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E1.1 [4 Points]. Let (X, k·k) be a normed vector space, f : X �! R a non-zero linear functional, and

↵ 2 R. Prove that the hyperplane H := {x 2 X : f(x) = ↵} is closed iff (if and only if) f is continuous.

E1.2 [5 Points]. Consider the normed vector space E := {u : [0, 1] ! R : u continuous, u(0) = 0},
together with the usual sup-norm kuk

1
:= supx2[0,1] |u(x)|. Let T : E ! R be defined by

T (u) :=

ˆ 1

0
u(t) dt

(a) Prove that T defines a continuous linear functional on E and calculate kTkE⇤ := sup
u2E\{0}

|T (u)|
kuk1

.

(b) Is the norm of T attained? That is, can we find u 2 E, s.t. kuk
1

= 1 and T (u) = kTkE⇤?

E1.3 [4 Points]. Let X be a set and ¯ : P(X) �! P(X) a mapping (called a closure operation)

satisfying

(i) ?̄ = ?,

(ii) 8A ✓ X : A ✓ Ā = ¯̄
A,

(iii) 8A,B ✓ X: A [B = Ā [ B̄.

Prove that for any closure operation there exists a unique topology O, s.t. 8 A ✓ X : Ā = Ā
O
, where

Ā
O

denotes the closure of A with respect to the topology O.

E1.4 [5 Points]. Let X be a normed vector space, A ✓ X be a closed non-empty set, and let � : X ! R
be the distance function

�(x) := dist(x,A) := inf
a2A

kx� ak .

Prove:

(a) The map � is Lipschitz-continuous with Lipschitz constant L = 1, that is,
���(x)� �(y)

�� 6 kx� yk.

(b) A is convex iff � is convex.

E1.5 [6 Points]. Let X be a topological vector space and A ✓ X be a convex open set with 0 2 A.

Prove that the Minkowski functional

pA(x) := inf

⇢
� > 0 :

x

�
2 A

�

satisfies the following properties:

(a) pA(�x) = � pA(x) for all � > 0, x 2 X,

(b) pA(x+ y) 6 pA(x) + pA(y) for all x, y 2 X,

(c) A = {x 2 X : pA(x) < 1}.

(d) If there exists a norm k·k inducing the toplogy of X, the unit ball B := B1(0) := {x 2 X : kxk < 1}
is a convex set and

pB(x) = kxk for all x 2 X.

Lösungen können bis zum 23.4.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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(X, k·k) k·k

8x, y 2 X, kxk = 1 = kyk , x 6= y 8� 2 ]0, 1[ :
���x+ (1� �)y

�� < 1.

� : X �! ]�1,1]

8x, y 2 X, x 6= y 8� 2 ]0, 1[ : �(�x+ (1� �)y) < ��(x) + (1� �)�(y).

k·k �(x) := kxk2

p 2 ]1,1[ k·k �(x) := kxkp

X := C([a, b])
kfk2 :=

p
hf, fi

hf, gi :=
ˆ b

a
f(x)g(x) dx, f, g 2 X.

k·k2

`1 := {(xn)n2N : sup
n2N

|xn| < 1},

`1 := {(xn)n2N :
X

n2N
|xn| < 1},

kxk1 := supn2N |xn| kxk1 :=
P

n2N |xn|

`1 1 B 1
2
(yk) := {x 2 `1 : kx� ykk1 < 1

2}
yk 2 `1 k 2 N 1 B1(0) := {x 2 `1 : kxk1 < 1}

`1 1 1
2

1 B1(0) := {x 2 `1 : kxk1 < 1}

k·k1 k·k1 k·k1 `1 ✓ `1
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(X, d)

X

X x 2 X R > 0 X ✓ B(x,R)

(X, d) (xn)n2N X
(xnk)k2N (xn)n2N

" > 0 d(xnk , xnl) > " 8k 6= l

(X, d) (xn)n2N ✓ X (rn)n2N ✓ ]0,1[

B(x1, r1) ◆ B(x2, r2) ◆ . . .

(X, d) X k · k
X d(x, y) = kx� yk x, y 2 X

1\

n=1

B(xn, rn) 6= ?.

(X, d) (xn)n2N ✓ X (rn)n2N ✓
]0,1[

1\

n=1

B(xn, rn) = ?.

(X, d) d0 X
8(xn)n2N ✓ X 8x 2 X xn ! x d xn ! x

d0

X ✓ Bd0(x, 1) x 2 X.
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X V ✓ X
y 2 X \ V dist(y, V ) > 0 v 2 V

X
{xn}n2N ✓ X kxnk = 1 n 2 N kxn � xmk > 1 n 6= m

Y :=
n
x = (xn)n2N 2 `1 :

P1
n=1

n
n+1xn = 0

o

Y `1

e1 := (1, 0, . . .) 2 `1

dist(e1, Y ) := inf{ke1 � yk1 : y 2 Y } y 2 Y

dist(e1, Y )

Y X ✓ Y X () X

C0(Rd,C) :=
n
f : Rd ! C : f , lim

|x|!1
|f(x)| = 0

o
kfk := sup

x2Rd

|f(x)|

c0(N) :=
n
x = (xn)n2N : xn 2 C, lim

n!1
|xn| = 0

o
kxk := sup

n2N
|xn|

X :=
n
f : [0, 1] ! C : f f(0) = 0

o
kfk := sup

x2[0,1]
|f 0(x)|

X := {f : [0, 1] ! C : f }

kfk :=

ˆ 1

0
x2|f(x)| dx
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E5.1 [6 Points]. Let X be a Banach space, Y normed, and (Ti)◆2I ✓ L(X,Y ) an arbitrary collection

of bounded linear operators such that sup {kT◆k : ◆ 2 I} = 1.

Prove directly (without using the Baire or Uniform Boundedness Theorem) that there exists an x 2 X
such that sup {kT◆xk : ◆ 2 I} = 1.

Remark and Hints: The goal of this problem is to obtain an elementary proof of the Uniform Boun-

dedness Principle, which does not use the Baire Theorem. We suggest to use the following strategy:

(a) Show that there exist sequences (Tn)n2N and (xn)n2N such that:

kTnxnk > n+
n�1X

j=1

kTnxjk, for n > 2, and kT1x1k > 1,

kxnk 6 2�nmin {kTjk�1 : j < n}, for n > 2, and kx1k 6 1/2.

(b) Show that the series
P

n2N xn converges to some x 2 X.

(c) Show that
P1

j=n+1 kTnxjk 6 1 for each n.

(d) Show that kTnxk > n� 1 for each n, so sup {kTixk : i 2 I} = +1.

E5.2 [4 Points]. Let X,Y be Banach spaces and T 2 L(X,Y ) be an isomorphism.

Prove: T (BX(0, 1)) = T
⇣
BX(0, 1)

⌘
.

E5.3 [4 Points]. Let X,Y be Banach spaces and T : X ! Y be linear s.t. T (BX(0, 1)) = BY (0, 1).
Prove: T (BX(0, 1)) = BY (0, 1).

E5.4 [5 Points]. Let X be a normed space and M ✓ X a closed subspace. Recall that the quotient space

X/M := {[x]⇠ = x+M : x 2 X} consists of all equivalence classes of the relation x ⇠ y :, x�y 2 M .

Prove that k[x]k := dist(x,M) defines a norm on X/M .

E5.5 [5 Points]. Let X be a separable normed space. Prove that there exists a sequence {fn}n2N ✓ X⇤

with kfnk = 1 for all n 2 N, such that for all x 2 X we have kxk = supn2N |fn(x)|.

Lösungen können bis zum 21.05.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E6.1 [6 Points]. Let X be a Banach space and let M ✓ X be a closed subspace with finite codimension,

that is,

codimM := dim(X/M) < 1.

Prove that M is complemented in X.

E6.2 [6 Points]. Let X be a Banach space, M ✓ X a closed subspace of X, and q : X ! X/M the

quotient map. Prove that

q(BX(0, 1)) = BX/M (0, 1).

E6.3 [6 Points]. Let X,Y be Banach spaces, f 2 L(X,Y ). Prove that the following statements are

equivalent:

(i) f(X) is closed in Y .

(ii) X/ ker f is isomorphic to f(X).

E6.4 [6 Points]. Let X be an infinite-dimensional Banach space.

Prove that the weak topology �(X,X⇤) is not metrizable.

Hint: To argue by contradiction, suppose that there exists a metric d(x, y) on X such that d induces

the topology �(X,X⇤). You may then use the following strategy:

(a) For every n 2 N, let Vn ✓ X be a neighbourhood of zero in �(X,X⇤) such that

Vn ✓ {x 2 X : d(x, 0) < 1/n}.

Prove that there exists a sequence (fk)k2N ✓ X⇤
such that every g 2 X⇤

is a finite linear combi-

nation of the fk.

(b) Deduce from (a) that X⇤
is finite-dimensional (e.g. using the Baire theorem).

(c) Prove that �(X,X⇤) is not metrizable.

Lösungen können bis zum 28.05.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E7.1 [8 Points]. Let X be a Banach space and denote by T the canonical embedding of X into X⇤⇤
,

defined by

T :

(
X �! X⇤⇤

x 7�! Tx
with Tx :

(
X⇤ �! K
f 7�! Tx(f) := f(x)

Prove:

(a) kTxkX⇤⇤ = kxkX

(b) xn * x weakly in X if and only if Txn

⇤
* Tx weakly-⇤ in X⇤⇤

(c) If xn * x weakly in X, then the set {xn}n2N is bounded.

E7.2 [10 Points]. Let X be a Banach space with dimX = 1.

Prove:

(a) There exists a non-empty subset A ✓ X such that:

• 0 62 A and A \B(0, r) is finite for all r > 0.

• For every finite family {fi}i2I ✓ X⇤
we have

inf
x2A

sup
i2I

|fi(x)| = 0.

(b) The set A is not closed in the weak topology �(X,X⇤).

(c) For every sequence {yn} ✓ A, if yn * y weakly, then y 2 A.

(That is, A is weakly sequentially closed.)

(d) Prove using (a)–(c) that (X,�(X,X⇤)) is not metrizable.

E7.3 [6 Points]. Let X be a reflexive Banach space. Prove:

(a) For all f 2 X⇤
there exists an xf 2 X with kxfk = 1 such that kfk = f(xf ).

(b) If M is a closed subspace of X and x0 62 M then there exists an x1 2 M such that

kx0 � x1k = inf
x2M

kx0 � xk

Lösungen können bis zum 11.06.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E8.1. [2 points] Let X be a Banach space. Prove that the ball B = B(0, 1)
k.kX⇤

is closed

in X⇤
with the weak-* topology.

E8.2. [4 points] Let X be a Banach space. Prove that the following statements are

equivalent:

(i) X is uniformly convex.

(ii) For all sequences {xn}, {yn}, if kxnk  1, kynk  1 and kxn + ynk ! 2, then

kxn � ynk ! 0.

E8.3. [4 points] Let X be a uniformly convex Banach space and let {xn}1n=1 ⇢ X. Prove

that if xn * x weakly and kxnk ! kxk, then xn ! x strongly.

E8.4. [4 points] Let X be a Banach space. Let T : X ! X⇤⇤
be the canonical mapping

Tx(f) = f(x), 8f 2 X⇤, x 2 X.

Let S and S⇤⇤ be the unit spheres in X and X⇤⇤
. Prove that T (S) is dense in S⇤⇤. (Note:

Goldstine Lemma says that T (B) is dense in B⇤⇤ with closed balls.)

E8.5. [4 points] Let X be a reflexive Banach space.

(a) Prove that if M is a closed subspace of X, then M is reflexive.

(b) Prove that if Y is a Banach space isomorphic to X, then Y is reflexive.

E8.6. [6 points] LetX be a Banach space and letM be a subspace ofX. Let q : X ! X/M

be the quotient map.

(a) Prove that U is weakly open in X/M if and only if q�1
(U) is weakly open in X.

(b) Prove that if X is reflexive, then X/M is reflexive.

(c) Prove that if M and X/M are reflexive, then X is reflexive.

Lösungen können bis zum 18.06.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E9.1. [4 points] Let (⌦, µ) be a measure space with µ(⌦) < 1.

(a) Prove that Lp
(⌦) ⇢ Lq

(⌦) for all 1  q  p  1.

(b) Prove that for every f 2 L1
(⌦) we have

lim
p!1

kfkLp = kfkL1 .

E9.2. [6 points] Consider Rd
with the Lebesgue measure.

(a) Prove that for 1  p < q  1, both Lp
(Rd

)\Lq
(Rd

) and Lq
(Rd

)\Lp
(Rd

) are non-

empty.

(b) Prove that for 1  p  1, there exists a function f 2 Lp
(Rd

) such that f does not

belong to Lq
(Rd

) for all 1  q  1, q 6= p.

E9.3. [4 points] (a) Let (⌦, µ) be a measure space and 1  p  q  r  1. Prove that

Lq
(⌦) ⇢ Lp

(⌦) + Lr
(⌦) = {f + g, f 2 Lp

(⌦), g 2 Lr
(⌦)}.

(b) Consider Rd
with d � 2 and the Lebesgue measure. Prove that f(x) = |x|�1

does not

belong to Lq
space for any 1  q  1, but it belongs to Lp

+Lr
for some 1 < p < r < 1.

E9.4. [4 points] Let (⌦, µ) be a measure space and let p, q 2 (1,1). Let {fn}1n=1 be a

bounded sequence in Lq
(⌦).

(a) Prove that if fn ! f strongly in Lp
(⌦), then fn ! f strongly in Lr

(⌦) for all r

between p and q, r 6= q.

(b) Prove that if fn * f weakly in Lp
(⌦), then fn * f weakly in Lr

(⌦) for all r

between p and q, including r = q.

E9.5. [6 points] Let (⌦, µ) be a measure space which is sigma-finite. Let 1 < p < 1. Let

f : ⌦ ! C be a measurable function such that fg 2 L1
(⌦) for all g 2 Lp

(⌦). Prove that

f 2 Lq
(⌦) with 1/p+ 1/q = 1.

Lösungen können bis zum 25.06.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E10.1. [4 points] Let d � 1. Find a sequence {fn}1n=1 ⇢ L1
(Rd

)\L2
(Rd

) such that fn ! 0

strongly in L1
(Rd

), fn * 0 weakly in L2
(Rd

), and fn does not converge to 0 strongly in

L2
(Rd

).

E10.2. [4 points] Let f 2 Lp
(Rd

) with 1  p < 1. For every r > 0, define

fr(x) =
1

|B(x, r)|

Z

B(x,r)
f(y)dy.

Prove that fr 2 Lp
(Rd

) for all r > 0, and fr ! f strongly in Lp
(Rd

) when r ! 0.

E10.3. [4 points] Let f 2 L1
loc(Rd

) satisfy

Z

Rd
f(x)'(x)dx � 0, 80  ' 2 C1

c (Rd
).

Prove that f � 0.

E10.4. [4 points] Let 1 < p, q < 1 such that 1/p + 1/q = 1. Prove that if f 2
Lp

(Rd
) and g 2 Lq

(Rd
), then f ⇤ g 2 C0(Rd

), namely x 7! (f ⇤ g)(x) is continuous and

lim|x|!1(f ⇤ g)(x) = 0.

E10.5. [4 points] Prove that if f 2 L1
(Rd

), then bf 2 C0(Rd
), namely k 7! bf(k) is

continuous and lim|k|!1 bf(k) = 0.

E10.6. [4 points] Let f(x) = e�⇡|x|2
with x 2 Rd

. Prove that

bf(k) = e�⇡|k|2 , 8k 2 Rd.

Lösungen können bis zum 02.07.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E11.1. [8 points] (a) Prove that (`1(N))⇤ = `1(N).
(b) Prove that (`1(N))⇤ is really bigger than `1(N) and that `1(N) is not separable.

E11.2. [8 points] Let X be a vector space. Let T : X ⇥X ! C be a function satisfying

that T (x, y) is linear in y and anti-linear in x.

(a) Prove that if we assume further that T (x, x) 2 R for all x 2 X, then

T (x, y) = T (y, x), 8x, y 2 X.

(b) Prove that if we assume further that T (x, x) � 0 for all x 2 X, then

|T (x, y)|2  T (x, x)T (y, y), 8x, y 2 X.

E11.3. [4 points] Let X be a Hilbert space. Let M,N be two closed subspaces of X such

that M?N , namely hx, yi = 0 for all x 2 M and y 2 N . Prove that M + N is a closed

subspace of X.

E11.4. [4 points] Let X be a Hilbert space. Let {un}1n=1 ⇢ X such that un * 0 weakly.

Prove that there exists a subsequence {unk}1k=1 such that

vm :=
1

m

mX

k=1

unk

converges strongly to 0 when m ! 1.

Lösungen können bis zum 09.07.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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E12.1. [2 points] Let X be a Hilbert space and let {xn}1n=1 be an orthonormal family in

X. Prove that xn * 0 weakly in X.

E12.2. [8 points] Let X be a Hilbert space and let B 2 L(X) such that kBk < 1. Define

Sn = 1 +B +B2
+ ...+Bn.

(a) Prove that Sn is a Cauchy sequence in L(X).

(b) Prove that Sn(1�B) = (1�B)Sn ! 1 strongly in L(X) when n ! 1.

(c) Deduce that (1�B)
�1

= S1 where S1 = limn!1 Sn = 1 +B +B2
+ ...

E12.3. [8 points] Let (⌦, µ) be a measure space which is sigma-finite. Let X = L2
(⌦, µ).

Let a 2 L1
(⌦, µ). Let A be an operator on X defined by

(Af)(x) = a(x)f(x), 8f 2 X,x 2 ⌦.

(a) Prove that A 2 L(X) and kAk = kakL1 .

(b) Prove that �(A) = ess-range(a) where

ess-range(a) = {� 2 C : µ({x 2 ⌦ : |a(x)� �| < "}) > 0 for all " > 0}.

E12.4. [6 points] Let G 2 L1
(Rd

) \ L2
(Rd

). Let A be an operator on L2
(Rd

) defined by

(Af)(x) = (G ⇤ f)(x) =
Z

Rd
G(x� y)f(y)dy, 8f 2 L2

(Rd
).

(a) Prove that A is bounded and kAk  kGkL1 .

(b) Let F be the Fourier transform. Prove that FAF�1
is the multiplication operator

by bG in L2
(Rd

), namely

(FAF�1g)(k) = bG(k)g(k), 8g 2 L2
(Rd

).

Lösungen können bis zum 16.07.2021 um 14:00 Uhr über Uni2Work abgegeben werden.
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