
Chapter 6 : Hilbert spaces

Def : ler ✗ be a Banach space . Then ✗

✗ is called a complex) Hilbert space y
'

the norm

II. Hx is induced by an inner product C .>
,

namely 11×11 = ✓ , C- ✗
.

Here C. , .> : ✗ ✗✗ → 1C is an inneepul.
'

y ⇐ y ) → <× , y) is linear in
y

& anti - linear in

ire . (× , try, -14yd = tacky ,) -1ha,yD

attn , y> =Ñ⇐y> + Izcxziy
Remark :

We implicitly require
Cx,x> 30 ,

✗ EX

| ⇐ ✗7=0 ⇐ x-D

such that ✓⇐,XT is a worm .

Remark : From cxix> c- IR , ✗ he get

⇐cyT = Lynn itxiy ( Exercise)



Remark : From Cxsx> 30
,

→ City , xty> 30

⇒ 1×112+411^-1 ⇐ y> +Cy ,x> 30

YEP
⇒ 12 Redid I ⇐ 11×11

"

-111g It , thy
Replay ytg dy for a> 0

→ 2h 1k€ .gs/tlxlli-XYly1i
optimizing over too

→ lrecxiy> I 2- 11×11 . llyll .

Replaces y by zy with 2- Ee / 12-1=1 ,

2-

¥42
= Kxiy> 1

we obtain :

Lemnos:(Candy - Shears inequality) ✗ Hiebert

space .
Then :

14 , y> I £ 11×11.11 yll , tiny EX



Example : her@ , µ ) be a measure space .

Then
I@) is a Hilbert space with

Hiney = flagstones
or

= § f⇐T fix ) dye
= Lf if >ED)

where

4. Pics ,
= S Ñg⇐ > does .

or

Remark : Any separate Holbert space is

isometry to ECR) Cor LYRDI or

Esd with d open in Rd ) .



Theorem ( Parallelogram identity) 2g ✗ is

a Hilbert space ,
then :

c-xjh-yli.tl/x-y1i=2h1142Ky1tN-xiy .

Reversely , if ✗ is a Banach space and

the norm satisfies the above identity ,

then ✗ is a Hilbert space .

Proof : Tg ✗ is a Hilbert space ,
then :

☒ tyÑ= City , ✗+g) = 11×114141142Read
A-ylk-ct-y.x-y-hli-lly.li- Zkelxiy

→ identity .

Reversely , y ✗ is a Banach space & # )

holds
,
then ee can define C.) as follows :

are 2×153=11×+2111-11×11
'
- Ilylt

KEY> = ⇐ + iyli -11×11
'

-11yd
'

- 2ImC×ry)
⇒⇐ g) = (11×4111-11×11411) - ifeng.li#iiyif
no we can check that 2 . > is an inner product .



Theorem ; Let ✗ be a Hilbert space .
Then ✗

is uniformly convex
.
In particular , ✗ is reflexive .

Proof : let Hnl Ayn} be two sequences sit .

☒all ⇐ 1
, llynll ⇐ 1 , ☒ ntyn 11 → 2 .

We need to prove that ⇐n
-

yn) → 0 . Using

III.+ ylf-tlxn-y.li = 211×142%5
& E 2+2=45=4

→ liinsup An-yn IT to
has

⇒ ✗
n
-

yn →0 .

This ✗ is uniformly convex .
Hence

,
✗ is

reflexive .

Remark
.
X is reflexive ←→ ✗ = ✗

**

For the Holbert spaces ,
see actually have

✗ =
*

.



Theorem ( Projection onto closed convex sets)

let ✗ be a Hilbert space .
Let M be a closed

convex subset
og
✗

.
Then 7 ! mapping

Pm : ✗ → M
⇐)
sit

.
Hx - Pm ✗ 11 = ing 11 ✗- yh = distcx , M )

gem
✗ C- ✗

.

Moreover
,
the vector u= Pm✗ EM is characterized

uniquely by the inequality
⇐⇒ the Lx - Pmx

, Pmx - y > 70 , try EM
uhhh is equivalent :

H

Pm-x-xti-npmx-YKEHY-xli.my
em

.

Remark . In general , Pm may
be not linear .

But if M is a subspace g X ,
then

Pm is linear
.

÷
. -

-
-

-



Remark : In general, if M is closed convex subset

of a Banach space ✗ ,
then :

• Ig ✗ is reflexive , HEX , FUEM sit .

A- all =
'

mgkx-ytl-distcx.nl) .

gem

• Tg ✗ is uniformly convex , the vector u=u×

defined as above is unique . ( exercise)

Pray g the theorem :

The existence & uniqueness og Pm are legs
as an exercise .

Prog of *) # ☒+4

Assume ⇐) holds . Then :

Hx - Pmx 11 ± Hx - y Il , Hye M

⇐ Hx - Pm 11 4 11 ✗ - G -t) Pmx - tyll , _Vy€M
TEPID

⇐ 0 ± Hx - Pmxttcpmx -g) It- Hx - PmHt

= t
'

11pm x - yÑ -12T Rea - Pmx , Pmx - y>
y c- M

, te@ iD .



Thus Rec ✗ - Pmx , Pmx -

y) 30 .

Reversely ,
assume *) holds . Then from

the above computation :

Hx - Pmxttcpmx -y)Ñ - ☒ - Pmxll
'

= t
'

11pm - yÑ + 2T Re Cx - Pmx , Pm -x - y>

→

⇒ Hx - pmx-itcpmx-yjlpsh-pmxlp-t.tl/Pmx-yliV-yEM,V-tECQD
.

Taking 4=1 ,
then :

☒ - yr > Hx - Pmxllht Mmx - yÑNyeM
The lather implies *)
☒ -gli → Hx - Pruitt .

☐

Remade Pm is a projection , vie . PMZ = Pm

since Pm ✗ = ✗ if E M .



Theorem : her ✗ be a Hilbert space . Let M be

a closed subspace of ✗ .
Then the projection

Pm : ✗→ M

is a linear mapping
with 11pm Hyam,

= 1
.

Moreover
,
XEX

,
the vector Pmx EM

is characterized uniquely by the identity
⇐ - Pmx , y> =0 , lty EM .

Put differently ,

ee have the decomposition
✗ = Pmxt Pmt ✗ ,

✗ EX

where Pm EM , Pmt C-Mt where

Mt =3 ye ✗ : ytm }
=/ yexi Cy , my -0,7mEM} .

( Here Mt is also a closed subspace ag
✗ .)

Proof : We know that Pm is well - defined and

EX
,
then Pm✗E M is characterized

uniquely by the inequality



( x - Pmx , Pmx - g) 30 , YEM
This holds when M is closed & convex . Now

we know that M is a subspace of ✗ .

Then

Pmx- M = M= -M
,
and hence

( x - Pmx , y > 30 , lty EM/⇐ - Pmx , - y> 30

⇒ (x - Pmx , y) =0 , HyeMi

This ✗ - Pmx C- Mt =/ 2-EX :⇐y)=OityeM}
Exercise : Mt is a closed subspace ogX .

Hence
,
we can conclude that ✗EX

,

✗ =

Penny
+ m×) = Pm > + Pm±x .

no

C-Mt

Here we used the fact that Pmt Pm = 0 .

Actually , Pmt = 1- Pm and Paris a

projection .

☐



Theorem ( Riesz representation theorem) .

let ✗ be a Hilbert space .
Then ✗

*

= ✗

in the sense that tf E ✗
*

.
7 !
u=ug
EX

sit
.

g (a) = L u ,
97 , to c- ✗ .

Moreover ,

kfH×* = Hulk .

Proof : Abstract proof : Define T: ✗→✗
*

✗ 3- ✗ to I C- ✗
☒
sit

. -1×6) = Lx , ityex.

Then ⇐ H×* = 11×11
✗

.

This T: ✗ → TCX) C # is an isometry .

It remains to prove that TX ) = ✗
*

.

Assume by contradiction that TX ) # ✗
*

.

Then Tfo C- WTH) . Since TCX ) is

closed subspace and foot TX ) , by the
Hahn - Banach theorem ,

The ✗
**
sit

.

hcfo) -1-0 = In CTCX )) .



Since ✗ is reflexive → ✗
**

= ✗ → h can

be identified with xo EX in the sense that

hcg ) = gcxo) , -Vg€X* .
Consequently
0 f- hcfo) = fo

and 0 = h (Tx) = (Xo , ×> , EX

→ to -0 ⇒ a contradiction
.

A more direct proof :
bet I C- ✗

*

. Tg f -0 ,
then there is notes

to prove ( felt ← OEX) .

Assume that

f -1-0 . Then M = Kerf =/ EX : f)=0} .
We know that M G- ✗ sirree g -1-0 .

Take xoe ✗ 1M . Before
✗a = ✗ - Pm ✗ C- Mt

⇒ fcx , )= f⇐) - f@m -1-0

-0 since Pm ✗ C- Kerf .



Now try c- ✗ , then :

fly )
Y
-

⇒
Xs C- Me kerf

since

fly - %¥-,x)= Ky) - ¥4,9#1=0
Combining with ×,

C- Mt
, then :

0=4 , y - ff¥-,x.>
= ⇐my> - ¥¥,

Hit

⇐ ⇐my> = "¥¥gcy)
* 141=4 my> i -VyEX .

4g
This yEX* , if f -1-0 , then 7- ugexs.tn

fcy ) = Cmg , g) Hye ✗ .

This ends the proof .

☐



Two remarks on ✗ = *
.

Remark 11 Remember that Hug → f C-✗
*

i

feel = Lug ,9) , it EX .

Tho f tug is anti - linear sine ,

Usg
= I

ug ,
Klee

.

Hence
,
the identification ✗ =

* should be

taken with a
"

complex conjugation
"

,
i. e.

f.get → up , Ug
C- ✗

then

¢ , g)
⇒
= Lug , up>✗

= 4g , Ugk

Remark : Ty ✗ is a Hibbert space and

M is a closed subspace og X
and

H 11m 3 11×11
✗ .

Then M C X continuous embedding
→ ✗

☒
c M*

In this case ,
it will be confusing y we



want to identify both ✗ = ✗
☒

& M _~M* .

The normal way is

M C ✗ =
*
C M*

Example : Consider

✗ = e' CN ) =/ an)n?
,
: thee, Ethics}

M =/ Gn )%
,

: ✗nee, E ninnies }
Then ✗ = but

ME / CHE
,

: xnee : Ethnics} .

Remark : let be a Hilbert space .
Then ,

✗
n

→ ✗ weakly in

⇐ ( xn ,
97 → ( x , ,

QEX
.



Theorem [ Lax - Milgram) . let ✗ be a Hilbert

space i let a : ✗ ✗ ✗ → e satisfy

a.) acxiy) is linear in y
and anti - linear in✗

a) lacxiy) ) E C 11×11 Ily 11 stay fair bounded)
) acxix) 3 co 11×11

'

,
✗

,
with a constant co>0

Ca is coercive)
Then ; tf E X ,

F ! u = Ug i sit .

acu.cl ) = 4,42 , YQEX
.

Proof : ☒ ,
II.Ha) is a Hilbert space where

Hilla : = ✓a#
Moreover

,
C 11×11

"

→ 11×11%3 co 11×11
'

it✗EX .

For
any given ge ✗ ,

then

✗ 3- 4 ↳ <g.e) c- e
*

this map belongs to ☒ , II. = ⑦ ,
II. Ha) .

Applying Riese theorem for the Hilbert
space

⇐ Killa) we find that 7 ! u = Ug sit .
acu ,4) = ( g. 6) it EX .

☐



Remark : The vector u=ug
is characterized by

acu ,u) -2B¢ , a) = min fawn) - 2Re⇒
VEX

( exercise) .

Direct sums & orthogonal bases :

Defiler ✗ be a Holbert space .
Let (En)n be

a family of closed subspace of ✗ sit
.

4) En 1- Em
,
tntm

i.e. ⇐ g) = 0 , _VX€En , the Em

(2) Span ( Un En) = ✗
.

Then we White ✗ = n④ En as a direct

sum og orthogonal spaces .

Theorem ( Bessel - Parseval identity)
as

Assume ✗ = , En as a direct sum

of
orthogonal spaces .

For ✗C- ✗
, define
n

in := Pen ✗ and Sn = ¥, ✗ i .

Then
, Sn→ ✗ strongly ,

i. e. ✗ = É
,
Xn and



11×112 = ¥7 Anti .
Remark : Tg we only know that (En)n are

orthogonal ( but ee don't assume that
span En) is dense) ,

then

☒ IT 3 É Hink , xn= Pen × .

h =L

( Bessel inequality )
proof. Sn = É

,

✗
n
= É

, PE,
✗

⇒ < x.sn> = ¥2K , PE;D

=±E<¥×;÷¥¥p=IÉ☒i "
moreover

, HSnÑ=(É
,

Pei ✗ I gÉ, PE;D
n

= FE , (P=PeI> = Éllpeixlk.EE#ii-ul=ojit-j
→
by Cauchy- Schwarz

Tho "

.EE#1i=ASnli--Lx.Sn7 2- 11×11 H5n1



This we obtain Bessel inequality
⇐Will'= 115nA ± 11×15 .

Consequently '
§⇒☒iñ 2- IHÑ .

Consider m> n : PE:X
m f r m

Hsm -Snk = H¥n+
,
kill ⇒ -211*11

'

→0

i=m1

when min→ .

This (F) n> ,
is a Cauchy

sequence
in ✗ ⇒ Sn has a stray dimity

when n→o . We prove that y=X . In fact ,

Pei Sn = PE ; (¥,
PE
;
× ) = PE

,

- ✗ = ✗i

n >_ i
n→x

⇒ Pei y = ✗ i = Pei ✗

Ths : Pei @ - g) = 0 ,
i.

⇒ ✗ -

y
1- Ei iti

i.e. ⇐ -

y , 97=0 ,
to c-Ei

,
Vi

→ ⇐ -

y ,
47=0 ,

tee span [YEI)=X



The
=y ,

i.e. F.→ × strongly in ✗ .

Consequently ,

11×11'= him 115nA
"

= him [ É kill
'

)
b-20 b.→ is i=,

= ¥?h-iÑ .
☐

Def her ✗ be a Holbert space .

A sequence
Cen)n→ , is called an orthonormal basis CONB)
'

y ca,em) =/ O
'

y m±n
I

'

y m=n

and span ten in> I} = ✗ .

Remark : Cen)n→ ,
is an ONB

⇐ ✗ = ④ En where En = span ten) .

Consequence i

'

y Centre , is an ONB
,
then

the ✗
,
we have ;

✗ = E Cen ,⇒ en strongly in ✗

} no

☒ H' = E.
,

Ken ,⇒Tf Parseral identity)



Example Ty ✗ = [Cost ) , then we can take

en# =
et " " ✗

, n -011,2, . . .

or en ) = VJ sinlnx) , n
--1,43 , . . .

or

en( ) = VI cos (Tlnx) , n= 0,112in .

In this case
,
we know that the [(D) 1) ,

then

u = lim Sn , f. = É Len , u> en
has

j=l~

( Fourier serves)¥É Lenin>en
Remark ; From the fact that Sn→u strongly
in I @ it ) , by Dominated c.V. , 7 subsequence

Snu sit . Shh → u are .

Theorem ( Carlen) tactical ) , then

Sn → u are .

(This is a deep result .)



Theorem : her ✗ be a Hilbert space . Then

✗ has an orthonormal basis Cen )n→, if and

only iy ✗ is separable .

Proof : •
Assume that ✗ has an orthonormal

basis Cen )n> ,
. Then EX

,
re have :

✗ = E Cen , ×) en
( countable)h

> 1

Then the ✓
set

of finite
sums I rien where

rn rational and rn -0 except
>

Infinite n .

This ✗ is separable .

•
Assume that ✗ is separable , ire .

F sequence

fun)% ,
which is

'

dense in ✗ . We can construct

the ONB Len)% , by induction
.

1. er = Yjp if Vn -1-0 .

2 . if Cen )n?
,

is ONB for Spanky . . . Nm) .

} Vma ¢ 5pm CV , . . .vn) ,
then take

en+ , sit . @b) 9¥
,

is OND for 5pm @ ii. Um -11 ).



Remark : Tg ✗ is an ing - dim separable
Hilbert space , then ✗ = ÉCN ) with an

isometry .
More precisely , ✗ has an ONB

Cen )% ,
and lid ) also has anoNB@n1jE.nhereen-CQ.n

, 1,0 , . . .) .

n - th

T: ✗ → ICN)
en l→Ten=e~n th

✗ = Éemx> en ts-x-Z-cen.pe? .

bet h=l

This : 11×11! Ellen ,⇒ 12=11-1×15 .

Consequently , we also have

✗ = icon )
or ✗ = LIN ,

I open set in Rd
with Lebesgue
measure .



Operators in Holbert spaces :X a Hilbert space

D-g.LY ) = } A : ✗ → ✗ linear & banded }
HAH = sup 1 ANY = sup 11A# 11

11×11=1 1×1121

= sup HA < is .

✗to 1×11

Def ( Spectrum) her AELCX) , ✗ Hilbert space .

We
-

define the resolvent set

PCA) =/ tee : G- A)
"

exists in LH)}
and the spectrum

OCA) = e) PCA )
=/ tee : 4-A)

"
€2K )}

Remain Here we say
that B = A

"

if
BA= AB = 1- ( identity)

Remark : Tg Fto -1-0 sit . ④-A) to -_ 0 ,
then

clearly XENA) . In this case , I is an

eigenvalue and to is an eigenvector .



In general , the spectrum could be much bigger
than the set og

en
.

Exempt : ✗ = [ Cost)
A : ✗→ ✗

A- f)e)= ✗ fcx ) , the@ 1)

fetch ) .
Then OCA )= [0,1] bur A has

ng eigenvalue .

In fact , if 7. tee , Ff C- icon , , f -1-0 sit .
⇐ f)a) = I fcx ) i a. e. C- it)

⇒ ☒ fi ) = ✗ fcxj ,
a. e. ×

⇒ 4- × ) ft ) -0 a. e.

⇒ ft )
-0 a. e. → contradiction

Theorem :( Multiplication operators) let @ in )
be a measure space .

Let a E ED) . Define
A :X A) → IN by

A- f)A) = are)f ) a. e. ✗ ED .

Then AELCX) and HAH __ Halles and



• (A) = ess - rang (a)
=/ see : m@YBfg.e))) >0 }

for all E>0 .

In particular , if RC Rd and a is continuous
,

then OCA )= ray (a) = a

C Exercise) .

Theorem .
let ✗ be a Hibbert space and AEI⑦.

Then •CA ) is closed subset of B@ , MAID .

①

Proof : 1) Take tee and HI > HAH
. the prole

at # sea) ⇐ ✗ c- PCA) ⇐ C-A)
+ ELCX) .

We have :

X- A = + ( 1- i'A) where ☒
'All < I

⇒ G- A)
"
= I

'

C- i'A)
-1

= i' [it At + A)7- Apt
. . .]

The right side is well - defined as an operator
in LCX ) → ④-AT

'

C- LCXJ .



Exercise . let ✗ be
a Hilbert spare . Let

BELK) and HBIK 1
. Define

Sn = It Bt B2 -1 . . . -1 B
"

.

(a) Prove that Sn is a Cauchy sequence in

IA ) and hence Sn → So = É B
"

.

(b) Prove that F. ( 1- B) = d-B)Sn → 0

strongly in 2K ) . Deduce that So = 4- BJ !

⇒ the prove that KA) is closed ⇐ PCA)
is open . Take do C- PCA ) .

the pure that

iy ✗ f- to but µ - lol is small , then depth .

We have :

d- A = d-to + Xo- A

= to -A) ( 4-to)¢ .
- A)
"
+ d)

Since to -A)
"
c- LCX ) . if A- to Isis small

,

then : B = - G- to) to -A)
"

satisfies HB 11<1 .

This C- B)
"
c- LCX ) .



This : X- A = Go-A) @ -B)

⇒ C-A)
"
=

- A)
-'

( do - A)
±

. ☐

Exercise . .
let ✗ be a Hibbert space .

let

A
,
B- C- LCX) sit . A- 1

, B-
'
c- LCX ) .

Then

CAB)
"

= B-
'

A
"

in LCX ) .

Self - adjoint operators

Def (Alpino operator) let✗ be a Hilbert space .

let A C- LH) . Define A*EL☒ ) by
< × , Ay> = #× , y> , thy EX .

BmoÉ
The existence

g
At felloes from

Riesz representation theorem . In fact ,
we know

that ✗ C- ✗
,

y ↳ fcyj =⇐ Ay> , fEX*
If4) I 611×11 DAY 11 E☒¥AYH



By Riesz theorem
, FZEX sit

.

fly )= ( zig) , tye ✗
11

⇐Ay>
Thus ✗ C- ✗

,
Fz EX sit .

⇐ Ay> = d- g) , tyex
&
A☒× :=z

This FAY ✗→ ✗ not
.

⇐ Ay> = CAI , g) , thyEX .

a.) A* is linear i. e.

⇐+ ✗↳ Ay> = Cx
, > Ay>+⇐ Ay>

11 "

4T¥ , .pt#xuy)
✗

*catnip
→ ( ☒x.tt#hiD-VxnixuyC-X.

This A*# +a) = A*X
,
-1 A*×z .

Moreover:* , Ay) = I ⇐ Ay> = I xiy)
T.A-ktx.gs (XA'¥,y)



→ A)= ✗ AH , ✗ C- ✗
.

Therefore A* is linear .

Remark : Here we used the fact that g-
a ,b C- Sir . (a) g) = (b) y) , -VyEX

⇒ a=b
.

This is because Ca - b, g) =O , Hy EX
→ a -6=0 ( e. g. recon take y= a-b)
Exercise : Let ✗ be a Hilbert space .

let

M be a subspace of ✗ .
Then TRAE :

1) Mis dense in ✗

2) Mt =/ 0} , ie . if ✗1- M (⑦ iy)=QytM)
then ✗ =0 .

I ☒ is bounded and 11*11=11^-11

From CAI , g) = I. Ay] itxiy EX

⇒ 11*11 -_ sup 111¥11 = sup KAI , y> I
11×112-1 11×11%1141
= sup 1€ , Ay) / = sup HAYK -41 All

.

11×11,1191111 HYHH



Def : her ✗ be a Hilbert space .
let AE LIX) .

Then A is called a self-adjoint operator
if Ae A*

.

( complex)
Theorem : let ✗ be a

✓
Hilbert space .

Let AEL☒ .

Then TFAE :

1) A is self-adjoint , i. e. A=A☒ .

2) Cx
, Ay> = CAX , g) , thy C- ✗ .

3) ⇐ Ax> c- R
,
Kx C-✗

.

Pray : 1) ⇒ 4) obvious

€ , Ay> = CAI , g) = (Axiy)
dggA* AEA

(2) ⇒ (3) ⇐ Ax> = @✗A) = CHAT
⇒ ⇐ AD C- IR ,

✗EX
.

(3) ⇒4) From QADER ,V-xEX

⇐ + y , A ⇐ + yD=⇐TAÉ+cy,AÑ
→ +⇐Ay> + Cy ,A⇒



⇒ ⇐ Ay> + Cy ,AD EIR

→ ⇐ Ay] -1 Ctx ,y) ER , thyEX
=) Im ( ⇐ Ay> + ctxy) = 0

⇒ Im ⇐ Ay] - Imctxip -0 .

Replacing ytsiy
⇐ Aciyj) + (AxiyT ER

⇒ i@ × , Ay> - CAxyT ) ER
→ Re [☒ , Arp - ctxy) -0

⇒ Re ⇐ Ay) - Relax, y)=O

This
, € , Ay> = Ctx , y) , thy EX .

(2) ⇒ 4) ⇐ , Ay] = (Any]
11 (2)

CAE , y)

⇒ CAI , g) = Ctxiy) stay c- ✗
→ A☒x= Ax . XEX ⇒ AEA .



Theorem : her ✗ be a Hibbert space .
let AELCX)

be a self-adjoint operator . Then :

e) OCA] C R .

2) Tf A>0 , i. e. Cx , Ax> DO ✗ EIR

then : TCA ) C ⑤ is) .

Remark : Actually it holds that

EA ) C [ ing ⇐ Ax> , sup#AD]
11×11--1 11×11=1

Proof ① thy RA) C R ? We have to prove
that

'

y
l E EIR

,
then de PCA ) , i. e.

4-A) - ' C- LCX) . Assume

D= at ib
,
a.be IR

,
b -1-0

Then d- A = Ca - A) + ib

= bfa-b.tt + i]
in

self-adjoint

Therefore , it suffices to consider the case when

a = 0
,
6=1

,
ie . he prove that y

'

A=A* , then



(Ati )
-1
c- LCX ) .

Key observation .

114-+11×11
-

= ( (Ati)x , @tix>
= (Axt ix. Axtix)

= HAX 112+11×112-1 2Re⇐Aix)_
= HAXHI 11×11

' Re(iL±AI)

E-Similarly ,

HCA - i)xÑ= HAxÑ -111×112
,
HEX

.

why ☒ ti)
"

ELCXJ ?

He prove that (Ati)
"

is well - defined
⇐ Ctti) is surjective , i.e. (Ati)✗ = X .

D CA ti )X is closed in X
.

Tate (Ati) ✗ n → y ,
then ☒ ti)xn is a

Cauchy sequence ⇒ (Ati ) (in-xm) → 0

as minors . Since ☒ ti ) ✗ 113 11×11 ⇒ in- in

→ 0 as m ,n→n → in b a Cauchy sequence
→ Xn→x ⇒ (Ati )n→CAti)x=y



•) (Ati ) ✗ is dense in ✗ .
Take ✗ C-✗

,

rot . 1- A- ti)X , prove that ×-0 .

In fact , 0 = ( × , ctti)y) , Hy C- ✗
"

( CA - ix. y>
This CA - i)x=0 .

Bur KCA -4×11>-11×11 ,
hence

✗ -0 .

Conclusion , Ctei) ✗ is closed a dense in ✗

⇒ ☒ i )X= ✗ ⇒ Ati is a surjective .

This Ctxi )
"
is well-defined .

Moreover ,

11 (Ati) ✗ 113 11×11 , ✗ EX

T
⇒ Ily 11 3 11 @++i5'yH , lty EX

⇒ (Ati )
" is branded

.

This - i c- PCA) .
This completes the proof

of C) .



(2) Assume further that AZO , i. e.
•

⇐ , Ax> 30 ,
✗ C- ✗

.

We prove thar 69--3 C so) . Take

It TCA ) .
From 4)

,
we know that he IR

.

We need to prove that I30 .

By the contradiction
, we prove that

'

y Ko

then he PCA ) . By the Cauchy - Schwarz

HCA -d) ✗ 11 > <×
,
CA -e) ×> , ✗EX

11×11=1

=E
- -111×11
'

3 1×111×11 , V-KxH=1

This : 11K¥ - 1) ✗ 1/3 11×11 i *✗EX .

Exercise
. let ✗ be a Hibbert space ,

let

AEICX) sit .

A=A* and

11A✗ 11311×11 , ✗EX
.

Then : A
"
c- LCX)

.



( Hint : You can prove AX is closed and dense

in ✗ )
This we proved then y -1<0 , then ✗ ERA) .

This means that TCA] C ⑨ is) . ☐

Compact operators :

Def let ✗ be a Hilbert space .
let AELCXI .

Then A is a compact operator if
the set A BIND is compact in X .

Remark : By the linearity , A is compact

⇐ ACCT is compact , -Vw bonded in

Exercise : A is compact

⇐ [⇐n
- ✗ nix) → (Axn → Ax in XD



Theorem ( Spectral theorem for compact a self -

adjoint operators) let be a separable Hilbert

space .
let AELCX ) be a compact & self -

adjoint operator .
Then : Fan ONB An } of ✗

and real numbers µn|n±ss,t . In→ 0 and

Axn = In ✗ n , 7h31 .

Proof : We use the variations technique .

Step Ii Consider the problem

m
,
: = sup 1€ , ADI .

11×11<-1
Since A is bonded

, m
,
< is

.
He prove that

Tin s.r.lk , 1141 & I# Axil = me .

Take a minimizing sequence (yn) % ,
sit .

llynll 2-1 and lcyn , AYN → me .

Since yn is bonded
, by the Banach - Alaoglu

theorem
,
7 a subsequence ynn-yweahly.mx.



Since A is a compact operator , from ynn-nx.ve
have Ayn, → Axn strongly .

This :

Lynn , Aynn> → ⇐ , Axn)

⇒ m
,
= tim Icymi Aynp / =#AHH
has

Moreover
, ynn
- ×
,
and llynn 11<-1 , we know

that thx, 11<=-1 .

Therefore , xn is an optimizer for
me = / < xn , AND = sup Ky ,API .

Myth

Exercise : let ✗ be a Hilbert space . Assume

an
__ a weakly and bn→b strongly .

Then :

Can , bn) → (a. b) as n→x .

Step 2 : We prove that Flyer sit .

AXn= Xrxn .

Tg 4=0 , then we can take An = 0 .

Now consider the case when Xn -1-0 .



Recall that# , Axil = sup ky.AM
tlylkl

•
Caselli ⇐ ,

A-xD >0 .
Then ;

⇐ Axn> = sup Cy , Ay>

HYIKI
Take 1- Xp MIKI and consider

g. = ×;¥,¥ , .Hydi="¥÷ ⇐1

Then when EEIR

8¢ )= Cye ,Ayd=⇐"9¥{ieD
attains the maximum when 5--0

.
This

implies that

O= dd_ef@Jle.o
= gdz⇐ ☒ ,AxD+ÉChA0 -12s Rear#f.

⇒

= [ C.) + ¥i(2E&A97t2ReQnAÑe=o



= 2k€ , / AG)
This

the ( × , , 11-93=0 , Ota , MIKI

⇒ Re €, , Aee> =0 , Katy

Replacing 9 by iQ
⇒ Rech , ACIQD -0 , Kieth
i.e. Em Cx

, , Ace)=0 , Cltxa .

Conclusion : ⇐ ,
Ace )=0 , tetra .

Since His self - adjoint :
(Axn ,

4) = ( a , A = 0,461×1

⇒ Axs 14 ,
V9 1- is .

This : Ax
,
C- ( spank)t)t= Spanky )

"

ex
,

[ You can also wire

A✗n= 2.x , -1 ✗fans ×F=O )
In summary ,

7 An C- 1C Sir .
AX

,
= In ✗1 .



Khy HER ?

From ttxn-hx-x-AYR-hknli.IO
→ I

,
ER

.

a) Case2 : ⇐ ,
A-xD I .

Then ;

⇐ Axn> = ing Cy , Ay>

HYIKI
Then V61 xn :

fed = (Ys , Ayo , y , =
¥

VAI

attains the minimum at 5-0

→ ¥, /goofed =O ⇒
the same conclusion !

Step 3 :

lemma : Tg A is a self - outpoint operator , and

⇐ 17×7=0 ,V-x ,
then A×=O

,
tx .

Pray g the lemma
. We have :



0=2 xty , A(×*y)> = ⇐ Ax> +Cy ,Ay)+2Recx,Ap
a- %

→ Re Cx
, Ay) -0 , try

Replacing y by oy
Im Cx , Ay)=0 , Why

This ☒ Ay) -0 , xiy ⇒ Ay -0 , Hy . ☐

Step4 : consider the case when Kee A =/ Of . By
step 1 : 1€ , , Axn> I = sup kx.AM

✗EX
, 11×112-1

From the above lemma
,
either A=0 or

sup KHADI > 0 .

11×1121

⇒ ×
, -40 ⇒ killed and

AXn= tax , for some X , ER ,
X
, -1-0 .

Observation : A : Spanky ) → Spank )
and A : Spank )t → Spomcxnjt
Define An :X , → Xn , Xn= Spank ,)t



where An = A / ×, = Px
,

A Px
,

.

This A ,
is

compact & self-adjoint operator on Xp

Applying Step 1- to An → 7- *
,
c- Xi :#4111

and
14
, , Ann> I -_ sup /⇐ Ax> I

1-

11×114
,
✗C-Xs

⇐ ICE , A-xD / = Snp ☒ Ax> 1 .

11×112-1
, ✗1×1

Since Kar A -401 ⇒ Kee Ai =/ 0} ⇒

✗
z -1-0 ⇒ 11×11=1 , and

AX
,
= Az Xz for HER , 1=0

Define ✗
z= Span# ×,)± and

Az= A
1×2

= Px,AP×
,

By Steph , 7×3 C- Xz Sit .

I# , Axs> I = onp /⇐AN
11×1111

,
✗ 1- ✗nine .



Since Kei A =/ 0} ⇒ Kun Arlo} ⇒
✗ 3-1-0 ⇒ 11kg141 , and

AX
,
= A } × , i fort } ER , 4540 .

By induction
,
7 / Xn ) 0N Family & Hick

sit . Axn = tnxn , Hn

Hnl =/⇐n , And / = sup 1*+1×31
11×1111

✗ 1- Xny . . 's ✗n- s

why In→ 0 ?

From Axn = tnxn and A is a compact

operator she get ln→0 .
More precisely ,

since Hnl ON family → ✗
n
-0 weakly

( exercise) . Since A is a compact operator ,

A☒n→0 strongly .

Thus

Axn = In ✗ n ⇒ Hn / = nxnll

to =HAxn1→O
.



Why Knt is an ONB :

Assume that Hnl is not an ONB
, i. e.

span Cxn : NEIN) G- ✗ .

This
4 : = span Cxn : new)

"

=/ to } .

But get , 1141141 , we have

An / =/☒n , Axn) / = sup /⇐Axsl

tf 11×112-1
,

.

✗1- ✗n . -☒ n - I

→ Ich Adl

⇒ (4,11-9)=0 , HE C-4 .

By the lemma in Step 3 ⇒ A -0 on 4

But it contradicts to the fact that keeA-u.IO} .

This Hnl is an 0N Basis for ✗ .



Steps : In general , define

Ñ=A1kuAµ:[KUAI → CKaAf
Then Kee ) =/ Of and A- is compact

and self - adjoint . This Flyin> ,
ONB for (KuAF

sit
. Ayn = A-

yn= tnyn itn

Take Iznl ONB for Her A :

Azn = 0 = 0 . Zu Hn

Take Hnl = / yn ) U lzn)

→ Axn = In Xn ,
n .

( wth Anto
'

y ✗ne Ker A.) ☐

Remark : There is also " spectral theorem for
self - adjoint operators

"
.

Thm : let ✗ be a separable Hilbert space .

let A be a bounded
, self - adpint operator out .



Then 7 measure space ① in ) & a unitary
transformation U : → EID sit .

U Ali
'

= multiplication operator
on EG)

= Ma where

@a f)a) = an gas , tf E ED)
and a C- his@ ) , a ni real-valued .

The prog og
the spectral theorem is more

complicated .

Remark : A short form of
the spectral

theorem for self-adjoint compact operator
is : A = ¥

,

tn luikart

where lun>Lunt is the projection on un ,

ire
.

( fun>Lunt f) = (Uni f) Un .

Here we used the " bra - Ket
"
notation :



Iu> EX with ne ✗

{ < ul C- ✗
*

with UEX

In general , Inky is an operator on ✗ :

④< v1)f = inch . If>
= lie>Cup
= d. g) u .

Remark : There is also a result for compact

operators .

Theorem : let ✗ be a separable Holbert space .

let A be a bounded
, compact operator onX .

Then : 7 ONB fun} and ONB fun) of ✗ ,

Hn } CIR , sit .
ten→0 and

A- = F.
,
In lunkVal .

(Tf A=A* , then an-vn & A - E tnluixunl
.)



Outline g the proof :
Heuristically , if A = Eg

,

tn fun>Lunt

⇒ ☒ = ¥
,

in Mikuni

→ ☒A = ¥
,

tnlvn>Land ,tmluDÑ
= In Antin lvn>ÉUml

= 1
'

y n=mto
gram

=

E ti Nikhil
Since His compact → A*A is compact
and ltx : ⇐ A*Ax) = Ctx , Ax) =HAxÑ>0

→ AHA 30 & AA is self-adjoint .
By the spectral theorem for compact &

self -adjn operators we can write

A*A = § in Muni
Un I ONB , Aizu , An→0 .



Then we can find un by
A = E Antun>curd

→ Avn = In Un

⇒ un = AYIN if Into .

This braids to a proof of the theorem .

Remark : A trivial example of compact

operators is the finite - rank operators .

Them : let ✗ be a Hibbert spare .
let A€L☒ )

sit . Ab finite - rank line .

dim CAX) < is .

Then Ais a compact operator .

Proof : the need to prove that

A (BCOID) is compact .

It is obvious in our case , AB(⑥ D) is a

closed bonded set og AX and dim CAXK.is
.



Theorem : her ✗ be a Hilbert space .
Assume

An is a compact operator this 1 and

An→ A in LR ) sire 11 An - Altyn ,→ 0 .

Then A- is a compact operator .

Consequently : q An is finite - rank &
An→ A in LH ) then A- is compact .

Another example on compact operators ;

Def ( kennels of operators) .
Let ⑤ in ) be

a measure space .
Let K¥y xD → e.

Define operator Kon Li@ ) by :

Ckg )⇐)= Skcxiy ) fcyldy .

or

Theorem
, Assume ③ in ) is Sigma- finite fit .

EG ) is separable) . Tg key) c- town .

Then the operator Ken iQ) defined by
④f)A) = Sklxy) flyldy

or



is a compact operator on Lidl .

( In this case , Kis called a Hilbert -

Schmidt operator)
proof : let lunl be on ONB fn EX) .

Then

funk ) Umyllym.mg , is an ONB fn i@xD.

This allows us to write by Austral identity
Kcxiy) = I Kmn une ) Umcy)

m ,nDl

where km ,n= Chmcxjancy ) , Kcxiy)) c- E
and

ftp.yjtdxdy-E.nlkn.nl ?
Then : get )

(Ky)# = [ E. kmnuncxlumcylflyl
dy

= En Kann una Lui ,p

→ K = ¥ Kmnlun> < Unit



Define :
kµ;= EÉ Kmn µD<ñml

m =/

MEN

Note that

knife) C Spon / Un : new}
→ kn is finite - rank → compact .

NAOrecover ,

11 CK- kn)fÑ=H¥n §
,

Kmnuncñm ,pÑ

⇒ En " "

¥1 :÷si
2-

EnCE1knniKEi@msiitFEn.E
,

1km1) HfF"Ñ



on
HK - Kutta, ⇐ §µÉ⇒lkmnT -0

Nus

since F-zlkmnt.co .

Therefore , Kb a compact operator .


