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SrC growth by phyS|caI vapor transport (PVT)

e Polycrystalline SiC powder sublimates inside induction-
heated graphite crucible at 2000 — 3000 K an@0 hPa.
e A gas mixture consisting of Ar (inert gas), Si, SiCSikC,
. Is created.
e An SIC single crystal grows on a cooled seed.

Goal:
Prescribe temperature gradiémthe gas phase such that it is

advantageous for the growth process (eagially flatnear crystal
surface, sufficientlyarge in verticaldirection).



Formulation of Control Problem for Stationary Heat
Transport Model

e Simplified domain:

Figure 1: 2-dimensional section through an exemplary domain
for nonlocal radiative heat transfer.

e Due to high temperatures: Radiative heat transfer between
surfaces of cavities modelled byeakly singular integral
operator

e Control quantity withcontrol constraintsHeat source field.

Symbols:

y. absolute temperature, v: regularization parameter,

z. desired temperature gradientg,: radiative heat flux,
u: control (power density of heat sources)gs: emissivity,
ks, kg: thermal conductivities, yo: external temperature,

o Stefan-Botzmann radiation constant.



( minimize J(y,u) := %/ Vy — 2| dx + g/ u’ dx
o 2
subject to —div(ks Vy) = u in
—div(kg Vy) =0 in Qg
P
o K %y — K %y = onI’
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\ and u, < u(x) <u, a.e.in,

¢ = —K)I—-(1-¢e)K) "eoly|’y := Golyl’y,

with weakly singular integral radiation operatar.

(Ky)(e) = [ w(e,3)y(z) dss
I,
with a symmetric kernel (view factor):

= [ (2) - (x — 2)][ne(z) - (T — )]

|7 — x|

Y

1 if x, z are mutually visible,

0 otherwise



Mathematical assumptions (A):

QO CR? Q=0,UQ, QN Qp =0, where each of the sef,

(s, (2¢, IS nonvoid, bounded, open, and connected. The boundary
' of Q is Lipschitz; the interfac&, = Qs N Q, is a closed

Lipschitz surface that is piecewigg'-°. MoreoverI'; is bounded
away fromI’y (see Fig. 1).

o € RY, k € L%(Q), ko, = ks, Ko, = Kg, & > Kmin > 0 a.€.
onQ,e € L=(ToUTIy),1>¢e>éemin >0a.e.onloUT,.

Semilinear state equation of (P), weak form:

/mVy-Vvdx#—/G(J|y|3y)vd8—|—/sa|y|3yvds
Q Iy

:/uvdx+/say§vds Vv eV, (1)

Qs 1—10

V={ve H(Q)|nveL’I}), ove L)}

o

Theorem JExistence (statelLaitinen, Tiihonen 2001]: For every
u € H'(Q)* andyo € L?(Tg), the semilinear equation (1) has a
unique solution iny/.

Theorem ZL*°-bound M., P., T. 2004]: Ifu € L*(Qs) and

yo € L'6(Io), then there exists a constanbnly depending o1
such that

[yllzoe @) + [lyllzoe (r,urg) < ¢ (L4 lullL2(ay) + Ivollzary) )-

Theorem JMinimum principlg M., P., T. 2004]: Ifu(z) > 0 a.e.
in Qs andyo(z) > ¥ > 0 a.e. onl'y, theny(zx) > ¥ a.e. o2 and
a.e.on'; Uly.



Theorem 4 Existence (optimal contrgIM., P., T. 2004]: If
yo € L'°(Tg), andyo > 9 > 0, then there exists a solution
(u,y) € L= (Qs) x V= to (P).

Adjoint equation, weak form:

/ kVp-Vudr + 4/ 0\y|3G*(p)vds+4/ eo |g]° puds

Q Ty Lo

2/(Vg—z)-Vvda: = (w,v) Yve H(Q). (2)
Qg

Lax-Milgram: Ex. lin. cont. opBq : H'(Q)* — H'(Q),

B, : L*(T',) — H'(Q) such that

p = Bow + B (~40lg|” G" (r:p))

Theorem JExistence (adjoint stateM., P., T. 2004]: If

ye V> y>19>0,and\ = 1is not an eigenvalue of

B(i)(-) = —7 Be(4olgl> G*(-)), B(g) : L*(I+) — L*(T%),
then to everyw € H'(Q)*, there exists a unique solution to (2) in
H'(Q).

First order necessary optimality conditions:

j/(ﬂ)(u_ﬂ):/(u_ﬂ>(p+yﬂ)d;c20 Vu € Uaq,

. 1
U(T) = Plug up] — p(x)



Numerical results for the simplified problem £ (0. 20))
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A more complicated, realistic control problem for the
temperature field: Numerical treatment

,I'sic-c

ans

Qsic-s

Known fact: Crystal surface forms along isotherms.
Goal: Radially constant isotherms during growth.

oT 2 :
Control: [ w(z) —(r,z) d(r,z) — min.
o or
PDES(VgaS — O’ f(x7T7 P) — f(x,P))
—div e&(M)VT = 0 iN Qgas,
—div k(x, T)VT =  f(z,P) INnQ\ Qgas.

Constraints
® Tioom < T < Thax In €2,
® Thinsic-c < T < Tmax,sic-c onI'sic.c  (need right
polytype),
e Tagcs> Tlrgicec +0, 6 > 0 (source temp> seed
temp.+9),

e 0 < P < Phax (bounds for heating poweP (control
parameter)).



Numerical results: Optimization of temperature field

@): T(P = 10.0 kW, zyim = 24.0 cm, f = 10.0 kHz)

=

K

042 K

(b): T(P = 7.98 kW, 2y, = 22.7 cm, f = 165 kHz)
Nelder-Mead res. fof, 5 (7T

—

(€): T(P = 10.3 kW, zyim = 12.9 cm, f = 84.9 kHz),

Nelder-Mead res. fczf“(T);fz’?(T)

-

231 «-2364 K

é334 K
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