Numerical Simulation of Heat Transfer in Materials
with Anisotropic Thermal Conductivity:
A Finite Volume Scheme to Handle Complex Geometr

Olaf Klein!, Jirgen Geiser, Peter Philip

Weierstrass Institute for
Applied Analysis and Stochastics (WIAS)
Berlin, Germany

2University of Minnesota
Institute for Mathematics and its Applications (IMA)
Minneapolis, USA

IMA Workshop:
New Paradigms in Computation
Minneapolis, March 28-30, 2005



Complex Sample Domain from Crystal Growth

h J (for cooling and measurements).

i 1: Insulation (often anisotropic).
(22: Graphite crucible.
Q- 0Ny Q- Q3: SiC crystal seed.

(24: Gas enclosure.

Qs Q5: SiC powder source.

Qs: Quartz.

Figure 1: Axisymmetric domain representing a growth ap-
paratus used in silicon carbide single crystal growth by
physical vapor transport (PVT). The geometry is a modified
version of K. Semmelroth et al., J. Phys.-Condes. Matter 16
(2004).



Model for Stationary Anisotropic Heat Conduction

—divV(Km(0)VO) = fm INQm  (m € M),

0: absolute temperaturés,,,: symmetric and positive definite tensor of
thermal conductivityf,,: heat sources,,: domain of materiain.

Assumed form ofK,,,:
M e (0) fori=j,
Km(0) = rki;(0) , where r;"(0) o Fiso(0) =
’ ’ 0 fori #£ j.

Interface Conditions 0f2,,,; N Q-

Kml (Q)VQ rﬁml Oy, — Km2(9)V9 r§m2 Iy, -

[ restriction,n,,, : outer unit normal vector to materiat .

Boundary Conditions: Dirichlet, Robin
0 = eDir on fDira

— Knm(0)VO eny =&, (0 —0cxt) ONI'grep MO, m € M,



Finite Volume Discretization

Ym = (om,i)ie1,, conforming triangulation of2,,, satisfying the
constrained Delaunay property -~ is an interior edge ot,,,, « andg
the angles opposite tp, thena + 3 < «. If v C 9L, IS a boundary
edge ofX,,, a the angle opposite, thena < 7 /2.

Viom,i) = v/ j€{1,2,3} : Setofvertices.
V= UmEM,iEIm V(om,i)-
wy = T €Q: ||z —v|2 <||lz— z||2 foreachz € V \ {v} ,
Wmw =Wy Ny, Vi i ={2 €V : wn, . # 0}

o™ fori=j,
Am = (a’rzmj ) a@T'nj = ’ g
’ ’ 0 fori #£ 7.

o1 = conv{v,w,u1}, 09 = conv{v, w, us}

ﬁl =01 Uo>

'

- Y1, w,ug

W]_,ul m:gQ fylvlvvw'l'
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Figure 2:lllustration of the space discretization.



Approximation of Anisotropic Terms

bov 2 0 — [0, 1]: Affine coordinates on triangle w.r.t.v € V(o).
For each edgfv, w] of someo € ¥,

Em,fu7w = O c Zm . {U,w} g V(O-) .
Letting
E’Ym,v,w = oc Emav7w - Al(H’an7U m’)/m,'v,w) # 0 )

decomposey,,. v, w:

Ym,v,w = U 0N Ym,v,w-
ocEeXl

Ym,v,w

Approximation:

(Amve)ra.nwv 'meuw Z 0 mv¢o,6).&-
eV (o) Jw —vlf2

Finite Volume Scheme
Find (6., ),cy satisfying:

0, =0p;i-(v) foreachv € Vpy,

0= Z gm 0’0 - eext(v) >\1 (awm,v M FRob)

meM
1
o Z Z 5 180(0 ) gbo(ew)
meMdeE’Ym,v,w
w — v
Z 05 (Am V¢a,ﬁ) o ——— >\1(H’l),’w,0' M W’m,v,w)
o R

— > fmwA2(wmw) foreachv € Vopi =V \ Vpy.
meM



Comparison with Closed-Form Solution

Axisymmetric Single-Material Domain

Q={(r,z): 0<r<0.2, —-0.2 < 2z <0.2}:
10 00 0 00

——— rayp— — — oay— =20 in 2,
r Or or 0z 0z
1 1 1
Opir(r, 2) := — — r — — 2% on of.
2 o Oy
. 1 1 1 _
Solution: O(r,z) = = —r? — — 22 onQ.
QU o
Numerical solution 02, Exact solution 6
] ] Levels:
S E et TR 1: 0.0
EnE T : -0.009
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Figure 3:Solution of (1): Numericab? , , 3117 triangles (left); exact

num/’

0 (right). Isolevel difference: 0.003.

DiscreteL -error: elLl = Z vol(wy )]0 (V) — (V)]

vevl!
v € VI vertices, vol(w, ): r-weighted area of Vororicell.

Numerical convergence rate:
P, = (In(ef,) —In(e; 1))/(In(h') — In(h'~1)),

h': upper bound for triangle area of level



Axisymmetric Multi-Material Domain

Q1 ={(r,z): 0<r<rg,0< 2< 20},

Qo ={(r,2) : 70 <7 < Tmax, 0 < 2z < 20},

Q3 ={(r,z): 0<r <rg, 20 <2< Zmax },

Qs ={(r,2) : 70 <7 < rmax, 20 < 2 < Zmax },
_ %% mm,r% _ % s % — o INQm, (23)

mor Vg | enm
0 Qm,z "
(2b)
| [ Volg. | @ nm onoQ, NoQ,
0  am,z i

0Dir,m (1, 2) 1= am % + by 22+ cm ONONN ON,,. (2¢)
Solution:

O(r,z) := am 2 + by, 22+ e on,,,
ODir,m (1, 2) 1= am 2 4+ b, 22 + Cm onoN N O,

Where’l"() = 20 = 0.1, Tmax — Zmax — 0.2,

at1,r = 2, az r = 1, asz r = 4, aq4,r = 2,
a1, = 1, a2, = 2, asz,, = 3, a4, = 0,
a1 =1, az = 2, az = 1, as = 2,
by =1, by =1, bz = 1/3, by = 1/3,
c1 =0, co = —1/100, c3 = 2/300, c4 = 1/300,

f1=-10,  f2 =—12.0, f3=-18.0,  fs=—20.0



Figure 4: Solution of (2): Numericab?

Numerical solution 69,,,

\\
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Exact solution 0

Levels:

1: 0.005

2: 0.020
0.040
0.060

=
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0 (right). Isolevel difference: 0.005.

3117 triangles (left); exact

level number max area L -error numerical convergence rate
l of triangles h! elLl plL1

0 3117 4.0 107° 5.013 10— 8

1 12446 1.0 10°° 1.260 10— 8 0.996125

2 49669 2.5 106 3.244 109 0.978789

3 198212 6.25 107 8.2815 10— 10 0.984905

4 795195 1.5625 10— 7 2.0891 10— 10 0.993505

Table 1: L -error and numerical convergence rate for the numerical so-

lution of (1) with anisotropy .-, «,) = (10, 1).

level number max area L q -error numerical convergence rate
l of triangles nl elLl plLl

0 1557 4.0 10~° 2.1325 10— 6

1 6148 1.010—9° 1.0669 106 0.49956

2 24813 2.5 106 5.259 107 0.510282

3 99428 6.25 107 2.638 107 0.497672

4 398130 1.5625 10— 7 1.3362 107 0.490654

Table 2: Li-error and numerical convergence rate for the numerical so-

lution of (2).




Stationary heat field Stationary temperature

field
Heat source
apr oy Maximal Temperature
[K]

o 1 1 1273.18

1 10 1232.15

10 10 1238.38

10 1 918.35

1 1000 1063.58

1000 1000 1030.45

1000 1 706.36

=/
Figure 5: Left: Domain of heat sources highlighted. Right:
T'-field for isotropic insulation, i.ex,. = o, = 1.
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Figure 6:1-field for anisotropic insulation with,. = 1000
(left), with «,, = 1000 for sides,«, = 1000 for top and
bottom (middle), = 1000 (right).
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