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Weird behaviour of non-selfadjoint operators
Seeley 85:

P(a) = e*Dy + ae™, x € R/2rZ, Dy = 10,

Py ={ 5 057

For all @ € C, P(«) is an elliptic Fredholm operator of index 0 !

E. Brian Davies 2007: Studying non-self-adjoint operators is like
being a vet rather than a doctor: one has to require a much wider
range of knowledge, and accept that one cannot expect to have as
high a rate of success when confronted with particular cases.
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Tight-binding model-Twisted bilayer graphene

)-‘ : F
- . B ~ }..
N We define the discrete Laplacian on the
honeycomb lattice H : £2(Z?; C?) — (?(Z?; C?) by
H— 0 1+7 475
l+7m+7m 0 ’

where (7i1)), = 1n—e;. The Hamiltonian describing twisted bilayer
graphene is then given by

_(H WF\ . 2,0 ~a 2072, ~b
H9_<We H).K(Z,C)%E(Z,C),
where

(Wov)n = (wx0)(Ryn) = Z w(Ryn—m)m, with w € .7 (R?; C?*?).

meZ?2
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The Bistritzer-MacDonald Hamiltonian

Massatt-Carr'20 showed that close to zero energy the model is effectively described by:

The Hamiltonian of two non-interacting sheets of graphene is

_(Hp 0 . (0 2D;
H_(O HD) WIthHD—<2DZ 0).
The interacting between sheets with twisting angle 6 is through
tunnelling with -periodic potentials

Voo — V(6z) U(6z)
T A\U(=02)  v(8) )
The Bistritzer-MacDonald Hamiltonian is

_ HD Vtun
HBM - (V* HD) .

tun
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The chiral model of TBG
PHYSICAL REVIEW LETTERS 122, 106405 (2019)

Origin of Magic Angles in Twisted Bilayer Graphene

Grigory Tamopolsky, Alex Jura Kruchkov, and Ashvin Vishwanath
Department of Physics, Harvard University, Cambridge, Massachusens 02138, USA

(0  D(a) o 2D;  aU(z)
He) = (D(a) 0 ) » Dle):= <aU(—z) 2D; )’
z=x1+ix2, Dz:=3(0x + i)

2
U(z) = Zwke%(mk—z‘“k), w = e2i/3,
k=0
U(z+ %Triwé) =wlU(z), U(wz)=wU(z), ¢=1,2.

This limit is very important also for many-body effects cf.
Bernevig—Vishwanath-Zaletel et al.
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Review of symmetries

B 2D;  aU(z) (0 D*
D(e) = (aU(—z) 2D; > H(e) = (D 0)
Zyu = diag(w® 2, 1,0 1Nu(z + Fim(war + w?ap)), a€ 73,

€ u(z) = diag(1,1,0%, oF)u(wkz), k € Z3

DH=HZL, CH=HE, €% = Lt M:(? :1)

Decompose into irreducible representions of this Heisenberg group:

(/= 1, LC/metely  (C/rCel, (C/T;C?)
7PEZ3

Pkp — L= wklata) @ = gp
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Symmetry protected states
kerj2(c/ry H(0) = C* T =4in(wa +w?ay)

e4€L2

elel‘ﬂlo7 eQELPoo7 e3€LP11’ po,1°

H(a) = =W H(a)W*, W = ((1) _01> HWE =CW, LW =W L

This implies that the spectrum of H(« )|/_2 ,(C/T) is even

dim kerLZ(C/r)(H(Oé)) Z 4, dim kerLZ(C/r)(D(Oé)) 2 2
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@)= (g e Ty ") M) - e,

L§(C/T) :=={ue A(C/T): Lu=u, acil/T}
Bands: {Ej(a, k)}jez\ (o} = Specz Hi(@), Exi(e,0) = Exi(a, —i) = 0.
Flat band at 0 <— SpecL%(C/r)(D(a)) =C
Theorem (BEWZ '20) There exists a discrete set A C C such that
3 ag¢ A

Speciiesr) D(@) = { C acd

6 % % % %, % % % %,
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D(«a) = 2Ds+aV = Spec D(a) = Spec D(«)+T*, Spec D(0) =T~

V a 0 € Spec D(a) = if Spec D(«) is discrete then Spec D(a) =T,
Ik (D(a) —k)™': 1?2 = H' <= the spectrum is discrete

(D(a)—k)™t = (I+aT ) YH(D(0)—k)™, T :=(D(0)—k)V, k¢T*

ar— (I +aT )™t meromorphic with poles at 1/a € Spec(Ty)
We obtained a spectral characterization of magic angles § =1/«

flat band «— SpecLz((C/r) D(a) =C <= 1/« € Spec(Tk)
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Flat bands
The bands are eigenvalues of Hy(a) on L3(C/T), k € C/3r*:
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Flat bands
The bands are eigenvalues of Hy(a) on L3(C/T), k € C/3r*:

S W

Theorem (BHZ '22; implicit in BEWZ '20)
Jk ¢ 3r* +{0,—i} Ei(a,k)=0 = Vk Ey(a,k)=0.
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A curious structure of the first band

ki E(a, k)/(max Ei(o,k)), 0.4<a<0.6

Rescaled plots remain almost fixed at k — |U(—4+/37ik/9)|
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Exponential squeezing of bands

Theorem. (BEWZ '20) There exist ¢; > 0 such that for all k € C,
|Ej(a, k)| < ™%, j < @a, a>0.

In practice, c; = 1 and ¢ can be taken arbitrarily large

Consequence of general results about quasimodes for semiclassical
(h=1/a) non-normal operators:
Hormander'69, Sato-Kawai-Kashiwara'73...Dencker-Sjostrand-Z'04
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Exponential squeezing of bands via solvability of PDE

Lewy '57: (0x + i0x, — 2i(x1 + ix2)Ox,)u = f has no solution near
any point x € R3 for a generic f € C*°(R3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) := 32 0j=m 3a(X)E”
= (X07£0) » €0 7£ 0, p(X07£0) =0,
{p.B} =) 0p0xB — ;PO (0.0 # O
j=1

— Pu=f is not solvable near xg for a generic f € C*

Essential step: 3 uy, supported in B(xp, h%_) such that
YN3ICy ||Pupll2 < CuhN, upllz =1

Sato—Kawai—Kashiwara '73, Dencker-Sjostrand—Z '04: if a,'s are
analytic functions then

e >0 ||Pupllz < e upllz =1
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We did not prove that ANR, # (. However, A # () BEWZ '21:
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Luskin-Watson '21: computer assisted proof [ANR;| > 1

BEWZ '21 (motivated by LW): [ANR,| > 2
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Z a P ¢ i@ and as a consequence |A| = oc.
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Theorem (BHZ '22) The largest real eigenvalue of Ty, 1/cv, is
simple and a, € (0.583,0.589).



" ad¢A
SpeCL2((C/r) D(Oé) = { C a i A

Theorem (BHZ '22) For all p > 1
-2p - T _
E « € and as a consequence |A| = co.
\/gQ 9 Al

acA

o0p =g tr T, Fda) = det(/ — ® T)

p I \/ﬁn,, /3w P | \/.'—3(7,, /3P

2 4/9 5 9560,/20007

3 32/63 6 245120/527877
40/81 7 1957475168/4337177481

Theorem (BHZ '22) The largest real eigenvalue of Ty, 1/cv, is
simple and a.,. € (0.583,0.589).
Consequently, the flat band of H(c.) is simple.
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13 18.920 1.5147
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Spectral characterization allows accurate computation of more a's:

k ay Qg — g1
1 0.58566355838955
2 2.2211821738201 1.6355
3 3.7514055099052 1.5302
4 5.276497782985 1.5251
5 6.79478505720 15183
6 8.3129991933 1.5182
7 9.829066969 1.5161
8 11.34534068 1.5163
9 12.8606086 1.5153
10 14.376072 1.5155
11 15.89096 1.5149
12 17.4060 1.5150
13 18.920 1.5147

Numerically all of these are simple That is not the case for
complex a's or for real a's and more general potentials:

® . B e e = e & W=
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Works for general potentials with Z% X Z3 symmetries
2 1 k
=k _—k . = k-
Up(z) := z:wk(cos2 ez (B =7%%) | sin? ge?v —7")
k=0

W(27)=0.25

Theorem (BHZ '22) For a generic potential flat bands are simple.
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Flat bands from theta functions
Tarnopolsky et al '19: consider u € Lglyo((C/F; C?), D(a)u=0
u(z) := e2 @@L (2)u(z), 2z e2FFL (2) periodic, dsfi =0
(D(a) = kJuk(z) =0
Problem: f¢ with these properties will have poles

Solution: Look for a's at which u has a zero!

log [u(a, 2)| for a = 0.58600
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Flat bands from theta functions
Tarnopolsky et al '19: consider u € LI%LO(C/F; C?), D(a)u=0
uk(z) == e2(Zk+2k) f(2)u(z), z+— eé(ZR+Ek)fk(z) periodic, Ozfx =0
(D(ar) = k)ui(z) =0
Problem: # with these properties will have poles

Solution: Look for a's at which u has a zero!
u(a,zs) =0, a€e A, zs= 49£7r, zs =wzs mod /3

o3 (zk+2k) fi(z) = e27r(§—§)k/\@‘9lé§(_gc/:|)w)’ 7 = %m'wg

Similar argument in Dubrovin—Novikov '80

Theorem (BHZ '22) o € A simple = zs is the only zero of u.
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Flat bands from theta functions

qEIEny on(c-OkvatCH kW)
ez «(z) = b (Clw) z=37miw(

(C|W Zeﬂ'l(nJr )2w+27rl(n+2)(c+ )
nez
O1(¢Hmlw) = (=1)™01(¢|w),  O1(CHnwlw) = (—1)"e™ ™™ 2TENG, (¢w)
01((lw) =0 <= (€ Zw+Z

k — u = e2(Zk+Zk)f( Ju(z) is holomorphic Ledwith et al 21



Flat bands from theta functions

qEIEny on(c-OkvatCH kW)
(K12 (2) = () T
01(¢lw) == — Ze”’("+ 2wt 2mi(nt3)(C+3)
nez

01(CHm|w) = (=1)™01(Clw), 61(¢Hnw|w) = (—1)"e ™M=2miCng, ((|w)
01((lw) =0 <= (€ Zw+Z

k— u = eé(Zk“k)f( Ju(z) is holomorphic Ledwith et al 21

Felix Klein 1920: When | was a student, abelian functions were, as
an effect of the Jacobian tradition, considered the uncontested
summit of mathematics, and each of us was ambitious to make
progress in this field. And now? The younger generation hardly
knows abelian functions.
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Fine structure of eigenfunctions

For k € '*/3I'* we determine which representation of Gs3
(Helsenberg group over Z3), uk falls into:
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log |w| of the two component of ug € Lp00 C L2, both vanishing at
—2zs. Except for vanishing at —zg this eigenstate exists for all a's.
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log |w| of components of u; € L3, C Li2.



Fine structure of eigenfunctions

For k € '*/3I'* we determine which representation of Gs3
(Heisenberg group over Z3), u falls into:

2‘ ‘51 il 2 \ il
o >l € i
L €

2

log |w| of the two component of ug € Lp00 C L2, both vanishing at
—2zs. Except for vanishing at —zg this eigenstate exists for all a's.

| S

log |w| of components of u; € L3, C Li2.
This is the state considered by Cano et al '21 with additional

symmetry [1/(2), p(2)] = [—p(=2), P(=2)].
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Three dimensional representations come from {£w*/v/3}2_,:
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a = aq (first magic angle): vanishing determines symmetries



Fine structure of eigenfunctions

Three dimensional representations come from {£wk/v/3}2_,

."c

a = as (fifth magic angle): vanishing determines symmetries;
despite appearances U,/ /3 do not vanish at other points.
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C/3M* 3k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
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Chern connection and curvature

C/3M* 3k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21

Chern connection: 1 := O log ||uk||? = |lu || =2 (Okux, uk) dk

Curvature: Q = dn = 9Oy log ||uk||?> = H(k)dk A dk, H(k) > 0.

Chern class: ¢ =

2L fC/3r* Q=-1

Standard deviation: |C/3I*|~ 1]((:/3r* (k)/27 + c1)?>dm(k)

Magic || (cs 909 375 521 679 831
angle )
std | 0.2834 0.1502 0.1333 0.1611 0.1965 0.2362
Magic

982 1134 1286 1437 1589 17.40
angle
std | 0.2674 0.2904 0.3518 0.3835 0.3346 0.2790




Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
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Chern class: ¢; = 2"” f(C/3F* Q=-1
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a1 ~ 0.58; concentration at i



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3r* Q=-1
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a1 ~ 0.58; concentration at i = wi mod 3I*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3r* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

ap ~ 2.22: concentration at i = wi mod 3I*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3r* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

a3 = 3.75; concentration at i = wi mod 3*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3F* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

g >~ 5.27: concentration at i = wi mod 3I*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3F* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

a5 >~ 6.79; concentration at i = wi mod 3'*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3F* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

ag =~ 8.31; concentration at i = wi mod 3*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3F* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

a7 ~ 9.82; concentration at i = wi mod 3I*



Chern connection and curvature
C/3M* 5k — u € L3(C/T) defines a holomorphic line bundle
Ledwith et al '21
Chern connection: 7 := 9 log || uk||?> = |Juk|| =2 (Okuk, uk) dk
Curvature: Q = dn = OOk log ||uk||?> = H(k)dk A dk, H(k) > 0.
Chern class: ¢; = 2"” f(C/3r* Q=-1

Standard deviation: |C/3I*|~ 1f(C/3I’* (k)/27 + c1)?>dm(k)

ag ~ 11.34; concentration at i = wi mod 3"
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» Multiplicity issues; a stronger generic simplicity statement

> The fixed “shape” of the first band; what is a heuristic
explanation?

» Significance and explanation of the curvature “peak” at k =i
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