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Lorentz space

We begin by recalling/ introducing the Lorentz space.
Let d € N. Let |A| denote the Lebesgue measure of a measurable set A C RY.

Definition (Lorentz-(p,q) space L, 4)

Forl<p<oo, 1<q<oo, letf:RY— R bea measurable function. The
Lorentz-(p,q) quasi-norm of f is:

If g < oo, [fl, = (,J/OOO <A|{x: [f(x)| > ,\}|1/,,)q %>

1
ZHPl/q)\mf/p||Lq([o,oo),%)~

1/q

1F.9/= 00, [l =50 Al 1FGO] > A7 = AmE 2o

where me(\) = |[{x : |[f(x)] > A}
A measurable function f € L, 4 if ||f]|5 , < co.

e The Lorentz-(p,q) quasi-norm satisfies ||f + gl , < 2/P(||f]1% . + llglls.o)-
o Ly,=1LPand Lpe = LB,
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Facts about Lorentz space

Proposition 1 (Embedding of L, , spaces in the 2nd index)

Ifl1<p<oo,1<qg<r<oo, then
115, < Clifll5.q

where C = C(p,q,r) = (2)"/9°17 > 0. In particular, L1 C Lpp = LP C Lpoc.

In contrast to the LP space, the space is smaller when the second index gets
smaller.

Proposition 2 (Existence of equivalent norm for p # 1)

Forl<p<oo,1<qg<r<co(ie p+#1) there exists an equivalent norm
Il - llp,q such that

" P e
1fll5,q < [1fllp.q < mllfllp,q- (1)

Moreover, the norm ||f||1,q exists and ||f||1 , < ||f]|1,q is true.
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Definitions for Theorem 8.2

Definition (Operator G;)

For 0 < 8 < d, define the operator Gg:

Gof(x) = (|- |7 % F)(x) / x = y|F(y) dy
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Lemma 3 (Hardy-Littlewood-Sobolev inequality)

Letp,g>1,0<B8<dwithl/p+1/q+5/d=2. Letf € LP,he L9. Then
there exists a constant C = C(d, 3, p) such that

/ / £(x)1x — y|™2h(y) dxdy| < CIFllAls.
RY JRA

Corollary 4 (g-norm bound of Ggf for g > d/[3)

For0<pfg<d, 1<p<d/(d—p) d/f<qg<ocowithl/q=1/p—(d—pB)/d.
Let f € LP. Then there exists a constant C = C(d, 3, p) such that

1/q
1Gafla = ([ Ibe=y10) ['ay) < Cll

Proof of Corollary 4: Choose h in Lemma 3 such that (Gsf)(y)h(y) = |g5f(y)|q’
where 1/q +1/¢' = 1. Then |h| = |Gsf|9/9 and

1Gsf 112 < ClIFIllIGsFIE .

Extract the conditions for ¢’ in Lemma 3 and rename ¢’ by q. O
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Definitions for Theorem 8.2 (2)

Definition (L s space, Def 8.1)

Llet 0 < B <d, s>d. Let f : R? — R be a measurable function such that
(1+ |x])*f(x) € L* and f € Ly/g—p),1- Denote feg :=f - 15 and
fsr :=f — f<g. Define

I£lls,s :=/ (1 + XD 9IF(x)ax + sup(L + R)* || arllaja-pya-  (2)
R4 R>0

A measurable function f € Lg 5 if ||f]s,s < .

Assume f € Lg s, then
@ from the definition of L£g s-norm, ||f]|1 < ||f]|s,s and ||f||d/(d_5),1 <|Iflla,s-

@ Since d/(d — ) > 1, by embedding, we have
fe Ld/(d—B),l C Ld/(d—,B),d/(d—B) = [9/(d=F), Thus, f € L' N L4/(d=5),
@ By interpolation, f € LP, for 1 < p < d/(d — 5).
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Example of L3 s function, Lem 8.6

Suppose there exists M > 0, r > 0 such that |f(x)| < M(1+ |x|)~" Vx € RY.
Then for all s > 0 such that d < s < r, for all 8 > 0, there exists
C = C(r — s,d, B) such that

Iflls.s < CM.

We will prove this claim after the proof of Theorem 8.2.

23 June 2021
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Statement of Theorem 8.2

Theorem 5 (g-norm bound of Gsf for some g <

LetfeLpsfor0<f<d< s < d + 1 satisfying [, f(x)dx = 0. Then for all
1< q < d/p such that q > ﬁ+s - , there is a constant C depending only on q, s
and (B such that

1Gsfllq < ®3)

Furthermore, for all 1 < p < oo, there is a constant C depending only on p, q, s
and 3 such that

195 lla < € (IF157¢s g0 IFN5.) (4)
where ; 5 ,
p— Bq p , p
@) = , =— 5
o Brpls—d) P T -1 ®)

v

Remark: For 1 < p < o0, 1<dg<( If f € Lgs, then f € LP, for

d—p)"
1<p< (d_ﬁ) Hence, Eq. 3 foIIows from Eq. 4.
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Preparations for the proof of Theorem 8.2

We will prove two lemmas (Lemma 8.4 & 8.5) that will be used in the proof of
Theorem 8.2.

Lemma 6 (Lem 8.4)

Let f € Ly s for d < s < d+1 satisfying [, f dx = 0. Then for a universal
constant C,

1G5 (feixi/2) (X)] < Clfllg,slx| 7).

where C = %

Proof: Let R > 0. Step 1: Write |Gzf<g| using f<g and £ k.
930l =| [ b~ y1*feny) ]
=[x =517 = el ) fe(y) dy]
| [(x =117 = x| ) er(y) dy + 517 [ feny) ay |

| S —
:*ff>R()’) dy
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Proof of G faixy2) ()| < Clfllsalx| 07+

Gafer(x)] =] / (Ix = yI7 — x|"®)fer(y) dy + |x| / fer(y) dy |
‘ ' ~
= / fsr(y) dy

g\/u—w— X ?)zr(y) dy\ " \—|x|ﬁ/f>R(y) ay|. (6)

Step 2: To estimate the first term, we use the Fundamental theorem of calculus
(HDI). For x,y € RY,

1
_ _ d _
ey el = [ e ) e

Since J
_ _B+2
S P) 2 = —B(x + ty) T (x+ 1) -y,
we have

(8+2)

1 1
d _ _
| S oy ae= = [ ey ey P)(1x o+ o) a
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1

1 .
. . d 'y
Iyl x| = [ Sy 2 de = =5 [ (o)
JO JO

For t € [0, 1],

_(B+2)

= (x-y+tly|?)dt.

Ix -y + tlyP < [xlly] + tly[> < |xllyl+ y[*.

In addition, we require 2R < |x|. Recall

1GsFer(x)] < ‘ [ =A = x)er(r) dy] " \—|x|5 [ s dy]. (6)

In 6, the first integral is over y such that |y| < R. Under the condition 2R < |x|,
ly| < |x| and we have

ns

Jensen
v < 2(Ix P+ 2lyf?) < 2(x + [yI?) < (2Ix])*.

By the above estimates,

N _ ! _ (42
lIx = yI7% = |x| Blﬁﬁ/o (@Ix)*)~ 7 (xlly| + [y[?) dt

=327 x| 7872 (|x]|y| + ly[?).
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Hence the first term in Eq. 6 can be bounded by:
\/(|x P XY ealy) dy\ < [Ix =y = 1xI2£r()] dy
<o (B+D|x =62 / (Ixlly] + yP)lF<r()] dy.

With 0 <s—d <1 and |y| <R, we have

14|yl _ _
yl < (e o Ry,
lyl 0<14+d—s<1
and ) | |
+ Y] \s— _ _
PR <ypya o R gy,

ly| 1<24+d—s<2

Therefore, for j = 1 or 2 and use the definition of ||f]|3,s Eq. 2:
I£ll5.s == Jra(X+ X1}~ ()ldx + suprso(l + RYT*~|I£rlla/(a-p).1.

/ (yP)lF<r(y)] dy < R4 / 1+ Y )*IF )] dy < RSl 5.
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)| < ‘/(x Y7 ) er(y) dy| + 'x [eam) @] ©
Step 3: To estimate the second term in Eq. 6, we observe, for s > d,

(1+lyp
Rsfd

L+l 1 .
pe—d ZRs_dZO if ly] < R.

>1 if|ly| >R,

Then ( | \)
1+ly

v =g cWIFW)| < %

By the definition of ||f||s,s Eq. 2:

Ul = i (1 xS 9 F(x) I + supgoo(L + RY* || olla/a_s)1, we have

If( )l

/|f>R(y)I dy <RI /(1 + )W) dy < R fllg. s
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Final step: Return to the main argument,
|Gsf<r(x)] < \/(\X*yl’ﬂf x|I7)f<r(y) dy|+|*IX|’5/f>R(y) dy[  (6)

<2 THD|x| 02 /(IXIIyI +1y)lf<r(y)l dy + IXI*'B/\f>R(y)I dy

< B2~ (B2 | 72| x| R™ 95| || 5.« + RZI5| Fllps) + x| PRIl .5
. 1 B2 (B+2)Rl+d—s  go—(B+2) R2+d—s
=|| H|5’5(|X|ﬁRsfd |x|B+1 + |x|2t8

Now fix R = |x|/2 to get

1Gafein2(x)] < WFllgslx| "= (1 + 2827 (9+2),
Since the maximum of the map 8 — 3277 is attained at 8 = @ with value
e < 1. We can take C = 1+1/2=3/2to get

log(2)

1G5 F<ixt/2(x)] < CllFllgslx| =779
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Lemma 7 (Lem 8.5)

Let f € Lgs C LY(9=B). Then for a universal constant C,

1G5 (F1x1/2)(X)] < Clfllg,s(L + Ix) =P+
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Ingredients in the proof of Lemma 8.5

Lemma 8 (O’Neil's extension of Holder's inequality)

For1<p,q<o0, iff €Lpq, g€ Lyq, where L + 55 =1= ¢ + L then
fg € Ltand
Il < Ml[fllp.qllgllp -

where M is a universal constant.

Proposition 9

| A\

For d > 3 > 0, the function |x|=" is in Ly/p,00 and

8
< —
Il e < 2

Proof:
sup A {x : [x| 7% > A}#/? = sup )\)\_%ng Cx| < 137/
A>0 A>0

872
<Hx x| <1} < |Bs| = T5
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Proof of Lemma 8.5

[Lem 8.5] Let f € L3 5. Then for a universal constant C,
1G5 (£ 1x1/2) ()| < Cllfllp.5(1 + [x[) P79

Proof:Let R > 0. We have

Gafor(x)] = ] R dy\

' Neil

< Mlllx = |7Pllays.00l 1> rllay@—p).1
=Msup A|{y : |x — y|7% > N9 | forlla(a—p)a
A>0
* _
EMsup A{y : ly|™" > M| forllasa—pya
A>0
=M|lly|""lla/s.00llf>Rlla/(@—p)1
<CmlIfsrlla/a—py1 Vx € RY,

2 . . . .
where Cyy =: IVI81L5. We used Lebesgue measure is translational invariant at J.
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Proof of |Gs(£1x)/2)(¥)| < Cllflls.s(1 + |x])= 7+~

By definition of ||f||s,s Eq. 2:
1£ll.s := Joa(1+ Ix])*9|F(x)|dx + supgso(l + R)*T~ 9| frlld/(d—p),1. for any
R >0,

(1+ R)ﬁ+57d|‘f>R”d/(d—,6) 1 <

I f>rlla/@—p)1 <1+ R)™ (ts—d) |||f”|ﬁ

Then

1G5 ()| < Cmllforllaj@-)1 < Cm(L+R) "D f|l5.s.

Choose R = |x|/2 to get
X[\~ (g4s— -
195151 2(3)] < Cu(1 + 7)™ G fllg,s < Cum(L+ |x|)"EH= D f g6,

. 71-2
with Cy =: MSTs' O
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Proof of Theorem 8.2

Theorem 5 (g-norm bound of Gsf for some g <

Letf € Lps for0<f<d< s < d + 1 satisfying [y f(x)dx = 0. Then for all
1< g < d/p such that q > B+ —; , there is a constant C depending only on q, s
and (3 such that

1Gsfllq < ClIflls.s ®3)

Furthermore, for all 1 < p < oo, there is a constant C depending only on p, q, s
and 3 such that

1G5 lla < € (IF157¢s s IFN5.:) (4)

where ,
_dp—Pq p i P (5)
ap B+p(s—d)’

V.

Proof: Let 1 < g < d/B and R > 0. We can write

Gof = (Gsf)<r + (Gsf)>r
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Proof of ||Gsf||q < <Hf\|d/ d—B/p")

Gaf = (Gaf)<r + (Gsf)=r

/ 1G5 ]9 dx = / (GsF)<r + (GoF)>r|7dx
- / (GsF)<rl® dx + / (GaF)-rl? dx
<R >R

— / (GsF)<rl® dx + / 1(GaF)srl dx.
::(I) ::(H)
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[19:717 dx = /‘\< r

We consider the first term.

dx+/\ )>r|? dx.

1)

Holder
(M =GsF)<rllg < Hgﬁf”pd/ﬁHﬂSR”qf’%
q

_Bg
=G5 flIZ,, 51B(0. R)|* = 1G5 1134)5(1BalRY)! 7
(CHLs||fH —)(1Ba IRd)k*

<(CrusIfll_—o ) B[R9

where 1/(pd/f) + 1/(P§f%q) =1/q,1/p+1/p' =1 and Cuis = Cus(d, B, p) is
the constant from Corollary 4. Note that d/f < pd/f < oo and

1< 4= ﬁ/p < 477 so Corollary 4 applies. The last inequality uses that
0< < §Z§E<1and By < |Bs| = 8= Wd e N.
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Lem 8.4:|Gs(fe v 2) ()| < ClIf[|g,s]x| (o)

Lem 8.5:|Gs(f> 1 2) () < Clillg,s(1 4 [x])~ (543-),

For the second term, we apply Lemma 8.4 and 8.5. It follows from Lemma 8.4
and 8.5 that

G5 ()| =I5 (£,

Ixl
2

+ b)) = 1G5(F 1) + Ga(f, 10 )(X))]
)

<|Gsf. \x|( |+ 1G5t sl (x)I
< Callfllg,s|xI~F=D 4 G|l Fll g,s(1 + |x]) "=
8.4 85
B+s—d>0

< sl 45
where G4y 5 := G4 + Cs.Therefore, we have
(1) = [ 1GaF ()17 (x) dx < [ (Crrslillncbe] 1745 )7Lp(x) e

—(Casslllls.0) |Bald /R pa(Fts=d) a1 qp
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() < (Corslfl)? [Bald [ e 0t Des1 g
JR

We now need g > ﬁ < —q(f+s—d)+(d—1)<—1. Then
td—1=a(f+s=d) is integrable on [R, o0) and

/  pd—1-q(B+s—d) _ 1 Rd—a(A+s—d)
R g(+s—d)—d

Notice that |By|d < %’; :=S5; Vd € N where 57 is the area of a unit sphere for
d =7. We have

1
1) < (Cass||fll55)9 S RI—a(Bts—d)
(1) < (Cays[flls,s) "qBrs—d)—d

Collecting the results, we have

[ 1951 ax = + ()
Rd—a(B+s—d)

d—
<(GuslIfll —¢)7IBs|R P+ (Gasllfllss)7 S "dBts—d)—d
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Rdfq(:fAsfd)

Bs|R™ % + (Cays|Ifll5<) S .
—)Bs| +(Cassllifllg,s) T —

/ |Gpf|? dx < (

To minimise the last expression, we require

(L RO ~ ||F RO+,
/

Since q/(d — 22 —(d — q(B8+s—d))) = m, we choose

’

P
B+p(s—d)
R=| —+—+—7"—"— .
<|f||d . )

With this choice of R and some fraction arithmetic, we obtain

/Igﬂfl" dx < (Givs|Bs| + C2’+557)(||f||%|||f|||/”},s)",
—P/P

where 0 := d”;}fﬂqm , p= ﬁ. Taking the g-th root on both side, use
g >1and (a9 + b?) < (a+ b)? for a, b > 0, we have

1G5fllq < (Chs|Bs| + C4+557)||f||1 y |||f\||gs
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Proof of Example/Lemma 8.6

Example of Lz function, Lem 8.6

Suppose there exists M > 0, r > 0 such that |f(x)
Then for all s > 0 such that d < s < r, for all § >
C = C(r —s,d, ) such that

| <ML+ |x|)~" Vxe€R.
0, there exists

Iflls,s < CM.

Proof: Recall

Iflls.s := / (1+ [x)*1F(x)dx + sup(L + R)™* || rllaja—p)1
R R>0

We first consider [[£>rl|5/(y_g) 1 in the second term of ||f]|ss. Let
p' :==d/(d — ) and thus p = d/8 such that 1/p+ 1/p’ = 1. We have

el =o' [ 10 (0] > AP ax
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1= P e xR > AMMP A,
For x € RY such that |[f(x)| > A and |x| > R, we have

A< <MIA+|x)""<M1+R)™"

Ik

and the first two inequalities give

M 1/r
Moreover

{x:|sr] > C{x:MOQA+R)™" > A}
= {x|Ag|>AN{x: M1+ R)"" <A} =0.

Therefore,

_ —0 if M(1+R)™" <A
{2 forlx) > AN {s [{x s Ixl < (B3 = 1Bal(B)?" if M(1+R)™" > A.

In summary,

M r
[{x IR > AN < ]1{A<M(1+R)*f}()\)le\(y)d/ -
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M d/r
{x 15RO > A < Tiamarry— (A)]Bal( A) "
Applying the above estimate and note that r >d = r>d — f for § >0 so

pi=d/(d—B)>d/r.

el =[x a0l > M
1/p'

M(1+R)~" M\ 97
< P// <|Bd| (/\> ) dA
0

'>d ’ o’ 1 _\—d/(rp’)+1
Pzl By M Md/(p)l_d/ (M(1+ R)") /)

(rp’)
- d 1
P i/ﬁM|Bd\(d—ﬁ)/d s (L4 R
—B1- 42
r d
1
<M|B s 1 R)d=P-r
1 1
<MS— (1 + R)d=A=r
-p1
where 57 1= % is the area of a unit sphere for d = 7.
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1

1 d—B—r
dijiliﬁ(1+/?) :

[kl 1 < MS7

Note that for r > d — 3, the map

is decreasing and the map
r=(14+R)™"

is also deceasing on r > 0. Therefore for all s such that r >s>d > d — f3,

1 1

s—d * —(r—s
(1+R)BjL ||f>RHd:1571 §M57d_/8177d_,3(1+R) ( )

1 1 1 d

<MS,—— — —_ _(1+R)Y =M et
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By Eq. Lt [[fllog < 25 1f5.q0 we have [[Forll oy < §lIfI", . Hence we
have the uniform bound over R > 0:

2
L+ R Rl g0 < MS = : S <§> Y

For the first term in
I£lls.s == Jra (L + [xD)°~9F(x)|dx + supgso(1 + R)PH= || frlla/(a—p).1. we use
the assumption |f(x)| < M(1+ |x|)~" and r —s >0,

" 1
el ax <M [ e ax = MGy (8

=Cr_s5,d<+00

Combining the two estimates Eq. 7 and Eq.8, we have

I 15.5 3:/ (1+ Ix])* =9 F(x)]dx + sup(L + R~ £rllaa—)1
Rd R>0

1 (d)°
§M<Cr sd+57 ﬂ(ﬂ))
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More on the extension of Holder's inequality

The goal of this section is to provide some ideas to prove Lemma 8. However, our
approach of proof require materials on rearrangement functions that are not
covered in today’'s seminar. Statements are given in this section without proofs.
For more details, see [Simon, 2015][Chapter 2.2, Chapter 6.1].

Definition (Decreasing rearrangement)

Let f a measurable function from a o-finite measure space (M, X, 1) to R (or C)
which is finite y-almost everywhere and has u(x : |f(x)| > t) < oo for all t > 0.
Define the decreasing rearrangement of f, f* : [0,00) — R as

*(t) :==inf{a : me(ar) < t}

with the distribution function of f

me () == p({x € M:[f(x)] > a})
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Proposition 10 (Properties of decreasing rearrangement)

Let f* be a decreasing rearrangement of f. Then

@ f* is monotone decreasing, i.e. t >s = f*(t) < f*(s).
@ f* is right continuous, i.e. lime .y F*(t) = £*(to).

@ limeoo F*(t) = 0.
@

f* is equimeasurable with f, i.e.

Va>0 p({xeM:|f(x)]>a})=|{t€][0,00): f(t) > a}l

@ f* is the unique function that satisfies (i)-(iv).
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Definition (Running averages of decreasing rearrangement)

Let f* be the decreasing rearrangement of f. Define the running averages of
decreasing rearrangement of f, f** : (0,00) — R as

£ (1) = %/0 () ds = {0

Proposition 11

| A,

Let f** be the running averages of decreasing rearrangement of f. Then

< F

Proposition 12

| A

Let f** be the running averages of decreasing rearrangement of f. Then

7 (8) = sup{y /E ()] du(x) : w(E) < .

.

The equality in Proposition 12 can be seen by the monotone decreasing property
and the equimeasurability with f of f*.
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Proposition 13 (Lorentz-(p,q) (quasi)norm in terms of f* and f**)
Let f* be the decreasing rearrangement of f. For1 < p < oo, 1 < g < o0,

< e\’
17050 = ([ @2E @ L) = 128 g,
Forl<p< oo, g=,
I£11% 00 = sup{t > 0 : t/PF*(£)} = |tY/PF* || 1o (0,00))-

Moreover, if we replace f* by f** on (0,00) above, we get a norm on L, 4.

® The equality with ||f||; , defined earlier can be proved by a change of
variables and the fact that * and f are equimeasurable.

@ The triangle inequality of the norm defined with f** can be seen from the
characterisation of £**(t) = sup{} [ |f(x)| du(x) : p(E) < t}. Hence
(f +g)** < f** + g** and use the triangle inequality for the L9 norm to
conclude.
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Proposition 14 (Rearrangement inequality)

Let f, g be measurable on (X, ), *, g* be their decreasing rearrangements. Then

[ du‘ < [ roeoa

The proof of Proposition 14 uses the Wedding Cake Representation, Tonelli's
theorem and for any o, 5 > 0,

p{Ifl > af nflgl > B}) <[{f* > af N {g" > B},

Let f, g be measurable on (X, p). Then

()" () = swnl; [ 1fel du: () < 1} < 3 [ F(5)g(s) s
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Lemma 8 (O’Neil's extension of Holder's inequality)

For1<p,q<oo,iff ELlyq &€ Ly, Where%—i—ﬁ :1:(—174—& then
fg € Ltand

Ifglls < Mfllpqllgllpq-
where M = 1.

Proof of Lemma 8:

gl = / g dpu e / (fe)"(s) ds
0

. t .
domlnatg:l conver. lim / (fg)*( ) sdef. gg) lim t (fg)**(t)

Jim. )
Cor,lst;w/ F(s ds—/ F*(s)s"/Pg ()1/p’ %
NS o 185 1 oyt = 115
o

where 1/p+1/p'=1=1/g+1/q.
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