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1st lecture

Introduction
Fourier transform:
F(k) ::/ e 2™k £ (4 da
]Rd
for f € L*(RY), p := 27k momentum.
Heat equation:
Oiu = Au _ A _
{ w(0, ) = ug(x) = u(t,z) =e up(z) <= u(t,z) = - G(t,z,y)uo(y) dy,
1 Jz—y|?
G(t,xz,y) := e~ 4t
28) =

with the heat kernel:

Smoothing effect: ug € L2(R?) = u(t,-) € C=(RY), V¢ > 0.
1 _e—y|?
/ e T ug(y)dy
Rd

Schrédinger equation: “heat equation with imaginary time”
itA
ug(z) = ;
(4rit) %

{ P0pu = —Au — u(t,z)=e

(0, ) = ug(x) T

u(z,t) is well-defined. Since ||u(t,)||r2 = ||uol/z2, the solution is well-defined
(dispersive estimate)

ug € L*(RY) =
Vug € L2(R?). u(t,-) is in general not smoother than ug but
Ju(t, Yz < e ]
u )L S — ||Wol| Lt -
’ |4mt| 2
Many other linear equations: e.g. wave equation, transport equation, transport-diffusion equation:

{8tf+v~Vf—aAf:g
f(oaf):fo

(v, @, g, fo given), a = 0 transport.
Ou = F(u)

We will focus on some nonlinear equations
{ uw(0,2) = ug

with O linear. Important case:
Ootu+u-Vu—alAu=-VP+f

Incompressible Navier-Stokes equation:
div(u) =32; 9z, u; =0
’LL(O,;U) = U,O(Z‘)

i=1)

(system: u = (u;)
1. weak solution: u € H2~! (Sobolev spaces)

Leray: local existence
Stability condition: If u is a solution, then
t
lut, )1z + 204/ IVau(s, )7z ds < JluollZ=, Vt.
0
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2. 2 dimensions:

e 1 global solution

e Leray solution is unique
~> global well-posed
3. 3 dimensions:

e local existence (d = 2,3) of a weak solution

o If [Jug|l ;1 is small enough (small data) ~ global existence
4. Open:

e global well-posedness for large data?

e regularity of solution (C*° data = C° solution?)

Clay’s problem

(A) (global existence of smooth solutions): If ug, p are C*°, f = 0, then 3 global solution v € C* such
that

|u(t, )32 <C, Vt>0

(B) (3 blow up solution) Jug, f € C, but # global solution u € C™ satisfies the growing condition.

Two recent paper on the non-uniqueness

(2018) Buckmester-Vical: non-uniqueness of weak solution
Counter example: f =0, ug,p € C°°, no Leray condition

(2022) Albritton, Brué Colombo: non-uniqueness with Leray condition, but f # 0

One blow-up result of T. Tao: Euler equation (a = 0)

Back to the Fourier transform:

Non-commutative property: p and z do not commute!

“uncertainty principle”: Heisenberg:

9
" ApAT > BT = </ |27rk:\2|11(k)|2dk> (/ |x|2|u(x)\2dx) > ol
R3 R3

follows [p, ] = [-iV,, 2] = 1%
Stability of atom:

2
& (u) :/ [Vul® —/ [u(z)] dz (“energy functional”)
R3 R3

|z
Claim: &(u) > —C, Yu “nice” and |Jul|p2rs) = 1
Classical mechanics:

1
inf <p2 — —) = —0.
(p2)€R? xR ||
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A proof:
fu(a)]? [ ——u(a) [ [ [ @
dz = ulzr)—=dx = k)ydk=C dk dl
/. B s " T o ” oo Jes |1H\2
1
i1 8)
1

“TRZ

o (L + k) (L + |1])?

2— a(1)|2 )dk;dl
/Ra / T+ O T e e

1
=C k2 L / —di
/ P +L) | T —ie

<e, VEKERS3, if L large enough

Global theory (R%) good for linear equations, but local theory (2 C R9) is more helpful for nonlinear
theory

= localization:
e z-space localization (1)
e p-space localization (2)
1. Caldron-Zugmund decomposition:
Lemma 0.1. If p: R? — [0,00), a > 0 large enough, f € L', 3{Q} disjoint cubes in R? such that
o fof= ﬁfQ € [, 2%], VQ
o f(z) <aae zeUQ)
2. Littlewood-Paley decomposition:
Lemma 0.2 (Bernstein). If supp f C {27! < |[k| < 2"}, n € Z, then
C U fllze <27Vl < ClIfllze, Vp € [1,00]

Theorem 0.3 (Littlewood-Paley). f =" f., “supp f,Con1l< |k| < 2™”. Then

C I fller @y < < Cllfllerray, Vp € [1,00]

Lpr

“low vs. high frequency”
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1 Basic Analysis

1.1 Fourier transform

fi) = [ e @) da

Theorem 1.1. (1) If f € L'(RY), then f € C(RY) and || f| 1~ < £l 21 ey -
(2) If f € L' N L?, then
Ifllzz = 11 fllz2 (Plancherel equality)
Consequently, F: L*(RY) — L?(R?) is well-defined and it is a unitary transformation.

f*umwzﬂw=/

Rd

™R £k dke (: lim /R de2”ik'””fn(k)dk>

n—oo

~+ standard L2-theory of Fourier transform

EXTENSION OF THE FOURIER TRANSFORM TO DISTRIBUTIONS

Duality argument: X space, X’ dual space (space of linear, continuous functionals). If we have a
continuous linear operator A: X — X, then we can define the map A*: X’ — X' such that

(A*u,v) = (u, Av) , Yue X', Yo e X .

Here, Vu € X': v — (u, Av) is a linear and continuous map from X to C, because v,, » v in X =
Avy, 5 Avin X = (u, Av,) — (u, Av)

= Jan element u € X’ such that v — (u, Av) can be identified to z, namely (z,v) := (u, Av), Yv € X.
We set A*u = z to define the mapping A*.

Here, A* is continuous because if u,, — u in X', then

n— oo

(A%Up, v) = (Up, Av) — (u, Av) ,Yv € X = A*u, — Au
Principle: X C Y as topological spaces =— X' DY’
“critical case”: (L2(R%)) = L*(R%). But if we have X C L?(R%), then X’ D L%(RY).
Schwartz space:

FSRY = {f: R = C|feC®and sup(1+|z*)]d* f(z)| < 00,Vk € N, Ya € NI}
z€R4

Associated with the family of seminorms {|| - ||x,.# }3>, where

£l = sup (1+ |z[*)[ 8 f(x)].
zER?
laf<k
It is known that .7 (R9) is a Fréchet space with this family of seminorms. We can think of .7 as a metric
space via:

— 1 [f =gl
d = Py T TR
(.9) kZ:O TS = glesr

Thus f, = f < |fn—f

k> — 0, Vk € No.
Exercise: Take f,g € .%(R%) such that [ g = 1. Define
4 T
go(@) = g(Y), e >0,

Prove that g, * f =% f in ..
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Theorem 1.2. The Fourier transform satisfies F: .Y — . and
Vse SYk>0,3N>0: ||flrs <Clflln.» (C independent of f)

Moreover, F s bijective.

Proof. Take f € ., k € Ny and « € N¢ with |a| < k. Then

11+ 161908 F©lle = || (1 + Ig/*)(—2mia) s @)©)|, _
k even -
S ol (=2ria) (@)@ <o < Cullflv
B

Lo

ifN>k+d+1.
Calculation rules used:

-

06, 1(6) = | 06, (727 (@) = (~2ria) F(a)(©

(-2mig)f(€) = | (2mig)e " fa)da = — [0, f(o)da

8zj(e—2ﬂ'i§-z)

Paf@)= Y 20 fx)

al’ﬁ/
lo|<|a| <k
18'1<18I<k
e} 1 a/ ’
= || 07 2 f(2)l| 11 (rey = W(l + ) Z 2 0] f(x)
a’,pB’ 1
1 I ’
< || Ja+ e Sav ol s < Cualfis
(|.’:C| + 1) Lt o B’

LOO
Consequently, F: . — . is continuous. In fact, if f,, = fin ¥ = ||fn — flln.o — 0, VN

n—oo

= [[F(fa = ks < Clfa = fllne,» ——, forany k>0

g€ = f=ge (by following the previous proof: i — —i = g = finl? = g=fin
7). O
Theorem 1.3. F: .%'(R?) — #'(R?) is well-defined as a linear and continuous map.

Remark 1.4. The space .7/ (R?) is called tempered distributions.

Thus, Vf € &', f is well-defined.

Examples of .#/(R9): If f € L'(RY), then f € ./ (R%), via the identification of f with

SRY) — C
o = Tie) =[fe

More generally, if f € L and |f(x)| grows at most polynomially at oo, i.e.

loc

yIBTf:

AN+ |f(2) < Cn(1+ 2V, V2| > Ry

then f € .7/ (R%).
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Be careful: el*l ¢ .7(R?).
Another example: Dirac delta function dy € ./ (R?) defined as
do(p) = 0(0) Yy € S (RY).

And we have §o(€) = 1.
Last example: f(z) = 25, 0< A <d = f .7 (R?)

||

ISAA: I?ﬁfﬂ, C,\Zﬂ_%F<%)7 F(z)z/ t*"e™tdt, T(n) = (n—1)!
0

Recall an abstract result:

Lemma 1.5. X topological vector space, A: X — X linear and continuous, then IA*: X' — X' linear
continuous by

<x,Ay>X,’X = <A*xay>xgx .

Proof. We already proved JA*z, Vo € X’ and A* is linear. Also obvious that if x, — = in X', then
A*x, — A*z in X'
* n— o0 *
(A*xp,y) = (x), Ay) —— (z, Ay) = (A"y), Vye X

But we need a more precise argument for the continuity of A* on X’.

Discussion of the weak-*-topology:

Given X topological vectorspace (TVS), X’ its dual
Definition 1.6. The weak-*-topology on X' is the weakest topology on X’ such that

X's f f(x)

is a continuous map X’ — C, Vz € X.

What are the open sets in X'?

e Vre X, Ve >0,
Ope ={f € X'||f(2)] <€}

is an open set in X', because W,: X’ 3 f — f(x) is continuous and so
WJI(BE) = {f e X’ | Wa:(f) € BE} = Oz,s

e Any open set O C X’ with 0 € O, can be written as O = Uicr Oz, e

We need to prove (A*)"1(0) is open for O open in X'. It suffices to prove that (4*)~1(O,..) is open,
Vr € X, Ve > 0. We have:

(A) M Ope) ={f €X'|Af€Op} = {f €X' |[{A fa)y x| <c} = {f € X'||(f, Az} x| <}

= OA:E,E
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1.2 Distributions

DEFINITION OF DISTRIBUTIONS 2'(R%)

Test functions: 2(R?) = C°(R%), where ¢, ——— ¢ in 2(R?) iff
e JK C R compact such that supp ¢,, C K, Vn € N

o | 0%p, — 0% ¢l —0, Va € N§
We define 2’(R9) as the dual space of Z(R%), i.e.
7' (R%) = {f: 2(R*) — C linear and continuous}

Actually
Te2'RY <= Vo, =20 in 2RY) : T(p,) — T(p)

(see Analysis, Lieb-Loss, Chapter 6)
Example 1.7. For f € L} _, we define Ty € 2'(R?) by

loc?»
Ti(e)= | f@)ela)de, Voe 2(RY).
If o, =2 ¢ in 2(RY), then 3K compact such that suppy, C K, ¥n € N and ¢, — ¢ in L, and so:

1) = T =| [ 1@ ate) ~ ot as] < [ 1 @llonle) - ola)lda

< f el on =@l =20

Note that f(z) = el ¢ .7/(R?%), but f € 2'(R?).

Lemma 1.8 (Fundamental Lemma of calculus of variations). T: f — T} from Li (R?) — 2’ (R?)
1s injective. Put differently, if f € Llloc(Rd) and

f@)p(x)de=0 Vo 2(RY) = f=0.
Rd

Proof. First, take f € L'(R%). Choose ¢_ ,(z) =e 4 g(¥Z%), g € C, [3a9 =1, then

€

_ o —d y—e e—0 . 1 .
0= | @, @de = (g (F7)) ) D i Lt = f=0
Second, take f € Li (R?). Then for y € C°(R%):

0:/ (e, Yoelr
Rd

By the first step: fx =0, Vx € C°,s0 f =0 a.e.. O

1.3 Sobolev spaces

HOMOGENEOUS SOBOLEV SPACES

Definition 1.9 (Homogeneous Sobolev spaces). For s € R, denote
(R = {f € ' (RY) | f € L (RY and 1 = [ 2k 0 ab < oo}
]Rd

By this way, H* is a normed space and the norm comes from the inner product

(f:9) g = o 2wk |? £ (k) g (k) dk
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Theorem 1.10. H*(R%) is a Hilbert space iff s < 4 (s can be negative).

Proof. Step 1: Assume s < g. Take a Cauchy sequence {f,}nen in H*(R%). From the definition of the
norm:

= Fully. = [ PR\ 0) = Fuh) dk 222 0
Hence, {fn} is a Cauchy sequence in L?(R%,|k|?*dk). Since L? is complete, . > fo 22 g €
L2(RY, K2 dk).
We want to prove that g = f for some f € H*(R?) = f, — f in H°(R?%). We want to first show that
g € 7". We decompose g € L*>(R%, |k|* dk) C Li:

loc®

g=1p,g+1gcy

[ estiiar= [ awiar< ([ Kl ar) (/. i)’

<oo <00, since d>2s

We have

Moreover,
Ipeg(k) € 1pe L2(RY, [k|* dk) C L*(R?, (1 + [k[**) dk)

— / [Lpeg(k)P(1+ [k[**) dk < 0o = lpeg € L*(RY) C & (RY)
Rd

= geLl'+L* = f=gel®+L*c H'RY
Step 2: Assume s > %. We assume for contradiction that H* (R%) is a Hilbert space. Note that the space
W= {f e H°|||fllw < oo} C H*(RY),

1w = 1Fll s o) + 11 ey

is a Banach space with:

£l e < |Ifllw = id: W — H*® is continuous and surjective
open

mapping
= lfllw < ClIfll g

= |Iflle(my) < Clflljgoays VF € H*(RY)
1
2

— [ ifwiar< ([ weimRa) e e

B1

Think of the case 2s = d. We want to have fBl | f (k)| dk large.
1

good candidate: f(k) = ﬁ, but k2| f (k)2 = mp also singular. A safer choice is:

. > 1
_ —(n+1 —-n
n=1

for e > 0. Then:

; _ 1 1 [{270HD < k] <277}
/Bl |f (k)| dk _%:/2_ dk >y T oy

dy1
) <|f<2-—n k[Pt ;

1 1 e—0
Z 52 nlte Rl
n
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O

but
R 1
k%% f(k)|? dk = / k[ —————1(2= D < k| < 27 dk
LIPS OR A =3 [ b2 < <27
1 2
independent of €
DuaALiTY

Heuristially H—*(R%) = (H(Rd))/
Theorem 1.11. If [s| < &, then H(RY)—* (HS(Rd))I.

Proof. Step 1: H(R%)~* c (HS(Rd)>/
Take f € H=5(R%). Construct Ly: H* — C by Ly(g = Jpa f9-

Ll =| [ 7o
C

lS.
< i,

Plancherel

&R 2 = N1 fll -

Step 2: (H*(RY))' ¢ H~*(RY)

Take L € (HS(Rd))/. We want to find f € H—*(R%) such that L(g

P L(|m) is an element of (L? (Rd))/:

pel? = pel?

[ Fwam dk\ =| [ i rac
eL? €L

———

2

= [pa f9, Vg € H*(RY). Note that

— [ e ak = [ R k=[]

— k[ pe H

|78

L(RT2)] < 1L ey

By Riesz’ representation theorem on L?(R%), 3la € L?(R?) such that

o= [ ap= /w /W Ik o(k) dk =

:/Rx

where
fk) = |k[ak) = fe H™

L2
eLl

loc

Remark 1.12. (1) In general, we can’t compare H” and H* if r < s. Later, for “inhomogeneous Sobolev

spaces” we have H"(RY) C H*(R?) for s < r.

10

Ble = 127 Il ey

(well-defined)

(bounded)

/ TRlatk) - [F°30k) dk

O

4th lecture
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(2) The power s in H*(R?) should be thought of as the order of derivatives:

> s-time derivative
L2+ s=0

DERIVATIVES OF DISTRIBUTIONS

[ € LL (RY), then Ty € Z'(RY) with Ty () = [pu f 0, Vo € D(RY) = C°(RY). If f € C*, then
® Oy [ To, yo=[(0s f)p= —ffazlso
¢ 9" f & Toe () = [(0* [lo= (D) [ fo%e

Definition 1.13. If T € 2'(RY) is a distribution, then its derivative 9 T € 2'(R?) is defined by

0°T(p) == (—1)IT(0%¢), VpeC.

n—0o0

(It is easy to see that A% is a distribution: ¢, ——— ¢ in 2(R?), then 9% ¢, ——= §* in 2(R?), so
0°T € 2'(R?) again).

Restriction to tempered distributions: Take f € .%(R%). Then it can be identified (“”) with T}:

oo = [ To= [ FRewa, voes®).

Similarly:

0% f > Tae 4( /aaﬁp /aa dk—/Rd(—Qwik)af(k)@(k)dk

Thus we can identify the derivative 9% with the multiplication (—27ik)® in the Fourier variable. Moreover,
the formula

Tor s(9) = | ORI (k) dk = (1)) (. (2mik)° (k)
is well-defined even if f € .7/ (R%).
Theorem 1.14. Let s€ N={1,2,...}.
(1) H*(RY) = {f € ' | 0° f € L*(RY), V|a| = s}
(2) HRY) = {f € 7| f =¥ |aj=s 0° ga g € L*(RY)}

Proof. (1) Take f € H*(R?). Then f € .#/, f € Ll and [|k|*|f(k)]>dk < co. Then E?’\f(k) =
(—2nik)* f(k) in ., but

1(—2mik) f (k)12 < 0o = (—2ik)*f(k) € L2 = 0° f = (—2nik)* f(k) € L?

Reversely, if f € . with 0 f € L?, V|a| = s, we get immediately

[ EFRE R < 32 107 flle < o0

la|=s

11
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(2) Take f € H~*. Then [[k|=2*|f(k)|*dk < co. Note that [k|** = 37, _, cak®*. Think of f =
Zlalzs 0% go, for some g, € L? to be chosen, then

» S e : e ke __
f(lc):%:(—%lk) Ja(k) = |k|€LJ:(k):(—2m) I%: ‘k|sga(k)

Thus, we have to choose gq (k) := cq “5;5 = f(k ))S, then

/|§;|2 §/|ca|2|k\_25|f(k)|2dk<oo = gacl? = g, eI’

We can check:

,/a\ Lo Ak - R k?a R
> 000 = Y oty gt (200 = ) Y et = 6,

la|=s la|=s |al=s

The remaining inclusion is an exercise.

FRACTIONAL SOBOLEV SPACES

H*(R?), s ¢ Z.
Theorem 1.15. Take s € (0,1), then

fly )|2 }
Cas 7d dy < .
”fHH s(Re) — //Rdx]Rd | — yld+2s s

i@ = {7 e 1

Proof. Take f € H*(R%). Then

f=1pf+1pef,.
M~ ——

€LF,, 3%

fy)”? e // fly+z)— f(y)?
dedy = dzd
//Rded |50* Clr -yl R xRY |z|d+2s i

Plancherel in y

i /RWLH/R 272 (k) — F(k)|akdz

1 |627rik<z o 1‘ - ,
/Rd BEETES dZ/Rd\kl |f (k)| dk

=: Cqg,s

We have:

=1l grs ey <oo

Cy s is independent of k, which can be shown, using scaling, see exercise. The other inclusion goes exactly
the same way. O

A The new norm ([, pa % is a NON-local object: This is also what happens for the relativistic

kinetic energy vm? — A or v/—A.

SOBOLEV _EMBEDDING

Theorem 1.16. Let 0 < s < g. Then

2d

H® ¢ LP(RY) forp = FRy

with continuous embedding: )
1fllr < Call fll ey VF € HP(RY)

12

5th lecture
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Remark 1.17. Jlp for the theorem to hold! This can be seen from a “scaling argument” (dimension
analysis). For any f € .7(R%) ¢ H*(R?), denote fy(z) = £% f(¢z). Then

s = [ elsen)Pao = [ 1700y = 171

So:
Il = ([ st ae)” = (8- pP an)” = 4211

fok) = [ €% f(bz)e ™R o de = 0570 | f(y)e 2T dy = 075 f(k/0)
R4 Rd

= [l

Hs(R4)

e = ([ ke icyorar) = ( /. amctlfOP ) = e

Key observation: If A,B > 0 and A¢® < B8, V¢ > 0, for some o, € R, then a = B3 (necessary
condition), since
{ If o < B, take £ — 0 such that (@ > (8 4
If o > f3, take £ — oo such that £* > (8 4

Consequently, to have || fe[| s ga) < C|fell r(ray> Y€ > 0, then a necessary condition is

d d_ o d 2
2 p p_%—s_d—Qs'

(e.g. if s = 1, H(R?) c LS(R®), H'(R*) c L*(R*): “Sobolev inequality becomes weaker in higher
dimenions”.

Proof. (of the Sobolev inequality, Chemin-Xu’s proof of 1977):

K= 15 = [ 12k ak

= /Rd (/O Lyjonk2e>E) dE) |f (k)| dk (Layer-cake representation)

:/0 </]Rd 1{‘2ﬂk|23>E}|fA(lﬂ)|2 dk‘) dE (Fubini)

= / ( |fE+ ()2 dx) dE, with f/E\+(k) = 1 j2nkj2e> ) F (K) (Plancherel)
0 R4

_ /R d ( /O T (x)|2dE> dz (Fubini)

How can we relate fE+(x) to f(z)? We can write

—

FE = f(z) — 7 (x), where fE-(k) = Tjonpj2: <y £ (F)

(then f7+ (k) + fP-(k) = f(k)).
Key step: By the triangle inequality:

[fE (@) = | £ () = f5= (@) = [ f ()| = |F5 ()]
and by Holder:

wik-x £ S| £ 2 1 nk|3s %
5@ =] [ ey f 0] < ([ rbifpar) ([ HEEEE )
Rd R4 R4 |27T]€|

d—2s

:CK%E 4s

13
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d—2s d—2s

= 5 @)| 2 (@) - CKAE'S = [P @)P 2 (/)] - CKFEE)

where (-)4 denotes the positive part. Conclude:

K:/Rd/owum(x)Fddez/Rd/ooo(f(a:)|—cKéE%;“S>2+dde

4s

Integrate over {E € (0,00) | |f(x)| > CK%E%} — {E c (O,m)‘E < C(“;i”)m}:
2

o0 of L) T2 o
/0 (If(ac)l—C‘K%Edl‘f’s)idE:/0 () (1f(2)] — CKPE*S )QdE

= clfe (L)

Hence;

4s

o (1f(x)[\ 72 _C %
K>C 5 |f(2)] (K—) dx—K%/\f(x)l dz

— kv 20 [ |f@)P
R4

d—2s

— (/Rd|f(x)|ﬁ‘és) T <R =0l

INHOMOGENEOUS SOBOLEV_SPACES

For s € R:

R = {f € | € L [ (L 202 F )P db = 1y < oo
Obviously:
e H*(RY) is a Hilbert space Vs € R
e HSC H'ift <s
. ey

Theorem 1.18 (Sobolev embedding). If 0 < s < %, then H*(RY) C LP(R?), V2 < p < 24
continuously embedded.

Proof. exercise O

GENERAL DISCUSSION OF COMPACTNESS

(i) Let X be a Banach space. Then a set A C X is compact if every sequence {f,}52; C A has a

convergent subsequence f,, LN feA
Remark: If A=Y N B(0,1), where Y is a subspace of X, then A is compact iff dimY < oc.

(ii) Let X be a Hilbert space. Then A C X is weakly compact, iff V{f,}22, C A, 3 a subsequence
fn, = f €A, for k— oo, ie.

<fnk’<)0>X - <f7SO>X7 Ve X.

14
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More generally, if A C LP(R?) (or LP(Q)), with 1 < p < oo, then A is compact if V{f,}5°, C A, there
exists a subsequence fn, — f in LP, i.e. for 5 + % =1andall g € LY

/ 9() fun (@) dz 225 [ g(a) f(2) da
Rd Rd

Theorem 1.19 (Banach-Alaoglu). If {f,}52, is a bounded sequence in a Hilbert space, then there
exists a weakly convergent subsequence f,, — f in the Hilbert space. Put differently, B(0,1) is a weak-
compact set.

Proof. Tutorial O

Theorem 1.20 (Banach-Steinhaus). If f, — f in a Hilbert space, then
[f]l < lim inf || f,,|| < limsup [ f,]| < oo
n—oo n—00

Moreover,

S —f

[l = A1

Remark 1.21. The Banach-Alaoglu and Banach-Steinhaus theorems also hold for LP (), V1 < p < oc.

n—oo

fa 272§ = {

Definition 1.22. If T: X — Y is a linear operator between two Banach spaces, then we say that T is a

compact operator iff
n—oo

Ve, ~oxzinX — Te ——TzxinY.

Theorem 1.23 (Sobolev compact embedding). Let o € .7 (R?) and t < s. Then multiplication by
@ is a compact operator H*(R?) — HY*(R?), i.e. if f, — f weakly in H*(R?), then ¢-f, 270 o-f in
HY(RY).

Proof. We take f,, — f in H® and consider
I Fully = [0+ k) 1 7o)

- / (1+ |20k ) [ fo (B)]2 dE + / (1+ |20k ) | fo ()2
[k|I<R |k|>R

We have:

/ (14 [20k[2)! | Fu(R)? dk < (1 + [20R[?)" / (1+ [20k[2)° | o (R) 2 R
k>R

Rd

< R
< Sug”@anHs(Rd)(lJr|27TR|2)t =20
ne

—_— —
<oo

Here we used, that ¢: H® — H*® is a bounded operator, i.e. || ¢ f|lg: < C| f|lgs and that a weakly
convergent sequence is norm bounded. On the other hand, VR > 0:

[k R ®P A< e [ R0k
|k|<R |k|<R
We note that V|k| < R:

@(k _f) 2\s £ n— 00
e WUH?WQ )*fn(§)dE| —— 0
—

cHs(RY)

ChwI=| [ e-of -

Claim: Vn: ||g;f\n(k)||Loo(BR) < CR, since {f,} is bounded in H* and ¢ € .7(R?) (exercise) Thus:
[ kP R T wP dk 222 0
[k|I<R

by dominated convergence. O
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Theorem. Let X be a Banach space. Then B1(0) is compact iff dim X < oo.
~ Weak topology
Definition. Let X be a Banach space. Then  — x weakly in X iff L(z,) — L(z), VL € X*.
Remark. If x, — x strongly, i.e. ||z, — z|| = 0, then z,, — x weakly, since
|L(x1) — L(z2)| < [|L||lzn — 2] — 0.
The weak topology does not coincide with the strong topology in infinite dimensions.

Definition. Let X be a Banach space. Then L, TH—OO> L weakly in X*, iff L,,(z) = L(x), Vo € X.

Theorem (Banach-Alaoglu). Let X be a seperable Banach-space. Then every sequence {L,}neny C X*
such that | Ly || is bounded in n has a convergent subsequence in X*.

Remark. X is seperable iff there exists a countable dense subset. The assumption that X is seperable
can be relaxed, however, then Tychonoff/Zorn’s Lemma is needed for the proof. E.g. LP(R?), p < oo is
seperable.

Proof. (Compactness in C and Cantor’s diagonal argument)
e Since X is seperable, there exists {z, }, dense in X.

e Since {Ly(21)} is a bounded sequence in C, there exists a subsequence {L,, (z1)} which converges
when k; — oo.

e Since {Ly,, (72)} is a bounded sequence in C, there exists a subsequence {Ly,, (z2)} which converges
when ko — oo.

By induction, Vm € N, there exists a subsequence { Ly, (z,)} which converges for k,, — co. We take a
common subsequence { Ly, } of all {L,, } (which is doable by Cantors diagonal argument). Finally, we
construct L € X*, such that L(xy,) = limg_ e Ln, (Tm), Ym.

Easy thought: Vx € X 3 sequence {y,,} C {x,,} such that y,, - = as m — oo. We want to define
L(z) := limy,— 00 L(Ym)-

Why is it well-defined? limy— oo L, (ym) =: {L(ym)} is a Cauchy sequence. In general, if a bounded
linear operator is defined on a dense subset of a Banach space and maps into Banach space, there exists

a unique linear continuous extension. L]

In general, if X is not seperable, then to prove the Banach-Alaoglu theorem, we need to do “induction”
in uncountable families ~ Zorn lemma/Axiom of choice.

Remark. If X is a Hilbert space:

e We can identify X* to X by Riesz’s representation theorem.
= The Banach-Alaoglu theorem gives us the compactness in the weak topology, namely, for every
bounded sequence {x,} C X, there exists a subsequence z,, — z in X, i.e.

(Tny, @) = (z,0) Ve X.

e When X is a Hilbert space, we can relax the seperability condition easily. Indeed, if {z,} C X is
a bounded sequence, then consider Y = span(z,) C X. Then Y is a seperable Hilbert space, so
Banach-Alaoglu for seperable spaces applies:

3 subsequence z,, =2 inY

But this means z,, — z in X:
Key: X =Y @Y+ ThenVp € X, p =, +p, with ¢, €Y, 0, € Y1
k—o0
<xnk790> - <Z,QD> = <xnk - ‘T7301> + <xnk3§02> —0
=0
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Definition. Let X be a Banach space. We call X a reflexive space iff X** = X.

Remark. X C X** is the trivial direction: Let x € X, then X* > L + L(z) is linear and continuous, so
2 can be interpreted as an element of X** (canonical embedding). The key assumption here is that X
contains all elements in X**.

Remark. If X is reflexive, then by the Banach-Alaoglu theorem, we have the weak-compactness result for
X, namely V{z,},, bounded in X, there exists a subsequence z,, — z in X. The reason is that z,, —
weakly in X iff z,,, — = weak-* in X™**.

~» Brezis Functional Analysis, Sobolev spaces and PDE

Theorem (Banach-Steinhaus/Uniform boundedness principle). Consider a family F of linear
and continous mappings {T}rep: T: X =Y, X Banach, Y normed. If, Vx € X,

sup || T(z)]ly < o0,
TEF

then
sup |7 < 0.
TEF
Remark. (1) Consequently, if L,, — L weak-* in X* (Banach), then

sup || Ly || < co.
n

This is because Vz € X, L,(x) — L(z) = sup,, || L ()| < o0, so the claim follows by Banach-
Steinhaus.
(2) If &, — = weakly in X, then sup,, ||z, || < co. Use X C X** and Hahn-Banach.
Proof. e One proof (direct): Analysis Lieb-Loss Theorem 2.12 (for LP)

e The standard proof: Define

Xn:{IGX

sup [7(@)lly < n}
TeF

Then X, is closed and (J;-; X,, = X. By the Baire category theorem, 3n, 3 open ball By, () C
X, ie.

T (2)| <n, Vo € By, (ro) = [|[T(x —z0)|| <n+||Tell, Yy:=2— 20 € Bo(ro)

C
= ||[Ty|| < C Yy € By(ro) = ||T] < . VYT eF
0

O
Theorem 1.24 (s > 4). H*(R?) C L°(R?) with continuous embedding.
Proof.
1 1
e < 1700 = [ wlaes ([ aswpriiopar)” ([ )
oo 1 = e
b= e Rd -~ \Jpe re (1+ |K[*)®
< Cas fll s may
O

If we work harder, we find that f € H*(R?), s > g, is Holder continuous:

sup MSC<O@ for some o > 0
z,yeR? ‘.’E - y|
THY

(exercise)

17
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Theorem 1.25 (s = %) We have the Moser-Trudinger inequality: 3cy, C > 0:

Wl <1 [ (explalf@) - 1)de<C

Proof. exercise O

Remark 1.26. The Moser-Trudinger inequality fails if we only assume || f ||H % (o) < 1. However, this is

ok, if we work on bounded sets.

Theorem 1.27 (s = 4, original Moser-Trudinger version). Let f € H?% with ”fHH%(Rd <1 and
supp f C Bgr, then

| (explalf@P - ) < Cx
Br
This version follows from the previous version, since
Hf”H%(Rd) 2 | fllz2wey if supp f C Br
— ||f||Hg(Rd) ~Rr | fll e (re)
example: H'(R?) ¢ L*°(R?) but “almost”.

Theorem 1.28 (s = %, BMO - bounded mean osscilation). Let f € H: N Llloc, then

= —fpldz<C .
Illowo = sup £ 1f = Folde < Cllly g -

?Bz]ifzﬁ/Bf.

Proof. We can even control the variant:

where

][BUJBde 5]2 (F — TFa)™ 2 +]f3|<ff?B>E+|2 < =T )P 2o + RS54 2o,
g

Ca LR A 2 I3
<|VFE- 2R+ R4 %u(kﬂdkg (/|k<E|k:|f(k:)dk> R+ R dE—f

<(Jij<m K272 (S < K172 1F (R) 1) R?

<(B*R*+ g ) I 1%

<2/ fl%

by taking E = %.

Using: f € H3(RY), f = [P + [P, f5 (k) = f(kb)L(2mkf? > ).
This proof will be discussed again in the 3rd tutorial.

HARDY INEQUALITY

If d > 3, then

i (@=2° [ |f@)P
Hf”%u(Rd) = /]Rd V> > 4 /Rd || dx

2 .
The constant @ on the RHS is optimal, but there exists no optimizer f € H'.

18
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Proof. (d = 3) Candidate of optimizer solves:

1 f(x)
Af="2
T=ahp
This has a solution f(z) = 11 (or 1/|$|d2;2 in d > 3 dimensions).(f ~ ﬁ at x| = oo, Af ~ |w|++2)

|| 2

But | 1‘; ¢ H'(RY). This is, however, not a problem to run the “ground state substitution”, i.e. g(z) =
x| 2

|z|*/2f (). Then

1
v2_/ x2:/V2>0.
Vi = [ mEli@P = [ veR >
O

Theorem 1.29 (Perron-Frobenius principle for Schrédinger operator). Assume V € Ll (R%)
and (—=A — V(z))(x) = Ey(z) holds for a constant E € R and Vz € Q C R%, ¢(x) > 0. Then

— A —V(x) > E in L*(Q) with Dirichlet boundary condition
= [1VeP- [ VlewP2E [ [p@Pds, vpecx
Q Q Q

This theorem can be proved by the same ground state substitution technique, namely V ¢ € C}(£2), define

g(x) = £9.
~ LHS — RHS — / |Vgl* >0
(exercise)

TRACE OPERATOR

1D case: We know that H*(R) C L>(R), even Holder continuous. This means that if f € H'(R), f(0)
is completely well-defined.

2D case: H'(R?) € L>®(R?). f|q :=1af € L*(Q) easily makes sense, but f|q is not easily defined!
However, this is doable thanks to the trace operator.
In general, if Q@ € R%, 9Q “smooth enough”, then

Vf e H'(RY) ~ floq € L*(09)
uniquely defined (exercise). 09, eg. C!
Theorem 1.30. Define B: ./ (R?%) — .#(R%1) as follows:
O(x1,...,xq) = (Bo)(xa,...,xq) = ©(0,22,...,24)
Then, Vs € R, the mapping B extends continuously
H*(RY) — H*~3(R1),
e 1Bl ey asy < Caoll ol

Proof. Let ¢ € (R?) and for + € RY, denote z = (x1,...,74) = (z1,7'), ¥ € R (b = (ki, k)
respectively). Then (B ¢)(z') = ¢(0,2'), so

BQD(k‘I) — / ef2ﬂik/.wl @(ny/) dlL'/ :/ ef2ﬂ'ik/,g;///eigﬂ-ikl.w1 30(1'1,1'/) dxl dkl dl'/
Rd—1 R4 RJR

Fourier transform in the first variable

Fubini

x / Pk, k) dE; .
R

19
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Here we used the fact that for f € #(R):

[ )i = 10) (= 70 = [ fa)ae) .

Consequently:
2
1B elys g
1, — 1 2
= [Py Bk s [ @ P [ etk dh| ar
Rd—1 Rd—1 R
2
g/ (1+ |K']?) / (k1, k') dky| k'
Rd—1
g/ (1+ K% /1+k2+|k’ )59 (kl,k’)|2dk1)/(1+k§+|k’|2)‘sdk1dk’ (ok if s > )
Rd—1 R

SR TS
S [ R WP T( P aks dE = 1y a

Note, that
VLy

k1=
1 ¢/ 1 _,(/ 1 >
———dky = [ ——VLdy=L"2( | ——dy)<
/kaﬂ 1 TR M k12 V) S

and similarly, if s > %:

1 1
— dky =cL ™52
/]R W2y T

Thus ||B ¢ ”HS*%(]Rd) < Casll @ |l geray, Vo € (R?) and s > 1. This allows us to extend the action of
Btoall p€ H° Vs > % For general s, we need a duality argument (book). O

Theorem 1.31 (General domain 2 C R?). Assume Q@ C R? is open, bounded and O is smooth.
Then the trace operator )
B: H*(Q) - H°2(09Q)

is well-defined and bounded. Here, H*(2) = {fla | f € H*(R%)}.

The smoothness condition on 0 gives:

7 T

Yo

Since 2 is bounded, 9 is compact an can be covered by finitely many of those balls. Then apply the
previous trace theory to the flat boundary case.

$ smooth [
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7th lecture

2 Some basic evolution equations
t>0, rcR?

2.1 Heat equation
{ at f(t,fl?) = Af(t,ili),
f(0,2) = fo(x)

{ at f(t’k) - |27/T1<7‘
) = fol

Basic calculation: Take the Fourier transform in z € R%:
2f(t,k), t>0, keRd
k)

f(0,%

Then g(t) = f(t, k) solves the ODE
- _ 2
dig=—2mkl>g g(t) = etk g

{

g(0) = go given

Hence, for k € R%, t > 0:
Fo k) = e B o) = F (e B L fok) = e B ()
Using that
q— k2 T 7 T 1 w2
emlel (k) = e I —s etl2mal? () = o (VATHED® (1) = 7 Tt
we obtain:
ft,@) = F7H e ) fo(w) = /R K= y)foly) dy = (@) o), K(k)=e P

Heat kernel: K(z) =

12k
(1) For all fo € ' (RY), there exists a unique solution of the heat equation f(t,x)

Theorem 2.1.
(e® fo)(x). If fo is regular enough, then
ft.0) = @) = —— [ T f) dy,

e.g. fo € LZ(Rd).
(2) (Smoothing effect) If fo € H*(R?) for some so € R, then f, € N,o0 H*(RY) C C=(RY).
(3) (Asymptotic behaviour) If fo € L*(RY), then f; o, fo in L? and Il fell 2 (mey 2o,

(1) Existence: If fo € L? then ]?0 makes sense and we can run the previous argument. If

Proof.
fo € ', then we need to be precise with the meaning of solution.

Definition 2.2. We say that the family {f(¢, ®)}:~0 C ./ is a distributional solution of the heat
<f(ta.)>A()0>5”/,y 9 chey(Rd), Vt>0

equation iff
O (f(t,e), 90>5ﬂ/,y
‘P>y/,y = <an<P>y/,y

Uniqueness: We want to prove that if fo = 0, then f; = 0 is the unique solution (this is enough
— f(t,k)=0.

by linearity). This basically follows from the fact
0 f(t, k) = —[2mk[*f(t, k)

{ f(0,k)=0
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This is ok, if f is regular enough. For general distributions, this argument can be done by the weak
formulation: For y € R?, define ¢, (z) := ¢(x — y). Then, the distribution f; * @ := fr o (e x ¢)
given by a Schwartz function, namely g;: y — < It goy>. The Fourier transfom of g; is given by:

(6 = [ () ey

Claim:
~2rRan() = [ (e Aap,) e dy
Then:
{ O fr,0,) = <ft,Ag0y> vy € R?
fo=
Ve € RY

@ _|2me24,(9),

(fi, ) = 0, forall p € .#(R?). Hence f = 0.

We conclude: <ft, gay> =0,VyeR
Proof of (x): TODO

(2) vt > 0:
17t )% = / (11 [20k[2)° | (¢, k)| dk = / (14 [20k[2)%e 21274 | fo (1) dk < oo,
R4 Rd

when [, (1 + [27k|?)* | fo(k)|? dk < oo for some sy € R

(3) Dominated convergence: fo € L?
I£60) = folle = [ 1760 = Aok = [ e 1 o) ak 2 0
R A ——
[]<2
Theorem 2.3 (Tychonoff). The equation
{ dvu(t,r) =2 u(t,z), T€R, t>0
u(0,2) =0
has a nontrivial solution
97 g(t)
u(t,x) = £ ,
nz_:o (2n)!
where g(t) = e ¥ € C*(Ry).
Proof. Easy step: Assuming, that the series is absolutely convergent for ¢ > 0
9T gtz
6,3 u = e A AN A
T;) (2n)!
[e’g) n _ n 1 oo m 1 2
Y g(t)(2n)(2n — 1)a?n—2 A g(t)x2n=1) "I * m
2, _ t _ +
O ; (2n)! Z n—l) Z
Nontrivial: Why is the series absolutely convergent and why u(t,z) — 0 as t — 07
absolute convergence: Note that
2-3 2\°

_1 2 2
g(t)=e t2,8t9=g< t3> 3?9—<§)+9T47
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Lemma 2.4. Vn € N: 0} g(t) = P,(1)g(t), where P, is a polynomial of degree 3n and all coefficients
of P, are bounded by n!3™.
This concludes the (absolute) convergence of the series:

for some
|atn, k|<n'3"

nk ()" |2

2n)!

— |97 g(t)][]*" l9(t) %Hxl% lg(t)] >an oa
oy <3 1000 5 ORI 2 52

=S pl3n |2

SZZ th 9(t) (2n)!

n=0 k=0

Ift > 1, then tik is bounded by 1 and else by t% Hence:

> 2n
x
> (3n+ 1)n!3"g(t) H i t>1
juft,2)] < {50 o
- (3n + 1)n!3™ ||
Z 3n g(t)(2 ot
= n)!
Note that:
<3"
—
n+ 1)n! n +
(3 Dn!3™ (3 1) 3+t < gn
(2n)!  (2n)---(n4+1) ~
|
>n!
Hence, if t > 1, we have that
- 1 n —L49)z|?
ulw, )] < g(t) 37— Oy = o0
n=0
and if t < 1:
N1 92\ 1 e
ute, )] < )3 - (E0) = et
n=0
This proves the absolute convergence, but is however not good enough for the convergence u(t, x) o, 0.
emma e neN be the polynomials from Lemma 2.4. en, Vn €
L 2.5. Let (P, be th l jal L 2.4. Then, ¥ N
1 27tk (3n)nF
)l < I
Fa (t)‘ = ohgn | otk
Note that: .
g(t) = e e H —e (Z (22 ) < k!(2t2)ke_ﬁ (*)
Now, using this Lemma 2.5 and (*):
oo oo
2n+k(3n)n7k |x|2n 2n+k(3n)n7k 1 |x|2n
D S | 2\ k —T
ule,t)l < ;)o?zf?n tnt2k 9(t) (2n)! = T;Orgnl?gn tnt2k RI2E) e e (2n)!
Since
<nk
2n+k 3 n—k 1 — 1 24" "
( n) k! (2t2) . max 2n+2k(3n)n7k k< — max 2n+2k3n7k n < n
" 0<k<n tn

ax
0<k<n tnt2k tn 0<k<n

23



2 SOME BASIC EVOLUTION EQUATIONS

we get
oo
24" nn 1 24| |? 1 ) £10
B < z|2m 12 < ( —— ] =0 V
fule, 01 < 30 S o e s e (S - g z
n=0 R ,

2.2 Schrodinger equation

{ 10, u(t,r) = Au(t,x), teR, v €R?
U(O,Jf) = UO(x)

This is similar to the heat equation 9;u = Awu, but for the imaginary time (¢ ~» —it). Therefore
heuristically:
u(z,t) = e Py (),
since
10, u =10y (e "Pup) = i(—iA e *Puy) = Au.
~—

u

Theorem 2.6. For any ug € Hs(Rd), s € R, the Schrédinger equation has a unique solution u(x,t) =
e "Bug(x), which satisfies
. 2 o~
alt, k) = P00 (k) = |a| = ||

In particular, if ug € L', then

4 1 L
u(t.a) = ugln) = — [T )y, (¥
(—4rit)2 Jra
Moreover, we have:
o ||u(t,®)||ge = ||uollge, Yo € R. In particular:
a=0: |u(t,e)|re = |uolzr2 (mass conservation)
a=1: |u(t, )|z = ||uol (energy conservation)

o u(t, o) =% ug in H*(RY)

e (Dispersive estimate) If ug € L2(RY), then for every ball B C R%:
/ lu(t, z)[2dz =250,
Br

i.e. the mass “escapes to infinity”:

t=0 t— 00

Proof. If ug € L' N L2, then (x) makes sense and

[u(t, @)L = [luol > -
Hence, by a density argument, we can define e #2uq for all ug € L? and

[a(t, k)| = |[ug (k)| for a.e. k € R,
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Then, using the Fourier transform, we can extend the solution e~ *®uq for all uy € H* for any t € R.
This solution is unique, because the Fourier transform is a bijective map on each Sobolev space. The
conservation laws follow by

[[u(t, )|l =/ (14 [27k[*)* [a(t, k)|* dk = [luol|Fra -
. [uo(k)|?
ug

The convergence u(t, ) 1290, ugp follows from the dominated convergence theorem.
Proof of the dispersive estimate (¢t — c0):

o [le” P ug| L2 (may = lluoll L2 ey
° He_itAuOHLoo(Rd) < (471'1t)% ||uO||L1(Rd), Vit >0

Lemma 2.7. If ug € L?(R?), then Ve > 0, we can decompose
up=a-+>b,
where ||a||p2ray < € and [[b]|L1ray < C-.
Proof. exercise O

Conclusion of the dispersive bound: Fix Br C R?, then

/ lu(t, )| do = / le=t4 o () 2 da = / e~ 2q(z) + e 2 b(a) 2 da
Br Br \g Br

< 2/ le” 2 (x)|? dx—|—2/ le”2p(2)|? dz
BR BR
< Q/d le 2q(2))? dz + 2|BR|||e*itAbHim(Rd)
R
1
2 2
< 2flallz2gay + 2|BR|W||5”L1(W)

C
< 252+2|B3|m Ve>0,t>0

Hence,

Ve>0: limsup/ lu(t,z)|? de < 26 = tlim lu(t, )| dz =0
Br

t—o0 —°JBg

O

So far, we considered homogeneous equations, e.g. 0;u = Awu or i0,u = Au. The corresponding
inhomogeneous equations, 0; —Au = g or 19y u — Au = g can be solved by Duhamel’s formula. In ODE
we have:

e If for some a € R

u'(t) = au(t), teR
{ u(0) = ug ’ (homogeneous problem)
then u(t) = e™ug (<= (e~ u(t) = up).

e The inhomogenous problem is

{ u'(t) —au(t) =g(t), teR
u(0) = ug

25



2 SOME BASIC EVOLUTION EQUATIONS

Define v(t) = e~ *u(t), then

In case of the Heat equation 0; u(z,t) — Au(x,t) = g(t,x), this means:

¢
u(t, z) = e"Pug —|—/ A=) g(s, 1) ds
0

We will discuss transport equations:

{8tf+v-Vf+A-f:g(t,x), teRY z e RY
f(oal’):fo

Here f(z,t) € RY, v(t,z) € RY, A(t,x) € RY x R4, g(t,z) € RL.
2.3 General discussion on ODE
t
weak formulation 3t $(t) = F(t J?(t)) t>0
z(t) = xg + F(s,z(s ds<—{ ’ ’
) =2+ [ Flaa) o
Theorem 2.8 (Cauchy-Lipschitz theorem). If
AL > 0Vx,y: |F(t,z) — F(t,y)] < Llz —y],
then there exists a unique solution. Moreover, the solution can be obtained by the Picard method:
t
Try1 = To +/ F(s,xx(s))ds

0
is a Cauchy sequence and as F is Lipschitz, xy, LinicN z(t).
More general condition:

Definition 2.9 (Osgood). Let I C R be an open interval. A measure pu: I — [0,00] is an Osgood
modulus of continuity iff
/ dr
= -
r u(r)

|F(t,2) = F(t,y)] < pllz —yl)
with p(r) = Lr and [; u(é:) = oo, if 0 € I. More generally, if u(r) < r|logr|® with 8 < 1, then
dr  _
f] W;) = OQ.
Theorem 2.10 (Generalized Cauchy-Lipschitz). Let E be a Banach space and I C R an open
interval with 0 € I. Consider

Idea: Lipschitz means

t
x(t) = xo +/ F(s,z(s))ds,
0
where x: I x E — E. Assume F € Li. (I,C,(Q, E)) where Q C E is open and

loc

[u(z) —u(y)|l
Cu(fL E) = u: Q= E\||ulc, = ||lul|pe~ + sup —————=— < o0
Ty

and p is an Osgood modulus of continuity. Then:

Vag € Q, 3J°P" C I,0 € J and 3! solution x(t) fort € J
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Lemma 2.11 (Osgood). Let p: [0,7] — [0, a] be measurable and v € L ([0, 7],Ry). Let p: [0,a] — Ry

loc
be continuous, non-decreasing and an Osgood modulus of continuity. Assume for some c:

p@ﬁc+£7@WW@M& vt € [0,7]

Then .
M@*MMWSA7®®,

a
M(z) = / dr .
x H(r)
Note: M (0) = oo, and hence if ¢ = 0, then p(t) = 0 if |¢| small enough. (Recall the Gronwall Lemma:
t
p(t) < [y p(s)ds = p=0).

Proof. (of Theorem 2.10 assuming Osgood’s Lemma): Uniqueness: Assume z1(t), z2(t) are two solu-
tions. Define 6(t) = x1(t) — x2(¢t). Then

where

and hence

t

161l S/O IIF(val(S))—F(Samz(S))lldSS/O W(S)M(Ilwl(S)—wz(S)II)dS=/0 V(s)u(llo(s)]]) ds

Lioe (1)

Here we used F' € Li. (I,C,),so0 [|[F(s,z)—F(s,y)|| < v(s) p(]lz—yl). Osgoods lemma yields ||d(s)| =0
for |s| small enough. Thus
x1(s) = xa(s), Vse Jif |J| small,0 € J

Here
a = max [|z(t) — zol|
16(s)]| = llz1(s) = 22(s)|| < [ler(s) — 2ol + [22(s) — 2ol <@, ifs e J.
Existence: Define zy11 = xo + fg F(s,z(s))ds. We prove that {x;} is a Cauchy-sequence, i.e.

Sup,,eN lzktn — k]| IH—OO> 0. Define

pk’n(t) = Sup [|Tx4n(s) — zn(s)|l
0<s<t
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From the equation:

Pt () = = [ (Pl (3)) = Fls,nga(s) ds

t
= 0= prgn(t) = S [[@gnia(s) = e (s)] < / V() lllerra(s) — zi(s)]) ds
<s< 0

SAWWWm@NS

:>pk+1(t):sg1;pk+1,n(t) S/O v(s) sgpu(pk,n(S))dSS/O Y(s)p(pr(s)) ds

:mwﬂmmwmsﬁﬂwww@

k—o0

= p(t) =0, ifteJ, |J| small,0eJ

7 o]
Proof. (of the Osgood Lemma (Lemma 2.11)): Take g(t) = ¢ + [3 v(s)p(p(s)) ds > p(t), then
g'(t) = v(t)u(p(t) < v(t)u(g(t)) (1)
Consider
0,(M(9(1) = M'((0)g' (1) = s 4'(1) = =)
=>M@—Mwm=—o%wmwmw<43@m
— M@~ 2r(p0) < [ (s
O

Theorem 2.12 (Blow-up criterion). Let I C R be an open interval, 0 € I and p: I — R an Osgood
modulus of continuity. Assume ||F(t,x) — F(t,y)| < u(llz —y).

e (Local theory) Yag € Q3J°P", 0 € J C I such that there exists a unique solution x(t), t € J.
o (Blow-up criterion) Assume additionally
1E (@ 2)| < BE)M (),

where B € Llloc, M e LS. Then the local solution from (i) can be extended uniquely to the maximal
interval J* = (Ty.,T*). Moreover, if T* € I (i.e. T* is not an endpoint of I), then

lz@®)|| > 00 asttT*.
Similar statement holds for T.

Proof. (of the Blow-up criterion) Assume a solution z(t) exists on J = (T, T*) and T* € I (not an
endpoint case). We prove that there exists a limit #(¢t) — z* as ¢t T T*. We need to show that {x(t)}47
is Cauchy:

< [ awm(a@as<c [ o

bounded in S<T™*
uniformly in S

ty,tatT"
RELIC AN

l(t2) — ()l = 0

/t2 F(s,z(s))ds

ty

*

Then using local theory (1), we can extend x(¢) with z(T*) = z*, so the solution exists in a larger
domain. O
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2.4 Cubic nonlinear Schrédinger equation (INLS)

{ 10;u=Au+|ul?u, u=u(tz),teR, zecR?
u(0) = up € H*(R9)

Theorem 2.13 (1D). For all ug € H'(R), there exists a local solution u(t) € H'(R?), i.e 3T > 0 such
that Vt € (=T, T), u(t) € H'(R) is a solution. Furthermore, the blow-up criterion holds.

Proof. Weak formulation: Duhamel formula:

t
u(t) = e Ay, —I—/ e E=IA P (u(s))ds, F(u) = |ul*u
0

Let us verify the Lipschitz property:
Hefi(tfs)AF(u(s)) _ efi(tfs)AF(,U(S)) H

= [|[F(u(s)) = F(v(3)) | (m)

S llw = vllz (JullZe + [[ollZe)

H'(R)

< llw = vllz (el + vl 70)

— existence locally and blow up criterion
O

Easy case: s > £, then there exists a global solution in H*(R?), Vuy € H*(RY). (Hint:

ull s + [lvl7)

exercise: s=d =1

Difficult case: s <

H*(RY) € L¥RY) = |[Julu —[v[*v]lms < llu—v]lm(
)
%: Critical regularity (scaling argument):

t
u solution = wuy(t,r) = A" tu (F’ %) also a solution

What is the critical s for the solution? ||u||fser is invariant under that scaling!

s 1 1 s t
ol ~ VAl ~ 5zl ~ [ SmgluCe,?ldua? = X022, ()

:>al—2$cr—2:0:>sc,.:d;2<é
2 2
Example:
1D : SCT:—%
2D : s, =0
3D : SCT:%

Another way: |u|?u is well-defined if u € H* (3D: u € Hz, Sobolev |ju/|zs < ||uHH%)

Expectation: If s > s, there exists a global solution (we only discuss defocusing case +|u|?u). If s < s¢r.,
no!

Theorem 2.14 (d = 3, s = 1). For alluy € H'(R?), there exists a unique global solution u(t) € H'(R3).
u(t) satisfies the scattering property

t—too

||U(t) — eimuiooHHl 0

Strichatz estimate:

o HeitAuoHL?(Rd) = ||u0||L2(Rd)

29



2 SOME BASIC EVOLUTION EQUATIONS

: 1
itA
o [l ugllre < nr [uoll 1 (ra)
By interpolation (Riesz-Thorin/complex):
i _d(i_1 1 1
e uollze < =" ol gy, V1< p <00, k=1

~ /

Definition 2.15.

1

’ dt)

Theorem 2.16 (Strichartz). Let d > 1, (q,7) € (2,00] x [2, 00| admissible pair: % + 24 =4 Then:

a2 e = e, Dllzallzs = ( / ] / (e, £)|P dz
R R4

Example: (L{LP) = L;]/Lg, (exercise)

(1) ||eitAu0HLgL; S Hu0||L2(Rd)

(2) HfRe—itAF(t,o) dtHLg < HFHLf/L;’

(3) ||f]R ei(t_S)AF(S7.) dSHL?L; ,S ||FHL;1/L;’
(They are all equivalent!)

Proof. Step 1: (1) <= (2) <= (3): Duality argument!
Easiest duality: | [ fg| < [fllzo gl Lo also [|flle = supygy <11 [ fol
We use this for L, L, as well.

gl pary < fluol L2

= (F(t,2),e"%ug), , < lluoll2||F|

’
~ q r!
tx LY L

= ([Pt dtu) S ol

xT

TODO
We will prove (3) using
- (i1
e ol o ray S 278 o] o (gay

plus HLS inequality.

Hardy-Littlewood-Sobolev:
Sobolev: 0 <'s < g [lullze < ull e ey, » = %5

= uller S I(=A)%ul L2
<— TODO

Theorem 2.17 (Hardy-Littlewood-Sobolev). Ifp,q € (1,00], 0 < A < d, 1 + % +4=2:

P
L, 8 4 < 1 ol
R2d |$_y|

proof of (3):

Las =||| / lollzs <1 / Mzzls < / =G (s, )]l ds
R R R

TODO

La(R)
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Back to the cubic nonlinear Schrédinger equation

{ i0;u=—Au+ |u®u, teR, zeR>
Up € HI(R?’)

and the proof of of local existence:

Proof. (of Theorem 2.14) Duhamel:

t
u(t) = e ug —I—/ e =92 (Ju)?u)(s) ds
0

=:B(u)(t)

The right space to do the fixed point argument on: Define
[ullso := llullgerz + llullrsrs

lullsr = flullso + ||Vl g0
X = {u||ulls: <2fuollm:}

We prove that B: X — X and then obtain a fixed point B(u) = u for |¢| < T and T small.

Claim: If T' > 0 is small enough, then B: X — X and ||Bu — Bvl||s: < (1 —¢)||u — v||s1, Yu,v € X, for
some € > 0. This implies the local existence 3T > 0, Ju = Bu for time ¢ € [-T,T].

Proof: By Strichartz

le"®uolls1 S lluoll

[ e ) ) s

0

=l Nz + 1S Mulullzyzz + Mulull
S’O Lt

3 3
STlullfeere + T4 IIUHiNLg STIVulie s + T|ull e
t

x

3
2
x

< (T +T7)||ul|r

Furthermore,

~

@ |+ flgerz + 1 lpacs

t
/ eit=9)A (|4 [2Vy) (s) ds

0

t
Hvx / ¢t (| [24)(s) ds

0

S0
3 ) 5
S IVl lzyas + (TPl
By a calculation using HLS (TODO):
(V) ul| 1312 < TODO < T |lul%,
and by another calculation (TODO):

1
(V)| STODO < T |ullg

Brojw

4
L3L

Scaling: |[ul|pi2(rs) S [|Au|Lsrs) + [ullp2@sy <= [ullpz < [|Au)|9s|luf}2? In summary:

t
1Bulls: < *Buols: + H [ e s as
0

< Colluoll gy + ICLT Ju|é:
Sl
ueX

i
< Colluoll g + CLT(Cllug | 112)?

31
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for universal constants Cp, C1, > 0. We can take C' = Co + 1 and T' = T'(co, ||uo|| z1) > 0 small enough,
such that ||[Bul[s1 < Cllug|| gz, ie. B: X — X.
Contraction property:

t
[1B(u) = B()|ls1 = / I Py —JuPu (s)ds| S Tu—vllsa (lull 3 + [loll3)
0 M_/
~(u—v)(Jul?+|v|?) g1
by the same analysis. Hence, Yu,v € X:
| Bu — Bo||s1 < T|u—v|s (Clluo|lz)? < elju—vl|lg1,Vu,v € X if T > 0 small enough!

Thus B is a contraction on the complete metric space X, so the fixed point theorem gives the existence
of a fixed point.
O

Lemma 2.18. If u(t,z) is a local solution of the cubic nonlinear Schrodinger equation, 10 u = —Au +
|ul>u on t € (=T, T), then:

e Mass conservation: ||ulpz = |luol|rz, Vt € (=T,T)
e Energy conservation: &(u) = [go |[Vul*dz + § [5s [ul* dz = & (uo)

In particular, these imply that
IVullZz + llullZ: = llullF

s bounded uniformly in time. This helps to get the global existence.

3 Littlewood-Paley theory

Motivation: Decompose f: R¢ — C into f = > nez fn, where fn(k) = f(k)Lign-1<p)<2ny-

Lemma 3.1 (Bernstein). Let C = {1 < |k| <2} and supp f C A\C (A\C = {\ < |k| < 2A}).

(1) Let p € [1,00], then
sup [|D” fllLoway ~ A" (| fll Lo (ra) -

|a]=n

(2) Let 1 <p < q< oo, then
1_1
£l aray S AT 1l Lo ray -

Interpretation (heuristically): Since |k| ~ ﬁ, k| ~ A = |z| ~ AL

Proof. Since supp f C AC, we have that f = {f = W, where x(k) is a smooth function, (k) = 1 if
ke AC. Thus f = x* f.

(1) Since D*f = D*(x * f), we have
1D flle = [ID*x * fllze < 1D X2 1 fllze - (Young inequality)

Here
W0 =50 =1 (5) = x@)=x 0.
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3 LITTLEWOOD-PALEY THEORY

Hence:
IDXllz = [D*x1 (Az)A|x = NI (D*x1) A2)AY | b1 azy = AN D*xa |1 -
Reversely: exercise

1 _ 1 1.
(2) For1+21=14+1
Young

1
[fllea = [Ix* flla < XLl fllze

and

1

e = ([, a0 as) " =3l = 359l

12th lecture

We want to extend this, i.e. replacing D* 2 (27ik)® by a general function:

Lemma 3.2. Assume, suppf C XC. Take o: R* — C such that

D°0(R)] o b1, Vo] <n=2(1+ [4])

for some m € R. Then
lo(B) fllee S A" fllr, VI<p<oo

~

with the notation . R
o(k)f =F " (of) , ice. o(R)f =a(k)f(k).
Proof. Let x € C°(R%), with x =1 on {1 < |k| < 2} (and x = 0 outside say {5 < [k < 3}). Observe

(k) f(k) = o (k) f(k)x(%), so
o(k)f(x) = (g* f)(z),

where §(k) = o(k)x(%). By the Young inequality:

lo(k)f(@)zz = llg = fllcz < llglleillfllze

We prove that [|g|z1 < A™. The decay of g is related to the smoothness of g, and g is indeed smooth
enough:

(1+ )M g(w) =(1+ ) [

Rd

) k ) k
2mik-x _ : a, 2nik-x
e o(k)x (X) dk = g /R Co (2midx)Ye o(k)x (X) dk

la]<2M Aol Do (e2mik-a)

partial integration

£ > (=1eAl /R cae?™ke Do (J(k)x (;)) dk

la|<2M

By the Leibniz’s formula:

Using this:

o (e (3)) | 5= plom oo (v (3)) |- s () 1o ()

suppC{3A>|k|>3}

2

>
3
|

Sa AL Ci<an
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Thus:
0+ D)o@l £ 3 [ NN g cany dk = X7,
la|<2M
i.e. »
Am
l9(2)| £ —ovar -
(14 [ Mx|2)M
Then
lolls < [ A )
1 ——dx = R
L= [ 0+ )M e A r e Y
if 2M =n=2(1+[4]) > d. O

Lemma 3.3 (Smoothing effect of the heat equation). Assume supp f C AC. Then
—Cl 2
e flloray S Ce™ N (| fllzo@ay, V>0

for some C,c > 0.

Proof. Let x € C2°(R%) with x =1 on C and supp x C {3 < |k| < 3}. Then

e BT (k) = T (k) = e (X))

SO

. —t|2n k
(@ 1)@) = (g% 1)), o) = ey (%)
where g(k) = e_t|2”k|2x £). Thus, by the Young inequality, we obtain
by

le™® £llzz < llgllzallf 2z -

We have:

k
1+|)\SL‘| M Z / Ca 27_‘_1)\3: @ 2771k9c —t\27rk| (}\)dk
%,_/
—_——

la|<2M D (e2mik o)
g(k)

By the Leibniz formula:

= 3 vread [ @Dy dr
Rd
[D%g(k)| < sup
B<a
inductively

a<2M
by product-

k
DB —t|27k|? Da—ﬁ( <7))
() D27 (x (5
and chain rule

{ (1 + t|k[?)1A] 2( )al 181 k
= qup LEUED)T it po-5 <7)
S ) B R

N—————’
suppC 3 <|k[<3XA

THEA% G 10l —eir2
S sup —z A1l < <any
B<a

S0
1+ z[H)M|g(z)| < sup i ABI= ‘“|(1+t/\2)|5‘e*d’\ A< sup A1 +t)\2)‘ﬁ|e“)‘2.
B<La

< BLla
|| <2M || <2M
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Thus:
1 d 2\ |8l —ctA2 2\ 8] —ctA2
g ,1,5(/ 7) sup A“(1+ A%t)"le < sup (1+X2%)Ple
H HLL R (1+|)\x\2)M 5<a ( ) <o ( )
Y la|<2M la|<2M

This completes the prove, since
c 2
(14 \2)Ple=3t <41
uniformly in ¢ and A. O

Corollary 3.4. If
{ Oy u(z,t) — Au(z,t) =0, t>0
u(z,t) = up(x), t=0

and suppug C XC, then r

lullsze S A @lluollze Vb, € [1,00].
Proof. By Lemma 3.3

lull e, = [l uollzs S = [luol|s

SO

1
— 2 _ 9 q
lullegey S Tuollzelle™™ oy = luolly </]R (7 )q>
+

1 2
_ —esds\a, N7
*(fm_ e ”72) ~A

More generally, if 1 <a <b < oc:
lullzozs S A™5 478 fug| o

by the Bernstein Lemma. O

13th lecture
1

Motivation: Functions in LP, H® = W2, W*P have some regularity. The homogenous functions FRE

A € (0,1) are in no LP space.

1
L? ~ LP (Lorentz space) : FC € LY weak L'
x

H?® ~ By , (Besov space)

Definition 3.5 (Dyadic decomposition of unity). Let C be the annulus {3 < [k| < 5}, then
Jp € C*(C), such that

> p277k) =1 Yk e R\ {0}.

JEZ

|
[
1
-2 -1-10

ol
o= —=
—
[\
ojon -

This is a smooth version of 1 = 37, ., 1{2/~" < [k| < 27}, Vk # 0.
Proof. Let ¢ € C2°(C) such that =1 on {1 < |k| < 2}. Define:

S(k)=>_@(27k).

JEL

Then:
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e S(k) is well-defined. Tt is easy, since Vk # 0, the rhs is just a finite sum.
o S(k) >0, Vk, since =1 on {1 < |k| < 2}.
e S(27Nk)=S(k),VN € Z

Then we define p = £. O

Remark 3.6. Littlewood-Paley decomposition:
11 ey = 1132y = D || V@R f)
J

This can be generalized to LP-spaces! We will study the decomposition

f= Zw@jk)f

2

L2(RY)

in the general situation (f € .%').

Lemma 3.7. Let {u;};en such that suppw; C 27C, ¥j and AN such that {279V ||u;|| 1 }jen is bounded.
Then 3 ;o uj converges in S (RY).
Proof. Since suppu; C 27C:
uj = (277k) = 45
= u;(7) = p(277k) * u;(z) = 279" Z Ga(279k) * DSuj(z), ¥YneN

|a|=n

We want to define the limit >° . _y (u;, ) for any ¢ € .7 (R?%). We can write

JEN
<uj’<p>y/7y =27 Z <g\¢;(2_jk) * Dguj?@>yl,y =277 Z <g\t§(2_jk) * Uy, (_1)‘Q|Da (p>5m’5p ’

loe|=n loe|=n

SO
|y @) gor 5 | <277 D0 12277 R)Iey sl 1D @ s < Ca27707) sup [ D@l
—_——— —

la|=n < C. < SN la|=n
Taking n > N, gives that {(u;,¢),, .} decays L' exponentially in j. Hence > ; {uj, ) converges to

(T, ), Vo € . (R). From the proof:

Z <’U’ja<p>

J

<Cn277  sup  |DY¢|., Ve S (RY
|a|=n=N+1

T(p)l =

so T € '(R?) with order N + 1. O
Definition 3.8. .7/ (R?) C .#/(R?) is the subset containing f € .#’/(R?) such that

Jim ([0 f | e ey = 0, where 80K f (k) = (k) f (k) ,
holds for some 6 € C2°, such that 6(0) # 0, i.e.
L (RY) = {f €.7'(RY)[30 € CZ(RY),0(0) # 0+ Jim [[0(A) 130 o) = o} :
Heuristically, this allows us to avoid the situation, where f(k) = 6.

Example 3.9. (1) If f is a (nonzero) polynomial, then f ¢ .7} (R%).
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( ) Iff € Lloc( d)’ then f € y};(Rd)
(3) If 0 < A < d, then ﬁ € 7} (R%), since ‘;‘ |k|d s € LL (RY).
Definition 3.10 (Homogeneous Besov space). Let s € R, p,r € [1,00]. Define B;’T C &} with

T

23 o2 )l | . e Loo) o
S\ = (@102 fl5)

sup 27°|| (277k) f| e, =00

JEL

Remark 3.11. Vj € Z, ¢(2=9k)f is supported in 27C. Hence, by the Bernstein lemma:

2| p(277k) fllLe ~ sup [|ID*(p(277k)f)ll» ifs €N

lal=s

Hence, we can think of B;T as a variant of W*?(R%) = {supq=s D fll» < oo}. Rigorously, the norm
B3 , is equivalent to the seminorm of H*(R?). If |s| < 4, then Bs 5 = H*(R?) is a Hilbert space.

Lemma 3.12. The space Bs is a mormed space.

\T

Proof. Tt is easy to see that || f| 5. is a seminorm! Assume [|f| 5. =0, then
B P

w27 Jk) f=0, VjeZ
(2”

= )() 0, forae. k, VjeZ
— f(k) =0 for a.e. k.
The only dangerous possibility is f(k) ~ &, but it is ruled out by f € . Thus f = 0. Hence Bs risa
normed space. O
Lemma 3.13. Take N € N, f € /). Then ||lullz, = 2N(S_%)||uN| B > where un(z) = u(2Nz).
p,T p,T
Proof. un(z) = u(2Vz), so un(k) = 27N a(27Nk). Hence:
1 1
lunlls, = | D 27 le@ 7 kunlliz | =( D 27 (/ 277 k)2~ dNA(Q‘Nk)‘ dk)
JEZ JEZ
2 5\
_ 227‘]5 (/ 2 ]2N§-)2 dNA(g)’ 9dN df)
JEZL
& i 2 5\
2o (Lt ([ e oue) a)
leZ 27‘N52rls
s—% s—2
= 2V D, = (2Dl )],
Exercise: general case p € [1, x] O

Lemma 3.14 (Sobolev type). Let 1 <p; <py <00, 1<r <ry <oco. Then

s —d(E %)
B szﬂ“z

p1,71

with continuous embedding.
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This is a variant of the Sobolev embedding theorem W*2(R%) = H*(R%) ¢ LP(R?) = WO?(R%).

Proof. Take r1 = ro =: r for simplicity. Then:

Bernstein
. 4+ 11 .
_ —jd(A L _
lp277k) fllee S 277450752 0(279%) £ 1
suppC2iC
Thus:
rj(s—d(L—-L —j -
I o =22 o2 R)
pz r JEZ
piso—rid(L — LYo rid(L — L . -
S 2T Ty G ) | o (27 k) £l
JEZL
If r1 < rg, we also need to use that ¢ (Z) C ¢"2(Z) with continuous embedding. O

Lemma 3.15. Let 0 < A < d. Then

1 24—
f(x):WEBp,oo , Vpe[l,oq].

Proof. By Sobolev (Lemma 3.14), B”OOA > BY-
Consider

Vp € [1,00], so it suffices to prove this for p = 1.

1 <x>7
[f[l ga—» = sup 27 0(277 k) f || 11 (ro)
e JEZ
Key point: z — f(z) is homogeneous:
flte) =t f(x) = f(tk) =t~ f(k)
And hence
12 h) 1) = / | / P2 016 | da

2%) M2 kwid 4k da

27 ”f(k)

/ / (k)£ (k)e Q’Tizj’“'””dk:’dx
= [ 2w fees

= [1fllpax = le(R) flley < oo

dz =277V o(k) f 1y

O

Theorem (Hardy-Littlewood-Sobolev).

A2 ey < Clfluslale
Rd xRd |1'*y|

where C = C(p,q, \, d), %+%+%:2 and p,q € (1,00), XA € (0,d).
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3 LITTLEWOOD-PALEY THEORY

This is equivalent to

1
sup | [ (74 )oda| <€l = 7o z| < clon
lgllza | Jra \* || ]
Forl—i—%:% 1 (hence r +» 4):
Nf*hllpe < flleellhllr (Young’s inequality)

Actually, ﬁ € L?U (RY) (weak L% space).
we LT (RY) = {w| sup s|{|w| > s}|% < oo}
s>0
we L' (RY) = / |lw]"dz < 0o = 7"/ P (/1{\WI>>\} dk) dX < o0
R 0
Also for ¢/, p,r € (1,00):

ILf *hllpe < CllflleellPlLr (Weak Young’s inequality)

Proof. (of HLS) By the Layer-Cake representation for f, g > 0:

f(z) =/O 14(2)>qda
9(9) :/ gy )>bdb

1 oo
W:/(; 1 1 <CdC—)\/
Thus (set z =z — y):

/ ) qa dy —)\/ / / dadbdc/ / do dy L2 Lot lla—yi>e
R4 JR4 |99*Z/|’\ Rd JRd A

=:I(ab,c)
Main estimate:
Li@)>algw)>tlio—yl>c
= I(a,b,c) < Wu(a)u(b)
where u(a) = [pa Lf)>ada, v(b) = [pa Lgyse dy, w(c) = [za Ljzj<cdz ~ ¢ Similarly:
I(a,b,c) < C)\lﬂ min(u(a)v(d), u(a)w(c),v(b)w(c)) = C)\lﬂ maxqéiczlq;f?g)(,ci(c))

We need to bound

/oOo /000 /0Oo o max(uqzé;l,)zgllj;, w(c)) dadbdec.

1= /1% = / @ Y{f > a}da =p / @ u(a) da

Assume

1= lgllyy = =a [ o) db
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Tt suffices to assume u(a) > v(b). Then on that domain:

T < ///cd)‘lm dadbde

Let’s do the c-integration:

o d—X—1 1 u(a)d d—A—1 1 d—X
N o e
/o T mau(a), o) / @ e @)

e 1
=u(a)”d —|—/ . A de~ (7 =u(a)” @
u(a)d (& c=u(a)d
Hence: o oo
T < / u(a)'~@v(b)dadb
o Jo
Try Holder:
b N 1-3 / ob° 7 2 .
/ u(a)'~7da < (/ a?~tu(a) da) (/ a’@> < ((aﬁﬂ) ) = peB+D3
0 0 a=b>
= // =3 y(b)dadb < /bq*u(b)dbg 1
<bo<
// u(a)l—%v(b)dade// ua) "o dadb<// ~7 dadb
a>be b<aa <aa
Holder:

1
o

1—% a .
/ Co(b) T < (/bq—lv(b) db) / | SanOtDage-t
aco 0

= // v(b)dadb < /ap_lu(a) da <1
>b<1
O
Lemma 3.16 (Interpolation). If s; < sy € R, 6 € (0,1), p,r € [1, 0],
leall o, < Mluell o Nuell 5 Sz , s9=0s1+(1—0)s
Proof. This is equivalent to
s _j s . i 1-0
(2 @Rl 1) 1y < (2] @@ TRl o) ) (2752 (2 TRl ) ey -
Note that
2j59 — (2j€1)9 . (2j82)1—9 — 2j(631+(1—9)$2) )
SO
s E —J r \9 E —J T 1-0
(LHS)" = 32 2% (2 TR)ullgy = 3 (20 o2 Rl ) (2] (2 kel 0)
JEZ JEZ
Holder o 1-0
< 1> > = (RHS)".
JEL JEZ
O
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3 LITTLEWOOD-PALEY THEORY

Remark 3.17. (i) B‘;)T is a normed space, but not necessarily a Banach space. Actually, if s > % (or

5= % and r > 1), then B;’T is not complete.

(ii) By the Bernstein Lemma 3.1:

1

supp f € AC = [|D*fl|za S AT 1o,
in particular for « = 0, g = co:
—j id _
1o(277k) fllLee S 277 )| @(277K) fllLe (%)

If s < % and f € B;’T, then

oo > 525 @) fll5e = S 2% 02k Fllr = 32 (2R fll o

JEZ JEZ 7<0
4 . *) iy
>3 2@ 7k) flle 2 ) e@77k) fllL
7<0 7<0

S0 D<o ©(277k) f is convergent in L>°. Hence diez ©(279k)f € S (R?): Let € > 0 and choose
N € Nsuch that | 3,y @(277k) fl|lL~ < e. Then

ONR)Y " e@7R)f|| < |0Ok) D e@7TTR)F| +|[0OR) > e@ TR,

JEZ —N<j J<—=N

Loe Lo Lo
where
Yoilng
Ok) Y 07K < IFTHOOR) || > @R Se.
JS=N Lo ind. of A JS=N Lo

For the low-frequency part, we may choose A large enough, such that
supp (6(Xe)) Nsupp | > (277e) | =0.
Similarly, if s = % and r = 1, the same holds.

Theorem 3.18. Let s1,s2 € R, p1,p2, 71,72 € [1,00]. Assume

d d
s1 < — or (slz—andr1:1>

P1 p1
then
e Byt NB2.  is a Banach space with |ul B, + || B2,
e Fatou property: If {un}n is bounded in B;i,n N B;;Tz, then up to a subsequence, u, — u in .’

with u € 7} and u € Bst' NB2_ and

p1,T1 p2,7T2

B3, S Climintllunlg s

l[ull g1 :
B P2,T2

p1,7

Lemma 3.19. Assume suppi; C 2/C, C an annulus, (2°||u;| o) ez is finite and 3, 5 uj = u in "

and u € . Then u € B;T and ||ull . < C(27%|JugLr)er(z)
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3 LITTLEWOOD-PALEY THEORY

Proof. Observe that (277 k)u; = 0, if |5/ — j| > C. Thus:

leemn| = X eeTRuw| < X e pul, s X lule

l3'—j1<C o l3'—ilIsC [7/—jI<C
» o »
=27 @ Rl < > 27 [lujlee

lj'—41<SC <295

= S Rl (X 2ulin) S 2l

(2)
ez JEL " |j—5'1<C

Proof of Theorem 3.18. Fatou property: Let {u,}, C B;} . B;g  be bounded.
Vi {p(277k)un}n

Cantor diagonal ~ >
@, supp; C 27C, where

up to subsequence of u,,

il < tmin || (2 kunl 1o

Then we define u = >, %;. The condition s; < z% (or s; = p% and ry = 1) gives >, 4  is convergent
in L*™, so u € .} (see Remark 3.17(ii)). Applying Lemma 3.19:

ee{1,2}: ||lu

B0, < CI2% i o e ay < Climint 2 (27 K)o 2

Completeness follows from the Fatou property.

D 15th lecture

Remark 3.20. This implies, that B is a Banach space if s < % or s = % and r = 1.

,T

Theorem 3.21. Vp,q € [1,00], p < q, then

at-1)

. 1
B, (R c LIRY).

Moreover, if p < oo = q:

L CCo(RY) = {f: R = C continuos and vanishing at + oo}

Ls—d(Li-_1 .
Remark 3.22. We proved Sobolev Bp m C qurz(” @) if p < q, 1 < ro. But B° is quite complicated.

d(l_

Proof. Take u € B, ¥ 5)(]Rd), then u =3, ¢(277k)u and

Bernstein
iy i 1 1_1
lullzogzay = 1> 0@ R)ull oy < D Ne@ R ulpagey < D 267D @27 k)ul| Lo(ray
JEL JEZL JEZ
= Jlull
with s = d(1 — 1). O
p q

Theorem 3.23. Vp € [1,00], LP(RY) C Bgyoo(Rd), When p = 1, we even have M(R?) C B‘fﬁoo(]Rd),
where M(R?) is the set of bounded measures on R?.

Proof. Take u € BY (R?) then

ull go = sup | (277 k)ul| Lo e
pee jer
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3 LITTLEWOOD-PALEY THEORY

Note (277 k)u(x) = G; * u(x), where é;(k) = p(277k), hence G,(z) = 2/¢G(2/2), |G}l = |G|l 1. By
Young’s inequality: '
e R)ullLr = (G5 * ulle < (Gjllorllullze S llullze

uniformly in j.
— fulgy _ < lullee

When p = 1: _
e k)ullgo = sup [|G;*ullpr < [|Gjllorlulam S llullm
’ J

Theorem 3.24. Let s >0, p,r € [1,00]. Then

tsetA

HU’HB;ig ~ ||H UHLE L7 (Ry, 9t

Proof. Case 1 (r = 00): In this case,
||uHB;gs =sup4 JH (2 jk)uHLp .
' FEZ

Consider
Lemma 3.3
)l Pull e = 5™ (27 k)ul| L < et (27 k)u | r < tse_Ct4j| 0277 k)u| v
" ull Ly 2 " o2 kyullpe < e <Y |

JET JEZ =0y, Jez
supp w; C27C

< Zts4jse_d’4j sup4 7| (27 k)ul|1»
iez M=

-5 ~llully -2
Note that (x) <4 1 (¢ universal), since (j ~ z € R):

/t54msefct4m da ~ / tsezsefctem do = / tsysefcty% _ / 5 (i)sefz%
R R Ry Yy Ry Nt z

1 ) 1
== 2*le™*dz = —T\(s)
CS R+ CS

Let us consider the reverse inequality. Note that:
F(v+1)= /Oo Ve tdt = /Oot%ﬂ“e*m dt, VYa>0.
0 0
Hence, the functional calculus yields:
L(y+1) = /OO t7(—A) T etA dt
0

Thus

027 k)u = ! )/ t5(=A)*Het2 o279 k)udt,
0

I'(s+1
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3 LITTLEWOOD-PALEY THEORY

SO

. . . 1 oo _
sup 47| (277 k)ul|Lr = sup 4]5"‘1)” / t5(—A)*TLe® (27 k)u dt
0

JEZ JEZ I'(s Lr
< sup4 ¢ / po4d(stD) gmetd? ||e%u||Lp dt
JEZ 0
> . J tA
< sup (/ 4Iemett dt) supt®|le  ul|zr
JEZ NJo t>0
:fo‘x’ ze—Z
S supt®]le T ul| 1o Sy sup e ul s -
>0 >0
Case 2 (r < 00): We have
8]t ul| e = t* |2 Zcp(2*jk)u < Ztse’““jéljs 4795 (277 k)l Lo
JEL Lp JEL =:cj
1
where (c;") "= ”uHB,;ES' Now,
T
o dt o o otdd s dt
/ (téHetAuHLp)Tf 5/ Ztéeﬂwéﬂbcj —
0 t 0 - t
JEZ
r—1
> s —ctdd 4js s —ctdd js dt
< Zt e 4’ Zt e 4%ck -
0 JEZ Jez
<1
o i o dt e d
5/ S et gir &L :/ ) (yse—cyﬁ) & < ullf
o 4 t 0o 4 y por
JEL JEZ
Other direction: ? O

Definition 3.25. Consider }_ - ©(277k) + x(k) = 1, Vk € R%. The nonhomogeneous Besov norm is

r

lullps, = | D2 Azulfs |

JEZ
where )
(27 k)u, ifj=0
Aju= x(k)u, ifj=-1
0, if j <2

Note that supp x C {|k| < 3}.

Remark 3.26. B3 , = H®, Vs € R (nonhomogeneous Sobolev space). In general, B, , contains the Sobolev
space.

Theorem 3.27. Vs € R, p,r € [1,00], the nonhomogenoues Besov space B;T(Rd) is a Banach space.
Moreover, it satisfies the Fatou property: If (un)nen is a bounded sequence in BS ., then there exists a

p.r
subsequence and u € By . such that uy, 279w in (R and ||ul Bs., < liminf, o ||un||B§ .

44

6th tutorial
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Proof. We use the decomposition u, = x(k)un + ;50 027 k)u, = > jez(Ajuy). For any j € Z, the
sequence (Ajuy)nen satisfies supp A/]u\n is uniformly bounded in n, so up to a subsequence: A; nzeo, Uj,
in .7'(R%). We define u = > jez Uj. Then u € By and

Sl

T

lullsg, ~ { Y205, | Stimint (50257 Ajunlpe | =liminf [fun |5,
JEL JEZ

Theorem 3.28 (s > 0). Let s > 0, then
(1) By, = Bs,NLP(RY), ie.

lullg,, ~ Nl + Il

(2) If Q zs a compact subset of RY, and Bj ,.(Q) = {u € By (R | suppu C Q} (similarly Bj () =
{ue B . (RY) | suppu C Q}), then '
BS, () = B3, ().

s
d

Actually, we have ||ul|rr S |4 ]||ul|z. . Consequently,
b

lulls, S (14102

pr

)

Jull 55

Proof. (1) exercise
(2) Take jo € Z and decompose u = x(277°k)u + (1 — x(279°k))u, so
[ull o) < X277 k)ull o) + 11+ x(272°k))ul| Lo ()

Easy part:

3

1@ x@ Rl < ( e hul, | < (3282 | p@ ks, )

Jj=Jjo Jj2jo >1

S

supp .C{|k|Z270}

< 27 ul 5,

More tricky part:

—j 1 i .
X2k o) < QP [[X(277k)ull Lo may (Halder)
——
< 197 |Q]7 27096 %) [y (270 k)ul| 11 (gay (Bernstein)
1 .
< 197 277 |ful| 11 may (Young)
N—_——
HUHLl(Q)

1 _1 ;
< QP2 Jul| Lo ) < 2700 [l Lo

Conclusion:

lull o) < 29 llull o + 277 |lul Vjo € Z

s ,
BPW

We can choose jo € Z such that 270¢Q| € [517, 57], so

]. s A
lull o) < Sgllullze +clQflull g, = llullze Sa 7 |ul5;

16th lecture
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Theorem 3.29. Take s’ < s € R and ¢ € .#(R?). Then the mulitplication operator ¢: BS . — B9 118
compact.

Recall: ¢: H® — H* is compact.

Proof. Take (uy,)nen a bounded sequence in B, ... Up to a subsequence, u,, — u in " (R?) and u € B}
(u=>"10;, 4 =lim, o Aju,). We need to prove that ¢u,, — ¢u strongly in B;:l. It suffices to consider

the case where u = 0. B
5 = 2218 Gu)lr = 3+ Y

JEL J<jo  3>Jjo
For j > jo:
Do 2A (Gun)lle = Y 27TV A (Gun) e < Y 27970 sup 27214 ($un) |1
7>jo 3>jo 3>jo 3770
—_——
~__,2—d0(s—s") S”¢unHB;OCSHUHHB;YOO§C<OO
Here, _ _ _
Aj(dun) = p(277k)(dun) = 27h(2 8) * (dun)
so by Young:

14 (¢un) e < |[unllLe < [lunl|Le -

We need to work a bit to get [|Ajuy|ze instead of [[un||z» (exercise). Thus:

Z 2jsl||Aj(¢un)||Lp <C0277(s—8) 2%, 0 uniformly in n
J>Jo
Part j < jo: We can consider each j separately. We prove that

n— oo

1A (¢un)|lr ——0, Vj=>-1.
For all j > Aj(¢un) = g * (uy,), where supp g is bounded. Consider g * (¢pu,)(z) = [z g(z
Y)d(y)un(y )dy TH—OO> 0. For fixed z,
g€ L RY) = yr— gle—y)n(y) € L(RY)

Moreover,
Bernstein

J,
I Aj(pun) o S5 [[A5(Qun)llLr S5 ll¢unll;
~——

supp -.. bounded
Consequently, VR > O7

lunllps . <C < o0

foe S|

n—oo

1A (dun)|lr(Br) —— 0

by dominated convergence (obivious if p < oo, p = 0o needs a modification). To get the convergence in
LP(R?), we need some decay for x + g * (¢u,,). For all n € N:

el (@) = [ o7l = )6 a)ua )
o [ (@ =0+ 52 late = 600 ()]

< / (x — 1)*™ g — 1) |6(y)un(y)| dy + / 190z — )| [y $() | un(y) dy
Rd R4 —_———
z2ng(z)es y2né(y)es

B <(C <o

by the same argument as before. Thus:

1

T+ [P © R

|9 (dun)(@)| Sm

if m large enough (m > d)! ~ g * (¢uy,) — 0 in LP by dominated convergence. O
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4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

4 Incompressible Navier-Stokes equation
For a vector field: u = (uj)?zl, u;: RT x R — R, u = u(z,t), the Navier-Stokes equation is

diu+u-Vu—Au=—-VP
div(u) =0 ,
ult=0 = uo

where 1y = ug(z) is the initial data and P: R? — R the pressure. The equation is considered component-

wise with .

d d d
u-Vu:Zujaju: Zujajuk , div(u):V~u:28juj.
j=1 j=1 1 j=1

1) Leray weak solution

(
(2) (Weak) solution in ug € H# !, critical space
(3) Uniqueness of solution (2D v/, 3D ?)

(

)
)
)
4) Solution ug € Bgo%oo

4.1 Energy approach

Theorem 4.1 (Leray, 1934). There exists a weak solution in L>°(Ry,L2) N L*(Ry, H}) such that

t
Ju®l3s +2 [ [Va(s) I ds < ol
0

Remark 4.2. Energy space L=°(R,, L2) N L*(R,, H]) is invariant under the scaling
ur(z) = Mu(\’t,\z) in 2D,

so we get a good theory in 2D.

Formal derivation of the energy kernel: Do inner product in L2 with u(t,z):
1
B O |Jul|?2 + (u- Vu,u)p» —/ |Vu? = — (VP, U)o

d

d
— VP~udx:Z— RdajP-uj:Z/Pajuj:/Pdiv(u)zo
j=1 0

R4 =

1 .
(u- Vu,u) o = Z/w(aj ey, = Z/u@ 0 (ur)? = — Z/aj wj - tuf = — /(dwu) Juf* =0
Jsk Jik Jsk
Integrating over time:

t
lut)llz +2 / IVu(s) 32 ds = [luoll3
’

The Navier-Stokes equation can be written as

Oru— Au = Q(u,u)
u(t =0) = ug ,
divu =0

where Q(u,v) is a bilinear form (cf. an inner product). We will try to use a fixed point argument to
prove existence of a solution (at least local existence).
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4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

Lemma 4.3. If Q is a bilinear form on a Banach space and

QI = sup [|Q(u,v)]| < oo.
ul|<1
i<t

Then Ya such that ||a|| < a < m, there exists a unique solution for
r=a+Q(zx,z), = € B(0,2a).

Proof. Define xg = a, 1 = a + Q(x0,%g), Tnt1 = a + Q(n, xy,), Yn. We prove that z,, € B(0,2a). In
fact:

e 1p=a = |lzo]| <a = =z € B(0,2a)
e Assume ||z,| < 2a. We need to show that ||z,41] < 2.

ns1ll = lla + Qan, za)ll < llall + [1Q(zn, )|l < @+ [Q[lzn]* < &+ | QII(20)* < 20
——

<o
We want to prove that {z,} is a Cauchy sequence. We have

Znt1 — 2ol =NQ@n, 2n) — Q(Trn—1,2n1)|| = [|Q(Tn — Tn, 2n) + Q(Tn—1, 70 — Tn_1)|
UNQ@n — -1, Tnl| + |Q(@n-1, 20 — Tp—1)[| < Q|20 — Tp—1[|([Zn ]l + [[27-1]])
<IQMzn = zn—-1ll(lznll + lzn-1l]) < 4@l [[2n — Tp—1]|

——
=:4<1
Thus {z,} is a Cauchy sequence since

m,n— 00

[2m = x|l < lJ@m = Tmoi]l 4+ + 2041 = 2al| SCB™ + 714+ ) =0

|Zni1ll < Bllzn-1ll < BP|@n-1 — Tn_o| <--- < B"C

Hence there exists ¢ = lim,, 00 ©p,. From z,11 = a + Q(zn, zy) D% r=a+ Q(x,z). Finally, we

check, that the solution in B(0,2a) is unique. Assume 37 = a + Q(Z, Z), then

[ — 2| = [|Q(z,z) = Q. 2)| <4|Qlaf|lz - 2| = [lz -2 <0 = z=2z.
——

<1

Navier-Stokes reads:
Oru+div(u ® u) — Au=—-VP
u(t =0) = ug ,
divu =0

where

d
diviu®@u) =u-Vu = (Z 3k(ujukz)> = (diV(Uju))?ﬂ :
j=1

k

Definition 4.4 (Weak solution of the Navier-Stokes equation). We want that u satisfies:

/Ot/Rdu(s,:E)z/}(s,x)dsdx/ot/Rd (u~A1/1+<u®u,V1/)>+u.3t¢)(57x)dsdx+/ o (2)6(0, 7) e

Rd

vt € [0,T], Vo € C([0, T], H2(R%)).
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4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

Leray condition: If u is a weak to solution to the Navier-Stokes equation, then

t
()l +2/0 IVu(s)[Zz ds = [luolZ2

This implies the global existence in d = 2. The Leray condition makes sense, if u € L>(R4,L2) N
L?(R, H}), but this energy space is only scaling compatible in d = 2.

Scaling argument: Let uy(t,z) = Mu(\%t, A\x), then

Orun(t,z) = A3 0, u()\Qt, Az)
Agun(t,z) = NAgu(Nt, A
Q(uy) ~ A (this requires the factor \)
——
=div(u®u)
We want to find an energy space such that
luxllz = llulle-
Ford=2, E = L*®(R,,L2):

3 3
lull oo (r,,22) =sup [lux||z2 = sup (/ )\Q\U()\Zt, )\w)|2d$> = sup (/ |u()\2t,x)\2dx)
* t v t R2 t Re

2
=sup (/ |u(t,x)\2dx) = ||lullpso L2
t Rd

} }
sl o, 1) = (/ ||Uquld$) —(/ |vzux<t,m>|2dxdt)
* Ry & R, JR2?

%
= (/R /RZVAQVU()\%,)\x)Fdxdt) = Jlull g2 412
.

In general, the following energy space is scaling invariant in d = 2, 3:

Similarly:

d 27 d . d_q 47 d—1 .
L°LS, LyHZ, Li°HZ ~, LyH,* (exercise)
Theorem 4.5 (Local well-posedness). If d = 2,3 and ug € H?1(RY), then there exists T > 0 such
that the Navier-Stokes equality has a unique weak solution

. d—1 .d_ . d
we L0, T)EL T nLE(0,T])EE ™" 0 L2([0, T) HE .
—————

t
the Banach space to do
the fized point argument

We will use the fixed point argumentation on the Banach space L*([0, T])H, > . By the Duhamel formula,
we can rewrite the equation:

¢
u(t) = ePug +/ e=98div(u ® u)(s) ds
0

(~x=a+Q(z,z) ~ need |a| < m) Denote

Qu,v) = — /Ot =2 iv(u ® v)(s) ds.
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4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

Lemma 4.6.
Qv . as < Cllul
LYH

e L
i, LiH, L4 H,

2

Lemma 4.7. If T > 0 small and ug € H2 " (R?), then ||e"ul| L a1 is small.
LAH

Ttz

a1
Then the conclusion that there exists a unique solution u € L} H, 2 follows from the general fixed point
result.
Proof of Lemma 4.6: Step 1: We show:

Jdiv(u® )l 42 < Clul s 0], o
For d = 2:

v (u @ V)l -1 ey S lwvllzz@e) < llullsee)llvllza@e) S llull g3 o 10l 3 gy -

by the Sobolev inequality L?(R%) > H*(R%) with ¢ = dz—%s (d=2,s=1¢g=4).
For d = 3:
J4iv(® )l gy S 1900l g g < 9zl
Sobolev: ) ) ,
L*(R%) > H?(R®) = H™7 > L*(R?)
NR:

3 3, (3 3 1 6
IVa-ollfy = [ 19uiolf < () (o) = 19ulBalol o

Step 2: Consider _
Orv—Av=f¢e LQ([O,T],HS_Q)
v(t,0) = vy € H*(RY)

(f ~ div(u ® v) in our application). Then, we claim that
v e L®([0,T), H*(RY) N L*([0,T], H***) N L*([0, T], H**)
and we get quantivative information
t t
lo@)I1%. + 2/0 IVoll%. ds = [lvoll g +/O (fiv),ds.
Duhamel gives:
t
v =Py + / =908 f(s)ds
0
t
= o(k) = e 145 (k) +/ e~ (=9l4Th £ ) ds
0

t
— ol < el + | [ o925 as
0

t
<l + | [ a2 5
Hs 0

L2

2 3
dk)

The second term equals:

.
(/ dk) =c <‘/ e_(t_8)|27rk‘2|k||]€|s_1f<8, k) ds
R4 o
t . ;
S (/ (/ e—(t—s)\2wk|2|k|2 ds) (/ |f(s, k)|2|k|2(s—1) ds)) <l
R4 0 0 2 g2
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Let us multiply the equation with 9(k)|27k|?* and integrate over k € R%:

0y 0(t, k) + |20k [*o(k, t) = f(t, k)
. lat/ |27rk|2|{1\2+/ |27rk|25+2|ﬁ|2:/ F(t k)
2 Rd R Rd

ie 10, Hv||2 + ||vll grs+1 = (v, f) ;.- Integration by parts yields:

kY| 2mk|2 dk

(0O = looll) + [ ligon = [ 0.1y

x

N | =

Consequently:

T 1 T
|10 < ol + [ o g

~~—
~[ k>0 (k) f (k) dk
<1k o(k) k|~ f(K) dk
SNl gs+1 I f Il grs—1

T 1 T
=$/ mw<A\MMmﬂwmm$ws2/|wwmﬂ fénﬂwmAw
T
:*A”“WEHSW”%+AHﬂm%Hm

The fact v € L* follows by interpolation (exercise). Let us conclude Lemma 4.6 from this: We already
proved

[div(u @ V)l g S llull jasr (o]l asa

We now apply the previous claim with s = % —1, f = £div(u ® v) to get:

T T
: 2 2
s = [ 1@ 0l g adt S [l s ol o

1

T 3 T 3
< /mmtl /quiw —ull ol e
o %2 0 HZ LiH, 2 LiH, ?

tdlx

Thus

QU vl ozt S IdivCu v, g

Shal ool
T x

t

Sd—1
i.e. the bilinear form Q(u,v) is bounded in L}H, > (and ||Q|| is independent of T').

Proof of Lemma 4.7:

e Easy step: Assume HuOHH%,l is small. Then by the previous proof:

A
le®uoll  as < uol 4

tilax

small.

e Additional step: for any ug € H%’l, we decompose

ug =uy +ug, us =ug(k)lyg<ry, L large

By taking L — oo, we can make [jug || as small as we want. Easy step applies.

. @ .
uy € H 2z = ||etAu0||H% < ||u0HHd2;1 - HetAUOHLf*TH% small, if T > 0 small
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O
Remark 4.8. e To be safer, we should define

i 1 1
Q(u,v) = / elt=9)Ap (—idiv(u ®v) — idiv(v ® u)) (s)ds,
0
where P is the projection onto the divergent-free function.
~» Duhamel : u(t) = e®ug + Q(u, u)

= automatically divu =0
d

d
P(diviu@u)) =divw@u)+ [ > 9;(—A)"" 0k 9y (urw)

k=1 L

J

d

div(P(div(u®@u)) =Y _0; Y On(ujur) + Y 05 | D> 0;(—A)"" 0k 9y (urur)
J k J

k,l=1 j=1

= Z aj ak(uja uk) + Z 8?(—A)_1 Z O, 8l(ukul) =0
J.k J k,l

=—1

e The fact that u is divergent-free allows us to get

t
lu(®)lZ: + 2/ [l dt’ = Juol|7
0 ~—~—

HVUHiz

Multiply the equation with wu:

t t
lu(t)ll7= + 2/0 IVulZ2 dt' = [luol7> + 2/0 (—div(u® u), u) . dt’

2 fot (u@u,divu)
Two key estimates that we used:
o [ldiv(u@v)]

H%*r"(Rd) 5 HUI”H% H’U”H%

o If fe L2H5", then

t . . . 1
[ s sy ds € Lz 0 L 0 LA (exercise)
0

(use fot esF k2 ds < I e~sF k2 ds = Jo e tds =1)

= [ = —div(u®v)

= 1 f g < Ml s o] o

T T 1
— 2 < 2 4 2 _ 2 2
8l e = [ gt S [l dr < () [o=ul? o ol

= [Q(u, V)] S llullzalloll sl

. d—1
LAH 2
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Why u € L H %~ 1(R%)?

t
u(t) = ePug + / =92 (—div(u ® u) ds
0

1

) - d
up € HT7! = Py e H2 7!

s d— d
2

4 pri=t . 2 pre-2 t(t—s)A- oo r79—1 2 74
weLpH? = div(u®u) € L3 HZ =~ — e div(u®u)ds € LY HZ N L3 HZ
0

T T

— 2 —

||etAu0||izH% :/ HemUOHZ% dt:/ /de 2R ok | g (k)| dk dt
tHa 0 0 R

T
:/ / e 2k 2k 2|20k | 2 (k) 2 dk dt
0 R4

Theorem 4.9 (2D). If up € L?*(R%)), divug = 0, then the Navier-Stokes equation has a unique global
solution in L*(R, H2(R2)). Moreover, the solution belongs to L>®(Ry, L?) N L*(Ry, H') and

t
lu(t)ll72 + 2/0 IVu(@)lZ2 dt' = [luolz=, ¥t >0.

Proof. Usual unique continuation! Here the local theory with uy € H 5-1 applies to give us a local
solution. Then by the Leray energy identity, ||u(t)||rz < ||uol/rz, thus we can extend the solution. From
this identity, the global solution satisfies

|19l dt < Juolle — we LR Y.
0

This also implies u € L*(R, H2 (R2)). O

Theorem 4.10 (3D). Ifuo € Hz (R3), div(ug) = 0, and HUOHH% is small enough, then the Navier-Stokes
equation has a unique global solution.

Open problem: Does there exists a global solution for large data in H 3 (R3)?

Lemma 4.11. If HuOHH < e, then the solution to the Navier-Stokes equation satisfies:

3 (R?)

t— JJu(t)]] is decreasing.

3 (R3)
Proof. 0;u — Au = —div(u ® u), multiply with /—Awu and integrate over x and t:
t t
2 2 _ 2 iy )
0 +2 [ kg ds = ol + [ (—divu@ .0y ds
By Cauchy-Schwarz inequality:

[(dive @ u,u) 1 | ~ ’/ |k|div(u ® u)(k)u(k) dk’
Rd

: S :
< ([ wetawpar)” ([ ave amPar)” < ul g lavwe ),
R4 R4
2 2
<l 3 Wl < g
< lull s llull
H?2 H

1
2

Conclusion: . .
@y +2 [ T, ds < ol +c [ G lule)l,  ds
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We have claimed that our local solution belongs to L3®HZ2 . % This can be improved to C([0, 7], Hz (R?)).
Consequently, ¢ — ||u(t)||H% is continuous. So if HUOHH% < ¢ gives that for T > 0 small, ||u(t)]| . gt <26

vt € [0,T].

t
¢ [ T gl as <205 [ ucs)

Thus if 2Ce <1 = [Ju(t)||® . < ||uol/? .. O
H?2 H?2

Lemma 4.12 (3D). Take ug € Hz (R3), div(uo) = 0. If there exists a global solution of the Navier-stokes
equation wrt. the initial data ug, then:

t—o00

o )] ) =0
o [ ITuL dt < oo.
Remark 4.13. If ug € H2 (i.e. in H= N L?), then the proof is easy (exercise).
Proof. Let u(t) be a global solution wrt. initial data ug € H2 (R3). From
Oru—Au+diviu®@u) =0

take the inner product with u in Hz (R3):

t
2 2 _ _ i
()2, g +2 / IV, 3 gy = Tl = [ (0@ 20,00

is small, then the nonlinear term from the RHS can be controlled by the LHS (this is the

dt’

T Ju(0)] 5 g,
way we prove global existence for small data). For general data, we decompose uy = ug + uo+, where

{ ug (k) = uoljy<p
ug (k) = uoljy>p

By taking E > 0 small enough, we find that ||ug HH% is small:

(R3)
HUO_HH%(W) = / |27 k| [uo (k)| dk == £29,0, by dominated convergence
k|<E
and |Jug || g2 is finite:
k
il = [ w@Rak < [ Rar < o
>E

By the global existence for small data in H2 (R3), there exists a global solution u ™~ (¢) of the Navier-Stokes
equation with 4~ (¢t = 0) = uy . Thus

Ol gy < 195 -
Define v(t) = u(t) — u~(t). Then v(0) = uf € H2(R3) = Hz(R?) N L*(R?) and v solves the modified

equation:
Orv—Av=—divlo®v) —diviv®@u™) — div(u~ ®v)

By mimicing Leray’s identity, we get:

t t
o)z + 2/ V|22 = |lvg|3e — 2/ (div(v®@v) +div(v @ u™) + div(u” ®v),v),,
0 0
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We can bound:

[{div(u @ u™),v) 12 < llou |2 [[Vollzz < llollzellullzs [Vollze S llully g, IVOIIZ:

Conclusion: From Leray’s identity for v:

t t
ol +2 [ 190l < ol + € [ 7y, 19012
0 0 N ,

<llug |l 1 small
H 2 (R3)

t
= [lv(®)lZ- +/0 IVolZe < llvollze = llug Il

Consequently, v(t) is uniformly bounded in L? and [[Vv|| .2 is small in an average sense, i.e. [ [|[Vo(t)||2, dt <
oo. Thus there exists to > 0 such that |Vu(tg)| 2 is small. Therefore:

1 1
(o)l 73 sy < IloEo)llZ2llv(Eo)ll 4
is small. By the triangle inequality:

N————’

<lugll 1 . small
H?2 (R3)

is small.

=t |Ju(?)] is decreasing, when ¢ > tq .

113 (R3)

t—o0

Since we can make ||u(to)|| . as small as we want, we conclude that ||u(t)]| — 0. By Leray’s

. H2 (R3) 3 (R?)
identity for Hz (R3):

t t
2 2 — 2 —di
o)1y +2 [ IVl g = ol g +2 [ (—divtu@ a0

o0
— [ ) e < o (exercise)
0
O

Theorem 4.14 (3D). The subset of H = {ug € Hz(R3)|div(ug) = 0} such that there exists a global
solution for the Navier-Stokes equation is an open subset of H.
Proof. Assume uy € H?(R3), div(ug) = 0 gives a solution. Take g9 € Hz(R3), divey = 0, | &0 ”H%(n@)
is small. We need to prove that the initial data ug + ¢ gives us a global solution. Let v(¢) be the local
solution with v(0) = ug + €9. Define
e(t) == v(t) — u(t) .
—~  ~~

local  global
Then £(0) = ¢ and

Ore(t) — Ae(t) = —diviv®v) + diviu @ v) = —div(e ®¢) — div(u ® €) — div(e ®u)

t t
= ||5(t)||2%(R3) +2/O ||V5(t’)||i_1%(R3)dt' = |l €o ||2%(R3) —2/0 (div(...) —div...75>H%(R3)

We have

[ (div(a ®D),¢) y 1= ldivi@@b)] -y

3 (RS H‘i(]R3)HC”H%(]R3)
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In particular:

[ (div(e©), 18y | S 1B IT Ny gy S el gy IV 12 g
. 1 2
(@Av(E@0),) 3 oy S Tl sV e g oy S iy IV

< Csllullinllel?

2
it TOIVEN; g

Conclusion:

t
2 2
1O gy +2 | 1721

t
2 2 2
o€ [ 1 IVE1 gy + € [ ol gy + 019 5

2
< lleoll 3 (R9)

H2(

We take ¢ > 0 small such that C§ < 3. If we assume || & || N < ¢ for all t € [0,T], then

( R3

1
2 2 2 2
1O, gy + [ 171 g N0l )+ C / e 12y )

Since [;° ||u||‘}j[1 dt < 0o, we can apply the Gronwall lemma (Osgood):

oo
O 3 g < 120 g gy 0 (Co [ o)l ds) . vt 0,71,

This holds as long as
1@l 3 oy <05 VEE,T].
We can take || &g || .

small, so || || is uniformly bounded small, i.e.

3 (RS) 3 (R9)
<s
Consequently,
10O 13 sy = 10O 3 sy + 1@ 3 gy <€
uniformly in time = v(t) is global. O

4.2 [P-approach

Theorem 4.15 (3D). If ug € L3(R?), div(ug) = 0, then there exists T > 0 and a unique local solution
u(t) € C([0,T], L3(R®)) of the Navier-Stokes equation. Moreover, if ||uo||zs is small, then there exists a
global solution.

Remark 4.16. We will use the abstract fixed point argument for the equation
t
u(t) = e"ug + / =98 (—div(u ® u)(s)) ds.
0

The pomt here is that the fixed-point method does not work on L*L3, but we need to use the Besov

space Bp7 (R3) for some p > 3.
Definition 4.17 (Kato spaces). For p € [3, 00| define

K,(T) = {u € C((0,T], L (R?))

1 38
sup ¢2(1 p)||u(t)||Lp(Rs) < oo} .
te (0,7

If p € [1, 3], we can also define K,(T) similarly except (0,7 ~~ [0,T].
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Let us consider the e'®ug with ug € L3(R3). We claim:
° HetAUOHKp(T) < luollzs uniformly in T.

Lemma 4.18.
tA T—0
e Moreover, ||e" uq|| k) — 0, Vp > 3.
Proof. By definition:
1 |2
ePug(z) = 5 I ug ()
(4mt)2
A 1, e 1, L2
= lleuollzy S glle™ 7 +uollzy < o lle™# llzefluofl e
2 2
Here
x| sle|? d slyl? N 3 3
le™ 5 || = (/ e w dx) = (/ e d dxtf) ~ 12 =t
R3 R3
S0)
e uollpz £ ¢3¢ luoll s = 125V uol e, Ve > 0.
To get ||etAu0HKp(T) Ioeo, 0, p > 3, we first assume ug € C°. Then we can apply the previous proof to
||etAu0||Kp(T) 120, (exercise)

show that
For general ug € L3, there exists (u,,), C C such that u, — ug in L3. Then
le“uollk, () < lle" (uo — un) |k, (1) + lle” 2 tnll i, (1) < Clluo = wn)llLs + [l unl k(1)
P P P P

= limsup ||etAu0||Kp(T) < Cllug — wnl| 13
—0
T—0
m =% 0.

Taking n — oo, we conclude that ||etAu0HKp(
t
B(f) = / =I2div(f(s))ds (f =u®uv in application).
0

Lemma 4.19. Denote
B(a) = [ T=sepn fso)as= [ [ Te=spsia—payas,

Then
where o
Proof. Using the Fourier transform:
— t 2 ~
B(f) :/ e =92k L (s k) ds
0

f(t, k) — e_t|2”k\2k7

(t,k):/o f(t—s,k)'f(s,k)ds:/o D(t—s,e) %, f(s,0)ds.

Define
then
B(f)
To get the bound for I'(¢, z), we use
F(t 1,) _ / eft|27rk|2ke27rik-z dk = i am/ eft|27rk|ze27rik:-z dk
’ R3 27 R3
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From the heat kernel:
e 4t
_ e—t|27rk\2

_ =2
0, e 4t

= I'(t,z) = .
) = ot (a3

2

= Ir(t0)| § e
Using that e ¢ < E%for £ >0, a>1, we get
_1
s < ol ()71
= 5 t 12
Also .
|| (IﬂCIQ)fE 1
RHS < — - | — = —
= 43 t |zt
% 1 C
T'(t < min(—=, — _—
()] S min(g. 1) € o
O
Lemma 4.20. Define
t
Q(u,v) = —/ =2 div(u @ v) ds .
0

+éz % Then, VT > 0:

1 1 1 1 1
Tak€125+a>0,;+g>g
1Q(u, v)|x, 1y < Cllullk, ) llvlx, 1)

Proof.
Q)= [ [ T=spe e - dyds

for some )
I0(t,2)| < min (tja |x4>
t t
= |Q(u,v)||Lr &) S/ IT(t —s,0) % (u®@v)]Lr dS/ IT(t— s, @)l Lz llullzl[v] Le ds
0 0

ts dy

C " T2
()| <<7d) “\eenm) =7
= |T@ )7, < (2 + |a|4)" z <t217(1+?/|4))

Using

C
I'(t < —
| (7x)‘—t2+|x|4
O

TODO

Proof of Theorem 4.15: Let ug € L3(R3), consider u(t) = e®up + Q(u,u). We use the fixed point
argument on the Banach space Kp(T), p > 3. For T > 0 small, |[e"®u||k, (7 is small. Moreover

1Q(w, Wk, (1) S llullx, Ty, if r> 3 P> 3
< m. Then Lemma

We can take r = p > 3, then [|Q| < C in K,(T) and T > 0 small: [|e"®uol|x, (1)
4.3 gives the existence and uniqueness of a solution in K, (T') with [[u(t)| x, ) < 2||etAuo||Kp(T). Trick:

u(t) — ePuy = Q(u,u)

b.d. in L3
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Hence
[u(t) — e uoll e rs < 1Q(uw, w)|lky(ry < CllullFeyry < Clle™uoll%y(ry »

which is small if 7' > 0 is small. Thus [|u(t)||zs is bounded small for all t < T, if T > 0 and [[ugl|zs are
small.

O
In general, the Navier-Stokes equation reads

Oru—Au+diviu®@u) = VF
divu =0
u(t =0) = uy

So far, we only considered the case F' = 0. For F' # 0, the same result applies. Duhamel gives
t t
ult) = e ug + / (=92 (_div(u @ u)(s) + VF(s)) ds = g + / (=9 (_div(u ® u)(s)) ds.
0 0

We are looking for a fixed point 2 = a + Q(x,z). Therefore, we need ||a|| small, then [e*®ug| +
I fot e(!=9)AV F(s) ds|| is small ~ easy! For the global existence: Leray equality:

t ¢
[[u(t)||7 +2/ [Vu(s)|72 ds = [luol|7 +2/ (VF,u)p» ds
0 0 7%/—/<Fd. >_0

The same applies if we consider ||u(t)|| s

(VEu) . = /

(2mik) B (k) - (k) |27k |2 dk ~ / Bk k- (k) dk

Rd Rd T

By Theorem 4.15: If ug € L3(R?), there exists 7 > 0 and a local solution in K,(7). We claim that for
T=o00,p>3:

lle"®uol x, (00) ~ HUOHB%A

p,o0

Remember the characterization of the Besov spaces (Theorem 3.24: For p,r € [1,00], s > 0:

t3

etAUHLs HLT(]RJr,dT’”)

lull g, ~
In particular, for r = oco:
_ s A
lully, . ~supt¥lleully

andfors:lf%>0,p>3:

113
) el e = [l uoll ¢, (o0)

Theorem 4.21. Ifug € .7, and T > 0 such that |[e"®u| k(1) is small enough, then there exists a local
solution to the Navier-Stokes equation.

The best we can hope for is a solution with initial data ug € Bo_olm. If we want to solve the Navier-Stokes
equation by our fixed point argument, we cannot go beyond this space. This is because the Navier-Stokes
equation is invariant under the scaling u — uy(t,z) = u(A?t, \z). If we do the fixed point argument on
a space B C ./(R3), its norm should be invariant under that scaling. If also ||Q(u,v)| s < C|lulls||v| 5,
then B C Bgolyoo. Here

t
Q(u,v) = / =2 (—div(u ® v)(s)) ds,
0
then Navier-Stokes reads:
u(t) = e"ug + Q(u, u)

ug, e Pug) ~ etPug € L2 (Ry x R3).

We need to make sense for Q(e!®
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Definition 4.22. Define Xy C .7/ (R9).

Nl=

[[uo (@)l x, = luollgzi, ~ + sup (RS/
———— zER3 Py r

emuo<y>|2dydt> < 00,
R>0

~SUP;s.0 t%Hemuol\Lgo
with Py p = (O,Rz) x B(z,R) C R4 x R3. Also

1
2

lu(z,t)||x = supt? [[u(t)|| e + sup <R3/ u(t»y)|2dydt> <0
t>0 P

z€R? R
R>0

X, is called BMO ™! space (dual of BMO).
Remark 4.23. ||e"®ugl|x ~ |Juol x,

Theorem 4.24. Ifug € Xo and |Jug||x, ~ ||e!®uo|| is small, then there exists a global solution u € X of
the Navier-Stokes equation and ||u||x < 2|juo|| x, -

.3
Remark 4.25. X¢ D B,’iool, V3 < p < 0.

.3 1
Proof. Let ug € Xo. We need to show if ug € B o , i.e. e®ug € K,(00), then ug € Xy. Assume z = 0.

Then
2 1—2
uPray) ([ 1ay)
R Br

R2
R™3 letug(y)|? dy dt < R—3/ dt (/
0,R 0 B
R? R?
2 3 3
< R’?’/O dtlletAu||2, R =% < R™# </0 dttv‘1> sup (£ % [l uol3»)

We will prove the theorem by a fixed point argument on X.

Lemma 4.26.
1Q(u, v)[[x < Cllullx[v]x,

where

Q(u,v) = /0 =8 (—div(u® v)(s)) ds.

Definition 4.27 (Technical space).

Iy = suptlfOlle + sup B2 [ [7(tp)ldycs
>0 zER? Py r
R>0

Lemma 4.28 (Key Lemma).

t
£f = [ o 2div(f(s e ds = |Lflx <y
0
Remark 4.29. (1) The space Y is stable with scaling in Fourier: If § € .(R3), then

10tz k) f(t, )|y S IIFlly
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(2) llablly < llallx[bllx
Proof of Remark 4.29:

@)
Jablly = supab] = + sup & [ [(ab)t. )]yt
zeR3 P, r
R>0
1 1
2 2
< sup(t? af 1) (¢ B~ + sup (R 3 / aF) (R?’ / |b|2) < Jlallxlblx
9%‘650 P: r Py r

(1) 6 € .7(R?)
O(eE0) () ~ =5 [ 007 H e =) 1(e9)
Young
— 0 () e < 1A R (@l S () e

Moreover, for |z| < R:
102 k)f(t, @)1 Py ) < NOE2R) Lo fllLr(p, ) + 102 R)Lpg, fllLr (e, n)

For ]lBR

16(2 k)L g fll 23 (. / / 210062 (29))| 1, (W) f (£, )| dy dz dt

[dd<c

R?
< /O /]132R(y)|f(ta y)| dy dt < / |f(t, y)| dy dt = ||f||L1(P0,2R)

0,3R

For Ipe:

[ B e - )it ) £t w)] dydsde

3
N MRS

s |If(0)]lLee
tTr—— 1, dydzdt
/pTR/Rs Tt 2z — gt 1P REVE

SOl
/ ( re (14 t-2]y|%)? 5Ly >rdy | dzdt
S/ dtR3/ 1 1/ (t )HL4 dgdt
0 gl>tir 1+ [yl

< (sup ]| £(1)] >/32 dt1/ L4
= (sup L " =1 9y
>0 0 t Jigseir 1+ 1914

164K L llscr o < [

PwR

N
]

A

Proof of Theorem 4.24: In the proof, the key point is to use the fixed point argument in X, with

Q(u,v) = /0 =92 (—div(u ® v))(s) ds.

Recall: . .
£f = [ Bdiv(p e dst@) = [ [ T s =)y
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4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

1
Tt z)| < ZraA” Q(u,v) = L(~u®v))
Technical space:

[flly =supt||f()l|Lee + sup R*/ |f(t,y)dydt
t>0 zeR3 Py r
R>0

Conclusion of the theorem:

Key Lemma

1
1Q(u, v)|[x = [[L(u@v)lx S u@vlly S llulx|vlx
~ (@ is a bounded bilinear map ~» z = a + Q(z, x) is solvable if |ja||x < m and ||z x < 2|a].

Lemma 4.30. Define TV (t,z) =T'(¢, z)1po(z), I'® =T(t,x)1p,(z), then

t
LAt = [ [ D= s =) s dyds = (00« £ 4T f(t0).

Then:
[P e o, 2yi) S 5 1l
and if t > R2:
IT® 5 £l oo (B2 00)x R2) ||fHY
Consequently, if R = \/t, then
T @ s fllre < \/||f||y

— s VIILI (Ol < VE (1P s fllze + TP 5 £l )
= supt3[|LF ()] SIIF Iy
t>0

Proof.

]lBC - )
(T % £)( taz|</ /}R3\F(1) — s,z —y)lf(s,9)] dyds</ /RS =52+ o= ‘4\f(s,y)|dyds

1
gt/ sy |dyds</ / L f(s.y) dyds
lt—y|>R ‘I - y‘ —1 /2 IR>|z—y|>2!R |$ - y|

R? o0 1 /
S f(s,y)dyds
/0 (2lR)4 |m_y|<2l+1R ‘ ( |

|f<s,y>|dyds> S Z 7l

z,2l+1R

<Iflly

On the other hand:

Ip,(r—y) b 1p,(z—y)
@ s f)(t, // n dyd n d d
|( *f T |/\/ RS |t—8|2+|$ y‘4|f(s y)| Y S |t—8|2+|l‘—y‘4 ydas

Let us divide the time integration over s into s € [0, R;] and R;, t]. The second part is good:
¢
1 — 1 1 1 1
/ BR(:E y) *dyd < R / / BR de N Br(z—y) dy 5 -
z2 [t —sP+|z—ylts ws 8%+ [z =yt y|4 R2 Jgs |z —yl? R

62



4 INCOMPRESSIBLE NAVIER-STOKES EQUATION

For the other one:

R /P T £t )2 dt dy < |12

z,R

For T(M) easy:

R? R?
- _ 1
o [0 s ePaay s [0 [ LR agas~ 1
0 Bg;,R 0 B:L-,R

The case T'? is difficult: The previous bound does not apply! Problem:

/ /R//R |t—]lsT;+|y SlfGs,2)ldsdz

By translation and rescaling, we may assume x = 0 and R = 1. Decompose

f=f+f

2
dydt < |15

where e Lo
fH(t,8) = 0(t26) (¢, €)
for § € C2° with 6(0) =

First try:
1 e = [ [ [1n-satoriicoraacs [ [ ngieopaae

)< [ n-eeiop
R3
Note:
I£(L g )l (0,1)xB1) S If]ly

[20(t26) flly < I flly

follows the same estimate for T(*) x f before. It remains to consider 1, f, i.e. we can assume that f(,
is compactly supported in y € Bs.
TODO?

t
1
dsd
/o/Rs |t_3|2+‘$—y‘4f(s’y) sdy| ,

1,(y
S, dsd
//Rst—s|2+y|4 ey)] dsdy
1
<V

<1 (// “B“’>

[Lf(t @) =[x f(t o) S

supp f C By
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