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Abstract

We consider 2-dim Schrodinger operators H with multi-center
local point interactions and show that

1) The threshold behavior of (H — ¢)~1 is either

a) of regular type, viz. (H — ¢)~1 is continuous up to 0, or
b) it has singularity of type s-wave resonance, or

C) it has singularity of type p-wave resonances, or

d) it has singularity of type zero-energy eigenvalue .

2) Characterize zero modes of H.
3) W4 are bounded in LP for all 1 < p < oo if H is of regular type.

For the single center case H is always of regular type.

Joint work with Horia Cornean and Alessandro Michelangeli



Let Y = {y1,...,ynv} CR?, N >1 and

02 02
To: = —A , A=—5+—.

Schrodinger operator on R2 with point interactions at Y is any
selfadjoint extension of Tj.

We are concerned with the ones H, y with local point interac-
tions at Y and strengths a = (a1,...,ay) € RY

Hoy ="—AO4+ > aif(z—y;)" (1)

Multiplication by é(xz — y;) is not —A bounded nor —A form-
bounded



We follow Albeverio-Gesztesy-HgeghKrohn-Holden's definition via
resolvent equation

(Hoy —2°) "1 — (Ho — 2%) 7+

N
Z {roz,Y(z)}j_kl Go(- — yj) ® G- — Yi),
k=1

for z € CT\ &, where

_ 1 ”“fdf (1)
G(z) = W/RQ 2 Z o (zlz]),
1 -
Fay (e = (0 + 5 1og (;) + )05k = Gy — w3

and where £ is the set of z such that detly(z) = 0, d;1, Is the
Kronecker delta, 6, = 1 — 4, and ~ the Euler number.



Some properties of G.(z). For small z|z|, we use

L
B zlw((i!; a (1 + 5) ((42!2))22 T )
© (_1)k 152\ k
Jo(z) = kgo ((k|1))2 ( 4 )
and for small \|z|

SHDOe]) = g0 + Go(@) + 0021al?9(V)),

1 A Y 1
A ——1o —— G = ——Io
9 = ——log (2-) = 2L, Go(w) = —5_log Js



For large z|x|, use Watson’s formula

' izl oo 1 /¢ —

i_717(()1)(z|:1:|) = 3 / e it72 (— — zz|a:|) dt,
4 2o 0 2

which produces for A € R with [A| > 1

N

. 1
G-(z) = e*"lw(zlz]), [05wN)| < C(A)72719,
viz. (1—x(A))w(A) is a symbol of order —1/2 for a bump function
x around O.

Albeverio and others proved that:

(1) The resolvent equation defines s.a. H,y uniquely in L?(R?)
with domain

D(Hay) = {u=v+> [Ty () iwy)G:(z—y;): v e H?} (2)



which is independent of z € Ct\ &.

(2) v € H2(R?) of (1) is uniquely determined by u € D(H, y) and
(Hyy — 22)u(z) = (A — 2%)v(z).

(3) Ha,y IS a real local operator,

(4) o(H,y) =AC part [0,00) U {at most N eigenvalues < 0}.

(5) H,y is a rank N perturbation of —A and

W:l: — t_ligoo eitHa,Ye_itHO (3)

exist and are complete : Range Wi = L%C(Ha,y),
W:T:W:l: =1, W:l:W:T: — Pac(Ha,Y)7

where Pyc.(H, y) is the projection onto Lgc(Ha,y). For Borel f

f(Hay)Pac(Hoy) = Wt f(Ho)WX. (4)



o LAP. Let L2 = L2(R2,(2)%%dz), By = B(L2,L2) for o € R.
Then:

e Agmon-Kuroda theory for the LAP for (—A — 22)~1,

e Explicit formula for the resolvent (H,y — 2)~1,

e Behavior of the kernel G;(x) as |z| — o

imply that, for o > 1/2, B,-valued analytic function (H, y —22)"1
of ze CT\E,

E={VX:X€op(Hyy)} Cil0,00)

has boundary values on R\{0} which is locally HOlder continuous.
However, it can have singularities at A = 0 and we first study its
behavior near A =0 in A € CT \ {0}. We write X\ instead of z
when we want to emphasize that A is in @+\{O} not only in CT.



Notation e \We use the vector notation:

Gr(z - yl))

Gr(z —yn)
D\ z,y) = (Gay (2), Tay (M) 10y (),
where (a,b) = > a;b;. Then,

(Hoy — /\2>—1 = (Ho — X))+ D\, z,v).

Gry(z) = (

e Recall Go(x) = —5= Iog |z|. We define
~ Go(z — y1)
Go,y(z) = 5 :
Go(z —yn)
1 1
e=——1,1=|: P=e®e, S=1-PFP.
VN 1



e D=D(c,Y) and G1(Y) are N x N real symmetric matrices:

i 5.k
D = (djra; + 5 log |y; — vkl |,

~

5.
_  (%3ky 2
G1 (—4N|yg Y| )

e Identify integral operator K and its kernel K(z,vy).
Definition 1. ¢ € L2 _(R?) is a threshold resonance of H,y of
s-wave or p-wave types |if ¢ satisfies

—Ap(z) + ) fio(x —yj)e =0
for constants f1,..., fy and

a1x1 + a»xo
|2

respectively with b =0 or b = 0 where aq1,ao are real constants.

p(z) =b+

—I—O(#), x| — oo



Results. Matrices SDS, TD?T and G1, where T is the proj.
onto KerSCNSﬁS, control the behavior as A — 0 of
Cr\{0} 3 A (Hyy — X)L eB,, o>1,

Theorem 2. (H,y —A?)~1 can be continuously extended to ct
if and only if STD'S|SCN iIs non-singular. In this case

(Hoy — X)) HNa,y) = Golz —y) — N~ (log |z — y;| + log |y — y;])
— N—2(1,DP1)
+ <[Sﬁ5]_15(@o,y(w) ~ N7'D1),5(Go,y (y) — N_lfﬁ)> +0(g(M)™)

where |O(g(A\)"1)|Ig, < Clg(A\)~1| as A — 0. The leading behav-
ior as |x| 4+ |y| = oo of O(1) term is like

1
— (log |z — y| — log |z| — log |y|) + C + O(|z|~1).

In this case we say H,y is of regular type.



2) If SDS|gen is singular and T is proj. in SC™ onto Kerg-ny SDS,

rank TD?T < 1.

Theorem 3. Suppose SDS|ycn is singular and TD?T | ¢y is non-
singular. Then

erankT =1. If T =f®f forf =%(fq1,..., fx) then

P N .
= — f’ _> — E I lO —_—
(@) < N =1 2T 9(z y])
iIs the resonance of s-wave type.

e [ he resolvent has leading log A\ singularity as A\ — O:

(Hayy —X°) "t =a2g(Np @ ¢+ 0(1)
with positive a=2 = (f, D?f) > 0.



Theorem 4. If SDS| -y and TD?T| .-y are both singular, then
TD =DT = 0. Suppose Tng|TCN is non-singular. Then:

e (Hy,y —X2)~! has leading A=2?(log A)~1 singularity:

(Hoyy — X)) 1= NgA2 (TGoy (), [TG1T] *TGoy () + ON2).

-1 _
— W; ajoj(@)j(y) + O3 (A= 0),

where n = rankl’ and

N

pij(x) = > firloglz —yi| =
k=1

are resonances of p-wave type.

a;j121 + aj 22
|2

+O0(|z|~?)



Theorem 5. SDS|¢on, TD?T| ;v and TG1T|pen are all singu-

lar iff Ha’y has an eigenvalue at zero. Let 17 be proj.

KerTG1T|pon and

5 e
Go = — ( |y —ykl2|09( )) .
8N 7 Y — Ykl

Then, T1G>Ty is non-singular and with Q = [T1GoTy] ™1

(Hay — X))z, y)
- N1>\2<TlGOY(£U) QT1Goy (1)) + O(A2g(\)™h).

T1Goy (z) = O(Jz|~2)

is an eigenfunction of H, y with zero energy.

(o) H,y is always of regular type if N = 1.

onto



e Zero modes can indeed exist if N > 3.
Proposition 6. Let N > 3. Assume a = t(aq,...,ay) € RV \ {0}
satisfies

N N _
» a;j=0, > ajy;=0 and Da=0. (5)
Then, the function
N
p(x) = ) ajlog |z — y;l (6)
=1

belongs to the domain of H,y and H,ye(x) = 0. Moreover,
the converse is also true: any zero energy eigenfunction must be

of the form (6) with a € RN \ {0} of (5).

For N = 3 and y1,y>,y3 € R2 which are collinear or for N > 4 and
arbitrary yi,...,yx € R?, there exists a € RV \ {0} which satisfies



the first two of (5) and, we can always find « such that

_ 5.1
Da = 5]ka] —+ Zlog |y] — yk| a=2>0

and, hence, Ha’y has an eigevalue at 0. Thus the statement on
the absence of zero eigenvalue in the book by Albeverio et. al.
IS not totally correct.

In the equation (5), we remark

N N
Zaj:Oc)aERangeS, Zajyj=0<:><a,Tnga>:O
Da=0<«acKerSDS|¢on (DT =0, Ta=a)



Theorem 7. Suppose that H, y Is of regular type. Then, wave
operators W4 are bounded in LP(R?) for all 1 < p < oo.

It is known that wave operators for 1-dim SO with point inter-
actions are bounded in LP(R!) for all 1 < p < oo (V. Duchéne,
J. L. Marzuola, and M. I. Weinstein 2011 ) and, in 3-dim dimen-
sions only for 3/2 < p < 3 (G. Dell’Antonio, A. Michelangeli, R.
Scandone and K. Y. 2018) . (For the LP boundedness of W4 for
ordinary SO, see the author’s paper in Documenta Math. 2016).

The intertwining property f(PacH,y) = Wi f(Ho)WZL reduces
the mapping properties of f(H,y) to those of f(Hp). For ex-
ample, LP-L9 and Strichartz estimates for e~y p,. follow from
those for e~ "o p is the dual exponent of p: 1/p+1/p/ = 1.



Corollary 8. Suppose H,, y is of regular type. Forany 2 < p < oo,

le™ oy Pye(Hy y)ullp < Cplt|MP7 12 ul|. (7)

We say (p,r) is 2-dimensional Strichartz exponent when

1 1 1
—+ —=—, 2<q<o0.
p q 2
Corollary 9. Suppose H,, y is of regular type. Let (p,q) and (s,r)

be 2-dim Strichartz exponents.

: 1/q
—itH
([ e orul,avdt) " < Clullz

t :
H/O e t=s)Hoy p u(s) ds

Lng < CHUHLfng’ .



Lemmas Theorems 2, 3, 4 and 5 are proved by studying I‘a,y(A)—l
for A — 0. Observe from the property of the Hankel function

() = {(Oéj + % log <%) + %) 6k — Ga(y;j — yk)gjk}jk
= —Ng(P— N"L0) 71D + X261 + 329() G2 + 00
—: — Ng(\)A(N\) A — 0.
We recall

SHEDOel) = 90 + Go(@) + 00 g(M).

1 A Y 1
9(0) =~ log (1) =, Go(@) = " loglal.
1 ... 1
P=e®e=N1|: : :|, S=1-P
1 ... 1



e D=D(c,Y) and G1(Y) are N x N real symmetric matrices:

-~

- 5jk
D = 5jk04j + o log |yj — Ykl |,

-~

5.
—  (%gk. 2
g1 <4N|yj Y| )

We need invert

AN =P - N1g) D+ X226, P+ 002 1)

Noticing that A(A\) 4+ S, S =1 — P is invertible, we (repeatedly)
use the following lemma due to Jensen and Nenciu.

Lemma 10. Let A be a closed operator in a Hilbert space H and
S a projection. Suppose A+ S has a bounded inverse. Then, A
has a bounded inverse if and only if

B=S-S8(A+8)"1s (8)



has a bounded inverse in SH and, in this case,

A=A+ +UA+9"1tsBlsa+9) 1. (9)

In this case, the operator corrresponding to B of (8) is
B=_N141 (sﬁs + 50(9—1)5).

and, if SDS is invertible, B is invertible and A()\)~! is obtained
by (9). In this way, we have the following lemma which implies
Theorem 2. We set

F=-N"1tg\)1D.

Lemma 11. 7 (\)~! can be continuously extended to R if and
only if SDS is non-singular in SC¥. In this case,

ro)t=-N1gta+m)t



+ 1+ P)S(18DS1 7+ 0 ) S+ )]
+0(\%) =[SDS] " +0(g7 ).
and for 0 < |A\| < A\g that
ARIM TN exf, £=0,1,.... (10)

If SDS is singular, we apply the Jensen-Neciu Lemma to B. Note
that SDS 4+ T is invertible in SCY and we may repeat the argu-
ment.



We do not enter into the proof of Theorems 2,3,4, 5 and Propo-
sition 6 any further. Instead we briefly describe the proof of
Theorem 7 which is surprisingly simple.

e Stationary representation of wave operator As we are as-
suming HOé,y is of regular type "'(\) is a non-singular for every
A > 0 and the function T(A\)~1 is analytic in a complex neigh-
bourhood of the positive half line. By the standard argument of
scattering theory we have the following stattionary representa-
tion formula for the wave operator W_.:



We define for 3,k =1,..., N by

+o0o
() (@) = — [ Aoy 556 5()

< ([, (9@ - 92@)u@dy) dr. A1)
Then, with (Tyf)(x) := f(x — zq),

N
<Wa—|,_yu,’v> = (u,v) + Z <TijjkTyZu,v>.
7,k=1

and it suffices to deal with €2;,. The second line of (11) is the
spectral measure of —A and is equal to

%/Sl i(w)dw.



Write ©j5(A\) = [Ta.y (V) 1k We have

CirNa(w) = F(T1(|D|w) Ow)

Define
1 [+
Ku(z) = —,/ G (2)A (/ (]—"u)()\w)dw) d.
i JO S1
It then follows that
Qi = Kol jx(|D]). (12)
Lemma 12. We have
L) u(y)dy
Ku(z) = lim —/ 13
u(x) el0 2 JR2 22 — y2 — 1€ (13)

and K is bounded from LP(R?) to itself for all 1 < p < .



Proof. We rewite Ku(xz) as follows (modulo constants)

—|—OO za:f’ 'I,yn
/ /]1@9 52 A2 — i0 (772 — >\2>u(y)dydnd§)\d)\

etr&—1yn
= Z.OU(y)dydndf

= Jr6 &2 1 26n -5 u(y)dydnds

— /IR{6 /OOO e_it(52+25”—730)eix5+i(”3—y>”u(y)dydnd§dt

— /R 3 /O T eit(E—i0)Fink (0 oe)dedt

Then, we make change of variables x — 26t =y or £ = (x —y)/2t.
This makes

_t§2+w€:_(ﬂf—y)2+$(fﬂ—y) _ x%—y? 40

4t ot At




Thus, after changing variables ¢ to t—1,
© O ) 2 . d£
K :/ / i(xc—y<+i0) /4t 2
u(x) w3 )y € f(y)4t2

> it(z2—y24i0)

= u(y)dydt

/RQ/O e (y)dy
_ u(y) p
— ; ; Y

R2 §(x2 — y2 4+ i0)
This proves (13). To prove the bound we continue to rewrite
Ku(x) by using the spherical mean

1
Mu(r) = Z/Sl w(rw)dw.
Then

(o r(Mf)(r)
Kulw) = /O i(z2 — r2 4 40) "



_ > G,
i(z2 — r + 40)
and

/R2 | Ku(x)|Pde = /Sl (/OOO |Ku(\/ﬁ)|pd'u) dw
But

_ [ (Mu)(Vr)
K(\/;)_/O z(,u—r—l—zO)

and LP-boundedness of Cauchy integral implies

| TIKGmPdp < [ I(0u)(V)Pdr < ull.
L

We still need study I'(|D|). For small X, [(\) satisfies Mikhlin's
condition for the LP multiplier and x(|D])I(|D|) with xCL(R) is



bounded in LP(R?) for all 1 < p < co. For large X it has the form

(1 - x())F) |
= > e UM (1 — x(A\)b;(\) + Mikhlin multiplier
finite sum
where b; are symbols of order 1/2.

Finally we apply the following lemma by J. C. Peral (1980)
to the homogenenous Fourier integral operator produced by the
large part of A\, which completes the proof.

Lemma 13 (Peral). The translation invariant Fourier integral
operator

_ [ izetile ¥ () £
(1)) = [, IR F e (14)
where (&) € C°°(R") is such that 4(£) = 0 in a neighbourhood
of £ =0 and y(§) = 1 for || > 2, is bounded in LP(R"™) if and



only if

(15)

For our application, n =2 and b = 1/2, which produces 1 < p <

.



