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Model: Nonlinear Transient Heat Conduction, Assumptions

0 (0)
ot
Qs solid domain{,: gas domaind(t, z) € R{: absolute temperature,,: internal
energy,s,, € R*: thermal conductivityf,,: heat source.

— div(ky, VO) = fiu(t,x) In]0, T[xQ,, (m € {s,g}), (1)

Assumptions:

(A-1) Form € {s,g}, em € C(RS,RY), and there i€, € RT such that
em(02) > (02 — 01) Cc + £ (61) (02 > 61 > 0).

(A-1*) Form € {s,g}, e, is locally Lipschitz: For eaci/ € Ry, there isLy; € RS
such that \5m(92) — 5m(01>‘ < Ly ‘92 — 91| ((92,91) c [0, M]2)

(A-2) Form € {s,g}: k,, € RT.
(A-3) Form € {s,g}: fin € L*>=(0,T, L>*(Q,)), fm > 0 a.e.

Remark 1.¢,, is strictly increasing, unbounded with image, (0), oo[, invertible on its
image, and its inverse functiar.! is C-!-Lipschitz.



Model: Domain, Assumptions, Notation

o Q=0.u0,
e | Oy = = =
: — > =00, = Qs N,
a Y : O := int(conv(©2)) \ O = 01 U 05
: : O- lo:=0QN0
T - [, := Oconv(Q) N OO
e [':=00 =TqUT,

Figure 1: 2-d section through-d domain). Open radiation region®; and O, are
artificially closed by the phantom closuig,;,. By (A-5), (1, is engulfed by() (not
visible in 2-d section.

(A-4) T e RT, Q= QU Q,, QN Q, =0, and each of the sefy, 2, Q,, is a
nonvoid, polyhedral, bounded, and open subs@&of

(A-5) Q, is enclosed by, i.e. 0 = 9Q U 09, WhereU denotes a disjoint union.
Thus,X := 9Q, = Qs N Q, andoQ = 9 \ .



Model: Nonlocal Interface Conditions Modeling Diffuse-Gray Radiation

Continuity of the temperature at:

9(75, ) [ﬁsz Q(t, ) rﬁg on 2’ (t = [07 T])

Continuity of the heat flux at::

(kg VO)g eng + R(0) — J(0) = (ks VO)[g en, oONX. (2)

g S

R: radiosity,J: irradiation,n,: unit normal vector pointing from gas to solid.
R(9) = o e(0) 0% + (1 —€(0)) J(0). (3)

(A-6) o € RT: Boltzmann radiation constant,e : R —]0, 1] is continuous:
emissivity of solid surface.



Model: Nonlocal Radiation Operator (1)

J(0) = K(R(0)), (4)
K(p)@)i= [ Aw)wlen) o) dy (aeae ) ©
A(z,y) € {0, 1}: visibility factor, w: view factor defined by

(ng(y) @ (z —y)) (ng(x) e (2y — 1)) (a.e.(x,y) € Y2 g # y). (6)

m((y—z)e(y—2))
Lemma 2. (Tiihonen 1997: Eur. J. App. Math. 8, Math. Meth. in Appl. Sci. 20)

w(a:, y) =

Az, y)w(z,y) > 0a.e, Az, )w(z, ) isin L1 (X) fora.e.x € X.
Conservation of radiation energyfy. A(z,y) w(z,y)dy = 1fora.e.x € ¥.

K is a positive compact operator frof¥ (30) into itself for eactp € [1, o], and
K] = 1.

For every measurabl§ C ¥, the functionz — [, A(z,y) w(z,y) dy isin L>=(X).



Model: Nonlocal Radiation Operator (2)
Combining (3) and (4) provides nonlocal equation f{9):

R(0) — (1 - €(9)) K(R(0)) = g ¢(0) 6" (7)
or
Go(R(9)) = o e(6)6*, Golp) = p— (1 —€(8)) K(p). (8)
Lemma 3. (Laitinen & Tiihonen 2001: Quart. Appl. Math. 59)

If e : Ry —]0,1] is a Borel function, and i : ¥ — R is measurable, then, for each
p € [1, o0], the operatoiGy mapsLP? () into itself and has a positive inverse.

Lemma 3 allows to state (7) as:iR(0) = G, ' (E(9)).
From (7) and (4): R(0) — J(0) = —e(0) (K(R(9)) — o 6*),

such that (2) becomes

(kg VO)lg, eng —€(0) (K(R(0)) —00*) = (ks VO)|q, en, onx. (9)



Model: Nonlocal Outer Boundary Conditions, Initial Condition

ks V 0 eng + RF(H) — JF(H) =0 onlg

In analogy with (2);n,: outer unit normal to solid.

Kg V@ o1, — 6(9) (KF(RF<9)) — 0'(94> =0 OnFQ,
whereKr is defined analogous t& .

Oﬂ@Q\FQ:
ks VOeong —oe(d) (05

ext

— 0 =0 ondQ\Tq.
Initial Condition: (0, -) = 6Oinit, Where

(A-7) Oinie € L°(Q,RY).

(10)

(11)

(12)
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Finite Volume Scheme: Discretization of Time and Space Domain
Time domain discretizatio) = tp < --- <ty =71, N € N;
time stepsk, :=t, —t,_1; finenessk :=max{k, : v € {1,...,n}}.

Admissible space domain discretizati®nsatisfies:

(DA-1) 7 = (w;)ics forms a finite partition of?, and, for each € I, w; is a nonvoid,
polyhedral, connected, and open subsdb of

From7 define discretizations dd; and(2,: Form € {s,g} and: € I, let
Wm,i ‘= Wi M Qm, Im = {] cl: Wm,j 7& @}, Tm = (Wm,i)z'efm-

(DA-2) Foreachi € I: Oregws,i N Y = Oregwg i N X, Whered,., denotes the regular
boundary of a polyhedral set, i.e. the parts of the boundary, where a unigue oute
unit normal vector existg)¢. ) := (.

Finenessh := max{diam(w;) : © € I}.



Finite Volume Scheme: Discretization Points

Associate a discretization point € w; with each control volume; (discrete unknown
0, ; can be interpreted & (z;)). Further regularity assumptions can be expressed in
terms of they;:

(DA-3) For eachn € {s, g}, € I,,, the seto,, ; is star-shaped with respect to the
discretization point;;, i.e., for eache € w,, ;, the line segmentonv{z, z;} lies
entirely inw,, ;. In particular, ifws ; # 0 andw, ; # 0, thenz; € W, ; N Wy ;.

(DA-4) Foreach € I: If \y(iw; NTq) # 0, thenx; € w; N Tq; and, if
Ao (wi M (8Q \ FQ)) =+ 0, thenx; € w; N OS2 \ I'g.




Finite Volume Scheme: Neighbors (1)

nb,, (1) :={j € I, \ {¢} : A2(Owp, s N Owy, ;) # 0},
nb(¢) :=4{j € I\ {i}: A2(Ow; NOw,) # 0}.

1 9 Irs
o o o
8Wm’1 m an,2
Wm,2
8wm,1 M 8(f‘}rn,él Wm,1 Wm,3
- - = - 8wm71 N 8wm,5 T4
. S
awm,'T m awm73
Wm ,4
8wm,7 M 8wm’4
Wm,5 | Wm,7
Wm ,6 I
=== = Qw7 N OWm 6

o ® o

Figure 2: lllustration of conditions (DA-4) (witl',, = () and (DA-5) as well as of the
partition of dw,,, ; N 2, according to (15). One hash,,,(1) = {2,4,5} andnb,,,(7) =
{3,4,6}.



Finite Volume Scheme: Neighbors (2)

(DA-5) Foreachi € I, j € nb(i): z; # z; andﬁ = Ny, [ow;now,» Where|| - [

denotes Euclidian distance, and, [s.,ns.; IS the restriction of the normal
vectorn,,, to the interfac&w; N dw,. Thus, the line segment joining

neighboring vertices,; andz; is always perpendicular ©@w; N dw;.
Decomposing the boundary of control volumegs ;:
(%)m,?; = ((%um,i M Qm> U (Gwm,i M 89) U (8wm,z- M Z),

Owp, i N Oy, = U OWm,.i N Owny, 5.

jEnb,, (1)



Finite Volume Scheme: Discretizing the Heat Equation

Integrating (1) oveft,_1,t.,] X wn, i, applying the Gauss-Green integration theorem,
and using implicit time discretization yields

k1 /

whered, := 0(t,,-), andn,, , , denotes the outer unit normal vectordg, ;.

ty
(Em(ey) —5m((9,,_1)) —/ Km V QV . l’lwm’i = ky_l / / fma (13)
awm,i ty—1 JwWm,i

m,1

Approximating integrals by quadrature formulas, e.g.

/ (em(0,) = em(B_1)) 2 (em(B0i) — Em(Br—1.)) As(wms)

m,1

Decompositions ofw,, ;, interface and boundary conditions are used orilte term.

0, ; becomes the unknows, ; in the scheme.



Finite Volume Scheme: First Glimpse at the Actual Scheme

One is seeking a nonnegative solutian, . .

U0,; = Oinit,i (z € 1),
Hu,i ul/—lyul/) — (7’ S Ia
Moo (R % (RE) — R
Hyi(a,u) = k;l Z (5m(u1) 5m(ai)) )‘3(wm,i>

U

= Y kY e
" )||flfz‘—flfj|\2

me{s,g} JEND, (1

+ o 6(’17,7,) ’U,;l )\2 (8(4}37@' M FQ) — Z G(ul/—l,i)

acJq i

+ o e(y) (uf — 02,) Mo (Buws s N (00 \ Tg))

ext

—+ O'€(’L~Lz') uf‘ )\2 (wi M E) — Z e(uz/—l,i)

o Z fm,l/,i )\3(wm,z’)-

acJs ;

Ca

) UN), u, = (ul/,i)iEI1 to

ved{l,...,n}),

)\2 <8wm,¢ M (%)m,j)

Kr(Rr(0,-1,0,))
Ca

K(R(6,-1,0,))

(14a)
(14b)

(15a)

(15b)

(15¢)

(15d)

(15e)

(15f)



Finite Volume Scheme: Approximation of Source Term and Initial Condition
(AA-1) Foreachn € {s,g}, v €{0,...,N},andi € I,

t
L e

fm,v,z’ ~ ky )\3(Wm,z')

IS a suitable approximation of the source term, satisfying

ty
<fm,u,7; Ky As3(wWm,i) — / / fm> — 0 for k, diam(wy, ;) — 0.
ty—1 JYWm i

(AA-2) Foreach € I,
6)ini
Oinit,i ~ fwi :
As(w;)

IS a suitable approximation of the initial temperature distribution, satisfying

(‘ginit,i )\3 (wz) — / Qinit> — 0 for dlam(wz) — 0.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (1)

(DA-6) (Cu)aci, and((.)acis are finite partitions of', and:, respectively, where
Io N Is = () and, for eachy € I, (resp.a € Ix), the boundary elemenqt, is a
nonvoid, polyhedral, connected, and (relatively) open subsig dfesp.>.),
lying in a 2-dimensional affine subspacelRf.

On bothI', andXZ, the boundary elements are supposed to be compatible with the
control volumesy;:

(DA-7) For eachn € I (resp.a € Iy), there is a uniqué&«) € I such that
(o € Owi(a) NTq (resp.(a C dws () N 's). Moreover, for eachy € Io U I::

Ti(a) c Ca.

Definition and Remark 4For eachi € I, defineJqg ; := {a € I : A2((s N Ow;) # 0}
andJy ; :={a € I : Aa(Co NOws ;) # 0}. It then follows from (DA-1), (DA-6), and
(DA-7), that(¢, N Ow;)ae g, , IS @ partition ofdw; N I'g = dws; N I'g and that

(Ca N Ows.,i)acts , IS a partition ofdw, ; N X = w; N X. Moreover, (A-5) implies that at
most one of the two setf, ;, Jx ; can be nonvoid.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (2)

~
M
~—
I
&
~
O
~—
I
.
—~
D
~—
I
e
~
—~
3
~—
I
O

Jo1 = {1}, Ja2 = {2,3},
Jos ={4}, Jas={5,6}, Jaos ={7}

Figure 3: Magnification of the open radiation region and of the adjacent part 6f. It
llustrates the partitioning of', into the(,. In particular, it illustrates the compatibility
condition (DA-7) as well as Def. and Rem. 4.



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (3)
Goal: Discretizef. K(R(6,-1,0.)).

R(6,-1,6,) is approximated by a constant val&g, . (u,—1,u,) on each boundary
elementca, a € Iy, Whereu,,_l = (91/—1,73(6))66121 u, = (ey’i(ﬁ))ﬁe_[z.

RecallingK (R)(z) = [, A( z,y) R(y) dy, one has
K(R(el/ 17 Z RZB U, — 17u1/)Aozﬁ (Oé € IZ): (16)
Cor Bels
where

Aaﬁ = / Aw, Aa,ﬁ = Ag)a > O, Z Aa,g = )\Q(CQ). (17)
Cox XC,B

Bels

Using (16) allows to write (7) in the integrated and discretized form

Ry o(uy—1,u,) A2(Ca) — (1 — €(0,-1.i(a))) Z Ry g(u,—1,u,) Ao g
pels (18)

— UE(QV—l,z’(a)) 91/7,(04) A2(Ca) (o € Iy).



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (4)

RZ,a(uy—la ul/) >\2 (Ca) — (1 — E(ey—l,i(oz))) Z RZ,B(U—V—L ul/) Aa,ﬁ

Bels
— 0 6(91/—1,@'(@)) 93,@'(0&) )‘2<C04) (Oé < IZ)’
can be written in matrix form:
GE(ul/—l) RE(uV—la uy) — EE(uu—la uy)a (19)
Rs (RE)'_)IE X (RS—)IE — (R(_)F)IZ, Rz(ﬁ,u) :(Rz,a(fl, u))aelz,
EE (RE)'_)IE X (R(—)'_)IE — (RE')_)IE, Ez(ﬁ,U) :(Ez7a(ﬁ’u)>a€Ig’
Es o(u,u) :=0€(ty) ui A2 (Ca),
Gy : (RS_)IE SN Rlé’ Gz(ﬁ) :(Gzﬂo"ﬁ(ﬁ»(a,ﬁ)elé’

3 A2(Ca) — (1 — €(ta)) Aap fora =g,
Gs o =
Z 08 () { — (1 (@) Aas fora # B,



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (5): Invertibility
Lemma 5. The following holds for each € (R )!>:

(a) Foreacha € I ) 5crin 10y (Gza,8(0)] < (1= €(ua)) Gsa,a(0) < Gxja,a(0).
In particular, Gy (u) is strictly diagonally dominant.

(b) Gx(u)is an M-matrix, i.e Gy (u) is invertible,G5.' (u) is nonnegative, and
Gs o.5(u) < 0foreach(a, 8) € I, a # .

Proof. (a): Combining the definition o&x with } 5., Aa g = A2((a) Yields

> Gzaps@)= Y (1-e(ud))Nag

pels\{a} peIs\{a}
— (1 T 6(“@)) ()‘Q(Ca) — Aa,a) (CV S [E)a

proving (a) since > 0.

(b): An.g > 0 impliesG,, g(u) < 0 for o # 3, whereas, ,(u) > 0 by (a). Since
G (u) is also strictly diagonally dominan& (u) is an M-matrix (see Lem. 6.2 of
Axelsson 1994 Iterative solution methods, Cambridge University Press). []



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (6)

Now, Lemma 5(b) allows to definB s, by

Ry (1, u) := G5 ' (1) Ex (11, u), (20)

giving a precise meaning to the approximation (16f8fK(R(0,,_1, 6,)):

6(‘91/—1) K(R(el/—lj 01/)) ~ 6(‘91/—1,1'(04)) Z RE,,B(uy—la uz/) Aa,ﬁ — VE,a(uV—la uy)-
Ca Bels

Note: Ry > 0 andVy > 0 sinceEx > 0 andGy;' > 0.



Finite Volume Scheme: Final Formulation

Foru = (Ui)ie[, IetuhQ:: (Ui(a))aejg, uhE:: (ui(a))agz.
Seek nonnegativeuy, ..., un), u, = (uy;)ier, Such that

U0,i = Oinit.i, Hyi(uy,—1,u,) =0 (tel, vell,...,n}),
Hyi: (RO x (R — R,
H,/,i(fl, u) = ku_l Z (gm(ui> - 5m(ai)) )‘3(wm,i)

me{s,g}

Z Ko, Z b Ao (&um,i M &um,j)

me{s,g} jEnb,, (1) sz B :Cj||2

—|—O'€(U/Z)’UJ AQ(@WSZQFQ Z VFa IQ) r )

OéEJQ 1

+ o e(l;) (uj — Ong) A2 (Ows,; N (0N \ Tg))

—|—0'€<uz)’u, )\2 meZ Z VZa ﬁ Iza “E)

aEJE ’L

- Z fm,l/,i )\S(Wm,i)-

(21)

(22a)

(22b)

(22¢)

(22d)

(22e)

(22f)



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (7): Maximum Princi
min (u) := min{u; : ¢ € I}, max(u):= max{u;: i € [}.
Lemma 6. For each(a, u) € (R7)= x (RI)=, a € Is:
o min (u)*< Rs o(0,u) < 0 max (u)*, (23a)
0 €(lig) min (u)* A\2(Ca)< Vao(,u) < 0 €(iiy) max (u)* Aa(Ca). (23b)

Proof. SinceRyx (1, u) satisfies (18), one has, for eache I,

RZ,a(ﬁa U—) >\2(Ca) — (1 - E(ﬂ’a)) Z RZ,B(ﬁa 11) Aa,ﬁ < 0 max (u)4 E(aa) )\Z(Ca)

— o max (u)’ ()\2(Coz) — (1 - €(iia)) Z Ao"ﬁ)’

l.e.Gyg(u) Re(u,u) < Gg(a) Upay,

whereUpax = (Umax.a)aclsy Umax.a := 0 max (u)4,

implying Ry (@1, u) < Upay, 85G35t (@) > 0. Thus,Rs o (@1, u) < 0 max (u)”.
Likewise, one show#y (1, u) > o min (u)*, proving (23a). Now (23b) follows from
Vz,a(ﬁ, u) = 6(’&,@) 25612 Rzﬁ(ﬁ, u) Aa,g andzﬁejz Aaﬁ = )\2(Ca). []



Finite Volume Scheme: Discretization of Nonlocal Radiation Terms (8): Lipschitz

Lemma 7. For eachr € R andu € (RZ)!=, with respect to the max-norm, the map
Vs,a(0, ) is (40 €(ta) A2(Ca) r?)-Lipschitz onf0, r|'=.

Proof.  — X\ 6% is (4\r3)-Lipschitz on[0, 7]; Rx (1, -) is (4 o r3)-Lipschitz on|0, r]'=

‘(Rz,a(a, W) — Ry0(8,v)) Aa(Ca) = (1= €(@n)) Y (Rs,0(8,0) = Ry g(8,v)) Aa o]

BElx

=o€ ‘u —1)4!)\2 (o) <40 €e(ly) [ua — va| A2(Ca) 7o, (24)
Fix a € Iy, With Npax := |[Re(1,u) — Re(Q, V)||max = |Rs,o(0,u) — Rx (1, v)|. Then

40 ¢(ta) [0 = Vmax A2(Ca) 7

(24)
> N da(Co) = (1= i) | 2 (Bl w) — B p(,v) Ao s
Belx
Lem. 5(a) - ~
> Nmax (Ca) (1 — E(aa))‘ Z (RZ,Q(U, U) o REﬁ(“? V)) Aa,ﬂ‘
BElx
Z Nmax ()\Q(Ca) (1 — 6 Z Aa B) > Nmax 6( a) >\2(Ca)- ]

BElx
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Discrete Maximum Principle, Discrete Existence (Local in Time)
Theorem 8.AssumdA-1) — (A-7), (DA-1) — (DA-7), (AA-1) and(AA-2). Moreover,

assume’ € {1,..., N} andu = (4;)ier € (Rf{)l. Let
)\S(Wm z) :
By, = m,v,i — . I ) 25
3 max{ Z o, N (@) 1 € } (25a)
me{s,g}
)\2 (wz’ M Z) >\2(Ca) - Aa ph .
Lv := 40 max + =— €1 s, 25b
v { )\3 (wz) oz; z )\3 (wz) } ( )
. . - . N k.,
m(0) := min { Oy, min (0) }, M, () := max {QGXt, max (1) + FBJC’V} :
Then each solution,, = (u,;)ics € (]R(J{)I to (25¢)
Hu,i(ﬁa ul/) =0 (26)

must lie in[m(a), M, (a)]*. Furthermore, ifk, is such that
ky (M, (@)” —m(@)*) Ly < C-, (27)

then there is a uniqua, < [m(u), M, (1)]! satisfying(26).



~ ~

Discrete Maximum Principl€¢H, ; (11, u,) = 0) = u, € [m(a), M, (a)]’
Sketch of Proof: Proof abstract max principle for class of nonlinear systems.
Lemma 9. Consider a continuous operatét : [a,b]' — R, H(u) = (Hi(u)),_,-
Assume there are continuous functions
b; € C([a,b],R), h; € C([a,b],R), §; € C([a,b]’,R), i € I, satisfying
(i) Thereisu € [a,b]’ such that, for each € I, u € [a,b]":
Hi(u) = b;(u;) + hi(ui) — bi(uw;) — gi(a).
(i) There aréf.: € |a, b] and families of numbers; < 0, B; > 0, such that, for each
i€ l,uc€a,b)!,0¢a,bl:
max { max (u) , Hext} <46 = gi(u) — EZ(H) < B;, (28a)
0 < min {fex;, min (u) } = gi(u) — hi(6) > B;. (28h)
(i) There is a family of numbeis, ; > 0 such that, for each € I and6,, 0, € 7:
02 > 01 = bi(02) > (02 —01)Ch; + bi(61).
Letting3 := min{3;/Cy,;: i€ 1}, B:=max{B;/Cp;: 1€ I},
m(0) := min {fex, min () + B}, M (@) := max {fext, max () + B} one has:

~

ug € [a,b]! and H(ug) =0:=(0,...,0) imply ug € [m(a), M(a)]’.



Discrete Maximum Principle, Sketch of Proof: Choose Functions and Constants for Len

b,i: R — R, by s Y en(0) As(wmi), (29a)

me{s,g}

)\2 (&um,i M &um,j)

|z — 2|2

(29b)

— ?

2. Fm D

me{s,g} JENby, (i)

CV,@'(fl) = O'E(’&i) )\2 (8&)3,@ M FQ)
+ 0 €(l;) A2 (Ows,i N (OQ\ T'a)) + 0 e(ll;) Aa(w; NX) >0, (29¢)

hi : R — R{, hi(0) =0 L,,; +0*'Cv (1), (29d)



Discrete Maximum Principle, Sketch of Proof: Choose Functions and Constants for Len

Ju,i (RS—)I - Rgv

Goiw) = Y kY Y A (Owmi N Own ;)

me{s,g} j€nbyy, (4) i — CUj||2

-+ Z VI‘,a(ﬁrfgpuTIQ) T O 6(/&”&) egxt >\2 (aws’i M (aQ \ FQ)>

™ Z VZ@‘(ﬁrIE?urIz)_'_ Z fm,z/,i)\?)(wm,i)a (30a)

Bi:==0,  Bui= Y frmwids(Wmi),  Copi=k, ' ' CcAs(w;)>0. (30b)

Useo e(iia) min (u)* Aa(Cq) < Vs o(0,u) < 0€(t,) max (u)* A\2(Co) to prove
estimates (28).



Discrete Maximum Principle, Sketch of Proof: Proof of Lemma

Considem € [a, b]! satisfyingmax (u) > M (u). Leti € I be such that;; = max (u).
Then, sincay; > M (1) > .., (28a) applies witld = wu;, yielding

gi(u) — hy(u;) < B;. (31)

Moreover, since:,; > M (1) > max (u) + B > u;, one can apply (iii)) with), = u; and
61 = u,; to get

Combining (31) and (32) with (i), we compute

~

Hi(a) = b;(u;) — bi(t;) + hi(w;) — gi(u) > (u; —a;) Cp; — By
>(u; + B —u;)Cy; — B; >0,
i.e.u is not a root ofH{. An analogous argument shows thataif [a, b]! and

min (u) < m(u), thenu is not a root ofH{, showing that each root G must lie in
m(a), M(@)]".



Discrete Existence: Basic Idea of the Proof

The hypothesis
ky, (M, ()’ —m(a)’) Lv < C.,

allows the construction of a contracting map
fi m(@), My, (@)]" = [m(a), M, ()]
such that, € [m(a), M, (u)]! is a fixed point off if, and only if,

H,/,i(ﬁ, U.,,) = 0.



Discrete Maximum Principle, Discrete Existence (Global in Time)
Theorem 10.AssumdA-1) — (A-7), (DA-1) — (DA-7), (AA-1) and(AA-2). Let

m := min {Qext, ess inf (Hinit)}, (33)

ty
M, = max {Hext, H@initHLoo(Q,Rg)} + > Afmllec L@y (34)
° me{s,g}

for eachrv € {0,..., N}.
If (uo,...,un) = (W) w.iyefo...nyx1 € (RF) 10N is a solution to

H,i(u,_1,u,) = 0foreachv € {1,..., N}, thenu, € [m, M,]! for each
v €{0,..., N}. Furthermore, if

k, (M; —m®) Ly < C. (ve{l,...,n}), (35)
whereL~ is defined according t25b), then the finite volume scheme has a unique
solution(uy, ..., uy) € (R *1%--Ni A sufficient condition fo(35) to be satisfied is

max {k, : v € {1,...,n}} (My —m?®) Ly < C-.. (36)

Proof: Induction om € {0,..., N}.



Thank You for Your Attention !



