/'(x) = —sinx for each x € R: If x € R and
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(hi)ren 1s a sequence with hy # 0 such that limy_ . hy = 0, then

[z +hy) — f(x)

sin(x + hg) — sinx

o i = i
(844c) . sinxcoshg + cosxsinhg — sinx
=" lim
k—oo hk
h hi, — 1 inh
= sinz lim M +cosz lim S Tk
A4 1
B2 (sinz)-0- (—§> + (cosx) -1 = cosx. (9.9)
The proof of ¢’'(x) = —sinx is left as an exercise.

(d) The absolute value function f: R — R, f(x) := |z|, is not differentiable at £ = 0:

0+1)— f(0
lim I ”1> /(0 = lim 1 =1, (9.10a)
n—oo E n—oo
0—31)— f(0 1
lim I ”>1 J10) = lim ¢ = —1, (9.10b)
showing that w does not have a limit for h — 0.

Theorem 9.6. Let a < b, f,g :]a,b|— K (a = —oc0, b = oo is admissible), and
€ €la,bl. Assume f and g are differentiable at €.

(a) For each A € K, Mf is differentiable at & and (\f)(€) = Af'(€).

(b) f+ g is differentiable at & and (f + 9)'(§) = f'(§) + 4'(€).

(c) Product Rule: fg is differentiable at & and (fg)'(§) = f'(£)g9(&) + f(€)g'(&)-
(d) Quotient Rule: If g(€) # 0, then f/g is differentiable at & and

1oy - 11898 = f(©)g' ()

Proof. Let (hi)ren be a sequence with hy # 0 such that limy_, kg = 0.

in particular (1/g9)(§) = —

For (a), one computes

lim ANE+he) = (ANE) m A+ he) = Af(E)
k—o0 h k—o0 D,
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For (b), one computes

(f +9)(E+he)— (f+9)(&) €+ i) — f(E) +9(§+ hi) — g(&)

lim = lim

k=00 hy k=00 D,
k—o0 hk k—o0 hk
For (c), one computes
()€ ) — (fa)(©
k—o00 hk
— iy TEFPR)I(E A ) — F(O9(E + hie) + F(E)g(E + hn) — F(€)g()
k—o0 hk

i o+ 1) fim LEEIO IO gy, 960 =09
—00 k—00 k k—o0 k
= 1(©)9(&) + f(£)g' (&),

where, in the last equality, we used the continuity of g in £ according to Th. 9.4.
For (d), one first proves the special case f =1 by

lim (1/9)(&+ hi) — (1/9)(&) I g(&) —g&+he) (&)

== P T g€+ he)g©h (99
which implies the general case using (c):
ier (. 1\ oy FE) FOIE) _ [ — (O
@ =(1-5) © =4 - Ger
completing the proof. [ |

Example 9.7. (a) Each polynomial is differentiable and the derivative is, again, a
polynomial. More precisely,

P:R—K, Px) :Zajxj, a; €K

7 (9.11)

= P:R—K, Plr)=) jaa’":
j=1

The cases n = 0, 1 are provided by Ex. 9.5(a). To complete the induction proof of
(9.11), we carry out the induction step for each n € N: Writing P(x) = 37 a2/ +
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an1x 2" and applying the induction hypothesis as well as the rules of Th. 9.6 yields

n n+1
P'(x) = Zjajxj_l +api (12 +a-n-2"h) = Zjajxj_l,
j=1 j=1

which establishes the case.

(b) Clearly, the derivatives of rational functions P/Q) with polynomials P and @) can
be computed from (9.11) and the quotient rule of Th. 9.6(d).

(c) The functions tan and cot as defined in (8.48) and restricted to R\ cos™'{0} and
R\ sin~'{0}, respectively, are differentiable and one obtains

=1+ (tanz)? (9.12a)

tan': R\ cos {0} — R, tan'z=
—_————

R\{(2k+1)Z: keZ}

(cos x)?

= —(1+ (cotx)?):  (9.12b)

cot’: R\ sin {0} — R, cot' z = —
—_———

R\ {km: k€Z}

(sinz)?

One merely needs the derivatives of sin and cos from Ex. 9.5(c) and the quotient
rule of Th. 9.6(d):

tan g COSTCOST — sin z(— sin z) (8.44¢) 1 (8.44¢) 1+ (tanz)?,
(cosx)? (cosx)?
—sinxsin T — CoS T COST (8.44e) 1 (8.44¢) 9
t/ — — — s _ ]_ t .
cor e (sinz)? (sinz)? (1+ (cot)")
Theorem 9.8 (Derivative of Inverse Functions). Let a < b, I :=|a,b] (a = —00, b = 00

is admissible). If f: I — R is differentiable and strictly increasing (resp. decreasing),
then f has a continuous, strictly increasing (resp. decreasing) inverse function f~' de-

fined on the interval J := f(I), i.e. f~': J — I, and, for each & € T with f'(£) # 0,
[t is differentiable at n = f(&) with

) = !

7O i)

Proof. As a differentiable function, f is continuous by Th. 9.4, i.e. Th. 7.60 provides
all the present assertions, except differentiability at n and (9.13). Let (yx)ren be a
sequence in J \ {n} such that limy .o yp = n. Then, as f~! is bijective and continuous,
(f " (yr))ren is a sequence in I\ {£} such that limy_,o f~(yr) = &, and one obtains

N 79 K i ) BN (73 et i ) B
/fl—wo Ye — 1 kl—m f(f—l(yk» _ f(f_l(ﬁ)) f,(f_l(n)), (9.14)

establishing the case. |

(9.13)
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Example 9.9. (a) The function In : Rt — R is differentiable and, for each € R,
In'z = 1/z: If f(z) = €%, then f'(z) = €* # 0 for each z € R, Inz = f~(z), and
(9.13) yields

L 1 11
n'x = = =—.
fl(lnz) ez g
(b) The function arcsin :| — 1, 1[—| — 7/2,7/2[ is differentiable and, for each x €

| = 1,1], arcsin’z = 1/v/1 — 22 If f(x) = sinx, then f'(x) = cosz # 0 for each
x €] —m/2,7/2, arcsinz = f~!(x), and (9.13) yields
. 1 1 (%) 1 1
arcsin’ x = = = =

f'(arcsinz)  cosarcsinz V1 — (sinarcsinz)? /1 — 2?2’

where, at (), it was used that cos? = 1 —sin® and cost > 0 for each t €] —7/2, 7/2].

(c) The function arccos :| — 1,1[—]0, x| is differentiable and, for each = €] — 1,1],
arccos’ x = —1/4/1 — 22: If f(x) = cosz, then f'(x) = —sinx # 0 for each x €]0, 7,
arccosx = f~!(x), and (9.13) yields

, 1 1 (%) 1 1
arccos r = = = =—

f/(arccosx)  —sinarccosz \/1 — (cos arccos z)? V1= 2?2

where, at (*), it was used that sin® = 1 — cos? and sint > 0 for each ¢ €]0, 7[.

(d) The function arctan : R —| — 7/2,7/2[ is differentiable and, for each z € R,
arctan’ z = 1/(1 + 2?): Apply Th. 9.8 with f(z) = tanx as an exercise.

(e) The function arccot : R —|0, [ is differentiable and, for each = € R, arccot’ z =
—1/(1 + 2?): Apply Th. 9.8 with f(z) = cot z as an exercise.

Theorem 9.10 (Chain Rule). Let a < b, ¢ < d, f :]a,b|— R, g :]¢,d[— K,
f(Ja,b]) Cle,d[ (a,¢ = —o0; b,d = oo is admissible). If f is differentiable in £ €la,b]
and g is differentiable in f(&) €]e,d|, then go f :]a,b[— K is differentiable in & and

(g0 f)(&) = f(©)g'(f(£)). (9.15)

Proof. Let n:= f(&) and define the auxiliary function

9(@)—g(m) i,
g:le,d—K, g(z):= e or @ 71, (9.16)
/
g (x) for x = .

Then
Vo og(x) —g(n) = g(x)(z—n). (9.17)
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Let (xx)ren be a sequence in Ja, b[\{¢} such that limy_,, 2 = . One obtains

g(f(z)) — g(f(9) (9.17) g(f () (f (z) = £(E))

- ) 01O
= Qg (f(), (9.18)
establishing the case. |

Example 9.11. (a) According to the chain rule of Th. 9.10, the function b : R — R,
h(z) := sin(—z?) is differentiable and, for each x € R, I/(z) = —3z? cos(—z?).

(b) According to the chain rule of Th. 9.10, each power function h : RT — K| h(z) :=
1@ = 2% o € K, is differentiable and, for each 2 € R*, h'(z) = %e”‘l” = az* L
Indeed, h = go f, where f : R" — R, f(z) :=Inz with f': R* — R, f'(z) := 1,
according to Ex. 9.5(b), and ¢ : R — K g(x) := e**, with ¢ : R — K|
g (x) := ae* according to Ex. 9.9(a).

9.2 Higher Order Derivatives and the Sets C*

Definition 9.12. Let a < b, [ :=]a,b], f: I — K (a = —00, b = o0 is admissible). If f
is differentiable, then f’ might or might not itself be differentiable. If f’ is differentiable,
then its derivative is denoted by f” and is called the second derivative of f. Clearly, this
process can be iterated, leading to the following general recursive definition of higher-
order derivatives:

Let f© := f. For k € Ny assume the kth derivative of f, denoted by f*) exists on
I. Then f is said to have a derivative of order k + 1 at & € I if, and only if, f® is
differentiable at &. In that case, define

FEDE) = (FRY(€). (9.19)

If fEH1(€) exists for all € € I, then f is said to be (k 4 1)-times differentiable and the
function f*+D) . T — K, 2 > fEFD(€), is called the (k + 1)st derivative of f. It is
common to write f/:= f( f7 .= f@ " .— {6 but fE)if k> 4.

If f*) exists, it might or might not be continuous (cf. Ex. 9.13(c) below). One defines
ka C*(I,K) := {f € F(I,K) : f® exists and is continuous on I}, (9.20)
€No

C¥(I,K) == ) C*(I,K) (9.21)

keNp
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(note C°(I,K) = C(I,K) and C(I,K) 2 C'(I,K) 2 C*(I,K) 2 ...). Finally, we define
the notation C*(I) := C*(I,R) for k € Ny U {oo}.

Example 9.13. (a) One has sin € C*°(R) with sin’ = cos, sin” = — sin, sin” = — cos,
sin® = sin, ...

(b) A simple induction shows, for each polynomial P : R — K, P(z) = 7 a;2/,
a; € K, n € Ny, that P™(z) = n!a,. In particular, P € C*(R, K).

(c) It is an exercise to show the following function f is differentiable, but f’ is not
continuous, i.e. f ¢ C'(R):

2 1 f
fIR-—R, f(z) = x cos(m) or x # 0,
0 for x = 0.

9.3 Mean Value Theorem, Monotonicity, and Extrema

Theorem 9.14. Let a < b. If [ :]a,b|— R is differentiable in & €|a,b[ and f has a
local min or max in &, then f'(§) = 0.

Proof. Suppose f has a local max at £. Then there exists € > 0 such that |h| < € implies
f(E+h)— f(&) <0. Now let (hg)ren be a sequence in 0, €[ with limg_,o Ax = 0. Then
f(€£hy) — f(&) <0 for all k£ € N implies

f/(g) — lim f(f"’hk)_f(g) <0 f/(f) — lim f(g_hk)_f(g) >0

k—00 hk - k—o0 —hk -

(9.22)

showing f'(¢) = 0. Now, if f has a local min at &, then —f has a local max at &, and
(&) = —(—=f) (&) = 0 establishes the case. [ |

Remark 9.15. For f: R — R, f(z) := 23, it is f(0) = 0, but f does not have a local
min or max at 0, showing that, while being necessary for an differentiable function f to
have a local extremum at &, f'(£) = 0 is not a sufficient condition for such an extremum
at . Points £ with f/(£) = 0 are sometimes called stationary or critical points of f.

Now, we first prove an important special case of the mean value theorem:

Theorem 9.16 (Rolle’s Theorem). Let a < b. If f : [a,b] — R is continuous on the
compact interval [a,b], differentiable on the open interval |a,b[, and f(a) = f(b), then
there ezists € €la, b[ such that f'(§) = 0.
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Proof. If f is constant, then f'(£) = 0 holds for each & €la,b[. If f is nonconstant,
then there exists « €|a, b with f(z) # f(a). If f(x) > f(a), then Th. 7.54 implies the
existence of £ €|a, b] such that f attains its (global and, thus, local) max in £. Then
Th. 9.14 yields f'(§) = 0. The case f(z) < f(a) is treated analogously. [ |

Theorem 9.17 (Mean Value Theorem). Let a <b. If f,g: a,b] — R are continuous
on the compact interval [a,b], differentiable on the open interval |a,b[, and g'(x) # 0 for
each x €|a, b|, then there exists £ €|a, b| such that

f(b) = fla) _ f€) (9.23a)

g(b) —gla)  g(&)

In the special case that g : [a,b] — R, g(x) = x, one obtains the standard form

f(b) — f(a)
b—a

— F(©). (0.23b)

Proof. First note that Rolle’s Th. 9.16 and ¢’ # 0 imply g(b) — g(a) # 0. Next, one
applies Rolle’s Th. 9.16 to the auxiliary function

f(

h:la,b) — R, hx):= f(z)— (9(93) - g(a)) (b

(9.24)

) —

) =
Since f and g are continuous on [a,b] and differentiable on |a, b[, so is h. Moreover,
h(a) = f(a) = h(b), i.e. Rolle’s Th. 9.16 applies and yields £ €]a, b| satisfying h'(£) = 0.
However, (9.24) implies 2/(§) = 0 is equivalent to (9.23a). [ |

Corollary 9.18. Let ¢ < d and f :]c,d[— R be differentiable (¢ = —o0, d = oo is

admissible).

() If f' > 0 (resp. f' < 0), then f is increasing (resp. decreasing). Moreover, if the
inequalities are strict, then the monotonicity of f is strict as well.

(b) If f' =0, then f is constant.

Proof. If ¢ < a < b < dand f" >0 (resp. f' <0, resp. f/ = 0), then (9.23b) implies

f(b) > f(a) (resp. f(b) < f(a), resp. f(b) = f(a)). Moreover, strict inequalities for f’
yield strict inequality between f(b) and f(a). [ |

Lemma 9.19. Let a < b, f :]a,b|— R, & €la, b, and assume f is differentiable at &.
If f'(§) > 0 (resp. f'(§) <0), then there exists € > 0 such that |§ — €,& + €[Cla, b[ and

LYY Fa) < F©) < fb) (e flar) > F) > F(b)).
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Proof. If there does not exist € > 0 such that f(a1) < f(§) < f(by) for each a; €] —¢, &
and each by €]¢,& + €], then then there exists a sequence (zx)ren in Ja, b[\{£} such that

llmkﬁoo T — f and
flxx) = f(§)
kEN T —§&

showing f’(£) < 0. Analogously, one obtains that f/'(£) > 0 provided there does not exist
e > 0 such that f(a1) > f(§) > f(b) for each a; €] —¢,&[ and each by €], +¢[. W

Theorem 9.20 (Sufficient Conditions for Extrema). Let ¢ < d, let f :]c,d[— R be
differentiable, and assume f'(§) =0 for some £ €]c, d|.

<0,

(a) If f'(x) > 0 for each x €]c,&| and f'(x) < 0 for each x €)€,d|, then f has a strict
mazx at §. Likewise, if f"(§) exists and is negative, then f has a strict max at €.

(b) If f'(x) < 0 for each x €]c,&[ and f'(x) > 0 for each x €)€,d|, then f has a strict
min at §. Likewise, if f"(§) exists and is positive, then f has a strict min at .

Proof. We just present the proof for (a); (b) is proved analogously. If f'(x) > 0 for each
x €]e, ], then (9.23b) shows f(£)— f(a) > 0 for each ¢ < a < &; analogously, if f'(x) < 0
for each = €]¢, d[, then (9.23b) shows f(£) — f(b) > 0 for each £ < b < d. Altogether, we
have shown f to have a strict max at €. If f”(§) exists and is negative, then Lem. 9.19
yields the existence of € > 0 such that f’ is positive on |§ — ¢, {] and negative on |{, £ +€].
Applying what we have already proved with ¢ := £ — € and d := & + € establishes the
case. ]

Example 9.21. One obtains

f:R—R, f(z) =xe”, (9.25a)

P R—R, fl(z)=€e"4+xe" =(1+x)e", (9.25b)

/" R—R, f'(x) =2e"+xe” = (2+z)€". (9.25¢)

From Th. 9.14, we know that f can have at most one extremum, namely at £ = —1,

where f'(§) = 0. Since f”(§) = e > 0, Th. 9.20(b) implies that f has a strict min at
—1.

9.4 L’Hopital’s Rule

L’Hopital’s rule is a result that can help to determine (function) limits (cf. Def. 8.17).

Theorem 9.22 (L’Hopital’s Rule). Let € € R and either I =|a,&[ with a < & or
I :=]&,b] with & < b. Moreover, assume f,g: I — R are differentiable, ¢'(x) # 0 for
each x € I, and one of the following two conditions (a), (b) is satisfied:
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(a) lim, ¢ f(x) = lim, ¢ g(z) = 0.

(b) lim, ¢ g(x) = oo or lim, ¢ g(x) = —oo, where Def. 8.17 is extended to the case
n € {—o00,00} in the obvious way.

Then

!/
T A CO (9.26)
w6 () ¢ ()
The above statement also holds for & € {—o0,00} and/or n € {—o0, 00} if, as in (b),
one extends Def. 8.17 to these cases in the obvious way.

Proof. First, we assume (a). Consider the case £ € R. Since f and g are continuous, (a)
implies f and g remain continuous, if we extend them to £ by letting f(&) := g(&) = 0.
This extension will now allow us to apply Th. 9.17 to f and g. To prove (9.26), let
(xk)ken be a sequence in [ with limy_,o 2, = & Then (9.23a) yields, for each k € N,
some &, €|r, &[ if x < € and some & €]€, x| if £ < xy, satisfying

f () _ flxy) — f(§) _ f'(&)

g(xr)  glew) —g(&)  9'(&)

From the Sandwich Th. 7.16, we obtain limy_,., § = &, i.e. (9.27) and lim,_,¢ ]gc:((g =7

imply lim, ¢ % = 7 (also for n € {—00,00}). Now consider the case { € {—o0, 00}

and let (z1)ren be as before. If § = oo, then choose 1 < ¢ € I and set I:=]0,c7'; if
¢ = —oo0, then choose —1 > ¢ € I and set I :=]c™!,0[. We apply what we have already
proved above to the auxiliary functions

(9.27)

f: I — R, f(x) = f(1/z), §: I — R, g(z) == g(1/z)

at € := 0. From the chain rule (9.15), we know f'(z) = —% and ¢'(z) = —% for

cach z € I. Thus, lim,_,¢ % = 7 implies,

I N S CO N V71 BN (L VLS SN {7

koo g () k—o0 _ng,(l’k) k—oo §'(1/xy) k—oo g(1/xy) koo g(zk)

Y

proving lim,_,¢ % =.

We now assume (b), still letting (xx)reny be as before. Note that ¢’ # 0 implies g
is injective by Rolle’s Th. 9.16. Then the intermediate value theorem implies g is
either strictly increasing or strictly decreasing. We proceed with the proof for the case
I =Ja,&], the proof for I =|¢, b[ can be done completely analogous. We first consider
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the case where ¢ is strictly increasing, i.e. lim, ,¢ g(x) = co. Assume 7 € R and € > 0.
Then lim,_,¢ % =7 and lim,_,¢ g(x) = oo imply

e f(x) e)
= 4 x)>0 A - =< <n+z.
c€la,l  z€lek] (g( ) m 2 gl(l’) m 2
Since limy_, o x, = &, there exists Ny € N such that, for each k > Ny, ¢ < x; < . Next,
according to Th. 9.17,
flar) = flo) — f'(&)

v 3 o - <n+ s
BN encean 2 g(zr) —glc)  g'(&) Ty

In consequence, using g(zy) > g(c), as g is strictly increasing,

o (175) ) = 9(0) < T = 1) < (n+ 3) (9() — 9()

and

S () O < < 0

Since limy_,o, g(x) = 00,

. f@-Mm=-5)9@)| _e |[fO-m+5)9()| e
N>No k>N g(l’k) 2 g(l’k) 2 ’
that means
V n—e< /() <n-+e,
S EN
proving limx_%% = 1n. For n = oo and given n € N, the argument is similar:

!

lim, ¢ RCI n and lim, ¢ g(x) = oo imply

e
5 v (g(x)>0 A n<£ég)

As before, since limy_ o,z = &, there exists Ny € N such that, for each £ > Ny,
¢ < xp < & Again, according to Th. 9.17,

A 3 n < = .
k>No  €relean] g(xx) —g(c)  g'(&)
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In consequence, using g(zx) > g(c), as g is strictly increasing,

Vo n(g(zr) —g(c) < flzr) — f(c)

k>Ng
and
o L@@ S
k>Np 9(wx) g(xr)
Since limy_,o, g(z1) = 00,
LCRLECIN
N>No k>N g(xk)
that means
V n-1< —f(mk),
k>N g(l‘k)
proving lim,_,¢ % = 1. If n = —o0, then, using what we have already shown,
/ _ ! _
lim f'(z) =n = lim I'(z) =00 = lim _f(m) = lim —f@) =
2—¢ g'(2) v—¢ g'(z) v—¢ g(z) v—¢ g()

Finally, if g strictly decreasing, then —g is strictly increasing and we obtain

_ f'(@) - f'(=@) _ fl2) _ f()
lim = = lim = —n = lim = lim —= =,
mege) T T =g e —g(2) ¢ ()

concluding the proof. [ ]

Example 9.23. (a) Applying L’'Hépital’s rule to f :|—7/2,7/2[— R, f(z) := tanz,
g:|—m/2,71/2[— R, g(x) :=e" — 1, with £ = 0 yields
t 1 + tan? 1

lim L gy ST s=1 (9.28)

z—0er — 1 z—0 e’

(note ¢'(z) = e® # 0 for each x €] — 7/2,7/2[).

(b) It can happen that a single application of L’Hopital’s rule does not, yet, yield a
useful result, but that a repeated application does. An example is provided by
considering @ > 0, n € N, and f : RT — R, f(z) := e**, g : Rt — R,
g(x) := 2", £ .= co. Applying L’Hopital’s rule n times yields

ax

A A lim £ - lim

acRt neN z—oo g T—00 n

an

=00 (9.29)

eOLl’

(note g®)(x) = n(n — 1)+ (n — k 4+ 1)z"* #£ 0 for each k € {1,...,n} and each
r e R").
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(c) It can also happen that even repeated applications of L’Hopital’s rule do not
help at all, even though lim,_,, % does exist and the hypotheses of Th. 9.22

g(z
are all satisfied. A simple example is given by f : R — R, f(z) = €%, ¢ :
R — R, g(z) := 2¢", and { = —oo0. Even though limwﬁ,m% = 3, one has

lim, oo f(2) = lim,_, oo ¢ () = 0 for every n € N.

10 The Riemann Integral on Intervals in R

10.1 Definition and Simple Properties

Given a nonnegative function f : M — R$, M C R, we aim to compute the area / ut
of the set “under the graph” of f, i.e. of the set

{(z,y) eR*: 2 € Mand 0 <y < f(z)}. (10.1)

This area | o (f it exists) will be called the integral of f over M. Moreover, for
functions f : M — R that are not necessarily nonnegative, we would like to count
areas of sets of the form (10.1) (which are below the graph of f and above the set
M = {(z,0) € R? : 2 € M} C R?) with a positive sign, and whereas we would like to
count areas of sets above the graph of f and below the set M with a negative sign. In
other words, making use of the positive and negative parts f* and f~ of f = fT — f~
as defined in (6.1i) and (6.1j), respectively, we would like our integral to satisfy

/Mfz/Mf+—/Mf—. (10.2)

Difficulties arise from the fact that both the function f and the set M can be extremely
complicated. To avoid dealing with complicated sets M, we restrict ourselves to the
situation of integrals over compact intervals, i.e. to integrals over sets of the form M =
la, b]. Moreover, we will also restrict ourselves to bounded functions f, which we now

define:

Definition 10.1. Let ) # M CR and f: M — R. Then f is called bounded if, and
only if, the set {|f(z)]: * € M} C R{ is bounded, i.e. if, and only if,

£ llsup := sup{|f(z)| : = € M} € Ry (10.3)

The basic idea for the definition of the Riemann integral | 2 J is rather simple: De-
compose the set M into small pieces Iy, ..., Iy and approximate [, f by the finite sum

Z;.Vzl f(x;)|1;], where x; € I; and |I;| denotes the size of the set ;. Define [, f as the
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limit of such sums as the size of the I; tends to zero (if the limit exists). However, to
carry out this idea precisely and rigorously does require some work.

As stated before, we will assume that M is a closed bounded interval, and we will choose
the I; to be closed bounded intervals as well. To emphasize we are dealing with intervals,
in the following, we will prefer to use the symbol I instead of M.

Definition 10.2. If a,b € R, a < b, and [ := [a, b], then we call
|I| :=b—a=|a— b, (10.4)

the length or the (1-dimensional) size, volume, or measure of I.
Definition 10.3. Given a real interval [ := [a,b] C R, a,b € R, a < b, the (N +1)-tuple
A = (2¢,...,2y) € RV N € N, is called a partition of I if, and only if, a = zg <
x1 < - <axy =b Wecall zg,...,xy the nodes of A, and let v(A) := {zg,...,xn}
be the set of all nodes. A tagged partition of I is a partition together with an N-tuple
(t1,...,ty) € RY such that ¢; € [x;_1,z;] for each j € {1,..., N}. Given a partition A
(with or without tags) of I as above and letting [; := [x;_1, x;], the number

A = max{\[j]: jE{l,...,N}}, (10.5)
is called the mesh size of A. It is sometimes convenient, if we extend our definitions to
trivial intervals, consisting of just one point: For a = b, we have I = [a,a] = {a}. We
then define A = 25 = a to be a partition of I, ¥(A) = {x¢}, and a is then the only tag

that makes A into a tagged partition. We also set Iy := I = {a}, and the mesh size in
this case is |[A| := 0.

Definition 10.4. Let A be a partition of I = [a,b] C R, a < b, as in Def. 10.3. Given
a function f: I — R that is bounded according to Def. 10.1, define

m; =m;(f) :=inf{f(z): x € I;}, M;:=M;(f) =sup{f(x): z€l;}, (10.6)

and

ij |1 —Zm] — ;1) (10.7a)
) :ZM]- ;| = ZM — ;1) (10.7b)

where r(A, f) is called the lower Riemann sum and R(A, f) is called the upper Riemann
sum associated with A and f. If A is tagged by 7 := (¢1,...,tx), then we also define
the intermediate Riemann sum

p(Af) =D [t \I!—Zf — 1) (10.7¢)

Jj=1
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Note that, for a = b, all the above sums are empty and we have (A, f) = R(A, f) =
p(A, f)=0.

Definition 10.5. Let I = [a,b] C R be an interval, a < b, and suppose f: [ — R is
bounded.

(a) Define
J(f, 1) :==sup {r(A, f): Ais a partition of I}, (10.8a)
J(f, 1) :=inf {R(A, f) : A'is a partition of /}. (10.8b)

We call J.(f,I) the lower Riemann integral of f over I and J*(f,I) the upper
Riemann integral of f over I.

(b) The function f is called Riemann integrable over [ if, and only if, J.(f, 1) = J*(f, I).
If f is Riemann integrable over I, then

/abf(x)dx rz/lf(x)dx . /abf:/lf:: L) = (A T) (10.9)

is called the Riemann integral of f over I. The set of all functions f: I — R that
are Riemann integrable over I is denoted by R(I,R) or just by R(I).

(c¢) The function g : I — C is called Riemann integrable over I if, and only if, both
Re g and Im g are Riemann integrable. The set of all Riemann integrable functions
g: I — Cis denoted by R(I,C). If g € R(I,C), then

/g:: (/Reg,/lmg):/Reg—i-i/Ing(C (10.10)
I I I I I

is called the Riemann integral of g over [.

Remark 10.6. If I = [a,b] C R, A is a partition of I, and f : I — R is bounded,
then (10.6) implies

m;(f) 2 —M;(—f) and my(—f) "2V —M(f), (10.11a)
(10.7) implies
r(A, f) = —R(A, —f) and r(A,—f) = —R(A, f), (10.11b)

and (10.8) implies

Tf. 1) = —J*(—f, 1) and JA—f, 1) = —J*(f.1). (10.11c)
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Example 10.7. (a) If I = [a,b] C R as before and f : I — R is constant, i.e. f = ¢
with ¢ € R, then f € R(I) and

/ f=clb—a)=c||: (10.12)

We have, for each partition A of I,

ij\f|—cZ|I]—c|I]—cb—a ZM\H_ 1),

(10.13)
proving J.(f,I) =c(b—a) = J*(f,1).

(b) An example of a function that is not Riemann integrable for a < b is given by the
Dirichlet function

for & irrational
filab — R, f(x)::{o Of TAAHORAL <. (10.14)

1 for z rational,
Since r(A, f) = 0 and R(A, f) = Zjvzl |1;] = b — a for every partition A of I, one
obtains J,(f,I) =0# (b—a) = J*(f,I), showing that f ¢ R(I).

Definition 10.8. (a) If A is a partition of [a,b] C R as in Def. 10.3, then another
partition A’ of [a, b] is called a refinement of A if, and only if, v(A) C v(A’), i.e. if,
and only if, the nodes of A’ include all the nodes of A.

(b) If A and A" are partitions of [a, b] C R, then the superposition of A and A’, denoted
A+ A’, is the unique partition of [a, b] having v(A)Ur(A’) as its set of nodes. Note
that the superposition of A and A’ is always a common refinement of A and A’.

Lemma 10.9. Let a,b € R, a < b, I := [a,b], and suppose f: I — R is bounded with
M := ||fllsup € Ry . Let A’ be a partition of I and assume

= #(u(m \ {a, b}) > 1 (10.15)

is the number of interior nodes that occur in A'. Then, for each partition A of I, the
following holds:

r(Af) <r(A+ AL ) <r(A f)+2a MIA] (10.16a)
R(A,f) > RIA+ A f) > R(A, f) —2a M |A] (10.16b)
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Proof. We carry out the proof of (10.16a) — the proof of (10.16b) can be conducted
completely analogous. Consider the case o = 1 and let £ be the single element of
v(A"\ {a,b}. If £ € v(A), then A+ A" = A, and (10.16a) is trivially true. If £ ¢ v(A),
then x;_1 < & < zy, for a suitable k € {1,..., N}. Define

I'=[xp_1,&], 1" :=[& zy] (10.17)

and
=inf{f(z): z €'}, m":=inf{f(x): zeI"}. (10.18)

Then we obtain

r(A+ AL f) = (A f) =m! [+ m" [I"] = my [Ie] = (m" — ) [I'] + (m” —my) |17].

(10.19)
Together with the observation
0<m' —my <2M, 0<m" —my <2M, (10.20)
(10.19) implies
0<r(A+ A f)=r(A f) <2M (|[I'|+ |I"]) < 2M|A| (10.21)
The general form of (10.16a) follows by an induction on a. |

Theorem 10.10. Let a,b € R, a < b, I :=[a,b], and let f: I — R be bounded.

(a) Suppose A and A’ are partitions of I such that A’ is a refinement of A. Then
(A f) < (AL f), R(A f) > R(A f). (10.22)

(b) For arbitrary partitions A and A', the following holds:
(A, f) < R(A f). (10.23)

(d) For each sequence of partitions (Ay,)nen of I such that lim, . |A,| =0, one has

Tim KA ) = LD, lm RALf) = (LD, (10.24)
In particular, if f € R(I), then
hﬁm (A, f) = llm R(A,, f) = /f (10.25a)

and if f € R(I) and the A, are tagged, then also

hm p(A,, f) = /f (10.25Db)
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Proof. (a): If A’ is a refinement of A, then A" = A+ A’. Thus, (10.22) is immediate
from (10.16).

(b): This also follows from (10.16):

(10.16a) (10.7) (10.16b)
r(Af) < r(A+ALf) < RA+HALS) < RALS). (10.26)

(c): One just combines (10.8) with (b).

(d): For a = b, there is nothing to show. For a < b, let (A,)nen be a sequence of
partitions of I such that lim,,_, |A,| = 0, and let A’ be an arbitrary partition of I with
numbers a and M defined as in Lem. 10.9. Then, according to (10.16a):

(A, f) <r(A,+ A f) <r(An, f)+2a M |A,| for each n € N. (10.27)

From (b), we conclude the sequence (r(A,, f)) <y 18 bounded. According to the Bolza-
no-Weierstrass Th. 7.27, if we can show that the sequence has J,(f, ) as its only cluster
point, then the first equality of (10.24) must hold. Thus, according to Prop. 7.26, it suf-
fices to show that every converging subsequence of (7(A,, f))nen converges to J.(f, ).
To this end, suppose (1(A,,, f))ken is a converging subsequence of (7(A,, f))neny with
B = limy 0o 7(Ay,, f). First note 8 < J.(f,I) due to the definition of J.(f, ). More-
over, (10.27) implies limy_,o 7(A,, +A', f) = 8. Since (A, f) < r(A,, +A', f) and A’
is arbitrary, we obtain J,(f,I) < 3, i.e. J.(f,I) = 5. Thus, we have shown that, indeed,
every subsequence of (7(A,, f))nen converges to 5 = J.(f,I). In the same manner, one
conducts the proof of J*(f,I) = lim, o R(A,, f). Then (10.25a) is immediate from
the definition of Riemann integrability, and (10.25b) follows from (10.25a), since (10.7)
implies (A, f) < p(A, f) < R(A, f) for each tagged partition A of I. [ |

Theorem 10.11. Let a,b € R, a <b, I :=[a,!].

(a) The integral is linear: More precisely, if f,g € R(I,K) and A\, u € K, then \f+pug €

R(I,K) and
/I(Aerug):A/Ieru/lg. (10.28)

(b) Let A = (yo,...,ym), M € N, be a partition of I, Jy := [ys_1,ys]. Then f €
R(I,K) if, and only if, f € R(Jy,K) for each k € {1,...,M}. If f € R(I,K),

then . ; Ny
/af:/ff:;/,kfzz . (10.29)

k=1 Y Yk—-1



10 THE RIEMANN INTEGRAL ON INTERVALS IN R 162

(c) Monotonicity of the Integral: If f,g: I — R are bounded and f < g (i.e. f(x) <
g(x) for each x € 1), then J.(f,1) < J(g,1) and J*(f,I) < J*(g,I). In particular,

if f,g € R(I) and f < g, then
/f < /g. (10.30)
I I

(d) Triangle Inequality: For each f € R(I,C), one has

/1

(e) Mean Value Theorem for Integration: If f € R(I), then, for each m, M € R with
m< f < M:

< /Ilf\. (10.31)

m(b—a>:m|zyg/ f:/1f§M|]|:M(b—a). (10.32)

The theorem’s name comes from the fact that, for a < b, |I|™! flf 15 sometimes
referred to as the mean value of f on I.

Proof. (a): First, consider K = R, ie. f,g : I — R and A\, € R. For a = b,
there is nothing to prove, so let a < b. Let (A, )nen be a sequence of partitions of 1,

Ay = (Tnos -, TN, Inj = [Tnj1,Tn ], satisfying lim,_, |A,| = 0. Note that, for
each n € N and each j € {1,...,N,},
ma(f+9) = f{f(x) +9(x): z €L}
> inf{f(x): z€l,;} +inf{g(z): z € I, ;}
= () (o), (10.330)
Mn,j(f + g) = Sup{f(x) + g(l’) RS In,j}
< sup{f(z): z€l,,} +sup{g(z): z € l,;}
= M;(f) + Mn;(9), (10.33b)
/\ZR my;(Af) = inf{Af(z): z€l,;}
(4.99) ) A inf{f(x): z € l,;} =Am,;(f) for A> O’(10.33c)
Asup{f(z): x € I,,;} =AM, ;(f) for A <0,
/\\ZR M, ;(Af) = sup{Af(z): z€l,;}
c : ngJf — n,j >0,
(4.90) )\'sup{f(a:) xel,;j} =AM, ;(f) forA 0(10.3301)
Anf{f(z): v € I,;} = Am,;(f) for A <O0.
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Thus,

Np,
24) . (10.7a) ..
J(f+g D) ~=" lmr(A, ft+g) = gggozmn,j(f + ) [In]

Jj=1

> lim (r(An, f) +7(An,9) = J(f. 1) + Ju(g, 1), (10.34a)

n—o0
Np,

¥ : . (10.7b) ..
T(f4g,D) "= lim R(A, f+g) =" lim > Mos(f + 9) [l
j=1

n—00

< dim (R(A,, f) + R(A,,9)) = J*(f, 1) + J*(g,1),(10.34b)

n—00

22 Yim (A, Af)

(10.7a)
n—0o0 mn

N,
lim > " m ;(Af) L
7=1

—00 “

AZ/R S A T)

(10.330) ) A im0 7(An, f) = AJL(f, ) for A >0, (10.34¢)
B Alimy, oo R(A,, f) = NJ*(f, 1) for A<0,
Np
. (10.24) . (10.7b) . ' '
Yo ORn Ml A Y i S 00 [
=
li A = “(f, 1) f >
(10.334) A %mnﬁoo R(A,, f) =XJ*(f,I) for A >0, (10.34d)
Aimy, oo 7(An, f) = N (f, 1) for A <0.

Thus, if f and g are both Riemann integrable over I, then we obtain J,(f + g,1) >
J(f, D+ J(g, 1) = J(f, [)+J*(g,1) > J*(f+g, 1), i.e., by Th. 10.10(c), (f+g) € R(I);
and J,Af, 1) = XNJ(f, 1) = XJ*(f, 1) for X\ >0, J.(Af, I) = AXJ*(f, 1) = NJ.(f,I) for
A <0, ie (Af) € R(]) in each case. In particular, for each A\, u € R,

/(Af Fug) = L 4 g D) = ALUAT) + (g T) = A/f T u/g,
I I I

proving (10.28) for K = R. It remains to consider f,g € R(I,C) and A\, € C. One
computes, using the real-valued case,

/I(/\f)_(/I(Re)\Ref—Im)\Imf), /I(Re)\lmerIm/\Ref))

:(Re)\/IRef—Im/\/IImf, Re)\/llmerIm/\/IRef)
:)\/If
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and

firen=(fusro. fs ) - (foor+ fon fns fm)
(frr fms)«(frn fon) 1+

(b): Once again, consider K = R first. For a = b, there is nothing to prove, so let
a < b. For M = 1, there is still nothing to prove. For M = 2, we have a = yy <
y1 < yo = b. Consider a sequence (A, )nen of partitions of I, A, = (zp0,..., TN, ),
such that lim,,_, |A,| = 0 and y; € v(A,) for each n € N. Define A, := (,0,...,41),
Al = (y1,...,Tpn,). Then Al and A! are partitions of .J; and .J,, respectively, and
limy, o0 |AL| = lim,, o0 |A| = 0. Moreover,

(M@ ) =L D (AL ) BB f) = RO, )+ RO ).
implying J.(f,I) = J.(f, 1)+ J.(f, J2) and J*(f, 1) = J*(f, J1)+J*(f, J2). This proves
[, = [, f+ [, [ provided f € R(I) "R(J1) NR(J2). So it just remains to show the
claimed equivalence between f € R(I) and f € R(J1) N R(J2). If f € R(J1) NR(J2),
then J.(f, I) = J.(f, J1)+J(f, Jo) = J*(f, 1)+ J*(f, J2) = J*(f,I), showing f € R(I).
Conversely, J.(f, 1) = J*(f,I) implies J.(f,J1) = J*(f, 1) + J*(f, o) — J.(f, J2) >
J*(f, 1), showing J.(f,J1) = J*(f,J1) and f € R(J1); f € R(J2) follows completely
analogous. The general case now follows by induction on M. If, f € R(I,C), then one
computes, using the real-valued case,

= (s o) (§ s $ 3mr) -5

(c): If f,g: I — R are bounded and f < g, then, for each partition A of I, r(A, f) <
r(A,g) and R(A, f) < R(A,g) are immediate from (10.7). As these inequalities are
preserved when taking the sup and the inf, respectively, all claims of (c) are established.

(d): We will see in Th. 10.17(b) below, that f € R(I,K) implies |f| € R(I). Let A be

an arbitrary partition of I, tagged by (¢1,...,tx). Then, using the same notation as in
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Def. 10.3 and Def. 10.4,

(p(ARe /), p(A,Tm f))] =

(;Ref |1|Zlmf |I|>'
<>

Jj=1

Z W] =2 p(A,[£)). (10.35)

(Re f(t;), Tm £(t,))] 1

Since the intermediate Riemann sums in (10.35) converge to the respective integrals by
(10.25b), one obtains

(10.35)
27 lim oA, £ /m

|A|—>0 |A|—0

/f‘ tim [(p(2, Re 1), oA, 1m f))

proving (10.31).
(e): We compute

© [ ©
m 1| (10;12)/m§/f§/M(10;12)M|I|, (10.36)
I 1 1

thereby establishing the case. |

Theorem 10.12 (Riemann’s Integrability Criterion). Let I = [a,b] C R and suppose
f I — R is bounded. Then f is Riemann integrable over I if, and only if, for each
e > 0, there ewists a partition A of I such that

R(A, f) — (A, f) < e (10.37)

Proof. Suppose, for each € > 0, there exists a partition A of I such that (10.37) is
satisfied. Then

J(f, D) — J(f, 1) S R(A f)—r(A, f) <e, (10.38)

showing J*(f, 1) < J.(f,I). As the opposite inequality always holds, we have J*(f, ) =
J(f, D), i.e. f € R(I) as claimed. Conversely, if f € R(I) and (A, )nen is a sequence of
partitions of I with lim, . |A,| = 0, then (10.25a) implies that, for each € > 0, there
is N € N such that R(A,, f) —r(A,, f) < € for each n > N. [ |

The previous theorem will allow us to prove that every continuous function on |[a, b| is
Riemann integrable. However, we will also need to make use of the following result:
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Proposition 10.13. Let I = [a,b] CR, a <b, f: I — R. If f is continuous, then f
1s even uniformly continuous, i.e.

V 3V (lz—yl<d = |fl@)—fly)]<e). (10.39)

ecRt fcRt z,yel

Proof. Arguing by contraposition, we assume f not to be uniformly continuous on I.
Then the negation of (10.39) must hold, i.e.

3 V3 (z-yl<d A |f@) - fW) =) (10.40)

eERT JeRT m,yel

In particular, for each n € N, there exist x,,,y, € I such that
|Tp — Y| < 6n:=1/n (10.41)

and |f(z,) — f(yn)] > €. Then the sequence (x,),en is bounded and the Bolzano-
Weierstrass Th. 7.27 provides a convergent subsequence (Zg(n))nen, i.e. there is £ € R
with lim, o Tgmy = & Clearly, & € [a,b] and (10.41) implies lim, o Ypm) = & as
well. However, due to |f(z¢m)) — f(Ysm))| = € > 0, the sequences (f(x¢(n)))neN and
(f(y¢(n)))neN can not both converge to f(¢), showing that f can not be continuous. H

Caveat 10.14. It is important in Prop. 10.13 that f is defined on a compact interval I.
The examples f :]0,1] — R, f(x) :== 1/z, and f: R — R, f(z) := 2? are examples
of continuous functions that are not uniformly continuous.

Theorem 10.15. Let [ = [a,b] C R, a <b.

(a) If f: I —> C is continuous, then f is Riemann integrable over I.

(b) If f: I — R is increasing or decreasing, then f is Riemann integrable over I.

Proof. (a): As f is continuous if, and only if, Re f and Im f are both continuous, it
suffices to consider a real-valued continuous f. For a = b, there is nothing to prove, so
let a < b. First note that, if f is continuous on I = [a,b], then f is bounded by Th.
7.54. Moreover, f is uniformly continuous due to Prop. 10.13. Thus, given ¢ > 0, there
is 0 > 0 such that |z — y| < ¢ implies |f(z) — f(y)| < €/|I| for each x,y € I. Then, for
each partition A of I satisfying |A| < ¢, we obtain

N

R(A, £) = r(A 1) = 3o (M = m)|L < 7 37101 = e (10.42)

j=1

as |A| < ¢ implies |z — y| < ¢ for each z,y € I; and each j € {1,...,N}. Finally,
(10.42) implies f € R(I) due to Riemann’s integrability criterion of Th. 10.12.
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(b): Suppose f : [a,b] — R is increasing. Then f is bounded, as f(a) < f(z) < f(b)
for each z € [a,b]. If f(a) = f(b), then f is constant. Thus, assume f(a) < f(b).
Moreover, if A = (xg,...,zy) is a partition of I as in Def. 10.3, then
N N
R(A, ) =r(A, f) = > (M —m)| L] = (f(x;) = fla;)) ] < [AI(£(b) = f(a).
j=1 j=1
(10.43)

Thus, given € > 0, we have R(A, f) — r(A, f) < € for each partition A of I satisfying
Al < €e/(f(b) — f(a)). In consequence, f € R(I), once again due to Riemann’s integra-
bility criterion of Th. 10.12. If f is decreasing, then —f is increasing, and Th. 10.11(a)
establishes the case. |

Definition and Remark 10.16. Let M C C. A function f: M — C f is called
Lipschitz continuous in M with Lipschitz constant L if, and only if,

3 Voo [f(@) = fy)| < Llx -yl (10.44)

LERBL z,yeM

Every Lipschitz continuous function is, indeed, continuous, since, if £ € M and (y,)nen
is a sequence in M with lim, . y, = £, then (10.44) implies

Vo fE) = flyn)l S LIE = wnl, (10.45)

neN

proving lim,, . f(y,) = f(£). Moreover, it is not too much harder to prove Lipschitz
continuous functions are even uniformly continuous, but we will not pursue this right
now. On the other hand, f : RS — R, f(z) := /x, is an example of a continuous
function (actually, even uniformly continuous) that is not Lipschitz continuous.

Theorem 10.17. Let a,b € R, a < b, I :=[a,!].

(a) If f € R(I,C) and ¢ : f(I) — K is Lipschitz continuous?, then ¢ o f € R(I,K).

(b) If f € R(I), then |f|, f% T, f~ € R(I). In particular, we, indeed, have (10.2)
from the introduction (with M replaced by I). If, in addition, there exists 6 > 0
such that f(x) > 6 for each x € I, then 1/f € R(I). Moreover, |f| € R(I) also
holds for f € R(I,C).

(c) If f,g € R(I), then max(f,g), min(f,g) € R(I). If f,g € R(I,K), then f, fg €
R(I,K). If, in addition, there exists 6 > 0 such that |g(x)| > 0 for each x € I, then
f/g € R(1,K).

2It is a somewhat deeper result that ¢ o f € R(I,KK) still remains true if ¢ is merely continuous,

see [Phil7, Th. D.12(a)]. However, if ¢ has just one point of discontinuity, then ¢ o f is no longer
necessarily Riemann integrable, see [Phil7, Ex. D.14].
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Proof. (a): First, we carry out the proof for the case f € R(I,C), ¢: f(I) — R: As-
sume ¢ : f(I) — R to be L-Lipschitz, L > 0. If f € R( ,C), then Re f,Im f €
R(I,R), and, given € > 0, Riemann’s integrability criterion of Th. 10.12 provides
partitions Ay, Ay of I such that R(A,Ref) — r(A,Re f) < €/2L, R(Ag,Im f) —
r(Ag,Im f) < €/2L, where R and r denote upper and lower Riemann sums, respec-
tively (cf. (10.7)). Letting A be a joint refinement of A; and Ay, we have (cf. Def.
10.8(a),(b) and Th. 10.10(a))

R(ARef) —r(ARef) <e/2L, R(A,Imf)—r(AImf)<e/2L. (10.46)
Recalling that, for each g : I — R and A = (xg,...,2y) € RYL N €N, a =14 <

Z m; |1 = Z m;(g)(z; — x;_1), (10.47a)

A,g) = Z M; |1 = Z M;(g)(x; — 1), (10.47b)
where
m;(g) :=inf{g(x) : v € I;}, M;(g) :=sup{g(x): = € I;}, (10.47¢)

we obtain, for each &;,n; € I,

(@0 (&) = (@0 ) )]

<LIf&) — f)] 2" L|Re f(€) — Re fny)| + L |Im £(&) — Im f(ny)]
< L (M;(Re f) —m;(Re f)) + L (M;(Im f) — m;(Im f)), (10.48)

and, thus,

R(A, ¢o f)—r(A,¢of) —mj(¢o f))|L]

Mz

]:1
(10.48)
<

L (M;(Re f) —m;(Re f) |1|+ZL j(Im f) —m;(Im £)) |1

M-

J=1

= L(R(ARe f) — f(ARe f)) + L (R(A,Im f) — (A Tm £)) =" e (10.49)
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Thus, ¢ o f € R(I,R) by Th. 10.12. We now prove (a) as stated, i.e. with ¢ C-valued:
Assume ¢ to be L-Lipschitz, L > 0. For each z,y € f(I), one has

Th. 5.11(d)

Reg(s) —Reo(y) < |o(x) — ()| < Lz — g, (10.502)
Th. 5.11(d)

mo(z) - o) < |6() — 6| < Lz — ], (10.50b)

showing Re ¢ and Im ¢ are L-Lipschitz, such that Re(¢ o f) and Im(¢ o f) are Riemann
integrable by the real-valued case treated above.

(b): |fI, f2 [, f~ € R(I) follows from (a) (for |f] also for f € R(I,C)), since each of
the maps = — |z|, z — 2% x — max{z,0}, z — —min{x,0} is Lipschitz continuous
on the bounded set f(I) (recall that f € R(I) implies that f is bounded). Since
f=f"—f,(10.2) is implied by (10.28). Finally, if f(z) > ¢ > 0, then x — 27! is
Lipschitz continuous on the bounded set f(I), and f~! € R(I) follows from (a).

(c): For f,g € R(I), we note that, due to

fg=7(f+9P ~(f ~ 9 (10.512)
max(f.9) = f + (9~ /)" (10.511)
min(f,g) =g (f—9), (10.51c)

everything is a consequence of (b). For f,g € R(I,C), due to

f=®Ref, —=Imf), (10.51d)
fg=(RefReg—Im fImg, Re fImg+Im fReg), (10.51e)

1/g = (Reg/|g*, —Img/|g|*), (10.51f)

everything follows from the real-valued case together with (b) and Th. 10.11(a), where
lg| > & > 0 guarantees |g|* > 6% > 0). [ ]

10.2 Important Theorems

This section compiles a number of important theorems on Riemann integrals, which, in
particular, provide powerful tools to actually evaluate such integrals.

10.2.1 Fundamental Theorem of Calculus

We provide two variants of the fundamental theorem with slightly different flavors: In
the first variant, Th. 10.19(a), we start with a function f, obtain another function F
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by means of integrating f, and recover f by taking the derivative of F'. In the second
variant, Th. 10.19(b), one first differentiates the given function F, obtaining f := F”,
followed by integrating f, recovering F' up to an additive constant.

Notation 10.18. If a,b € R, a < b, [ :=[a,b], f : I — C, then denote

/f —/f / f= /f (10.52a)
= [fla = f(b) = f(a), = fla) = f(b), (10.52b)
where f € R(I,(C) for (10.52a).

Theorem 10.19. Let a,b € R, a < b, I := [a,b].

(a) If f € R(I,K) is continuous in § € I, then, for each ¢ € I, the function
F:l—K, FEr / £(1) (10.53)

is differentiable in & with F.(&) = f(&). In particular, if f € C(I,K), then F, €
CYI,K) and F!(z) = f(z) for each x € I.
(b) If F € CHI,K) or, alternatively, F : I — K is differentiable with integrable
deriwative F' € R(I,K), then
b
F(b) — F(a) = [FO)]" = / F(t)dt, (10.54a)

and

F(x)=F(c) + /w F'(t)dt  for each c,z € I. (10.54Db)

Proof. 1t suffices to prove the case K = R, since the case K = C then follows by applying
the case K = R to Re F. and Im F, (for (a)) and to Re F" and Im F' (for (b)). Thus, for
the rest of the proof, we assume K = R.

(a): We need to show that

,llii% A(h) =0, where A(h):= Fe(€ + h])l — Fe(§)

— f(&) (10.55)

One computes

§+h E+h
A= [ awar =g [T a=g [ @ - s@)an aos



10 THE RIEMANN INTEGRAL ON INTERVALS IN R 171

Now, given € > 0, the continuity of f in £ allows us to find 6 > 0 such that |(f(¢)—f(§)] <
€/2 for each t € I with |t — £| < d. Thus, for each h with |h| < §, we obtain

1 1o ch
< — < — 10.
y (h)_h/5 |f(t) — f(&)]dt 5 < (10.57)
thereby proving limy,_,o A(h) = 0, i.e. f(§) = F.(£).

(b): First assume F' € C*(I). Then F’ is continuous on I, and we can apply (a) to the
function

G: IR, G@ﬂﬁ:/wFﬁwdu (10.58)

to obtain G’ = F’. Thus, for H := ' — G, we obtain H' = 0, showing that H must be
constant on [, i.e. H(z) = H(a) = F(a) — G(a) = F(a) for each z € I. Evaluating at
xr = b yields

ﬂ@:H@:F@—/%%ML (10.59)

thereby establishing the case.

Now we consider the remaining case of a differentiable F' with integrable derivative
F' € R(I). Consider a partition A = (xg,...,zx) of I as in Def. 10.3. Then, for
each j € {1,..., N}, the mean value theorem provides &; €|x;_q, ;[ such that F(z;) —
F(xj1) = (2; — xj-1) F'(§). Thus,

= (Fla)) = Flzj1)) = > (¢ —w;0) F'(&) = p(A, F'). (10.60)

Jj=1 Jj=1

If we choose a sequence of partitions A of I such that |A| — 0, then the integrability of
f implies that the right-hand side of (10.60) converges to fab F’, once again establishing
the case. |

Definition 10.20. If I C R, f: [ — K, and F': [ — K is a differentiable function
with F' = f, then F is called a primitive or antiderivative of f.

Example 10.21. Due to the fundamental theorem, if we know a function’s antideriva-
tive, we can easily compute its integral over a given interval. Here are three simple

examples:
1 6 271
5 x 3z 1 3 4
/O(x 7 dz [6 2}0 6 2 3 (10.61a)
‘1
/—dxz[lnx]ﬁzlne—lnlzl, (10.61b)
LT

/ sinxdx = [—cosx]j = 2. (10.61c)
0
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10.2.2 Integration by Parts Formula

Theorem 10.22. Let a,b € R, a < b, [ :=[a,b]. If f,g € C*(I,C), then the following
integration by parts formula holds:

jgbfg’==[fgﬁi—-j£bf”g- (10.62)

Proof. It f,g € C'(I,C), then, according to the product rule, fg € C'(I,C) with
(fg) = f'g+ fg'. Applying (10.54a), we obtain

Umzl%wzéﬁbﬁ[mc (10.63)

which is precisely (10.62). [ |

Example 10.23. We compute the integral fOQW sin?tdt:
2 2 2
/ sintdt = [—sintcost]?” +/ cos’tdt = / cos®tdt. (10.64)
0 0 0
Adding f027r sintdt on both sides of (10.64) and using sin® + cos? = 1 yields
2m 21
2/ sin? t dt :/ 1 dt = 2, (10.65)
0 0

ie. fo% sintdt = 7.

10.2.3 Change of Variables

Theorem 10.24. Let I,J C R be intervals, ¢ € C*(I) and f € C(J,C). If (1) C J,
then the following change of variables formula holds for each a,b € I:

#(b) o(b) b b
= de = t "(t)dt = o ! 10.66
/M s /M f(x) da /af<¢<>>¢<> /a(f $) (10.66)
Proof. Let

F:J—C, F(z):= /Q:)f(t)dt. (10.67)
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According to Th. 10.19(a) and the chain rule of Th. 9.10, we obtain

(Fog): I -—C, (Fo¢)(x)=q¢(z)f(d(x)) (10.68)
Thus, we can apply (10.54a), which yields

#(b) b
f = F(6(b)) - F(d(a)) = / (fod)d, (10.69)
d)(a) a

proving (10.66). [ |

Example 10.25. We compute the integral fol t2y/1 — tdt using the change of variables
x:=0¢(t):=1—1t, ¢'(t) = —1:

/ol AT Tdt = - /10(1 o)z dr = /Olw—%ﬁ otV de

1
_[2:1;3 4zt 2:55] 16

= 10.70
3 5 i 7 ( )

_ﬁ.

0

10.3 Improper Integrals

For our definition of the Riemann integral in Def. 10.5, it was important that we con-
sidered bounded functions on compact intervals (where the boundedness of the intervals
was more important than the closedness) — for unbounded functions and/or unbounded
intervals, even Def. 10.4 of lower and upper Riemann sums no longer makes sense.

Still, for sufficiently benign functions, it is possible to extend the notion of a definite
Riemann integral to both unbounded intervals and unbounded functions, and in such
situations we will speak of improper integrals (cf. Def. 10.29 below).

Definition 10.26. Let () # I C R be an interval. We call f : I — R to be locally
Riemmann integrable if, and only if, f € R(J) for each compact interval J C I. Let
Rioe(I) denote the set of all locally Riemmann integrable functions on 1.

Remark 10.27. In particular, locally Riemmann integrable functions are bounded on
every compact interval. Moreover, R,.(I) = R(I) if, and only if, I is a compact interval.
For example, for each a,b € R with a < b, the function given by the assignment rule

1
)= o =)

is clearly locally Riemmann integrable, but not bounded on each of the intervals |—oo, af,
la,b[, and ]b, co.
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Before we can define improper Riemann integrals, we define, in partial extension of Def.
8.17:

Definition 10.28. Let M C R. If M is unbounded from above (resp. below, then
f: M — K is said to tend to n € K (or to have the limit n € K) for x — oo (resp., for
x — —o0) (denoted by lim, , 4+, f(z) = n) if, and only if, for each sequence (&x)ren in M

with limg_,o & = 00 (resp. with limy o & = —o0), the sequence (f(&))ren converges
ton €K, ie.

I - (1 — 4 I :).11

im f(r)=n & ool G =Fo0 = Jim f(&) =n). (10.71)

Definition 10.29. Let a < ¢ < b (a = —00, b = oo is admissible).

(a) Let I :=[c,b], f € Rioe(I), and assume b = oo or f is unbounded. Consider the

function
F:I1—R, F(x / f.
If the limit
lim F'(z) = hm/ f (10.72)
x—b x—b

exists in R, then we define

[ﬁ:fﬂmwz/f—gjf

(b) Let I :=|a,c], f € Rioe(I), and assume a = —oo or f is unbounded. Consider the
function

F:1-—R, Fx / 1.
If the limit
lim F(z) = lim f (10.73)
T—ra T—a T

exists in R, then we define

[1=[1wat= [ r=tm [ s

(c) Let I =|a,b], f € Rioc(I). If the conditions of both (a) and (b) hold, i.e. (i) — (iv),

where

(i) b= o0 or f is unbounded on [c, b],
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(i) lim, fcx f exists in R,
(iii) a = —oo or f is unbounded on |a, ¢,

(iv) limg_,, f; f exists in R,

/Ifrz/abf(t)dt :=/:f:=/acf+/cbf.

All the above limits of Riemann integrals (if they exist) are called improper Riemann
integrals. In each case, if the limit exists, we call f improperly Riemann integrable and
write f € R(I).

Remark 10.30. (a) The definitions in Def. 10.29 are consistent with what occurs if
the limits are proper Riemann integrals: Let a,c,b € R, a < ¢ < b, and f € R|a, b].

Then ,
lim/ f:/ f and lim/ f:/ f. (10.74)
T—b ¢ ¢ z—a J,. a

Indeed, since f € Rla,b], |f| is bounded by some M € R*; and if (xp)gey is a
sequence in |a, b[ such that limy_,., z; = b, then

then we define

b b
/f‘g/ lfI<M(®b—x)—0 for k— oo,
T T

o [0 ([ )= o= s

An analogous argument shows the remaining equality in (10.74).

implying

(b) In Def. 10.29(c), it can occur that ffooof does not exist, even though the limit
lim, o [*, f exists: For example, if f: R — R, f(z) = 2, then f € Rio(R), and,
for each sequence (zy)ren in R such that limy_,« 2x = 0o and each ¢ € R, one has

Ty 1%k 2 2

_ [ N
lim tdt = lim |— = lim =k k— 0,
k—00 — k—oo | 2 k—o0 2
k L S =T
T, £27 %k 22 _ 2
lim tdt = lim |—| = lim = = 00,
k—o00 c k—o0 | 2 c k—o00 2
c r427°¢ 2 2
. . 13 . =
lim tdt = lim |— = lim E— 0,
k—00 _x k—oo | 2 k—o00
k L 4 —Tp

ie. lim, o [ tdt = 0, but neither lim, o [ tdt nor lim,, o [T ¢dt exists in
R.
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(c) Let a < ¢p < g <b(a=—00,b=o00isadmissible). If [ := [c1,b[, f € Rioc(I), and
b = oo or f is unbounded, then fcb1 f exists if, and only if, fcz f exists. Moreover, if

the integrals exist, then
b co b
/f:/ f+/ f (10.75a)

Indeed, if (z)r—00 is a sequence in [y, b] such that limy_,o 2 = b and if f f exists,

then
Ty Cc2
D A (/ / )z/f—/ iz

proving fcl; f exists and (10.75a) holds. Conversely, if fcb? f exists, then

Tk Ty () b [
lim f Th. lgll(b) lim f i f _ f i f,
k—ro00 e k—o0 o c1 c2 €1

proving fcbl f exists and (10.75a) holds. Analogously, one shows that if I :=]a, cs],
f € Rioe(I), and a = —oo or f is unbounded, then [ f exists if, and only if, [ f

exists, where, if the integrals exist, then

/ f= / f+/; f (10.75b)

In particular, we see that neither the existence nor the value of the improper integral
in Def. 10.29(c) depends on the choice of c.

Example 10.31. (a) Let 0 < o < 1. We claim that

1 1
1 1 1 1
—dt = = — yield —dt =2. 10.76
0o 1° l—a (a 2 7 S/ox/f ) (1076)
Indeed, if (zx)ren is a sequence in |0, 1] such that limy_, 25 = 0, then
1 1— 1 1—a
1 t e 1— 1
lim —dt = lim [ ] = lim Tk _ )
k—o0 ok te k—oo — - k—oo 1 —a« 11—«

(b) If (zx)ren is a sequence in |0, 1] such that limy_,o 25 = 0, then

1q 1
lim —dt = lim [lnt} = lim (0 —lnxk> = 00,
k—o0 T t k—oo Tk k—o0

showing the limit does not exist in R, but diverges to oco. Sometimes, this is stated

in the form )
1
/ Lt = oo (10.77)
o ¢
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0
/ etdt = 1.

(c) We claim that

Indeed, if (zx)ren is a sequence in Ry such that limy_,. zx = —00, then
0 0
lim e'dt = lim [et} = lim (1 — ") = 1.
k—oo T k—o0 Ty k—o0

(d) Consider the function

n forn<t<n+ - néeN,

FiRE— R, f(t) = { w2

0 otherwise.

177

(10.78)

Then lim; .+, f(t) does not exist and f is not even bounded. However f € R(R{)

and

00 0 n+1/(n2m) 0 1
lexl 2

1
2

Lemma 10.32. Leta < ¢ <b (a = —0c0, b = 0o is admissible). Let I Cla,b| be one of
the three kinds of intervals occurring in Def. 10.29 (i.e. I = [¢,b], I =|a,c|, or I =]a,b[),

and assume f,g: I — R to be improperly Riemann integrable over I.

(a) Linearity: For each A\, € R, A\f + pg is improperly Riemann integrable over I and

Jorsu=x[s+ufa

(b) Monotonicity: If f < g, then
/ S / g-
I I

Proof. We conduct the proof for the case I = [c,b[ — the case I =]a,b] can be shown
analogously, and the case I =la,b[ then also follows. Let (zj)ren be a sequence in [

such that limj_,. x5 = b.

(a): One computes

Tk Tk Tk b b
Jim (Af+ug)Th'1in()lim (A/ f+u/ g)=A/f+u/ g,
—00 J,. k—o00 c c ¢ c

showing (Af + pg) € R(I) and proving (a).
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(b): One estimates

b Tk Th. 10.11(c) T b
[r=pm [TrE hw [Te= [
¢ k—oo ¢ k—oo c c

proving (b). [ |

Definition 10.33. Let a < ¢ < b (a = —o0, b = oo is admissible). Let I Cla,b[ be
one of the three kinds of intervals occurring in Def. 10.29 (i.e. I = [c,b], I =]a, ], or
I =]a,b[), and assume f € Rioc(I). Then, by Th. 10.17(b), |f| € Riec(1). If [, |f| exists
as an improper integral, then we call the improper integral [ ;[ absolutely convergent.

Before we can proceed to Prop. 10.35 about convergence criteria for improper integrals,
we need to prove the analogon of Th. 7.19 for limits of functions.

Proposition 10.34. Let ) # M CR, a e RU{—o0}, b € RU {00}, and assume

- inf(M \ {a}) z:f]\/[ z:s bounded from below, (10.79)
—00 if M is unbounded from below,

b— sup(M \ {a}) z:fM 2:8 bounded from above, (10.79b)
00 if M is unbounded from above.

Let f : M — R be monotone (increasing or decreasing). Defining A = f(M) =
{f(z) : © € M}, the following holds:

(sup A if f is increasing and A is bounded from above,
lim f(z) = oo sz z:s z'ncreasz"ng and A z'.s not bounded from above, (10.80a)
z—b inf A if f is decreasing and A is bounded from below,
(—oo0 if f is decreasing and A is not bounded from below,
(sup A if f is decreasing and A is bounded from above,
lim f(z) = oo sz z:s c.lecreasz"ng and A z:s not bounded from above, (10.80b)
z—a inf A if f is increasing and A is bounded from below,
—oo  if f s increasing and A is not bounded from below.

\

Proof. We prove (10.80a) for the case, where f is increasing — the remaining case of
(10.80a) as well as (10.80b) can be proved completely analogous. Let (xy)ren be a
sequence in M \ {b} such that limy_,, xx = b. We have to show that limy_,. f(z1) =7,
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where 7 := sup A for A bounded from above and 7 := oo for A not bounded from above.
Seeking a contradiction, assume limy_,o f(x;) = 1 does not hold. Due to the choice of
b, there then must be € > 0 and a subsequence (yg)ren of (2)ken such that (yx)ren is
strictly increasing and

v f(yk)<{77_€ if n=supA,

kEN € if n = o0.

Since limg_ o, yx = b and f is increasing, this means sup A < 7 — € or sup A = ¢, which
means a contradiction in each case. Thus, limy_,~ f(2x) = 7 must hold and the proof
is complete. |

Proposition 10.35. Let a < ¢ < b (a = —o0, b = 0o is admissible). Let I Cla,b[ be
one of the three kinds of intervals occurring in Def. 10.29 (i.e. I = [c,b], I =|a,c|, or
I =la,b]), and assume [ € Ryoe(I).

(@) If g € Rioc(I), 0 < f < g, and [, g exists, then [, f exists as well. Conversely, if
0<g<fand [,g diverges, then [, f diverges as well.

(b) If f[ f is an improper integral that is absolutely convergent, then it is also conver-
gent.

Proof. (a): We consider the case I = [¢, b] — the proof for the case I =]a, | is completely

analogous, and the case I =|a, b then also follows. First, suppose 0 < f < g, and f 19
exists. Since 0 < f, the function

F:[e,b[—R{, F(z):= /If,

is increasing. Due to

T T b
Yb[ F(x)—/f§/9§/9€R8r7
xreE|c, c c c

F' is also bounded from above (in the sense that {F(z) : = € [c¢,b[} is bounded from
above), i.e. Prop. 10.34 yields that lim, _,, F'(x) = lim, ., fcx f exists in R as claimed.

Now suppose 0 < g < f and [ ;g diverges. As the function F" above, the function

G: el RS, Glx):= / 0
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is increasing. Since we assume that lim, ,, G(x) does not exist in R, Prop. 10.34 im-
plies lim,_,;, G(z) = 0o. As a consequence, if (zy)ren iS a sequence in [c, b[ such that
llmkg)oo T = b, then

T T

lim F(zg) = lim f= lim g = 00,
k—o00 k—oo /. k—oo /.

showing that [ ;[ diverges as well.

(b): We assume [, f to converge absolutely, i.e. [, |f| must exist in R. Since 0 < f* < |f|
and 0 < f~ <|f], (a) then implies the existence of [, f* and of [, f~. Thus, according
to Lem. 10.32(a), [, f = [, fT — [, f~ must also exist. [ |

Example 10.36. (a) We will use Prop. 10.35(a) to show that the improper integral

/ e dt
0

v ((t—1)2=t2—2t+120 = < -2%41 = oge—t2<e—2t+1),

exists. Indeed,

teR
and, since
o0 z —2t+17 7% —2z+1
_ . _ ) e . e—e e
e 2 dt = lim e 2 dt = lim |— = lim —— = —,
0 z—oo [ T—00 2 0 T—>00 2 2

Prop. 10.35(a) implies that [~ e~ dt exists in R.

(b) We will use Prop. 10.35(a) to show that
/ e dt
0

diverges. Indeed,
vo(z0 o= 1),

teR
and, since
x
lim 1dt = lim x = oo,
T—00 0 T—00

Prop. 10.35(a) implies that [ e’ dt = .
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(c) We provide an example that shows an improper integral can converge without
converging absolutely: Consider the function

—1)"tt forn <t < 1 N
Fi0,00[— R, f(t):= (=1) ornstsntg,nel (10.81)
0 otherwise.
Then
o noo kg "1 (772)
|f| = lim / 1dt = lim — =" 00, (10.82)
/0' k—o0 ; k k—o00 —1 k‘
showing fooo f does not converge absolutely. However, we will show
9] & -1 741
/ F=> ( ) = a>0. (10.83)
0 =1 J

We know o > 0 from Ex. 7.86(a) and Th. 7.85. Let (z3)ren be a sequence in R
such that lim_, . xx = 0o. Given € > 0, choose K € N such that % <gand N € N

such that
k>VN x> K. (10.84)
Then, for each k£ > N, there exists K; € N such that K < K; < x, < K1+ 1. Thus
Ki—1 ,
Tk 1 (_1)]+1
t)dt =min< x, — Ky, — p + : 10.85
[ s {on -z} > (10.55)
and
ffk — (—1)7"! L@ 11
- t)dt| = — mi — Ky, — — 4 —
« /0 f( ) ' Z j min {«Tk 1, K1} K K,
Jj=Ki1
2 €
Z 9.2 = 10.
< I < 5 €, (10.86)

thereby proving (10.83).
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