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. Conthtgenas not the

are the same
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Finite dim as dim

• Take aawrbale in Md . Take a mitt bad

B =/ E : #Htt

¥: * i

vuitj : ki -xjt> t µ No compactness
#⇐ ) ⇐ Cd

Example .

• Compactness .
-

If kalif , bated . Weak anveyence

⇒ F subsequence
& weak compactness

*nation , sir .
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is fn If THEE

Banach-bloogln-Th.in . Ball in E* compact set a
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Chapter Topological spaces

Def Les X be a set . Regina

NQ ) =/ Y : YC x }
Define OCX) =3 YE NEX ) : Y is

"

open
" t

s
.
X , ol c- OH )

2 .
t Hit

ie ,
C O CX )

⇒ Y = ¥
.

Yi E OH)

3 . If Yi , Yt C- OH)

=) Ye h Yz E OK )

Then : CX , OK )) a topological space
Example. ① X -

- R
, OK) -

"

normal
"

open sets

② X= Z
'

y
OCX ) - all finite subsets g X

us not satisfy the assumption

j GQ le all subsets of X
→ ⇐ , ) topological space



Def les⇐ OCXD be topological space .

Then : Y CX is a closet set

g- and only
'

y
XX bi an open set .

Exercise her f , OCXD be topological space .

① her Hit
I

be
a collection of

closed set .

Then :

h Xi is also a closed set .

ieI

② let Xu and Xo be two closed set . Then ,

X.UX ,
is also a closed set .

Def Take a sequence Antti , C ⇐OK )) . Then
ee say that xn →x in the topological space
⇐OK)) '

y
V- YE OH ) and xEY

then : F NE IN : xn C- Y
'

y n> N .

E
e IR( E )
normal topo ,y



Remain To characterise the topology , then in general
we need the concept

"
net

" instead of
"

sequence
"

1×2baez ,
I partial order

ie . 2 > p e p>v
→ 278

.

We will not use this in our course
.

Later we will focus on the situations where

the topology is completely characterised by
the convergence og sequences .

Def . her € ,
OCD) and ④ OH) ) two

topological spaces .
Then : g : X→ Y is

a continuous function
'

y s

Tx E X s t VE OCT) sit . f#E V
then F U E OCX) sit . x E U a FCUKV

y
Eor

I



Exercise let ⇐ OCD) & Cy, OCD ) be too

topological spaces .
Then f : X→Y is continuous

ig and only ig f
-

KV ) b open in X

for any V open in Y

-

j
'

= I xex : fee V }

Remote let it be a topological space with

the normal topology . Then ,

f : R→ IR is continuous iga only
'

y
"xn→x⇒fCxn)→fCx#



vectorspa.es ( linear spaces)

Def . let X be a vector space ixith field Rorty
namely it satisfies i F

⑦ Fx , y E X
⇒
xty E X

and "

t
"

has the 3 properties

I xty = gtx
.) ⇐+g)+ Z = xtcy.ee)

D F OEX sit
. x-10 = x , V-xEX

② XEX
,
V-2 C- IF then : 2x E X

and Cd , x ) ↳ 2x satisfies
G) x = 2×-1 px , FLYER, t X

- dcxty )= 2x t dy i FLEE,kxyEX
{ a@ x) = @p ) x , ftp.EF.V-x-CX
( Ox = O

,
Vx E X

Remain We can justify the last properly asi
Ox = (t - 1) x = 1.x TEDx = x - x = O



The : If X is a vector space , 7 a basis Kil ieI

Recalled At xilie, is a basis if
a) The vectors in A are linearly independent

namely ,
we can not write any a EA

nontrivial
as a Vbhea#anim of finite elements

in A ↳ Zaixi ,
die 1C

') Egan CA ) - X , ive .
VxEX

,
we can

write x = Zdixi , tiEA , di EC

tfchite same

Idea . Tg X is finite dim - easy
- Tale *EX

• Tg Span⇐ ) = X → stop

• Tg Spm € X ⇒ Fxz EX) span
-TgSpan (x, , xD = X → stop

Tg nor Fx >E Xl span Cx , , xD .



"

Optimal ray to do induction
"

'

Zornlemnnoi : Tf #P b a ore set,

then F a maximal element and inductive

t.JP is ordered ⇐ F L (
"
E

" ) on P

sit
. if a L b and bae ⇒ a L c

| a Lb and b La ⇒ a = b

• Q is totally ordered ⇐ O ordered and

Ha ,b EQ ⇒ at b or b ha
,

• P is inductive j TOC P
,
Q totally ordered

⇒ 7 a maximal element

go .

• Maximal element a EP ⇐ Ft b E P
sit . at b and beta . j



proggiianyvectorspaaxhosabas.is#
subset

Define Po - } A CX ,
A is linearly independent}

⇒ P =/ Spada) : AE Po }
Define Xy < Xz is Xi C Xz

Then @ ,
L ) bis ordered

. P is inductive because if Q C P is

totally ordered
, Q -

- f Xi ,
ie I }

⇒ tier j ,
Xi C Xj or Xi C Xi .

The maximal element of Q is

Xa = U Xi
XiEO

'

for lemma g maximal element
of
P

Spada ) .

We claim their span CA ) - X

by contradiction
. Tg SpanCA ) # X , then



T xa EX) SpanCA)

⇒ Spas.CA) ⇐ Span VK.at) EX
- -

maximal element
g P
E P

-

Def ( Topological vector spaces)
let X be a Vector space . Assume

(X ,
OK ) ) is a topological space .

Then X is called a topological vector space
if ⇐ y ) → xty and a , x) → 2x

are continuous
,
where X.y EX , DEE

Hyle . (Normed spaces) her X be a vector

space and assume that F H . H : X →⑨ s)
sit . . HXH 30 , and 11×11--0 ⇐ x=0

• 112×11 = 121 All ,
VXEX

,
FLEE

• Hxty HE 11×11 + Ily H , V-x.geX .



Example: Asam Hit
;←±

a collection g

normed spaces . Assume X :# ¥
,

Xi 4/0

We want to define on X a topology .
In

general , the topology on X is not necessarily
induced by a norm .

Think
y Xp -- LPCRd) -

- If :Rd→e,§gl%y
→ EE

p
?
.

L' Ckd )

non empty since Cis (Rd)
-

tfooeogyog testµ functions

CF (Rd ) =/ feedRd ) , compactly supply
Take lfnln? ,

C CE (Rd) . We call

f.→ g
on CECRD )

'

g

y . Y Supp fn is bonded

sup Ifn- fl →0 , sup I Ddgn - Ddgl →O ith



Distributions

Darth ⇐695
=/ L : c :(Roy → e

lrtieon & continues Y
as topological vector space .

Def : ( Minkowski function)
-let X be a

topological vector space .
let A be a convex,

open set in X ,
O C- A

.

PA" - ins!'T ear
Remain . PA = as if Its EEA

• In most of applications ,
PAH ) LD , FX ,



The ; Ty A is convex
, open , OEAEX

normed space

• Pa = A PAA ,
two ,tx-X.pkKey ) E PA t pacy)

• A = tix : PA LI } .

Proof . D obvious

¥.

I

×
PAYT

Ii
¥9:< EEA

Exercise
-



theorem ( Hahn - Banach Theorem , Helly version)
let X be (topological) vector space and

let y be a subspace of X .

given a linear functional f : Y → R Sir
.

Ifc g) l E p Cy ) , Vy EY .

Then
, F a linen funeral T : X→ IR sit

.

{ Fly
= f

tf I E pix ) , the X .

Ths holds for any function p : X-s IR

satisfying pdx ) = Apex , it-50 , tfxex/ party) E pet plugs itxiyex

Proof We use Zorn lemma

linear subspace

D= I g : Dog) → IR : YC Dyk X

and Sly = f , and Ig It pad
On P define g , < go

'

y g.
is an extension

of St



in
. Nga ) C D and gal

peg ,,
-

ga
.

Claim B is inductive .

Take Q C P , Q totally ordered

Rga) - U Dog )
geo{ Fx : goes . gcx , for some GE Q

↳ go is the maximal element for Q

by Zorn lemma , F maximal element of P
called

g .
the prove that

Dcg ) = X .

Assume by contradiction that DCI )GX
then F Xo E X ) Dcg ) '

chosen later

Define I = Dcg ) -1 Rio

of : F → R
, Jethro)-- gated

Ahem



ttxebfgp) , VVER
wants

Ign (x ftp.CX-dto)

⇐
- P g# tha E pcxtdxo)

V-xED.iq)
taek

Quests . Hose to prove that Fa ?

Need :(
↳ t) in,derndhtgx to C-big)

- petty -g
E a E Petro) - g.Cx)

⇐ - Pafyttoj - gig , Ea E

PCxtxoj-gjEXJV-xsyEDCg7@snpf-PCyttoj-gcyDyeDCgjE.a
E ing Cheetos -gas]
TED I

Fa is ensured
'

y
-

pcytxoj-g.ly ) E putto) - g -Cx)
# -

g ④ jtg -Q ) E P to)tP④tto)



⇒ -

g D) tg
-Rs E P to)tP④tto)

gcx#D
-

g *xD
E PG#Dt Pyfttoj

mise
"

i:c:*:* .im"

V
g ex

-

y)
E PG exo) t Pcftxo)

use : Ige -y) IE PG -y ) t x. y
E Dcg )

= pcxtxo - Cytxo))
E P@ exo) t Pg exo)
( P satisfies triage ing air.X)



Come back to the general statement
- P Cxtdxo) - ga ) E da

E Pcxtdxo) - ga
VIER , tix ED Cgl

⇒ - P (y tho) - gcy ) e da E P Cxtdxo) - ga
TAEK , tiny C- Dcg)

⇐

sup
at ing@GH-g )

Jerseys XEDlg ) jaso

at go.f.PK?i:s-#)saI:;.Y
'

y D= - Is 20

Conclusion we need

maxfgpf-PGH.FI'D . sup

⇐ at mincing , ing -Pyy#xJ



y

The existence of a requires that fled,>O

maxfggpt-PG-YY-ID.su
⇐ mincing I

, ing -Pyytg]
⑦ -Plgttto) - gig ) E Pcxtdto) -gey ,

Fx,yEDy,

⇐ ga - y) E Pfxttxojtpyttxo)

Th's follow from Iga - g) It PG -

y)

= P€xo) - ④ tho ) )
⇐ bcxtdxo) t P ( y tho) by triage ing

② PEtIy# z
- PG - rhxojtgcy ,
-

+Is

⇐ An Peth) - Inge, > -APG -did trlgcy)
⇐ pflaxtrxnxo)tP@y -Huo)

> gently)
use : Igcvhxxty )lE Pertly)

= Pfflnxtiddaxo) + fly - tho)) E - -
-



⇐ pfhxtdh.to) t Pf ly - Hao) as desired

by the triangle inequality .

Remain Here the prog works if f
: Y→ IR

.

None generally , j f : Y→ E

→ f - fit if,
where fi , fr : Y→ IR

-

and If# I = Vlf it If# I
'
E pas

Use the real case
,
we can extend f , and f,

to FT , Fu : X- R and f : - YT + if
-

E pix ) .satisfies If I = ref Teletext

11 we need to require p# = HI pal Duke



geometric version of
Hahn - Banach Theorem

Comden X a normed space .

Those ; Ty A is convex
, open , OEAEX

normed space

• Pa = A PAN ,
two ,

tixEX

•
pla key ) E PA t pacy)

• A = Ix : PA LI } .

where paan - info } EEA}

O¥÷i*
beg .

For X a normed space ,
let f :X→ IR

be a linen functioned .

Exerts f is continuous c⇒

f-Ky - f XE Xi f = dy is a closed set in X

The ser f'd) b called a hyperplane .



feel

*/④
Ka EA g

L 341 KbEB

theorem ( Hahn- Banach , geometric version)
let X be a normed space . let A ,

A C X

such that A
,
B convex

,
non - empty , AN B -01 .

Assume that A b opere .

Then F a closed

hyperplane that separates A and B
, namely

F f : X → A linear & continuous sit .

0¥
f Ca ) E X E fcb ) , ta

EA
,
be B

.

Proof Recall A convex
, open .

Stops Think of
the case when B- = Ho} .

Then

to ¢ A . We prove that Ff :X-i R linear a
continuous sit . fca ) L fcxo ) , VaEA ,



*Hod
By translation , we can assume O EA .

Then

we can define the Minkowski function Pa :X→ Rt

PA = Ego I E- c- A} .

Define the linear punch're g
: Spmlxo} → IR

g @xo )
- X

, the IR

Then : Ig I E pfdxo) , the R

⇐ a e pnfhxo)
= ing I EA} V

bio

* o

-

<1

By Hahn - Banach theorem
, we can find an

extension f : X → R linear and

I fast t
'

PAH) ,
Tx EX

⇒ f is continuous as sup If# It 1
TEA

and A is open .
OEA .



EI let
'k be a normed space .

let f :X→ E he

a linen frnchinb .
Then

f is continuous Css ship If I as for
XEA

some open setA .

Conclusions .

-

fcx ) E PAH) s tu ,
Vx C- A

Lfo) - geo) -

Step consider the general case A convex
, open

and B- convex ,
and An B = 01 ,

Regine C = A - Be ta - b : a EA , beBf .

Claim , C is open and convex ( check !)
H White C = UCA -b) A

BEB mopers because A open
⇒

Using Step 1 with C
open , convex ,

and Oct C

Then : F f :X→ IR Anear continues at
.

fcc) C f# 7=0 ,CEC
⇐ f Ca

-b) < o ,
foEA ,

be B

⇐ fca ) L fcb ) , Fa EA,
be B ,



Tak sup fca ) ft
s ing fcb )

AEA be B

⇒ fca ) Sd
E fcb) , Fa EA ,bEB .

µ From the proof , fess fcbj , Faeth , BEA .

April 23

Corolary# let X be a normed space .
let A

be convex , closed in X
.
let to # A .

Then F f E ( i.e . f is linear , continuous)
and f is real - valued sit .

fca ) < fcxo ) , taEA .

Proof Kim . A is closed a tote A ⇒

F r>0 sit . Bcxo , r) n A = § .

In goat , y we define the distance function
da# = ing H x - all

AEA

then da = O ⇒ xEA ( exercise)

We choose r = dado) 12 ⇒ Rto ,r ) AA - O .



convex

÷
.:*

B = B fo , F)
open ,

convex

By Hahn - Banach Theorem ( geometric version)
→ If i X→ R linear

,
continuous at

fca ) < fcxo ) ,
ta EA

. is

Reina .
Tn general , if A b convex

,
to# A ,

then there are situations that we cannot find

any hyperplane to separate A and xo , namely
# f : X→ IR linear , continuous sit .

fca ) L f Xo ) , VaEA .

Etample.

.
X= e'CIN)
= Ix -

- ⇐DE
.
i HEIR , Ei

,

so }
# Hei - E

,
Ant , ×

-

- Cxn)% ,



Choose A - l x - (xn )! , EX , Eni
,

Ikuko }

Then A is a subspace of
X → A is convex

.

Then take ao = (O , I , 0,14 , O , Ig , . -
- )

= (xn): , where

f Xin - i
-

- O

Xin = In⇒ aoe ICN) - X but aotc A
There are no f : X → IR link & continues at.

fca ) L fcao ) , ta EA .

Indeed
, assume F such a map f .

Then :

A feat =L@a) C Kao ) , ta EA ,
their

⇒ gas ,
ta EA{ and fcao)> O

keyobsevah.org A is dense in X ,
in purnima

F Lantis , C A and an→ do in X as n→is

actually an = ( O ,I , O , # s - ri
, O,# t O ,QQ . . .)



This "

oaf@ n) ith
f n -is because f

is continuous

f so
X→ IR

n, contradiction ! D

corollary Take X be a normed space .
let

A be a subspace og X or .
A- t X

.

Then 7 f : X→ IR linear & continuous set .

0¥
fca ) = 0 ,

VaEI

proof . Because It X ⇒ Fxo C-Xl it .

Using the Hahn - Banach Theorem for ( A- , xo)
⇒ F f : X→ R linen a continuous si .

fca )
L f Ko ) , Va E E

d

[ convex , closed)

Afca ) - f a ) C f# j ,
taek , the R

→ f@ 1=0 , ta E E .
D



Chapter 2 .

Metric spaces

Def let X be a set and let d : Xxx → 1112
,

sit . .) dcx , y ) = dcy , x) 30 stay EX

.) day ) -0 ⇐ x- y
•) dcx , y ) E dcx , z) tally , z) , -Vxy,zEX

Then CX
,
d ) is called a metric space .

Example a) Normed space ⇐ Hill)
then d E. g) = H x -yll is the standard

metric .

I Normed space ⇐ 11.11) ,
then define

dcx , g) = f
11×11 thy H , they
0

,
X-

y ,

This metric is called
"

post - office metric
"

.

.

.

-

-
- '

Friggin . -
→
DD

A B



I Discrete metric space : lot X be a set
,

define day) - O
'

y x --

y( n g xty

Begs her ⇐ d) be a metric space . Define
the open

ball

Bar) =/ yEX : day) dry
and closed ball

Far) = lyEX : okay) Er } .

let A C X be a subset
of
X

.
Tak xo EA .

Then Xo E Ao ( interior of A) ⇐
Fr>O : Bcxo , r) C A .

Reina . Tn general , Leonel
B-for) might be digg Bear)

Remain -y(X, d) is a metric space , then X

is a topological space where the open sets

are the unions g open balls .



Def her kn) %
,
be a sequence in a metric

space ⇐ d) .
Then xn→x ⇐ den , x) → O

h→D i

Remind Tn general ,
'

y X is a topological space,

xn→ x ⇐ V U open
, XE U , then

xn E U g n large enough .

The two definitions are equivalent ! (exercise)

Def let ⇐ d) be a metric space and lent

A C X
.
Then define AT =L - EX : x-fjmoxn

for EDIE , cat .

Deeg .

let ⑦ d) be a metric space and

A C X .
Then A- is dense ⇐ AT = X

.

Exercise. let ④ d) be a metric space .
let ACX

.

Ca) prove that A is closed ⇐ if HE ,
CA

and xn→x in X ,
then X E A

.

(b) Prove that A is open ⇒ Vx EA, Fr >0
Sit , BCX , r) C A .



Complete metric space .

Def ler ⇐ d) be a metric space . We say
that X is complete if any Cauchy sequence

is X has a limit in X
.

Namely , '

g Cx. )! , C X and

him dcxn , xm ) - O
rn in (n , m)→D

hyo

then F x EX pot . Xn →X
,
i. e. darn ,x)→0

Example .) =/ rational members, okay) - Ix -yl)
→ not complete

.) R = f real numbers, dcx , y) = Hug ly
→ complete

a) Take X -- I ⇐n )n% , xn-0 j n large }
Hitler = EE

,

Hnl ,
x -KDE

,

→ ⑦
, Hillel) is my complete .

However
,

I = LYN) and LYN ) is complete



D X -

- Colin , e) 4g : Rohe ant
.

Htt. = fµy⇐,1d×
comrades supported}

Then (X , II. Ku ) is not complete .

but I = L'Cad) and LNR" ) is complete .

Thooremi let ④d) be a complete metric

space .
Assume that

Ban , rn) J BA , re) J . . . I -Vn

Then if linings rn =O ,
then F X E X

s't '

lying in = x . Equivalently :
D

n Bcxn , rn) - txt .

I
met

Proof We kno that j m> n ⇒ xmc-BCxn.hn)
→ d ( xn ,Xm) Lrn → O as new

⇒ Itn is a Cauchy sequence



Since ⇐ d) is a complete metric space ,
7 limit ✗ sot . f.ingen - .

It's not difficult to cheek that

Ñ B.( ✗ n , rn) = { × } .
( exercise .

n = I

② g ⇐ d) is a metric space and

BCX , , rn) 3 Bauru) ) . . .

Can we claim that Ñ p(×) -1-10 ?

( be will come back next"¥me)
Answers: ① No

, e.g . if ☒ d) is not complete
like ✗ =Q and ✗

n
→ V5

② An example for complete metric spaces :( 7)
Hint : ✗ = IN , find rn>0 sit .

B ( n , Tn) = { n , n -11 , n -12, . . . }

③ Tg ✗ is complete normed space , then

Ñ Bcxmrnj -1-10 ( why ?)he 1



theorem ( Baire category Theorem)
let ⇐ d) be a complete metric space .

let

⑦ n ) is , be a sequence g
subset

g
X

, Xncx

Sit
. Xn is open

and dense in X
,
Tn

,

is

There : A = A Xn is dense in X
.

he 1

Proof To prove that A is dense
,
we need to

shore that tf ball Bcxo , ro) CX ,
then .

.

A n BCxo.ro) t 0 . Cichy ?)
he can write

A n BCxo.ro) = ⇐ A Bao , ro))
since Xy is open and dense

, Xan BCH
, ro)

is also open ,
Then F B (x, , rn) C# A Afro , rod

& non - empty races

Then Xz n BG , ,r*) open E non -

empty
⇒

F B (Xa , re) C Xz n BCX , , ra)
; ↳ rzcllz

Big induction
,
F Bcxn , rn) C Xun BHn.ir!

↳ rnLyn



Thais we get
BCH , re ) > BE , r.) > . - .

and rn Lt → 0 .

This since ⇐ d ) is

complete , we conclude ther
D

N Bcxmrn) - Ix } to .

hat

In particular , X E B.(xn , rn) C Xn N BGaro)

Vn
co

- XE n# NBCxo.ro) )
h = I

= A n Bcxoiro) D

Corollary let ④d) be a complete metric space .

let
n)%,

be at
. Yn C X

,

closed ten

and Yn = X
.

Then Fu and XE X
, r>O S.t.

BC# r) C Yn .



Proof let Yn be closed
, ¥Yn=X .

We claim thaitn,7 open ball Bar) Cin .

Assume by anti-radiation that

ten
, open ball Bcx,r) ¢ Yn .

⇒ n ,
X\Yn is dense in ✗ (why?)

and it is also open .

Then : n ☒Yn) = ✗ Y¥Yn)=§
h=l

this is a contradiction to Baire category -0hm
since we know that

☒Yn ) is dense in ✗ .

Exercise hard) let ☒ , d) be a complete
metric space and let / xnFbe a sequence

hot

in ✗ sit ,
it has me subsequence which

is convergent +
Prove that 9- E>0 and a

subsequence lxnq} s.t.dk/ne,Xne)3Eith#l.



Compactness
-

i

Def let X be topological space . Then

X is compact if the following holds ,

y
'

X = U Ai , Ai open Vi
i c-I

then
× = U Ai

,

I
'

finite , I
'

CI .
ifI'

theorem ( Borel - Lebesgue) let ⇐d) be
a metric space .

Then X is compact if
and only if it sequence Anti , C X ,

F

a subsequence Knuth
,

and ×EX at .

Xnw→ X as he → is
.

Proof Party
"

⇒
"

Assume that X is compact

( in the topological sense) .

let ⇒I
,
C X

.

Then we prove that F subsequence xnh-x in X
.

Assume by contradiction that § subsequence
convergent .



Steps . Chain . 7- a subsequence Igi Iii , g HII , odriso
"t .

Kyi , ri) 4- yj g j ti .

o
ooo ① ①

We construct the balls Blyi , ri) by induction
.

I 1×17
. ,

does not converge to Xs .

This implies

F a subsequence 1×9 )!
,
sir . x'ite x, and

BCH 's rn) St In" , Fritz .

( Hn" 's = 1kg.cn ,} with ya : IN → IN strictly increasing

D Since Hill does not converge to XY )

⇒ 7 a subsequence ¥ 't g ki
'} sit .

BAY '
, ra) & Xfl

,
tent 2 .



By induction, we can find subsequences txnm ) )
sit . BC Xi

'
, rn) # x'find taken

We take final subsequence
g.
= xin)

→ BC yn , rn) ¥ ym with, m # n

This is called Cantor diagonal argument .

Remind to prove that R is uncountable

we can consider €
,

an , an E)0,1}

Then Can ) !
.
→ IE ants )" E foil]

The set { (an )n7 ,

: an Elo, 1) Jg is uncouth

because if you have a sequence

xrn = ( din
) )! , in this set

then I = ( ATM )! , where

in" -4 : ; any, f*¥E



Step . Claim Y - ¥71 yob is closed
.

o.

ooo ① ①
Let 12-11 , be a sequence

in Y sit .

Zn→ Z in X
.
Then we prove that ZEY .

There are too possibilities :

① Tf Fi : In : zn=yiy is infinite
⇒ 2- = Yi

E Y .

② Hi i f n i Zn -- gig is finite , then

7. a subsequence Hunt of Hnl sit .

Znw= yrne
for me> be

⇒ F subsequence ly et
which converges
to Z

but Iymel is a subsequence og Antin ,

⇒ we get a contradicts as



$ no subsequence convergent of ht .

→ this second possibility of ruled out .

0

Step . Write ly it

×= it b- Cgi , ri) u )
- in

open open

→ by the topological compactness , F finite
cover's g X , namely

N

X - U Kyi , ri) U (KY )
ie l

but this is a contradiction wite the fact
that BC y ; , ri ) I yj uihjti .

( in particular , yay , b not in
the right side)

Then we get a contradiction with the

assumptionthe topological compactness og
X

.

This completes
"
⇒
"

.



Party
"

E
"
Assume that then X

,
7- a

subsequence convergent .
the need to prove that

X b topologically compact .

Namely , if X = ¥, Ui wite Ui open Hi,

then he find a finite covering

X = ¥y ,

Ui ,
I'
finiteCI .

Steph Fr>0 sit.

FxEX ,
then

BCX , r) C Ui for some IEI .

Assume by contradiction : fr>O , Tx EX ,VIEL.

Bar) & Ui .

In particular , r = In ,
n = 1,2 , 3 , . . .

Hn> 1 , 7 Xn EX ,
Vi EI

,
B(Xn , 'T ) & Ui .

Because Ixn } ! , C X ⇒ F subsequence

Xnh - X. in X .

Because Xo EX = ¥
,

Ui ⇒ HE Uio
for some to



⇒ Bfxo , ro) C th; (since Clio is open )

⇐rid . . .

Then since Xh → to ⇒ Xn E B(Xo , Roz)
'

y n is large enough
⇒ Ben , Roz) C Bao , ro)
by the triangle inequality

→ Ban , 'T) C Bao , ro) C Uno
'

y n is large enough
But this is a contradiction to the fact
that Bcxn , t ) ¢ Ui , tie I .

→ the claim is correct .



Step .
X -

- ¥
,

Ui = ¥ Bar)

claim . F finite set Y C X sit .

x -

- ¥, BANE Yee; !min
Bar)C Ui(
for XEY ,

i

By contradiction , assume Tf finite setYs , t

X - U Bair) .

XEY

This means that Flint!
,
at

.

Xm # Ben , r) skin> M

⇒ dam , xn) s r 70 itm.tn .

Then $ subsequence og Hnl
which is

convergent .→ a contradiction .

This completes the proof .
D



Exercise her ☒ d) be a compact , metric space .

Prove that ✗ is complete .

/ RE . Tg Hnl is a Cauchy sequence and

7 subsequence Xnq → ✗ ,
then in→✗ .

Def let ☒d) be a metric space and

ACX .
Then His compact

'

y
CA

, d)
is a compact space .

Exercise her ⇐d) be a metric space and

let ACX be a compact set .

① Prove that A is closed .

② Prove their AC Bar ) for some EA
and r>0 .

Exercise her ☒ it ) be a metric space

and in →× . Then A- = kn} UH}
is a compact set .



Continuity
let ⇐ dx) and (4) dy ) be two metric space .

Take f : ✗→ 4 . Then f is continuous

( by definition) ⇐ f-
'

(A) is open in ✗

for all set A open
in Y .

Exercise . The fumctin f : ✗→ Y ( two

metric spaces)
is continuous ←→

fan ) → fcx ) in Y , it xn→× in ✗ .

Thin: let ✗ it be two metric spaces and

fi ✗
→Y be continuous . Then it K compact

set in ✗ , f(K) =/ fcx ) : ✗C- K} is

a compact serin Y .

Proof Take lynt?? fck ) .

We prove that

2 a subsequence ynu → y
e FCK ) .

By definition , yn = fan) for xnek .



Since Kis compact , from { ✗nf%
,

CK ,

F a subsequence Xnq → ✗ in K
.
Because

f is continuous ,

Jnu =jC×nw)
→ fcx) C- FCK ) .

☐

Corollary Tg ☒ d) is a compact metric space
and fi ✗→ IR is continuous

,
then

FXOEX : f[Xo) = min fat .

XEX

Proof . By the previous theorem , y☒ )

is a compact set in IR ⇒ F a minimum

yo =
min fcx)

11

→ fcxo) ☐

Corollary Tg ⇐d) is a compact metric

space and f :X → IR is continuous and

fcx ) > 0 , ✗C-✗ .

Then F e>0 sit
.

f.A) 3 E , C-✗
.



Pry 7- to : fcxot. minff)
v xex

0

Then we can take E-- fcxo)
> 0 ☐

Example:_ let ⇐d) be a metric space .
let

A) B C X ,
A is closed and B is compact .

Tg An B = 0 , then DCA ,B ) >0 .

Hehe

d@iBj-ingfdCx.y ) : XEA
, yea}

B

Proof: d@B) a ing ing day)
✗C-A YEB

= ing ( iyya deny ) )
y€B
LEICA

, g)The function f :B → IR

fly )= dttiy )
is continuous



and fly) >0 , V-yc-B.si.nu get Adored

⇒ 7s>0 at . f④=dCAiy) →stye B

⇒ DCA / B) = ing d( Any) > s >0 .

GEB

" "

Anap
"

/
✓

A} ' •

Moreover
, if we define
As =/ ✗EX : de , A) < s }

then Ash B=¢ and

d( As , B) 3 § > 0

provided that se Iz .
☐



Thin:( Hahn - Banach
, geometric version I)

her ✗ be a normed space , A ,
B CX

sit
.
A

,
B convex , A n B =

,
and

A- is closed & B is compact . Then :

F f : ✗→1RFinEontinuonanldE1As.t.f@3LXLfCb1s-VaEA.bEB
.

⑧ i :O¥As
' f-- t

Proof 7 8>0 Sir .

As = I ✗EX : DCA , x) < Sf
→ As is convex

, open , As A B- = $

By
the usual geometric version og

the

Hahn - Banach theorem
,
7 f :X→ IR linear



and f -4-0 sit fcaj I fcbj ,V-ac-As.bEB.V-ac-A.V-yc-Xt.ir
. High < § then

aty C- As

⇒

f@tyjEfCbJ-1fCal-fCY1EfCbJyV-aEA.bEB
thy 112¥

Since f -1=0 and f
is linear

,
then

sup fly ) = a>0

IIYKLIZ
Thus , fcajt-co-gcbjitac-A.be B

→ sup flat + co E ing flb)
AEA BEB

⇒ flay < F- as;pa fat < f(bY
a' EA

,
b' c- B ,

D



2 last remarks on metric spaces .

Thin :( Banach Fixed point theorem)

Y ⇐d) is a complete metric space

and f : ✗→ ✗ satisfy i. FLECQD

dcfcx), fly )) 2- ddcxiy) , -V×,ytX
Then "

ay ! ✗0€ ✗ sit . fcto) = Xo .

Proof Uniqueness If f= to at f(4)=H
then

d(×o,× , ) = dcfcxo) / far))
£2 dcxo , XD , 2<1

→ d(to , ×,) 2-0 ⇒ to __ is .

Existences Take ao C- ✗
, define

an = fcdn- , ) ,
the 1,2 , . . .

Then ,

d( an , any , ) =D can -. ) ifcanl )
-22 d( am , , an) £ . . .

← 2
"

dcao.ae)



This : d Can ,an+ , ) t.CL
"

,
th -0,12 , . . .

⇒ land or a Cauchy sequence sine

E Ican , ana ) ⇐ CEO 2h < isHBO

⇒ an → as ☐

⇒ as = him an = him
n→s fan-D= gladn -2s

Thm_ ( completion of
a metric space)

her ☒ ,d) be a metric space . Then 7

a complete metric space fl , dy) sit .
7 A dense in 4 and a bijection fi ✗→ A
ulrich is isometric :

dy sfcy) ) = df.gl/V-x.yEX.

✗complete



Proof Define 4--4 ✗ : ✗=(x, ,x, . . .) Cauchy

sequence in }
Define dy ( ¥1 , #1) = lim d

,
I:) .

H%x%
. .)

has

Note that I d¥! , ✗%) }É
,

b a Cauchy
sequence in R

. ,
because gthetiiyleineqbiy

Idc I. ✗%) - day, , ✗%) /
⇐ dcxik.ie?D+dCxI.xii:) → 0

ash
, h

'
→is

⇒ 7 limit him d
,
×:') .

hens

① ACY defined by
A = } ✗ : ✗ =(a , a ,a , .

.
. ) with aEX }

→ A ¥ ✗ is a isometry

dy Cal , gcb )) = d( a. b) , V-a.be✗
"

@ ima . . . ) C- ACY



② Kly A b dense in Y ?

Given ✗ = [ Xn , K, X, ] . . .) C- Y .

Define y
"
= ( Xn , Xn , Xn , . . - ) C- A

dy ( × , y" ) = him d( xasxn) → o
lens

as n→w

because d( Xh , in) → 0 as kin →is

as ⇐ ,# ,
. . ) is a Cauchy sequence in ✗ .

③ why is Y complete ?
/

Take a sequence / y"Y% , og Y ,
which is

a Cauchy sequence , i.e

dy C y
"
, ycm ) ) → 0 as mines .

By the definition og 4 , Hn :

y
"
= ( y

'! , y? ,
. . . ) is a Cauchy

sequence
in ✗

.



Since n , dCy¥ , y →0 ask.li→ is

⇒ Then sit .

d ( yid , y% ) ⇐ In ,
V-b.li > ten .

Then

~y=(y⇒%
,

c- Y

Ex
Here g- is a Cauchy sequence in ✗ because

dc y
"

en , Y¥) ⇐ dcyeii , y:')

+ dcgie" ,y¥)+d(ye%y% 'm)
E In -1 dCy% , yet ' ) + tm.ge> ten

@→is ) anthem

⇒ dfyiii.yiimytl-n-1-m-dyfyd.im)
→ 0 as in

, n → is

Ths ( yiii.tn?
,

is a Candy sequence in



Finally , we prove ya → g- in 4. the have

dfydiyJ-mi-%db.FI Fm)
Here :

d(y¥;~yml= ok yii' , gym)
⇐ d lyin' , y:') + d(ye%y%)+d(ge4yY:)
⇐ In +

dcged.ge#)+1-migmiR3knandl3km--TdCyYn1,ym
) 2- In -11m + dy Cyd, y

'm)
⇒ einsupdlyii.fm) stn-emingpd.tk ! 5)

m→o

→bins up dy (y%j ) ⇐ eimsup limsup 4,4%49
has h→ miss

= 0 as Cgi") Gmnoyhy



This ya → Ñ in -1 ⇒ Y is complete . ☐

CommentedIn 4 , ¥(x%¥ .
.) is the same with

☒1=4,7×9 , . . . )

if d CHI , ¥4 ) -0
X

ein @¥ , ✗%)
has

Egg ✗=( a , a ,
a

. . . . ) C- A ig a C- ✗

this is the same

✗ = ( any say , . . .) if an→a in ✗ .

This Y contains
"

equivalent classics
"

af
sequences !

•) In the proof ,
we used the completeness

of
R

. T A key property og R is that it

is totally ordered ] ☐


