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Abstract

We consider the problem of determining a pair of functions (u, f) satisfying
the two-dimensional backward heat equation

u—Au = o(t)f(z,y), t€(0,T),(x,y) < (0,1)x(0,1),
u(z,y,T) = g(z,y)
with a homogeneous Cauchy boundary condition, where ¢ and g are given approx-
imately. The problem is severely ill-posed. Using an interpolation method and the
truncated Fourier series, we construct a regularized solution for the source term
f and provide Holder-type error estimates in both L? and H' norms. Numerical
experiments are provided.
MSC 2000: 35K05, 42A16, 65D05, 65N21.
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1 Introduction

Let T'> 0 and let Q = (0,1) x (0,1) be a heat conduction body. We consider the
problem of determining a pair of functions (u, f) satisfying the system

u — Au = @(t) f(z,y), fort € (0,7), (z,y) €
00, 8) = a1, ) = 0, (,0,1) =, (z, 1,1) = 0,
u(l,y,t) =0,

u(z,y, T) = g(z,y),
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where g € L'(Q) and ¢ € L'(0,T) are given data. Note that the over-determination
condition u(1, y, t) is necessary to ensure the uniqueness of the problem (see [17], Remark
3, p. 464). Since once the source term f is available one will get a classical backward
problem, we therefore only concentrate on finding the function f.

It is a particular problem of finding the source F'(¢,t) satisfying the heat equation

ut—Au:F,

where £ is the spatial variable. The inverse source problem is ill-posed, namely a solution
may not exist, and even if the solution exists then it may not depend continuously on the
data. Therefore, a regularization is necessary to make the numerical treatment possible.
Since the problem is very difficult, ones often restrict the heat source to the separate
form

F(&,t) = o(t) f(€)

where either ¢ or f is given. The uniqueness and conditional stability of the heat source
of this form were considered by many author [3, 4, 23, 24, 22, 12, 13, 5].

In spite of the uniqueness and stability results, the regularization problem for un-
stable case is still difficult. To treat the regularization problem, many authors have
to assume that the heat source depends only either on time, namely F(&,t) = ¢(t)
20, 14, 6], or on space, namely F(§,t) = f(x) [2, 21,6, 7,9, 8, 10, 25]. The full separate
form F'(&,t) = ¢(t) f(€), where ¢ is given, was investigated in [15, 16]. We realize that in
the previous works on recovering the spatial source term f(z) [21, 6, 7, 8, 10, 25, 15, 16],
ones often have to require both of initial and final temperature. Moreover, error esti-
mates were either not given explicitly, or of logarithm-type only.

A natural and interesting question is to approximate the spatial source term f(x)
using either initial or final temperature (but not both). Recently, the regularization
using only the initial temperature was considered in [9, 17], and some logarithm-type
error estimates were given. In this paper, we shall construct a regularized solution using
only the final temperature, and provide Holder-type estimates. Our work is motivated
by the unique determination of the spatial source term in the backward heat equation
first established in 1935 by Tikhonov [19]. We shall follow closely the strategy of our
previous paper [17] which deals with the heat forward equation. The main difference
is that in the backward case we find a refined version of the interpolation inequality
(see Lemma 4 below) which allows us to derive the Holder-type approximation. The
one-dimensional setting of our result was already announced in [18].

The remainder of the paper is divided into three sections. In Section 2 we set some
notations and state our main results. Section 3 is devoted for the theoretical proof.
Some numerical experiments are provided in Section 4 to illuminate the effect of our
regularization.

2 Notations and main results

Let (u, f) € (CH([0,T]; L*(2))NL(0,T; H*(R)), L*(2)) be a solution to (1). Multiplying
the main equation of the system with W (¢, z, y) := e +7*7)(=1 cog(a) cos(nmy), then



taking the integral over (¢,x) € (0,7) x € and using the integral by part we obtain

[ (6(00) = @ uay,0) cosfa)cos(umy)dedy

0
T
= /e(a2+n2”2)(tDgo(t)dt./f(x,y) cos(au) cos(nmy)dxdy (2)
0 Q

for all (a,n) € R x Z. This formula motivates us to introduce the following notations.

Definition 1. For w € L'(Q), ¢ € L'(0,T) and o, 8 € R, define

Flg)(a,8) = / 9(z, ) cos(az) cos(By) dz,

Q
T

D)o, B) = / LT o 1) i,
F(g)(a. f)
D(g)(a, B)

Observe that if D(p)(a,nm) # 0 then the variational formula (2) may be rewritten
as

H(p,9)(a, 8) == Lp(zo(a,B).

e—(a2+n2ﬂ'2)T

D(p)(a, nm)

On the other hand, since {\/x(m,n)cos(mmx)cos(nmy)}ys,—o is an orthonormal basis
for L*(Q) with k(m,n) = (2 = 14— )(2 — L{nzoy), the source term f € L?(2) may be
represented in terms of F'(f) by

F(f)(a,nm) = H(p, g)(a,nm) — F(u(., ., 0))(a, nm). (3)

flz,y) = Z k(m,n)F(f)(nm,mnr)cos(mnx) cos(nmy). (4)

m,n>0

Due to (3), F(f)(a,nm) can be approximated by H(p, g)(a,nm) when (a? + n’n?)
is large enough. This is because the term e~ (@ *7*7)7 decays very fast and F(u(.,.,0))
is bounded uniformly. To ensure that |D(p)(a,nm)| is not so small we need a slight
condition that

either liminf¢(¢) >0 or limsup p(t) < 0. (5)
=T~ t—T—
Remark 1. Condition (5) holds for a broad class of functions, for instance when ¢ is
continuous at t =T and o(T') # 0. This condition should be compared to the condition
© € CY0,T] and p(0) # 0 in [23, 24] and condition (H) in [17] where the heat forward
problem was considered.

We have the uniqueness.



Theorem 1 (Uniqueness). Let g € LY(Q) and let ¢ € L*(0,T) satisfy (5). Then system
(1) has at most one solution (u, f) in (C*([0,T]; L*(2)) N L%(0,T; H*(Q)), L*()).

In spite of the uniqueness, the problem is still ill-posed, and hence a regularization
is necessary. Our strategy is to first approximate F'(f)(a,nm) by H(p, g)(«a, nm) for |«
large (which ensures that a? +n?m? is large), and then recover F'(f)(c, n) for |a| small.
This enables us to approximate the exact solution by a truncated Fourier series. To
handle the key point of recovering F(f)(«, nm) for |« small, as in [17, 18] we shall use
the Lagrange interpolation polynomial.

Definition 2. Let A = {x1, 9, ...,z } be a set of m mutually distinct real numbers and
let w be a real function. The Lagrange interpolation polynomial L|A;w] is

LIA;w](x) = Z <H Zj:i’;) w(z;).

i=1 \k#j

Now we are ready to state our main result.
Theorem 2 (Regularization). Assume that
(uo, fo) € (C*([0,T]; L'(Q)) N L*(0,T; H*(Q)), L*(%))

is the (unique) solution of system (1) corresponding to (go, vo), where vy satisfies (5).
Let € > 0 and let g. € L (), p. € L'(0,T) satisfy

lg: — 90||L1(Q) < e, llee — 900||L1(0,T) se

Let M. = 727, N, = T~ 7 2In(e™1), r. € [(2/9)In(e71),(2/9) In(c™}) + 1) N Z,
A, ={x(re+7),7=1,2,....4r.} and

r ) H(¢e, go)(mm,nr), if N.<m?+4n?< M,
=) L[AG H(pe, g2) ()| (m), if No > m? 4 n?.

The regularized solution f. is constructed from (ge, p:) by

fe(z) = Z k(m,n)F. ., cos(mmz) cos(nmy).

m,n>0,m2+n2<M,

Then (i) lim f. = fo in L3(9).
e—0

(ir) If fo € HY(Q) then lim+ f- = fo in HY(Q) and there is €9 > 0 depending only on

e—0
(2o, 19111y ol Ly, luol., -, O)l|y ) such that

1
1fo = fellzioy < Ve + — ol Ve, Ve € (0,20).
(¢it) If fo € H*(Y) then
1fo— fellaey < Ve +2V21|foll ooy Ve, Ve € (0,20).



of

Remark 2. Since o0 0 on 0F2, we do not expect that lirn+ fe = fo in H*(Q) even if
n e—0
— 0
fo € C=(Q) (unless 8—][0 =0 on 0N, but this condition is not reasonable).
n

Remark 3. To compute the Fourier coefficient F ,, ,, of the reqularized solution, we just
need to calculate H(pe, g-)(c,nm) for finite points «, and then calculate the Lagrange
interpolation polynomial of H (., g:)(.,nm) at mr. Hence, the computational process is
discrete and it can be carried out easily by computer.

Note also that the uniqueness in Theorem 1 follows from the convergence in Theorem
2 (i). The proof of the main theorem is represented in the next section.

3 Proof of Theorem 2

We first derive some useful properties of F'(w) and D(yp).

Lemma 1. Let w € L'(Q2). Then for any a, 3 € R and m =0,1,2, ...,

8m
‘aa—mF(w)(a,ﬁ)‘ < lwll gy -

Proof. 1t is straightforward to see that

' (—1)m/2/w(:c,y)xm cos(aur) cos(fy)dxdy, if m is even,
o Q
Ham L W)(a, B) = 1
(—1)(m+1)/2/w(x,y)xm sin(ax) cos(fy)dzdy, if m is odd.
\ 0

The desired result follows from the uniform boundedness |2™ cos(ax) cos(By)| < 1 and
|z™ sin(ax) cos(By)| < 1. O

Lemma 2. Let o € L'(0,T). Then for all o, 3 € R,
[ D(e) (e, B)| < Il Lro,m)-
Moreover, if ¢ satisfies (5) then

liminf (a2 + %) |D(p)(a, B)| > 0.

(a2+B2)—00

Proof. The first assertion, that |[D(y)(a, 5)| < ||¢l/;1, is obvious. Now assume that ¢
satisfies the condition (5), for example liminf ¢(¢) > 0. Then there is T, € (0,7") and
t—T~



C, > 0 such that p(t) > C, for all t € (T,,,T). Thus

T, T
DEad] 2 | [ +| [ D
0 T
T, T
> / @+ T (1) it + / (BT ¢ gy
0 Ty
1 — el0®+8)(To=T)
(02 +8)(T,=T)
> —e ’ ||90||L1(0,T) + Cl. (2 + 32
It follows that (O}i}rrﬁlzi)r;foo(oz2 + 82) |D(p)(r)| > Cy, > 0, as desired. O

We now validate the observation that F'(fy)(c, nm) is approximated by H (g., ¢.)(a, nm)
for (a? + n’n?) large.

Lemma 3. Let ug, fo, go, Yo, ge, @e be as in Theorem 2 with e € (0,1/2). Then there exist
Co, C1 > 0 depending only on (o, ||gol| 110 [Juo(. -, 0)|| 1)) such that if (o +n*r?) €
[72N., Cie7 '] then

|[F(fo) (v, nm) — H(ge, g:)(a,nm)| < Co(a” + n’n?)%.

Proof. 1t follows from Lemma 1 and Lemma 2 that

|F(g)(a, nm) = F(go)(c, nm)| < lg- = goll 1) < &
| D(pe)(a, nm) = D(eo)(a, n)| <l = woll o) < &
and el |
| D (o) (a, nm)| > 122 if o?+n*r* >R,

for some positive constants C; and R; depending on ¢g. Thus if o +n?n? € [Ry, Cie71]
then

[D(pe) (e, nm)| = [D(go)(er, n)| — [D(gz)(er, n) — D(po)(a, n)
20, 4

> .
a2—|—n27r2 O[2+7’L27T2

\%

We shall show that the desired estimate follows from the triangle inequality

| F'(fo)(a, n) —
< |F(fo)(a,nw) —

(e, g ) (v, )|

H
H(@Oa go)(Oé, n7T)| + |H(9007 gO)(a> nﬂ-) - H(gps, gs)<a7 nﬂ-)| :

In fact, choosing Cj such that

Cy > max { o 0l Mlgollzs + ligoll }

017T2N1/2 ’ 012

6



where Ny = T~ '7r21n(2) > 0. Using the variational formula (3) we find that

e~ @+ m )T Ly (. 0)) (o, i)

|F'(fo) (v, nm) — H (o, go) (v, nmr)| = D (o) (e, n)

2,22 _ 2
aNT/nz_Wg e Nem™T ||U0<., 70)||L1(Q) CO

2C
2 tn2n?

<

where we used o + n?r? > 7N, > 72Ny . It is also straightforward to see that

|H (0, 90)(a, nm) — H(pe, go)(a,nm)| = ’ ( _ )>

|F'(90)] - 1D(¢2) — Do)l + |D(0)| - | F(g:) — F(g0)]
- | D(o)(a, n7)| - [ D(e) (v, nm)|

H90HL15+”900HL15 Co, o 2 242
S 20, C1 S 7( +n ) E.
2 ninl a2 nin?
Thus the desired result follows. O]

For each n =0, 1,2, ... it has been shown that F'(fy)(a,nm) can be approximated by
H(pe, go)(a,nm) for |af large. The key point now is that we can recover F(fy)(a, nm) for
|a| small from its values for |a| large. The following result is a refined version of Lemma
4 in [17] for real-valued function with bounded derivatives. It was already announced in
[18] and for readers’ convenience we repeat it again with a proof.

Lemma 4 (Interpolation inequality). Let r > 0 be an integer and A, = {£(r +j),j =
1,2,...,4r}. Let w, w be real-valued even function, w € C® (R). Then

sup |w(z) — L[A;w](z)| < sup ’w(ST)(x)} e "2 f et sup |w(z) — @(x)|.
z€[—r,7] x€[—57,57] TEA-

Proof. Denote m = 4r and x; = r + j for 1 < j < m. For any fixed « € [—r,r] we have
the triangle inequality

w(z) = LAy w](2)] < Jw(z) = LA w(@)] + [L[Ay; (w — w)](@)](2)] (6)

We first bound |w(z) — L(A,;w)(x)|. According to the remainder formula of the
Lagrange interpolation polynomial (see, e.g., [1] p. 9), there exists £& € [—5r, br] such
that

w®™(€)
w(z) — LA w](z) = RO [ -
b
Using 0 < 27 — 2* < 27 (due to |z| <7 < |z;]) we deduce that

w(z) = LA wl(@)| < sup  [wl)(y)[ Wi(r) (7)

y€[—5r,57]



where

= [(r+1)(r +2)...(5r 2
o H Lo

It is straightforward to see that \111( ) =4/15 < e /% and

Ui(r+1)  25((57 + 1)(57 + 2)(5r + 3)(5r + 4)]? . 510 Py
U (8 + 1)(8r + 2)...(8r + 8) g =

for any r > 1, since

53(8r 4 1) (87 +2)...(8r + 8) — 8%[(5r + 1)(5r + 2)(5r + 3)(5r + 4)]?
= 32768000000007" + 113459200000007° + 161177600000007° + 120842675200007*
+51101350400007 + 119988092800072 4+ 1411234080007 + 6086323584 > 0.

Thus ¥, (r) < e™/2 for all 7 > 1, and hence (7) reduces to

w(z) = L[A;;w](2)] < sup  [w™(y)|e™/2, (8)

y€[—5r,57]

We now bound the second term |L(A,; w—w)(z)| in the right-hand side of (6). Since
w and w are even, we may write

LA~ @)(@) = Y (H j) (w(ay) — (). 9)
ktj IR

J=1

For any fixed 1 < j < m, using again the estimate 0 < 22 — 2? < 7 we have

r? — 22 N 2
g Ty — 1_[|ﬂ€ —l’k| (H |Ig—ffk|) <,€Hll’j+$k>%
[(r +1)(r +2)...(57) ] 2
G—Ddr =) 2r+7j+1)2r+j+2)..(6r+j) r+j
[(r+1)(r+2)...57))? 4

(2r — DI2r)1(2r +2)(2r +3)...(6r +1) 2r+1
A[(r +1)(r + 2)...(5r)]?
(2r — 1)I(6r + 1)!

A direct computation shows that ¥y(1) = 80/7 < e?/4 and

Wy(r4+1)  25[(5r 4 1)(5r 4 2)(5r 4 3)(5r +4)]*  2.5'° A
Uy(r)  2r(2r + 1)(6r +2)(6r +3).(6r +7) - 25.60 =€

=: Wy(r).

for any r > 1, since

58.2r(2r + 1)(6r + 2)...(6r +7) — 22.6%.[(57 + 1)...(5r + 4)]°
= 7290000000077 + 2656800000007 4+ 3940650000007° + 3029460300007
+1259670600007° + 2600404200072 4+ 1698012000r — 107495424 > 0.



Thus Wy(r) < e*/4 for all r > 1. Tt then follows from (9) that

|L[Arw — @](2)] < mPs(r) sup [w(y) — @(y)| < re’ sup Jw(y) —@(y).  (10)
yeA, yEAr
Substituting (8) and (10) into (6) we get the desired result. O

The last preparation for the proof of Theorem 2 is the following lemma.

Lemma 5. For each w € L*(Q) and M > 0 define

Cy(w)(z,y) = Z k(m,n)F(w)(mm,nr) cos(mmz) cos(nmry)

m,n>0,m2+n2<M

Then (i) Ml_igrloo 1T p(w) — wHLz(Q) =0.

(ii) If w € HY(Q) then thiloo ITar(w) — wlgrq) = 0 and

1
v M

[T a(w) = w2y < [wll71q) -

(i) If w € H*(Q) then

2
[T (w) — wHHl(Q) < (V—M HwHH2(Q) :

Note that {cos(mmz)cos(nmy)}or,—o is an orthogonal basis for both of L*(€2) and
HY(Q).

Proof. (i) The convergence follows from the Parseval identity

lwlFa) = D wlm.n) [F(w)(mm,nm)]* < oo

m,n>0

and

ITar(w) = wll72q) = > k(m,n) |F(w)(mm, nm)|”. (11)

m,n>0,m2+n2>M

(ii) Now assume that w € H'(Q). In this case we have

[wlfp@ = Y (L+a*(m*+n?) k(m,n) |F(w)(mm,nr)|* < oo

m,n>0
and
T2 (w) = w0y = > (14 72(m? +n?)) k(m,n) |F(w)(mm,nx)]?. (12)
m,n>0,m2+n2>M
Thus

Mll)filoo 100 (w) — wHHl(Q) =0

9



and (11) reduces to

T (w) = wlf2q) = ST w(myn) [F(w)(mm, o)’
m,n>0,m24+n2>M
1
Y (L 4 e)e(m, ) |F w)(mm, i)l

m,n>0,m2+n2>M
1 2
< m”wHHl(Q)‘
(iii) Now assume that w € H?*(Q). If M < 64 then the desired inequality is trivial

since [|Ua(w) — Wl gagy < 1wl iy < Jwllg2(qy - Therefore it suffices to assume that
M > 64. Using the integral by part we get

m(m? + n?)F(w)(mm,nm) = —/Aw(:r;,y) cos(mmx) cos(nmy)drdy

1

+/«4Ww@w—w@wwwmm@

+ / ((=1)"wy(z,1) — wy(z,0)) cos(mnz)dx.
0
It then follows from the inequality (a + b+ ¢)? < 3(a® + b* + ¢?) for a, b, c € R that
wt > (m? + n?)k(m,n) |F(w)(mmr,nr)|*

m,n>0,m2+n2>M
1 2

3k(m,n "
m*+n
m,n>0,m2+n2>M 0

2

m2 + n?
m,n>0,m2+n2>M

- Z M /((_1)nwy($, 1) — wy(x,0)) cos(mmz)dx

3k(m,n
+ Z —m2( n n2) / Aw(z,y) cos(mrx) cos(nmy)dzdy| . (13)
m,n>0,m2+n2>M Q

We shall bound three terms of the right-hand side of (13). We first have

2

Z M /Aw(x,y) cos(mmx) cos(nmy)dxdy

m2 4+ n?
m,n>0,m2+n2>M )
2

< 2 wmn)| [ Aule,y) cos(mma) cos(nry)dd

— k(m,n w(x,y) cos(mmz) cos(n x
i ) Y ™ Y Yy

m,n>0,m2+n2>M Q

3 2

S [Awl|72q) -

10



To bound the second term, we use the Parseval identity in L?*(0,1) to get

1 2

S V() / (=)™ (1) — w,(0,)) cos(nmy)dy

= 1(=1)"wa(L, ) = wa(0, ) 720

1] 1 1
:/ /((_1)m 1) we(x,y dx—i—/ )" 41— ) wee(x,y)dz| dy
0 |0 0

1 1 1 2

< / 2 / jwa(z, )| + / e (2, )| dz| dy

0 0 0
2 2
<5 (JlwalFaqe + lwalFaey)

where the last inequality is due to (2a + b)* < 5(a* 4 b?) for a,b € R. Employing the
fact that

k(m,n) < 2v/K(n,n), Z mQ < Z ) = \/1M7

m>vM+1 m>\ﬁ+1
we have
2
3k(m,n)
> = / "w, (1, y) — w,(0,y)) cos(nmy)dy
m?2 4 n?
m,n>0,m2+n2>M 0
1 2
=D S B SRV ey / (1) - 0,(0.) cos(nmy)dy
VMA+1>m>0 ”>0
2
D S B SNy / Y we(1,y) — we(0,9)) cos(nmy)dy
m>vVM+1 n>0
< 30(vVM +2) 30

2 2 2 2
< = (leelen + lewelliag) + o (lenlogm, + el o)
_ 60(VM +1) <
B M

2 2
e sy + e 320y -

The third term can be bound by the same way. Thus (13) reduces to

m >, (m® +n*)k(m,n) |F(w)(mm, n)|*

m,n>0,m2+n2>M

3 2 60( M + 1) 2 2 2 2
< 2wl + D (a2, o ol + D gy + o)
68 9

IN

11



where we used M > 64 in the last inequality. Therefore, it follows from (12) that

Cartw) —wllp < Q47 S (o) () | F(w) (o, )
m,n>0,m2+n2>M

68(1"‘7(2) 2 8 2

BT iy < = ol

This completes the proof. O

<

We are ready to prove the main theorem.

Proof of Theorem 2. We shall use the notation I'y;_(fy) as in Lemma 5. In the following
g9 > 0 and Cj > 0 are constants depending on (o, ||9|21(0), || follz. @), [[uo(-, - 0)] ]2, @)
but independent of ¢.

Step 1. Bound on |F(fy)(mm,nw) — F. .| for m? +n? < M..

We first note that M. < Cie tif 0 < e < 01_7/5, where C7 = C1(¢o) > 0 is given in

Lemma 3. Thus for N. < m? 4+ n? < M, it follows from Lemma 3 that
|F(fo)(mm,nm) — H(p., g.)(mm,nm)| < Co(m?m? 4+ n’r?)2%e < Con2e®7. (14)

Now we consider the case m? +n? < N.. For each n, applying Lemma 4 to r = r,,
w(a) = F(fo)(a,nm) and w(a) = H(pe, g-)(c, nm) we find that

|E'(fo)(mm,n7) = Fenn| = F(fo)(mm, nm) — LIA; H(e, g:) (- )] (m))|
[ foll €772 + ree®™ max |F(fo)(ar,n) = H(ge, o) (e, n)|

IN

< N follgr €72 4 ree™™ . Co((5re) + Ne)%e

Here we used sup,cp [w®<) ()| < |/ foll;: by Lemma 2 in the first inequality, and used
Lemma 3 again in the last inequality. Since e "</2 = ¢%ee = £!/? we conclude that

|F(fo)(mm,nm) — Frpnl < Co(1+ r€)551/9 if m?2 +n% < N. (15)

Step 2. Bound on |[I'a.(fo) = fell g (q)
Proceeding as in the proof of Lemma 5 (ii), we get

T (fo) = fellip o
= o (A 4 nd)) wlm,n) [F(fo) (mm,nm) = Fepl”

m,n>0,m24+n2< M2

41+ /NP1 + 72N sup  |F(fo)(mm,nm) — Fepul

m24n2<N;

41+ VM2 (1+72M)°  suwp [F(fo)(mm,nr) = Fepl?

NsSm2+n2SMe

IN

where we employed the fact that
#{(m,n) € Z’lm* +n* <R} < (1 + VR).

12



Substituting (14) and (15) into the above estimate and using that N.,r. are of order
In(e™!), we conclude that

IT s, (fo) = fell rey < €%, Ve € (0,20) (16)

for some constant ey > 0 depending only on (o, ||g|[21(0), || foll. @), w0 (-, -, 0)||L. )

Step 3. Estimate errors between fy and f..
(i) We first consider the case fy € L*(€2). Using the triangle inequality and (16) we find
that

1fo — fz—:HL2(Q) < T (fo) = fEHL2(Q) + [ITar. (fo) — fOHLZ(Q)
< 040w (fo) = foll ey - (17)

N

Thus lim [fo = fell 12(q) = O due to Lemma 5 (i).
e—0
(ii) We next consider the case fo € H'(2). Similarly to (17) we have

1fo = Fell ey < €%+ ITar. (fo) = foll (e (18)

and then lim [fo = fell g1y = O due to the first assertion of Lemma 5 (ii). Moreover,
e—0

employing Lemma 5 (ii) and (17) we get

1
||f0 - fEHLQ(Q) S 51/10 + ; ||f0||H1(Q) 51/7, Ve € (0,60).

(iii) Finally if fo € H?(Q) then it follows from Lemma 5 (iii) and (18) that
o= Loy < 10+ 292 ol %, Ve € (0,0,

The proof is completed. [

4 Numerical experiments

In this section we shall examine some numerical examples to see how our method works.
For simplicity we fix T" = 1.

Example 1. Let us consider the exact data
polt) = T2 go(,y) = (1 + cos(xz)) cos(my).
Then system (1) has the exact solution

uo(w,y,t) = € (1+ cos(mr)) cos(my),
fo(z,y) = 2cos(my) + 3cos(mx) cos(my).

13



For each n = 1,2, ..., corresponding to the disturbed data

Palt) = folt), gale,y) = gole,y) + - (sin(n))* cos(nmy).

system (1) has the disturbed solution
un@,y,t) = upl,y,t) + e D (sin(ma))? cos(nmy),
n
Jle.yt) = folw,y,0) + = ((n* +5)(sin(wa))’ - 2) cos(nry).

It is straightforward to see that

1 us
190 — Goll 1) = - 0, [[fu = foll 2y = ﬁ\/27+ 14n2 4 3n* — oo

as n — o0o. Thus for large n then a small error of data may cause a large error of
solutions. Therefore, the problem is ill-posed and a regularization is necessary.

Using the regularization scheme in Theorem 2 with respects to ¢ = n=! = 1072, we
obtain the regularized solution

2 3

s cos(my) + Tpp—— cos(my) cos(my).

Joz,y) = 5 .

with the errors
1f= = foll 20y = 3783 x 107, || 2 = follpraqy = 1.247 x 1075,

The approximation in this case is very good because our regularization is particularly
suitable for the case that f; is already a truncated Fourier series.

Example 2. In the second example we examine a more complicated situation. Let
us consider the exact data

QOO(t) = e15_17 go(fl,’,y) - (1 + COS(’TFI))(2y3 - 3y2)
which give the following exact solution to system (1),

up(w,y,t) = €711+ cos(mx))(2y” — 3y°),
folz,y) = (1+cos(mz))(2y® — 3y* — 12y + 6) + 7° cos(mz)(2y® — 3y?).

On the other hand, for each n = 1,2, ..., the disturbed data
en(t) = o),
gn(z,y) = golz,y) + g(sin(mmc))2 cos(2my).
produce the disturbed solution
un(z,y,t) = wuo(z,y,t)+ %et*l(sin(nmc))2 cos(2my),
42 4+ 1

(sm<nm))2) .

Falzy) = folz,y) + mcos(2my). (27T2n cos(2nmx) —

14



In this case we also encounter the instability since

lgn = goll i) = o 0,

A8m4 + 2472 + 3
%
2

= %\/167?4712 + 3274 + 872 + 00

as n — 0o.
Using the regularization scheme in Theorem 2 with ¢ = n™
regularized solutions f., corresponding to & = g5 := 107*,

Fo= 1ol

L2(Q)

! we get the following

fola,y) = —0.6429040080 — 5.434905616 cos(rz) + 5.356285882 cos(my),

fo(z,y) = —0.5150600756 — 5.434905616 cos(mz) + 5.356285882 cos(ry)
+10.21960079 cos(mz) cos(my),

fe(x,y) = —0.5024461774 — 5.434905616 cos(mzx) + 5.356285882 cos(my)

+10.21960078 cos(mx) cos(my) + 0.006358334970 cos(27y)
+0.5464631910 cos(37my) + 0.6065053740 cos(mx) cos(3my).

The (relative) errors between the regularized solutions and the exact solution in the
second example are given in Table 1. Figure 1, Figure 2 and Figure 3 represent, respec-
tively, the disturbed solution, the regularized solution (corresponding to € = 1072) and
the exact solution for a visual comparison.

1/ = foll 2 /e = follm

1
n ||fo||L2 ||f0||H1
1071 0.09217686999 | 0.02681665374

1072 | 0.009558836387 | 0.007396833224
10~* | 0.003701017794 | 0.005197014371
1075 | 0.001347817742 | 0.003666997806
107% | 0.000587555769 | 0.002739639346

Table 1. Errors between the regularized solutions and the exact solution.

Acknowledgments. The work was done when M.N. Minh and P.T. Nam were
students in Vietnam National University at HoChiMinh City.
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Fig.1: disturbed solution
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Figure 1. The disturbed solution with ¢ = 1072

Fig.2: regularized solution

Figure 2. The regularized solution with ¢ = 107~.
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Fig.3: exact solution

Figure 3. The exact solution.
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