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N bosons in [—L/2,L/2]3, at density N/L3 — p, temperature T > 0,

N
Hyo=> —-8i+ Y. V(6i—x)
i=1 1<i<j<N
. T _Hn.L
.T)i= Jim, 5 gtz e T
N/L2=p

When T = 0, dilute limit pa3 — 0 [Dyson 57|, [Lieb-Yngvason 99], [Yau-Yin 09],
[Basti-Cenatiempo-Schlein 21] [Fournais-Solovej 20,21]

e(p) = F(p,0) = 4map® (1 + %\/prﬁ + o(\/st))

For 0 < T < p?3 ~ T.(p), [Seiringer 08], [Yin 10]
f(p, T) = fo(p, T) +4ma (20” — [p — pe(T)I3) (1 + o(1))

where fo(p, T) is the free energy of the ideal Bose gas.

o Related works in the Gross—Pitaevskii regime: [Deuchert-Seiringer-Yngvason
19], [Deuchert-Seiringer 20]



Second order expansion of the free energy: lower bound

fp, T) = folp, T) + 4ma (20" = [p — pe(T)]3)

We want thermal contribution < Lee-Huang-Yang 4map? x 222 /pa3

157
{ pe(T) ~ T3/2

1/3
b(p,T) ~ T3 = TSpa=p"*(pd)
TLTe(p)

LHY correction at positive temperature (conjecture)

Let 0 < V € L*(R®), radial, non-increasing, compactly supported, for T < pa
and pa® — 0, we have

f(p, T) > 4map’ (1 I CLHY(L_,?)\/pu3 + o(\/pu3))
128
157

fim o (a) =

4ra(V) = inf{/ |VFI* + %/ V|f)?, f € HY(R?), f(x) — 1 as |x| — oo}
R3 R3



Neumann bracketing

e(p) = 4map’ (1 + 7\/,06l +o(vpad ))
157
@ M3 boxes of size £ with Neumann b.c.
(M =~ L/t
E(N,L) > M3 |nf chE (k,£)

E ka 943
Il’cp

o after dilation W = ¢3"/2W(¢.), on
L3([-1/2,-1/2]>")

- %
(pa?)e
U Hpn U = (Z -4+ Zesz(x, - XJ)))
(N/p)*/?

@ Gross—Pitaevskii length scale {p: gap kinetic ~ interaction energy per particle

@ 1st order 47 ap?: [Lieb Yngvason 99], [Lieb Seiringer 01] £ < {qp = interaction
= small perturbation (Temple inequality)

@ 2nd order LHY: [Fournais Solovej 20,21], [Fournais 20] £ > {cp (+ sliding
technique) = more work



Analysis in small boxes

For 0 < x <2/3, on L2([-1/2,-1/2]*"),

N
Hi =Y —Ai+ Y N7 V(N'"(x — x))

i=1 i<j
K = 0: Gross—Pitaevskii regime
k = 2/3: Thermodynamic limit

@ periodic b.c., kK > 0: [Adhikari Brennecke Schlein 21], [Brennecke Caporaletti Schlein

21] (next order + excitation spectrum)

E(N,x) = 4ma N*™" + 47 x 715;? a®/% N*/% 4 o(N*/?)

1-— <IL77WN]1> = 0(1)

o Neumann b.c., kK = 0: optimal rate [Boccato Seiringer 22]

— following [Lieb-Seiringer 01] or [Lieb Yngvason Seiringer Solovej], BEC for small
k>0



Analysis of Hf,

Denoting Viy = N?~2*V(N'~"-) and (V)p,q.r.s = (Up ® g, Vivur @ us), o = 1{_y 2 123

Zp aTap-i-* Z (\/N)pqrsa aras

2 g
c-n%mb 5 N1+m V(O) -+ ;(p + NF V(O))aTap + 2;;0 N VN)p,q,O oa + h.c.+Q3 + Q4
p p.q

=:Q2
c-number substitution ag ~ ag o~/ agao ~ v/N [Lewin-Nam-Serfaty-Solovej 15]
© Vacuum |Q) (~ 1®V) = Hartree energy %NH’" V(0)

@ Quasi-free states eXp.a(Ka)p.qaaal—hc. Q) =
E(N, k) < 4ma NTTF 4 O(N55/2) [Erdss-Schlein-Yau 08] in TL

. , tata _
@ + Cubic correlation structure: Tpe2p.a.r(Kedp.a,rapagar—h.c. Q) =

E(N, n)<4ﬂ'aN1+“+ Z[\/p + 167 a p2N=]—p?—8r a N®+ M-ﬁ-o(N‘r’”/z)

p#O

[Yau Yin 09], [Boccato-Brennecke-Cenatiempo-Schlein 19], [Basti-Cenatiempo-Schlein
21], ...



First quadratic transform

&al: renormalize Q>
T =exp(B1), B = / Kl(x,y)a:[a; — h.c.
Choose Ki so that (by the Duhamel formula)
[dF (=A) + Qa,B1] + Q2 ~0
1

5208 (N (-8) + Qu) ~ ads, () = (4na =3 V(0)) N1+

— [Nam T- 21], [Hainzl 21], [Hainzl Schlein T- 22]
@ we want to take Ki(x,y) = —N(1 — f)(N1="(x — y))

—Af+1w:0, 4na:1/Vf.
2 2
@ cut-off at £ >0, Ki(x —y) = —=N(1 — F)(N*~"(x — y))x(A\"(x — y))
—AKy = %NVN(I — K1) +4maN=A3w (a1l / w=1
R3

@ Neumann b.c. symmetrization by reflexion

Ki(x,y) == > N1 = F)(N'""(Pox = y))x(A"H (N (Px — y)))
zez3



First quadratic transform

goal: renormalize Q>

T1 =exp(B1), B = / Kl(x7y)aIa; — h.c.

Choose Ki so that (by the Duhamel formula)

[dF (—A) + Qa, B1] + Q2 =~ @

1 1~ -
S adf) (dr (-A) + Qa) — adg, (Q2) ~ (47ra—7V(0)) N5 4+ Cy s
2 2 —~—

~A—1

— [Nam T- 21], [Hainzl 21], [Hainzl Schlein T- 22]
@ we want to take Ki(x,y) = —N(1 — f)(N1=%(x — y))

1 1
—Af + -Vf =0, 47ra:7/Vf.
2 2

@ cutoffat £ >0, Ki(x —y) = —=N(1 — F)(N*~*(x — y))x(A\ "1 (x — y))
1
—AKy = 5Nv,\,(l — K1) +4ma N 3w (AL, w=1
R3
@ Neumann b.c. symmetrization by reflexion

Ki(x,y) = = > N(L = F) (N5 (Pax = y))x(AH (NP (Pax — y)))
z€Z3



Symmetrization

Pz (x)

. Xe oFGl X
Pz (x) )

Ki(x,y) == > N(L = ) (N~ (Px = y))Xx(ATH(N*"(Pax = y)))

z€Z3



Cubic transform

goal: renormalize Q3 < 6Qa + CN®N, for (smooth) § =1 on [0,1] and § =0 on
[2, 0]

Te =exp (Be), Be=N"129 <;\\ﬂ/’) /Kl(x,y)ala;ay — h.c. asin [Nam T- 21]

[d7 (—A) + Qa, Be] + Q3 ~ 0
% adf2) (dr (~8) + Qs) — ads, (Qs) = (47 a~V(0)) NN’

TITiHETATe ~ 4ma NYF 4 dTM(—A + 87aN™) + Qo + Cyox + Qa + &,
+£ = o(dl(—A) 4+ Qq) + CN?* log N + CANC" N/,
M 1)2
+ CA—1/2WN+ + CNC"(M’T+) + N®(1—-6 (%))M + ...

@ We can use BEC for x > 0 small (M) < N1=<(%) from [Lieb-Seiringer 01] +
localization in Ay from [Lewin-Nam-Serfaty-Solovej]



Diagonalization

The system is essentially quadratic

12
Ty TITEHE T T T2 = dma NYP* 4 47 x ﬁ a®/2 NB%/2 L dr(y/p* + 8w a N<p?)

Y = N1-r ”
{ pl3 =N = N*=p?

Using Neumann bracketing and subadditivity of the entropy ([Hainzl-Lewin-Solovej 09]) ,

Hy Hn,@

T _ T _
—Flogtre T Z—Elogtre T

12
~ 47 ap? {1 + (pa3)/? (78 + fBog (P T))}

15/
T\5/2 (/oA Tempa 2
fBog (P T):—(ﬁ) /R3 log(1 — e~ (VPP qp

(2m)3

T —(\/(p/0)*+ 28728 (p/0)?)
= Zl_l)n;o L Z log(1—e T )
pe2nZ3



Conclusion

o dilute regime pa® — 0 and small temperature T < pa

Fp, T) 2 4map® (14 Cunv (U)o e + o(Vpa?))

@ using Neumann bracketing we reduce the problem to analysis on boxes
much larger than the GP length scale (beyond Gross—Pitaevskii)

o We study Hy with Neumann boundary conditions and x > 0 (optimal rate
for K = 0 [Boccato Seiringer 22])

N

Hi =) A+ N V(N (6 = X))

i=1 i<j

@ new proof for T =0

e(p) = 4map’ (1 + %\/poﬁ + o(\/pa3))



Thank you for your attention!



