
Chapter 5 :
LP spaces

let @ ,
E
,µ)

be a measure space , i -e .

c) I is a set

Cii) I is a collection of subsets of A sit
.

• ¢
,
D E I

• if AE 2- , then AE NAE I

• Ig { ANGE ,

sit An E E , Hn ⇒ JANEZ .

he /

Then I is called a agma - algebra and

the sets in E are measurable sets .

Ciii) µ : I → [0 , us] is a positive measure

• 9011=0
• Tg {An}%

, ] Ant I are disjoint ,
then

A An) = É plan )
h =/

In practice , we will often write ① in)
and the information of -2 is implicitly contained

in µ .



Examples :

① D= Rd
,
I = Borel sets

= smallest sigma
- algebra

containing all open / closed sets .

7 ! measure µ : I → [0 , is] sit .

µ ¢0,1T ) = 1
} µ ( ✗ +A) = MCA) ,

HAE E
,
HERD

.

② D= Rd
,
I = Lebesgue sets

= smallest sigma - algebra
containing all open / closedsets

and all negligible sets
( sets of zero measure) .

7 ! measure µ : I → fond at .

M ⑨ a)d) = 1{
a ⇐ +A) = ACA ) , V-AEE.tn/Ek!

The measure µ is called the Lebesgue measure .



B-movie
• The Borel measurable sets are not complete
in the sense that 7 A , B C Rd sit

.

A C- I
, ACA ) = 0

leno B ¢-2
,
BC A.

•
The Lebesgue measurable sets are complete ;

if AEE , ACA ) -0 ,
then

b-BCA
,
we have BEE

, ACB ) =O .

[ By definition ,
a set A is negligible if

AC Ñ
,
Ñ is Borel measurable and

µ @ 1=0 c⇒ its> 0
,
7- As Borel

measurable sit
.
AC As & ACAD < E.)

• The Borel measurable sets have the

projection property , i.e. g AC Rmt"=R7Ñ

is Borel measurable
,
then :

B = / ✗ C- Rm : FYEIÑ :(× , g) C- A}is Borel measurable in Rm .



However , the Lebesgue measurable sets don't

have the projection property .

¥

I ;Dnw An✗ AzAz

Wvu

IRZ
An CIR

MCA , ) -0 → A ,
is Lebesgue measurable

Then Y A ,C R ,
then An ✗ Az is negligible

in IÑ → Lebesgue measurable .

But Az is not necessarily Lebesgue meanwhile
in R

.

This will be a problem if we want to

apply the product measure & Fubini theorem
.

Example : D= IN , I = all subsets ,

M = counting measure

µ (A) = IAI = # elements of A .



Let @ iµ) be a measure space .

Dg : A function f : I → e is measurable

ig f-
'

(measurable sets ) are measurable .

Here ① = IÑ with Lebesgue measurable sets .

Beg : let f : I → [Qa] be a measurable

function .
Then ee can define

§fdµ = Sf# dyes c- Cons]
or

Tg fgdµ co , then g is called integrable
or

In general , if f : I → e is measurable

and Ifl is integrable , then ffdfi EE
or

is well - defined . Actually ,

f = fi
- fzt if , - if¢ iehreore

fiifi , f , ,f¢ 30 ,
measurable functions

Sfdr= Sender - Spiteri spilt -iH¢dr



Basicpropertdcs Let § ,A) be a measure space .

Thin ( Monotone convergence) . let this
,

be a sequence of
measurable functions sit .

0£ fix ) C- fix ) E. . . and lebrnpffndfr < is ,

mas

r

Then 7 an integrable function f sit .

limfnRj-f@KAa.e .
✗ ED

imss{ Synder → Sf du as n→s

(Here a property holds for a. e. ✗C- a ⇒
this holds except a set of

0 measure . )

Thm :( Dominated convergence) .

let }fn|% ,

be

a sequence of measurable functions .

sit
.

fncx) → f ) are . EN

/ If# It Fe ) a. e. ER

and F is integrable . Then :

Sfndµ→ Sf dy .

Actually : Slfn- f 1dm →0 as n-s.is
.



Remark : Ocp co , if
fncxj → fcx , a. e. ✗ER

/ Ifni) / E Fcx ) are . ✗Ed

and S FRY dachas .
Theni

flfn - ft du → 0 as n→s .

In particular :

Slfnl
'

da → Sylar .

Proof : Consider lfn-gt.PH → 0 a. e. ✗Er and

lfn-glPECpkfn.pt/f1P)E2CpFP,SFPas
→ ftp.n-gtf → 0 as n→n .

Than [ Fatou lemma) let lfnl be a sequence of
measurable functions sit .

f.30 , 9nF ) → fcx) a. e. ✗Er

Then :

timing ftp.drs-sfdp .

nhs



Remark : Ig fn > 0 , fuel → fly a. e. ✗Er .

Then

Sfndru → Sf dµ<• ⇐ Slfn- gl dy - o .

Proof :
Consider gix-f.in - fi ) - t.fm ) - fat →0 a. e.

Ignat ← 118nA-11%-1*11-1 If# I
s 2) fast

By Dominated convergence , fgn →0

→ Spn - Sg - ftp.n-gl →0

Toby assumption

→ ftp.- gl →0 .

Thm ( Brees - Lieb refinement of Fatou 's lemma)
let ffn}% ,

be measurable functions s.ir .

fuk ) → fcx ) a. e. ✗ C- I

{
limeys Slfnl Pdp < is
n -2s

Then .



§ / fix]P - EP - If.cn - fat / of → 0

consequently , if ftp.pdp-ftflt.de
then

:

£1k - fl
'

da → 0 .

This holds for all 02 pc.is . [Exercise)

Beg : Let ¢ ,
be a measure space .

We
say

that it is Sigma - finite if F measurable sets

hAnT⇐
,
Sir . µ CAN)< is Vn and D= ¥ An .

Theorem ( Fubini) Let fly ,µ) , §, ,µD be

two measure spaces ehirh are sigma
- finite .

Then we can define the product measure space

@ ✗ DX , µ×µz) .
Assume that f 30 be

a measurable function on ③Ndu ,µxM) .
Theni



ffcx.yjdmaxmkx.us)
NyxDz

= S ( [Kay) duty )) do
re

- S f f. fans) dam ) dripNz

(with the possibility that all =D.

Moreover
, if f :Iuxh

→ 0 is integrable , then

the same equality occurs .

Remark : The reverse donation also holds by
Tonelli theorem : if firms ,→ I sit .

fglfcxiy) / dairy) < is a. e. ✗er ,

and

I. ( fnlfcxmjldrncy ) )dµ* as
Then : af is integrable in @✗ In µ×Mz) .



Dg ( U spaces) let @ yuj be a measure space .

Let 1£pas . Define

I@ 1=1 g :D→ e measurable
, fifties}

and

11g His = [ SlyPda)
"
!

or

when p=A , then
FC : xed

I@) =/ f :D → e measurable
, lfeyk-cae.ly

If this = ing / C : lfil to a. e. ✗Ed}

Remark : Here we identify f and gig f-- y
a. e. Thus LP spaces are the spaces of the

equivalent classes of functions .

Theorem : ( Fischer - Riesz) For any measure space

⑤A) and any 1 2- pts , then Itsy is

a Banach space .



Thm :( Hidden inequality Ig getD) and
gEtP1@js.t . p , p

' C-his] ,
and tp + tp , = 1 ,

then fg c- L' A) and

flfgl das Iftu Ilgtka .

or

Remind : The
prog is based on Young 's inequality

a) b>o , ab E apP_ + bp¥ .

→ p ,p
'
> 1

Th_m ( Minkowski inequality) For all Kptv ,

V-g.ge UDI , then :

t.tglkpc-kflk.pt Hgtv .

( The proof is based on Hilda's inequality )

Proof that 2Pa ) is complete
• pas , then the proof is similar to the
case og

CCK ) space .



• 1 _<p< is .
Take a sequence ftp.bE ,

C V04

Sir . ÉHfn1Lp <is .

Then we prove that the serves É
,
fn converges

namely gn
= §

,
fm converges chen n→ is .

p=1 Define Gn = §
, lfml . Then

0 E G
,
E G
,
E

- u .

and
Sandi = É

,
flfml ← É

,
Somos

By Monotone convergence , 7-GE Ucr) Sit .

Gn T G a. e.

/ son → So .

This : Ign I 2- Ga) n --1,2, . .
- and a.e.

Moreover
, for any C- A sit

. Genco 1 then :

A

¥
,
Ifill = Gee , < is

Usry the completeness go and tifncxigii.co,



then §
,

fncx, converges in e

n" e '

giik-z.fm, → gas in e.

In summary ,

f g.
* → gie,

a.e. ✗ c- or

Ign It Gas , GEUM

By Dominated convergence ,

f Ign - gl → 0 as n→o

⇐
gn→g

in L'③ 1 .

12pA Similar .[ exercise) ☐

Remark From the proof of
the completeness ,

ice can also obtain the following reverse statement

g
the Dominated convergence .



Dominated av . / fncxj
→ fat a. e. EN

Hn 1£ F ELP@,
→ f.→ f

in dat .

Reverse statement , Tg f.→g in VA) , then

7 a subsequence ffnwf of Ifn} sit .

fake )→ LQ ) a. e. XEN

{ lfnw It FETED
Proog og the reverse statement ; Since fn →f
in Y → ftp.t is a Cauchy sequence ⇒

F a subsequence / fnnf sit

" fun- fun
,
Kes ⇐ 2¥

.

j

Then :

In Hyun - fnu.HU <* .

Thus
fnn= fn ,

-1 Cfn,
- find + " +Cfnifnuy)

→ g in Ltcm .



Theorem , let µ)
be a measure space .

Let

Kp< is .

Then LP ) is uniformly convex .

Consequently ,
I@) is reflexive .

Proof :
Step 1 : 2 2- pas .

lemma ( Clarkson 's inequality) Ig 2- pas ,

118%-11%+1151-11 ;± HiY%
⇐ 518-1-4 + ftp.g/PegyPHgP

2
'

Proof : We claim that Ya ,bee , then :

latte /
P
+ 1a-zb-f.PE lake / BIP

2

"

Actually , if p=2 ,
then we have the equality .

For p> 2 , then ice have :

d. + p
'
⇐ ftp.YE.V-hp.IO .

This folkies from :



24 pp@yy%=⇐÷)"É÷%
I Ii

⇐ IF + 1¥ = 1
.

Usry that for 2=1%-11 , p=1a¥ ) ,
we have :

1¥11
'

-1 /a¥ /
•

= 2P+pP ⇐ (4)
%

= ( Ñ¥bP)% ⇐ 1aP¥bP .
☐

consequently , igkfk.ph ily " Lp H . Ilf - gKp%
then by Clarkson's inequality

118%-11%+1151-11 ; ± HiY%
¥ E.

⇒ µ¥- Hip 2- 1- § ⇒ LED uniformly convex



Consequently , if 2 E pas , then IA) is

reflexive .

Step2 1C p< 2 .

¥:( Clarkson 's second inequality) Ty Kp< 2

11%11%111=11%4%-1%1:)"
where f- + Ip , = 1 .

2

The proof of Clarkson's second inequality
is more complicated than the first one .

Another way to get the uniform convening of
LP@ ) is to use

Lemmacltannerlsinequalihg Tg Kp
22

,
then

④ tglkp-kf-glf.PH/llftgkLp-Hf-gYp/PEzPHf1lfpt1gKp) .
.



Pray og Hanner inequality
Denote F- ftg ,

G= f -g → f=F+¥g=F§
Then we need to prove that

①FHµtHGtkÑ -1 11 ftp.p-lkolkp
P

⇐ 111=+611%+115--011.18
Lemma : For

any a)be ① ,
and 1 < p22.ve have

latb / P-ila-blpzlal-lblt.PT/a1-1b11P---supCcr)A-pcr)B )
Ocr ↳ 1

here dcr ) > ftp.P-i-G-pjp-1
Pcr)=④+rjP

-1
- @ rjp

-1) M
- P{ A = max@PHP) , B=minlaPlbB .

Proof of the lemma : consider the fist inequality .

WDLG , we can assume a>0 , b- = boot with

b-
☐
30 and OE [0,21T) . We have i

%

cosotisin



IatbIPt1a-bIP_1atboei9YF1@b.e'%)%
Togo -1 isino Plz

= tattoo + 2 aboard)'%+ tattoo - Zabocoso)
since

I atboe.it/'--ICatbocosO)-ibosinbT--@tbocosoJ-CbosinbY
= oitboffogoidtcsin 05ft Zabocoso
= a' tbo + 2abocosO

Consider ✗ 30, YER , 1411910 _<✗
,
then

1×+41%1×-4 1PM 1×+401%1×-401
"-

This follows from the concavity ttst
"

since

PKE@ , 1) . Applying that to
✗ = a't bi , Y = Zabo cos0 ,

Yo = 2abo

We find : Plz

t.a-bp-la-bpzlatbo-2ab.co/M-IaYbo-2abo1--Ia-boP-1a-bop
=/ laltlbl IP -1 / oh - HIP as desired .



Consider the second inequality . VVLOG
,
assume

a> b>0 and a>0 and we prove that

latbIP-la-bp-supcrlaitpcrlt.IM
Ocr £1

with Lcr ) > Ctr )P
-1
+ @ - r)P

-1

{ pcrji +r)P
-1
- G-pjp

- 1) rap

Define
Her)= 2cm lap -1 per ) /BIP ,

Otra
.

H' c) = dirt lap -1 firs HP
where Hr) = Cp - 1) [ Ctr)P

-2
- flip)P -2]

f.
'

Crl = Cp - 1) [ @+njP-2_q_rjP-ifp1-P-Cl-pJC@trjP-1_G.r)P
- l grip

= Cp - 1) [ Qtr)P"r + @ - r)P"r - @ +r )P -1+4 -rjp-tfr-PC-FF.ir) ÑFP
-

far)
= Cp - 1) [-@+r)P-2+4 -DM) r - P .



Thus HER )= Cp - 1) [ @ +rjp-I-l-pjP-iffaP-r-t.by
To Ipa

→ sign of HER) is the same with r
-

Pbr - AP

and H'Cr)=0⇐ r= by
H
'

: -1 0£ -

H 1)

Conclusion : sup Hcr )= H⇐a)= 2¥)a1p¥)bP
OLRÉI

=[@+b-aji-C-b-aji-fa-G-ib-aF-q.ba#kbajPbP=@tb)P-'

atCa-bP-tat@tbJP-lb-Ca-bjP-1b-Catb1PtCa-bPosdesired.D



conclusion of
the proof of Hanner inequality

①Flip -11611µF -1 11 ftp.p-lkolkp
P

⇐ 111=+611%+115--011.18
RHS = S IF-1GB -1 IF -GIP .dµ

By the lemma , Har , Fay ,Gcxjec , we have :

(E) 1- Gasp + / Fe) - Gcx, /
P

→ sup (Lcr)maxCFsGJPtpcrjminlFGMre@iD-flF-cGfPt1F-G1P3SsoupC.n
) > sup f.④maxcf.GR/qcnminEoHr4-oiDreal#

Observation , when recon] and 12 p< 2 , then

Lcr ) = @trjP-1-1-rjp-lzp.cm#+rjP-Ly-rjP-ifj-PCehy? )



Rearrangement inequality ;

If an > az and bib
,
then

a
, by -1 deb, Iaybztazbs.pro#qb,tazbz-qbz-azbn=fan-az)lo,-b.DzO

Application :
Lcr) maxCEGY-lpcrjminff.CI

Dmax@(r) FP + per) GP , der )G%pcr)FP)
This

HFtGlkp -111k¥ f. IF-10-14 IF -GIP
3 sup fmax ( in )
recent

= sup max Hr) ftp.crjGP ,§crÑtµFJ
re@ it)

= sup max [acrid ftp.p-pcrskdlip ,
recon)

krill -01124 + pcrtllflkp )
= sup ( Lcr) maxclfkpklkpftfrjminllfkp.MNream )



= ftlflkp -1110112%-1 / It ftp.p-G-lkp/P
by the lemma .

This completes the proof of
Hanna 's inequality .

Conclusion
g
the uniform convexity g LP for- Kpa

Ig His 2- 1) 11g Kp d- 1 and llfgllzp > e ,

then by Hanner 's inequality
④ tglkp-kf-glf.PH/llftgllLp-Hf-g11p/PEzPfHfl1fpt1lg1Pp) 62%2 .

we obtain tlftgll, I 2 - S with 8=8
,
>0

Assume by contradiction tlftg Up > 2-8 for
8>0 small

.
Then , using p> 1 ( TP convex)

④ +

gkj-kp.gl/zp)PP-/Hf-glfp-1f-gKpY=1X-Y1P-lX-YlPsl2-s+s1P-112-8- et
3 2

.

ZP if 8K const . E .



We can also use an exercise :

The space ✗ is uniformly convex igegnll → 1
,

kgnll → 1 & tlfntgn 11→ 2 ⇒ Ilfn-gull →0 .

Here by Hanner inequality
p2

(111+1%-1%-94) + 111 ftp.kp-kfn-glkp/P
E. 2- 2Pfµ¥p -111gYip)

on →
is

→ 11 fn - guk→ 0 .

This completes the proof of
the uniform convexly

og LIN , for Kp < is . ☐

Remark : The spaces L' (A) a 5h) are never

uniformly convex .

Ig ( Ra) is
"

nice
"

,
then (d)

*

=P
,
but

(E)
*

D- Ld m both Vali not reflexive .



Theorem [ Riesz representation theorem)
let @A) be a measure space .

Let 12pct .

Then :
②Pay)☒ = LP'D) where tpttp, =L

Proof .

Take T; LP
'

→ (LP )*

UtsTe@PFTnCf1-fygitgee.ByHilder inequality
11911 =/ fug / ⇐ Kulp Mkp '

⇒ Fink ± Hulks
Actually , Mull = Kullu Cehy ? )
This : E=T( LP

'

) is a closed subspace g

(B)
*

. We prove that E = (4)
*

.

Assume by contradiction that EE .



i.

By Hahn - Banach theorem
, 70th c-(E)

*

sit . hce) = 0 ,
He C-E

.

Since I is reflexive , (4)
*

= LP
.
Thus

7- vet sit h(g) = girl { C- ( LP )?

In particular : Hee E → 0
= Tu ,

ut LP
'

0 = bed = e(v)= T.fr/=fuv
This

. Suv -0 , fue LP
'

⇒ v=0 Cuhy) ⇒ h=v=O
but it contradicts to the choice h -40 .

This ee conclude that E=T@P
'

)=¢P§ .



Consequence , if 12 pas , then fn -- f weakly
in CPD ) ig and only if

5%9 → Sfa poet'm
r n

⇐+ tp, - 1)
Also , since 2Pa) is reflexive ,

then ftp.t
bounded in D) , 7 a subsequence1fnn1Srt.fna-gimU@J.byBanach - Alaogln
theorem

.

Moreover
,
we know that if fn- g weakly

in LP
,
then tfnf is bonded in LA by

Uniform boundedness principle .



Approximation theory for LP ④d)
Consider Rd with the Lebesgue measure .

Thm : Ig 14 p Les ,
then

C? Crd ) is dense in LP Crd ) .

Censequently :p LPCRD ) is separable

744kt)*= LIKE ) .

( but kR9)* 7- ICKY )
Proof. tf C- LPD ) , we can approximate f
by step functions of the form
I ti 1nF )itIgnite & bounded

where Xie e , ri C Rd measurable and

knit { 1 j ✗er

0 if C- RMD .I
characteristic / indicator function



Consider A measurable and bounded .
Then

we have i

• inner regularity) Vs >O , F k compact set sit .

KC D. INK I EE .

• (outer regularity) V7> 0 , 70 open sets it .

ICO
, 10181 d-e.

1-
= .

-

Uryshon 's lemma , let 0 be an open set in

IAD and K be a compact set s.ir ,
KCO .

Then 79 ECT @d) such that

•
0<-92-1

• 9*1=1 if ✗ C- K

• QQ )-0 iy ✗C- RYO .



This means that we can approximate 11g
by a o i. e.

511s-at ⇐ 101kt
Kd

= 101st Pity ⇐ ZE

Prog. It is easy to prove Uryson lemma

if we only require that 9€ C. Crd ) .

In fact :

we can choose a) =
dist G , K)

dist#kjtdist

However , it is more difficult to find a
smooth function 9 .

For that we need the

technique convolution"
.



Definition convolution) .

Tf f. g : Rd → ①
, then f*gilÑ→C

Cf *g)e) = Sfa -g) giddy
Rd

Remark :

•) f*g=g*f
since @ *g) ☒ I = Spy for -g) gcyldy

"Ed

§µ frog ⇒ dz

= § * g) ⇐ 1 .

•) *g) * k - f * ( g *B) by Fubini

a.) Frio regular function f Sir .

f*g = g
But actually we have :

with 8 the delta
Sox g = g o function



ulrich is defined formally as :

§⇐) = as if ✗ = 0

80*1--0 cj × -1-0{ §, So# dx = 1-

This "

function
"

so can be defined properly
as a distribution

,
i.e. So c- ⇐ ☒d)I

mathematically ,
we can approximate so by

a sequence ffn}E , where fncx )=
-ndffnx)

É .. . .
Gussie

•

In this ray we expect that

f.* g → g as n→s .



Theorem : given fell @d) and GEERT)
with 1£ plus .

(a) Then f*g c- LPGA) and

Hf *giles 2- Hgtv 11g Up . [ Young 's inquiry
(b) Ig §, f = 1 and fn(☒1= ndfcnx ) i them

fn*g → g strongly in LP@d)
.

Proof : Ca) By Hidden inequality if Kpcis

☒*g)⇐A =/ §, far -g) gcyldy /
⇐§µ¥D1§¥§µK×yNgyÑdy§
= HfHÉ'§µ lfcxyjllgcy)Pdy)%

where tptpt, = I



⇒lff-xgkspekfky%felfix-yllgcypdy-flcf-xgcxjt.de⇐ HfHu¥ ffffcxyjlg Polyak
Rd Rd Rd

= HÉIE¥Y)1gmPdy
= HfHy%
"

llgtkp
= [Flu llglkp)P since

Pj, -1k Plp =p

→ If -xgKp ⇐ llflktlglkp .



(b) Take fn☒)= ndfncx) for =L
, felt

then we prove

pn-xg-sginUkR9.V-geP@Y.S
tept : Assume f)GEE@d) . Then :

§n*g☒ - gay-ffnc-ylgcx-pdy-ffncytghdy-fndgny.GG-

y) - giddy
pit

Assume suppf2B@iRJi.e . fix )=OiyKDR
⇒ supp fend a B@if)

⇒ 1$n*g☒ - gas / & Sndknyxtgw-geyldy.ly/ER-nEsup1gE-z)-gief
41k¥

z sup lgcx -4-91×11 §, ← enñlgcnylldy12-12-4



⇒ Iff .*g) -4 - gas 1441¥ sup Ige-4- gall
12-11?

Assume supp g
C KORD

⇒ sup lgcx-z-J-gcxjl-oig-DR.tk
1-21 ten {

and banded

by 2kg118
This :

tfn#g) a) - gey / → 0 for all ER
"

☒*g)a) - get ⇐ 21191101B¢ 'r¥,
for all

ns.t.Rn-R-CRi-1-fn-xaj-g→ 0 strongly in ICKY

by Dominated convergence .



Step 2 : let ye coat) and gELP⑧d ) .
Then ee can find a sequence gmEECRd)
sit . gm→g

in L' Rd ) . Then :

III.*g- gtkp
⇐ Hfn* (g- 9m11 -111 ftp.igmh
+ kgm- ga,

e e

⇐ tlfnlliilg -gmtkp-fn-xgm-gmlkr.vn
=He + llgñglkp

⇐ deputy Agm-gtkp-llfn-xgm-gn.ly

⇒ limsnpllfn-xg-gk.pk#kHDDgm-g1kp
has

since ¥7s Hfn*gm-gm1Lp=O by Steps

Take mas ⇒ Hfn←g - gKp→0 .



Steph Let ye I tkd) and get@d) .

7- Fm c- Cockd) sit . Fm → f
in L' Ckd ) .

and S Fm =L

Define Fm
,
ncx )= nd Fmcnx) .

Then :

by the tingle * Young inequalities
%*g - glkp ⇐ - E.)*glkp

+ A Fmn *g- glkp
⇐ tlfn-

t-m.nl/zHgtkptHFm.n*g-g1kpSnd1fnx)-FmCnx)1dx--Hf-Fm Ht

By step 2 :

¥7s 11 Fmn *g - g Hp = 0

⇒ turns up 11 f.*g- glkp £ If - Fmlki HYDE .

Take miss to get fnig - g →0 in LP
.



Remark : given fell Rd ) ,§-1,7 Ém sit .
F-me coded ) ,

FI → fin ICKY .

Then :

g. Fm → Sf =L
He can define

Fm=§¥Ém form large

→ Fmt ECRD ) and Fm → fin L'⑥d)

Sfm = I . .

Theorem : Tg fECilRd ) and gELP⑧Y
for K_ pls .

Then f*g E CTCRD)

and DTf*g)= g) *g its .



Here for 2=12 , ,4 ,
in ,2d) we denote

☒ =

24 2d

Iii
" ÷gd

Proof : First we pine that f*g is continues .

Take Lyn} C Rd
, yn → y

in Rd
.
then

⑨*g)(yn ) = §, fan - ×) garde
→ §, fly -Age)dx

by Dominated convergence . In fact :

fcyn-Age ] → fcy -Age)
and
lfcyn-Hgcxjlt-kgtlpk.CH 19*11

Ben
c- ftp.Twhere R b chosen sit .

fcyn- 1=0
'

y ☒13k



which is doable since yn→y & f is

compactly supported .

Similarly : ei-CQ.xd-gi.gg ) c- Rd

4. (f*g¥ bin ffG+hei - y) - for -g) gaily
h→O h

born#
conveyance

= gegiggfcxthei - y)
- for -g) gym

h

= ☒* f) ex - g) giddy
= @xif)*g

And Zxiftg ECCR ) by the previous step
since Zxif C- CICRd ) .

The some organs
gives

Dtfeg ) = ⑨f) *g C- CCR)
2ns conclusion .



Theorem : Let DC Rd be an open set , with

Lebesgue measure .
Then : CID) is dense

in 8D) for all lepers .

Consequently : LP@ ) is separable with ltpcs .

Proof , Step 1 : consider D= Rd
.
Take

ge LPGA) and
g
is compactly supported .

Take fECE(Rd ) and ff = 1 . Define
fncxtndfcnx ) →fnecisiffn-1.ve

know that

f.* g → g strongly in LPCRD )
,

and also yn*g
c-0 . Moreover

, f.*g
is also compactly supported . Indeed ,

(f.*g) e) = 5 fix -g) gcyldy
Rd

Tg supp yn C B @Rn )
and supp GC BG, Rd

→ ④*g)⇐ 1=0 if 1×1 > Rotten . .



Steps r= Rd and ge LPCR" ) .

Then we can approximate g by t%CRd )
e.g. a AICHER) → g

in LPCRD )
&

R→o [Dominated CND
From step 1

, any g
A-☒1ER) can be

approximated by CJ d) functions .

More precisely , 4s> O , F R = Rs sit .

Hg #☒ 2-D - g 11
,

⇐ s

and Fee c- CPH )

11
g ICKIER) -911g E E

→

11g -911,p
€2s by triangle ing .

Step 3 : I open bounded subset of
Rd

.

Take ge UD) .
Then HE>0,7g, C- MD)

and - supp gz C K compact CI and

Hgs - gtllp £ s .



For example .
we can take

gg= gttkcx )

where K= / ✗Er : dirt € , d) Ese } .

Define

g~EK-fgse-i-yxero-yxtd.si
§←÷5 9%1--0

on Ii

Take feci @d) and ff =L . Define

fix )= ndfcnx ) sltxe Rd .

Then
f. * gig → §, as n→o .

Here suppgjck-lx-cr.distx.si)±si
and suppfn C { ☒K Roln} where

supp f C { 1×1 E Rob



then : Cfn * 5<11×1 = §, fix -g) Jig ) dy
supported K' + I 1¥ I Rolnlg
= 1 yen :

diHCyiN9E8igtf1z1trolnJcfxEridsir@d9s8s-Roln1.bythe triangle inequality . This by taking n
large enough , we knew that

.

f.*Je E CE @ )
and
If n-xgi-tfdkpc.pe} E '

This :

qgn-xgs-gkttlfn-ok-ge.tleasier,

+115s- glean
⇐ kfn*% - Illam + Hgs - g Hoser,
E 2 E

.
•



Step 4 . Take I open set in Rd and getty ,

YR> 0
,
take Dr = In B @ IA) .

Then

DR open and bonded . Then

g Horr → g strongly in Va )

by Dominated c. v.

Then since g HER c- L%r ) ,
this

can be approximated by functions in CEQA
C. CT @ ) . Then he get the conclusion

by the triangle inequality , i. e. Cia
is dense in LP@) .

☐

Remain V-gc-LKAI.ee can approximate it

by God . tge ED) , suppgck
compact in d. compact

t

Weierstrass theorem : g E CCK ) can be

approximated in sup - norm by polynomials .

Hk can choose the coefficients of polynomials
to be elements of ☒ no countable

.



This we conclude that LPCA) is separable .

Them : ( Fundamental theorem og
calories)

let d be an open set
in Rd

.

let fE daily
i. e. f HK C- UD ) for any Kampong CD .

If
fgq-ON-oec.io)
or

then f=0 .

Proof : Take ge CTD) .
Then :

§ ggce - O into ecicrj

Since fg C- ✓D) and compactly supported.

Take hec? ( Rd) and She =L . Define
hncx )= nd Cnx ) ECE , 5h; 1 .

Then : hut@g) → egg in L
' @d)

Here hn-xggj-gffgcylhncx.is ) dy
Rd



= f Cfgky) honey) dy
or Is

this function is compactly supported in A

suppcfy) 1- supp hn

TEcropen~ci-k.FI}
opus

-

For
any ×

in thin supp , then

Kay ↳ hncx -y) C- CIA)

Ths :

fncfgky, fine-g) dy
= § @g)Cyl E¥dy = 0

c-Cia)
Conclusion :

⑦g) * hn → fg ⇒ pg -0

To ☐

Since pg -0 g compactly supp in A -41=0 .



Fourier transform :

Def given f : Rd→ e
, define

⇐f) ch) = feel = f g⇐, e-
"" k×d×

Ad

II Here b.✗ = T.dz
,

hi . xi nah 6=4;) ,
✗Hi)H

Base properties .

• Tg fell@d) , then f^eE4R9 and

Keiko ⇐ Hi .

• If f) ye lickd ) ,
then flegel

'

by

Young inequality .
Then : by Fubini theorem

fight = Ichigo
This identity should hold as soon as

F) § , fig are well - defined .

exercise

• 5- ( e-
+1×1
'

) = e-
Tiller Ñ

more generally : f-(e- a-ñÑ)= Id e-
* 1¥ .

a>0 .



Thy: (a) Eg ge lied ) A lick) , then ,

☒ He = llflki ( Plan chervil identity

(b) F- : L
' CKY n EAD → [☒ I can

be extended to be an isometry on iced ) , i.e.

F- : EARY → Umd)

☒fly = Ugly .

d) f- is a unitary transformation , i.e.

5-
"

is all - defined . In fact Yg E- line ,

⑤
'

g) ⇐ )±§⇐f flee )e""&×dq .

pit

Proof : (a) Consider :

§, Ifat e-
"""

dee , ooo ,



As := §,1f@jfe-TE1hRgq_fpdfckTfchje-te1hid.q
= §, 4µg e-

""""

d.) ( foggy ,é""hIg)
e-
talk"

ape

= f Fagg , e
""%←D

e-tklkidhd.gg
/

R3d

(by Fubini theorem)
= Spy, fÑ 14 ) (§, _Ñ

"" '"
-1k¥ .ee)
- dutye#Ñ (g-x)

= §, ☒ fly ) e-
¥ e-
"

day



= §, f☒T G. * g) a) dx

where Gee )= e-
dk e-+1¥

Goof )⇐)=géd"e→⇐¥gµ , aypzd

The ifrnctin Gg⇐)=⑤JdGa(±q) her
SGs = So , = f. e-

""
= 1 .

Rd

Ths when s → 0 ( or E- In and n→•)
-Ge * f → f straps in Uni .

Conclusion ,

As = §, fÑ @* f)e) dx
→ Spats fad×=§☒idx8-10



Namely :

tim Stefani e-
" ""

de =gy☒id×
EN

Rd Rd

Moreover
, ☒a) Pé

"' ""
T Hesioneto

→ By monotone av
, lifted

'

c- iced ) and

Shiki - ¥g fµp•Ñé""¥eRd
= Smd Ifa Pdx .

(b) The operator 5- : Uni→ [ is

well - defined and HIGH, = tyke , Heini .

Then f C- Lt ,
since Uni is dense

in E
, 71ft cent sit f.→ g shyly

in 2h . Then the sequence / fnl is Cauchy



sequence in 4 . By (a)

1157N - Fpm1k=HFGñfmHÉMn- smile
.ms/Ffnl is a Cauchy sequence in E

→ 7 lying Ffn = : Fg by definition .

We an check that the definition of Ff is
independent og the choice of Lpn } cant .

In fact , if f.→ f , gn→g ,
and fnifnclihi .

Then : 11 Fpn- Fgn ¥-11 Flfn -

gn) He
= tlfn -gully them-11¥ Agn - Shi
→ 0

as n→A . .

e) He prove that F
"

exists .

Take ye LCMD) , we
have :



Exercise

g*I
µ
GI -g) fcyldy -_fµqqg^µÉ"¥a

where %)= e-
"Ek"

, {so

Utsa . S e-
d"
é
"

ycyjdy
Md

→ fcx ) strongly in L'☒ ){→0

RASH = §, fyh , e-
"""

"

étih -✗

gee
,

58 ffkh ) attitude
Md

g fell , by Dominated
Cvvi

This : ig JEUNE , FEU ,
then

fcx )= f jch , el"ih☒dq .

ped
the assumption fell can be removed



by an approximation .

Actually , if ye CT @d ) , then feline
[ indeed f^ is bounded and decay faster
than any polynomial ) ☐

Remark : He know that if fed @d) or feick't
then we can define f. Tg fee @d)
with Kp 22 , then we can write

f- g -1h , gel
'

,
hell

→ g^= after .

This is trivial ! The non-trivial thing is

that F : LPCRD ) → ICHE ) is a bonded

operator if Ip -14=1 .

Theorem . ( Hausdorff - Young inequality)
Ig dtp< 2 , and f ELP @d) ,

then

tlftlyg ⇐ Mp with Ip -14=1 .



Remark : Ty p=1 1 then

Fck) = §, f.* e-
"tile"

oh,

⇒ legal & §, / g*é
"""" / dx

=

§, ↳ ldx = Ifk

⇒ After ⇐ Me

If p=2 , then

HfHy= tyke by Ranchero identity .

This : 5- : Lt → 8 and [→E. The

Hausdorff- Young inequality tells us that

5- : LP → U and

" f- "
yup,Lg<_max¢ÉÑ

"
t

LK:o)¥)



This is a particular case of
a family og

interpolation inequalities .
For example :

Theorem : ( Riesz - Thorin interpolation uieg)
let § ,µ) be a measure space which is

G- finite .
let T be a linear operator
T, LP ' + LP- →

L91tL9z.TfHTtl.y4pyLaDtttlTHy@pyugt1Thenj-Hy4p.L
't)

⇐ t

where I 2- Pa <pits , Ip = ⇒ + % , 0TH

g- = F. + Ii
In our case : p , = 1,91=0{ Pre 2,92=2 ⇒ tp -14=1 .



The
proof g the Riesz- Therrien interpolation

inequality is difficult [ it use
"

complex
interpolation ") .

A direct proof of
the Hausdorff - Yung ing .

step ( Layer cake representation)
Tf f E LP

,
then :

fly / P = § p 2M¥ ) da
there Xp4)=µx : ☒ I >4) , µ Lebesgue

measure

Pray : Using
Agen - S ✗{ ×:#1>2}d×Rd

⇒ § p2• -1dg# old
= Sfpd"( §, Xp:*, I>agd×)dd

Fubini

§, (Sfpd
"

Xµµ**ydd)d×=



= §, ( §
" '

panda ) dx
= §, ↳ Pdx .

Step 2 : given a>0 and decompose

f- fat + fi
= fitted > a) + fit@<a)

Then :

-1yd) = fx : 1gal > 2}
' × : If:# I + Ifatxsl> a})

⇐☒× : lgiicxl>⇒ Hint>¥ )
= dga+⇐ ) -1 tga- (E) '

Note that y
'

Kp< 2

sigil = 51811141 >a) ⇐ 51111,



I
and

Xp;D 4=0
if 2 > a

← s Ifa- i
→ =SÑ÷&ñ

E- a'Pflgps
j 2£ a

a-

Here we used the estimate :

SIGH → S Igf d-④ I >a)

3 SAP A-Cgl>a) = a' dgcas .

ftp.I Take f c- LPCRD ) with Slfp =L .

Then :
a

HFglliq-fq.pt/ii,=gcp1dpmFgii-Fg-a--fqp9-'d,=ga++s=piM1 %



⇐ § q µ
"

ftp.t#1-ts=piHDdp
Note that

11 5-pills ⇐ 11 fille = flfl Higha)
⇐ f ¥1, = air

⇒ IggyCfd = 0 if at
- P
= ¥ .

Moreover
,

¥:#
⇐ s¥÷=¥÷

= ¥ §% Xgaldldd
⇐ % § a xpacdldh

Here we used Api @JE Xpath 1 @2-a) .



In summary ,
with the choice at - P = Ay ,

115g Ilia 2- Cp Fp" ⑨ alga ) da)dpOF
= Cp ff PP-32¥) dddp

→ d-P= ¥
A 4×1

-P

= Cp µ
-3

dp) 2dgkiddo0

↳
q>
2 since

'

tp -14=2 & plz
= Ep § p (5)

""

✗ Xpcaldd
¥

= Ép Slfp = Ep

Here we used : G-pJ(g-2) +1 =p - d
⇐ X-p)q -2 -12ps -11 =p - I
⇐ p= pc-ijq-sqepp.TK#tp+1q=1



This we pined that if C- LP , fIfP=l
then :

115-811<4 ⇐ Cp

⇒ Afg Hq ← Cp llflkp , -VgELP .

Step We can replace Cp in # 1 by 1

by
"
tensor truck

"
.
Take fECfR°

'
) . Define ,

fine CP@d)N )
v.
tie Rd

f④N(×, , . . . ,Xn)= fan) . . . fan)
⇒ Hf☒NlLp(µdw) = Af HÑ by Fubini

.

Moreover :

itlileixiti.tknixnJFf@JCkf-ffTNCHg.yno)e dxnndxn
I
b-fhi.kz , . . ,kn) c- RDN

Weird



= f far,) . - fan)É"↳
"

. .
. e-Hiking
,

.no/xnFubnhi=CfCxpe-*ihMdx,)...(fg*je-*ihnThaf
= fail . . . fan) = (f)

⑦

Centene)

⇒ 11*0711,qµ§ HFNKq-k.mg#KaNcae.q
By step 3

,
independent og N
M

1154*711, @any
← Cp Hf☒N%p*ny

⇒ Hg^Ñ 2- Cp HfHÑ stars

⇒ 11ft , ±cp"N llflkp .tn> I
N→

high, ⇐ Nflkp .⇒

This holds VTE Coded) or Uni .

But



by a density argument , we obtain

kfTlLqtAflkpgHfELPCRY.Theoremi@dR.d
) )*= ↳ Crd ) .

More precisely ,
'

y
TE @ Crd) )* , then

F ! UE ECU) such that

-191 = §, uf it felt @d) .

Proof : Clearly ,
the 0 , then

f ↳ Spy uf is linear & continuous

since / Smaug / ⇐ tutti Ms .

the non-trivial direction is to construct

needed ) from 1- c- City )* .

We need to use that Rd is 8- finite ,



namely 7- |rnb%
,

bounded , disjoin set sir .

Rd = In C. e.g In
= cube )

not

For every n> 1 , consider the mapping

get → Tckrnf)
Farriery

linear or continuous gum Lian) → e.

By Riese representation theorem for 24in
, Fun c-

n ) sit
.

⇐) 1-⇐f) = §nvnf stye Kdnl .

Define '

u = then on .

Klug u E LTCKDJ ? We prove that

Hunt = Halpern ) & 11TH * ith>1
.

Econ)



Using *) with f= In ,
we have :

stunt = Savi = 1- (Hain )
In In

£ 11TH
@µ in Huard ,

= MH¢y* Stunt
on

This can be improved by introduce the set

A- = } ✗Ern : lunch I > ÑH¢y* }
and use # 1 with f= Kavi .

Then :

§ lunt ± KTµy* Salient
⇒ § Chi- 11T¥ ,*Hl) €0
You A

⇒ UCA )=O ⇒ lone ] / EM *
a. e.



Thus we conclude that

Hunks E %pj* , Hn > 1
→ hulks ← KTkµj* .

So far , we
knew that VTE LYIRD)

1- Clang ) = funf = §, u nfl
rn

⇒ T ⇐ g) = §, acting ) igeiK9
by a density argument . this

-

.

1- (f) ⇒⇐ 1mg)=¥u Inns)
= fu⇐ Hang )=fuf

Rd TI Rd

by Dominated convergence , V-J EUR9 .



Finally ,
the choice og u is unique since

it -191 = §, Uf = fñf itself
Rd

⇒ fucñlg -0 , tgelt
ped

⇒ hi -ñ -0

by the fundamental lemma of calculus .

Remand we
pure Hulks ← they* .

But 1T¢ f- |fµug|<_ His 4%1
→ 11T¥ µ

É Mlle .

This : 11TH
@µ
= Why .

i. e. (4)
*

= ↳ by an isometry .

Remmh:_ L( (D)
*

= 5h ,
A open set in Rd .

☐



Theorem
. @(Rd) )* I LYRD )

and ↳ CRD ) is not separable .

The same holds for ↳D) with Doren Cpd
.

Proof steps ; liard ) C (Rd))* .

Indeed , t UE L'⑧d) , define TuE¢TRdD*bg
Tuff ) = §, uf , _VfEL°dRd ) .

→ Kullu = Flatley .

Step 2 : the prove that Iraq CRY)* .

Define T C- (0*9)
'

as follows :
T : Cock

" ) → e

f ↳ Tf ) = go)
⇒ T is linear & continuous

,
lie .

Kept ± Agile .

Since co Ckd ) is a subspace g
LTRY.ve

can extend T to be a function from tilted )

→ e which is linear & continuous
, by the

Hahn - Banach theorem .



This 7T€ (Rd ) )
"

s .t .

TG ) = fat , V-g-cc.CH ) .

More we prove that ¥ u
C- GIRD) sit

.

Tcg )= fug iv-f-CEIR.cl) .

By contradiction
, assume

FuEU4Rd1s.t.fuf-Tgt-f@JiVfECcCRd1.gRd
This implies that

Suzy = ⇐g)@1=0 , tgecdird)
nd

f- c-ddRY.xot.co

By the fundamental lemma of calculus ,

SpaceX)f=0,VfEG4Ñ) ⇒ uX=o a.e.

From UX -0 are . V-XECIRdls.t.IOto

⇒ u=0 are . ⇒ by the choice of a

0 = Jug = go ) ivfeccdrd)
We can choose fEC4Rd ) sit . Lotto ,

→ contradiction .



Slept the pure that IT@d) is not separable .

Claim ,
7 uncountable subsets hi}ieI of

Rd sit .

}
Ii is measurable tie I

" Kori - Hoy. His = 1 if itj .

In fact ,
we can take hi = Bµ§xi , ri) ,

the balls in Rt
.

Now
,

i c- I
, define the set

Oi =L felted ) : " f- krill, -151
= BC Kai , ;-) CECE't .

Then clearly
Oi is

open ,
KEI

/ 0in Oj = ¢ iltitj
Tngact , is 0in Oj D- f fu itj
⇒ Hf - krill < 43 and Hf - Kaj 11<43
⇒ 111th.

- Arj IK 43 by the triangle ing



v1 contradiction to the choice og Ii .

We andude that ↳☒ ) is not separable .

Assume by contradiction that FIRE) is separable,
ire .
7 countable set {fn}% ,

sir . it is dense

in 5K¢ ) .

Then tie I , since Oi is open in 04k¢ )
and / fn|% ,

is dense in ↳ CRD ) → 7m=m
,

Sir . fmie Oi . Since 0in Oj = 10

itj =) mi -4 mj it itj .

Then ilie , ← { fmi }⇐ , where

lfmih.ee < { fu}% ,
is countable .

→ Hi }i€, is countable
,
bet it is

a contradiction
.

This Ect ) is not separable . ☐



In summary , if I open set in Rd
, then ,

LP@) reflexive dual space separable

12 pls Yes LP
'

, tpitp , -1 Yes

p=l No 5 Yes

p= as No bigger 4 No

Nose 1bar INN) can be interpreted as LPA.iq)
where D= IN and µ the counting measure , i.e .

ACA ) = IA ) = # elements
of
A

.

This holds for all 11 pecs . As consequences,

nee have the following properties :

• IPCIN ) is a Banach space V-ttpt.is .

• Tg 12plus , then LPCN ) is uniformly
convex and hence it is reflexive . Tnqacr .

(ePdN))*= IPÉIN ) , f- + tp , =L .

• @^dND*= INN )
• @END I LEIN ) & l%N) nor separable



One remarkable difference from LP to LP is :

Theorem ( Schur) In ICN ) , the weak av.

implies the stroy c. v. Namely , if
fn - f weakly in b'④ ) ,

then f.→g strongly in GCN) .

Proof , WLOG, assume fn -0 and prove that

f.n → 0 in b'④ 1 . By contradiction
,
assume

fn→ 0 in ÉCNI . Up to a subsequence , ve

can assume that tlfn He, 7- E , Hn --1,2, . . .

Let us wide fu = ④11 , fit , . . ) ELKIN)
¥ ¥

The assumption fn -0 ⇒ this 1
,

lim
nos

fnck) →0 .

This is because the mapping kiss)( f- Efi ) .pe ) n ) to fix is linear

& continuous



We construct x-CXM.kz/,...)ElfCN)
and a subsequence { fnn|↳

,
ctfu s

I

⇐ , fnj> = É ✗(e) face) →§ ,
ith>1

.

e= ,

which is a contradiction to fnu-0 in IKINI .
Vue will take ice) 1=1,7031 .

Steph since f,
__ (f,@De> ,

C- e' in)

⇒ ¥
, ,
life 1 as

→ 7mn30 Sit . En
,

If, I < § .

Degine ✗ (e) = sign (faced ,V-K-nss.ir
. (e) fill = ifeell .

{ 1×01=1 .

This :

is

⇐ g.) = ¥
,

✗④ fill-In
,

+Én
.

⇒ ¥.HN - E. hear
= ¥? Kal - 2 -3mmol"-4¥



This we already define ✗ (e) for lens .

Consider { f) % ,
,
since fn → 0 ⇒ He

,

fnce ) → 0 a n→s

⇒ E. ✗(e) fnce ) → 0 as n→s

lens

→ Up to a subsequence of Ifn) , he can assume

I / gncell, < § ,
kiss

.

Itn
,

Then since fze I'CN)

→ £1s.at as
list

⇒ 3- nz> na sit . En
,

# I < % .

Take ✗ (e) = signfz@1ignnlEnztine1xceJ1-1s.t
. xedffet-lf.net



Then :

⇐ , f.) = Éxe) paces
1>-1

= I + I + In
,teeny nfl _< nz

3- Else)i- Ethel - FinalKlien
, nfl Enz

= ¥919911 - 2 -2%1-2-219911
Atlan

,
l>n
,

3 E - Z
- J - 2% = § .

By the same argument , he can define
✗ (e) with nfl 2- n, where is

} depends
on y , and A. on .

This gives fxce ) }e⇒ ,
C- LEIN) since

☒④ 1=1 , He > 1 and

⇐sfn) 3 § ,
Vin> 1m,

contradiction

to fn-0 ,


