
Kakeya sets and applications
(Reading seminar Winter 2021-2022) 

Introduction: A Kakeya set, or a Besicovitch set, is a subset in Euclidean space which 
contains a unit line segment in every direction. In 1919, Besicovitch showed that there are 
Kakeya sets which are very small, namely they are of measure zero. On the other hand, the 
Kakeya conjecture states that Kakeya sets are not too small, namely every Kakeya set in n-
dimensional space must be n-Hausdorff dimensional. In the seminar, we will discuss basic 
properties of Kakeya sets as well as some interesting applications in real and harmonic 
analysis. 

Some possible topics:

Besicovitch-Perron’s construction of Besicovitch's sets.  Ref. [3,4].

Baire category theorem and Korner's construction of Besicovitch's sets. Ref. [5,6]. 

Fourier transform and the disc conjecture. Ref. [7]

Hausdorff dimension, Minkowski dimension, and Kakeya set conjecture. Ref. [1]

Kakeya maximal function conjecture. Ref. [8,9]

The Bochner-Riesz conjecture. Ref. [2]

Schrödinger equation and the local smoothing conjecture.  Ref. [2]

Kakeya sets in vector spaces over finite fields. Ref. [10,11]

References:

[1] https://en.wikipedia.org/wiki/Kakeya_set

[2] T. Tao. "From rotating needles to stability of waves: emerging connections between 
combinatorics, analysis, and PDE." Notices Amer. Math. Soc. 48 (2001) No 3, 294-303. 

http://www.ams.org/notices/200103/fea-tao.pdf. 

Preprint: https://arxiv.org/abs/math/0008098. 


[3] A. Besicovitch. "The Kakeya Problem". American Mathematical Monthly. 70 (1963), 
697–706.  


[4] O. Perron."Über einen Satz von Besicovitch". Mathematische Zeitschrift. 28 (1928), 
383–386.


[5] T. W. Körner. "Besicovitch via Baire". Studia Mathematica 158 (2003), 65-78. 

https://eudml.org/doc/284499. 


https://en.wikipedia.org/wiki/Kakeya_set
http://www.ams.org/notices/200103/fea-tao.pdf
https://arxiv.org/abs/math/0008098
https://eudml.org/doc/284499


[6] T. Tao. "Korner's Besicovitch set construction".  

https://www.math.ucla.edu/~tao/preprints/kakeya.html.


[7] C. Fefferman. "The multiplier problem for the ball". Annals of Mathematics. 94 (1971), 
330–336. 


[8] T. Wolff. “Recent work connected with the Kakeya problem”. Prospects in 
Mathematics (Princeton, NJ, 1996), Amer. Math. Soc., Providence, RI, 1999, pp. 129–162. 

http://amathe.web.elte.hu/modern/wolff_review.pdf


[9] E. H. Timpel. “The Kakeya Needle Problem“. LMU Bachelor thesis, 2018. 


[10] Z. Dvir. "On the size of Kakeya sets in finite fields". J. Amer. Math. Soc. 22 (2009),  
1093–1097. https://arxiv.org/abs/0803.2336. 


[11] T. Tao. "Dvir's proof of the finite field Kakeya conjecture”. 

https://terrytao.wordpress.com/2008/03/24/dvirs-proof-of-the-finite-field-kakeya-
conjecture/.


        


https://www.math.ucla.edu/~tao/preprints/kakeya.html
http://amathe.web.elte.hu/modern/wolff_review.pdf
https://arxiv.org/abs/0803.2336
https://terrytao.wordpress.com/2008/03/24/dvirs-proof-of-the-finite-field-kakeya-conjecture/
https://terrytao.wordpress.com/2008/03/24/dvirs-proof-of-the-finite-field-kakeya-conjecture/

