
Chaptal : Laplace / Poisson equation
-Du -0 or

-

Du=f
'

Laplace Poisson

Def . her I open CRD
. any utca)

and Du -0 on R is a harmonic function .

on N

"Palatine to complex analysis .

u : ① → e analytic function
→ ✗ + D-

yy ) Ren
-0

or Imu (Tutorial )
⇐ = a)

Physical interpretation . Rc Ad
I u= density

☒" Tn equilibrium ,
Vcr

=
§
,

F. Jds -0 ( flux of u[Exevise) gauss-Green
through V=0)

§ chief)dx
↳
F- - ath

, a>o



⇒

§ @a)* dx -0 it Vcr
open

⇒ Duk )=0 [ Fundamental theorem

calculus of variations)
to

[Exercise )

t.IE ( Gauss - Green formula)

§ F. Ids
= 5 div (F) a) d-✗
✓

N open C Rd

E: Tg ueccr) and

fucxjdx =0 , V open ball
in r

v

→ u -0 almost everywhere .

Remark : The result holds also
'

y uElla .

Can you prove that ?



<

Fundamental solution :og Laplace equation :

Du -0 on Rd

Assume that u is radial : UH)= Vcr )

with
r= # = ✓ it . - + Id .

then :

II. = ¥
Qiu =

V'C) ¥
Iou = v"H .IR?:..+-vks(-r- ÷)
⇒ Du = Ukr ) -1 driver ) = 0

⇒ eogcv ' )
'
= ¥, = ¥

→ v
'
= ÷- ,

⇒ ✓ ⇐

y
const log r + coma [ D= 2)

const ¥2 + const @ =3)



Def Fundamental solution of Laplace equation

④C) = f-¥ light d=2

¥*T (4--3)

/ d¥Ñ×Tdn 4>-3)

Remark : The fundamental solution OI is radial

and satisfies
DOI ⇐to , x C- Rd

,
✗¥0

A) f ⇐

¥µ , , ,
1b¥> I ⇐ ¥µ ' ✗¥0

Remark : We do not have DI -0 on thewhole

Rd . Indeed
, we will see that

- DOIN = Sfx ) → Dirac - delta function

formally so# =/ I 8×-1-0'

yx=o
& §µ8o=1

→ this will make sense in distribution theory
[ we discuss later)



Poisson equation :

-Dna)=f) on
Rd

solution , let § be the fundamental solution

og Laplace equation .
.
The solution og

-Dnf is

ucx )= ④ *f)e) = SEE -g) fly)dy
Rd.

Theorem : Tg fe Gard ) , then ue
c
'

@d)
and

.

Du = f in Rd
.

Proof We use the definition :

u⇐ , = 58€ -y) fly )dy= Joy , fcx - g)dy
Rd Rd

Check : u is continuous .
Take xn→x

→ u⇐n) → ucx) by Dominated on .

[ Recall measure theory , Monotone / Dominated
a.v. theorem , . . . ]



Compute the derivatives :

ucxthei) - ucx ) ⇒⑦ y , fcxthei
-

y) - f⇐y) dyh h

→ Silly)%*.

# dyh-10

Similarly .

( Dominated c.V. again)

Dducxi-fIcys@dgjcx-yjdyEContihuovs1.V-HE2Thusu.t
Efird) since fec?(piy .

KhyDu=g?_

_-¥= S -8414¥ -g) dy
Ird

= 504kt>g) fG-y)dY= S
Ird RdlB.CO,sF§@ e)



The main part :

kd\BC%
,
¢41 f-by)fCx - g) dy

=

S
Rohner , 8¥83 g)fcxuy)dy

=

SEfoicyTVyfKxuDdytRdlB@ir1_Spgo.g,Qcy)¥ñ☒-DdSY
⇐ S.is#isc---M

÷=n*trench )
+ s act

2B¢, ,
⇒
"☒ g) day,

-5 Icy> Gye - g) days
ZB@a)



Direct computation ,

foot
-- - ftp.T?yTd

n→= -

¥ on 2B@e)

⇒ °¥p= ygn-i-onZB.co.id

⇒ J
saw ,¥!÷÷÷"fGDd$y ,

= 5
2K0g
d¥ÑfF -g)day ,

= f fcxuyjdly) → gas
E -10

£2B@e)
mean value / average integral



"

on the other hand :

I S
2B @e)

⑤ ¥ Cts) day, /

⇐ clltflhs 5181 → 0 me -10

2B@a)
Similarly :

IA S a-④ fans /
BEE )

=/ fan
,

④ Afa :-b I

e llbflkes 5101 → O

ce
'

y
d> 3

B¢ E)
canst d--2

This we conclude that

Duch = fcx ) , ✗C- Rt

if u = OI ☒ f and JE c:(Rd ) .



Harmonicfimchimsina domain NC Rd
let d open CIRD .

let UEÉ@) and

☐ u = 0 in Sh
.

theorems ( Mean - value formula for harmonic
function)

Tf ued@ ) and Du -0 in r , then :

ucx ) = fu = fu , ball BCN
.

B ZB

Proof; In ID , Dn=0→ u is linear→ obvious
.

In general case : consider

for )= Fury ) day ) = fucxtrzjdcz,
2B€,r) IBO

, y

→ ftp.j-f-vulx-rz.z-dscz )
2B¢ 1)

= f July ) 9¥ dscyj
2B (Hr)



i. - = £
2B¥,

3÷dsg,

Green 's formula
= I f Ducyldy =-Dd

B☒r)

⇒ fcr )= const ⇒ for)= limfct )= ucx ) .

1-→0

Consequently , by polar coordinates ,

f udy= f ucxtyjdy
B☒r)

B@irJ-5oCgpa.s
,
a) ds

= for HBO,sjI nods
= IBCO.rs/ucxj--/BQsr/uQ.D
Reverse → exercise ! !



Theorem ( Maximum principle) reopen Cnd .

Assume u C-IG ) nest) .

Then :

a) Max U = Max u

T or

b) Assume D is connected . Tg F ✗☐
C- A Sir

.

U Ho ) = Max u

d-

Then n E const in d.

Proof : b) Assume Fxoe A sit :

UCXO) = Max U
.

a-

Then ball B : toe B- C D ee have

alto) = f ucxjdx E- max u=u☒o)
B T

=) UK ) = u☒o) , + C- B

The sat } × : u☒)= am } is both open &

closed within I→ it is has disconnected

(b) ⇒ (a) ✓



Theory ( Uniqueness) huge cat , fecal .
Then Fat most one solution u c- dancer)
to -

Du=g in A

{
u=g on 2h

Proof . By linearity → f=g=O .

f-Du -0 in R

u ⇐ 0 on zg
⇒ 4=0 in N

.

Exercise : Assume I open , connected C Rd .

let neda ) n CGT ) sit .

/ Dn
-0 in N

u = g on 2h

Prove that g g
>0 , then a>0 in D

D
2) y

'

g20 and of -1=0 , then
u>0 in Dr



Deg : Let R open C liRd and u E th)
.

• u is subharmonic j Du>0 in A

• u is super harmonic if Du EO in N
.

Remark : In ID , subharmonic = convex

Exercise : her I open C Rd and uec'D) ,

Du3O ( i.e . U is subharmonic) .

(a) Prove the mean - value inequality
f- ucpdscy , > f ucyidy Zuk )

2B€,r ) Bar)

for all ✗ C- Bar) C r .

(b) Assume that I is connected and u c- CCÑ )
.

Prove the
strong maximum principle , i.e. either

• u = const in 5h ,
or

• sup ucy) > ucx, for
all ✗ER

.

year



Theorem :( Regularity) Tg a C-CD) and

UH )= fu , _V ball Bcd .

2- B-

Then UEÉCN and Du -0
,
i. e. u is harmonic .

Moreover
, need ) and u is analytic inn .

Proof : let y c- cited ) , radial , Sir =L .

7<=54 7-051×1=1

Us = y ,*u
ECT Ns )

where he = Her : dist #2D> e} .
Then : use # J y ,☒ -g) ulyldy

or

= ¥ Szfz-fucyldyBQ.ae
)

= ¥ sina.bg#uds)dr
-

ucxjfdkx.rs#=UCx1fngdy=uQ)
.

Since us to e) Bail) → u C- East , V-E .



To prove that u
is analytic inn, we need to

show thatthen ,
r>0 Sir

. V-xc-BCxo.ir) :

UCH = Ufo ) -1 £+0 Cd ⑦ -¥
where yd = YI ' . . . yid , 2=12 , , .de , . . . /2d) and

series converge absolutely ,
i. e

E car
"
< is

.

We know that nectar) .
Hence

,

by Taylor 's expansion
ucx) = ulxo) -1 I Ñ¥ f- ✗of + RNCH

042kW

where 2 ! = In ! . . . 2d ! j 2=2^-1. . . -12£ , and

Rn# = I Ddwcxottcx-✗D) G- of
H=N

2 !

We need to prove that

I Rncx , / → 0 uniformly in ✗ C- Bcxoir) .



Lemma : ( Estimates on derivatives ) If u is harmonic

in SLC Rd and Bcxo ,r) Cr , then V-H=N :

Irked I ± e¥¥ S 14
Bcxo ,r)there Cd depends only on

it
.

We will prove the lemma later
.

Now ice

complete the proof of the analytizity .

For Xo ER ,
lot 0Crc 1- distrGo ,

2h) .

Then ✗ C- Bcxo , r) we travel"

BG
, Lr) C Bao ,#r) C D

Emma Dixit ⇐ ¥÷¥§⇐w,"
Hc- GINTY ¥Y§⇐*D

my
⇒ 11b£ He@go.gg

← M §÷)N it H=N .



Multinomial Theorem :

dN= 4+1+4-1)N=,¥n ± N ! ,¥n¥.

Stirling 's formula : C exercise)

N ! ~ 2in (Ie)N ,

namely N !

✓TNT (g)
Ñ → 1 as Nas .

Thus :

-2 110%115 ( Bears)Ñ£ M ¥Y .#12kW 2 !

E M [d)N → 0 as N→o

if we take 1=4 > dcde .

In conclusion we get the series expansion :

ucx )= UH )+ ¥0 Ñ¥¥ C-✗of
for all x-CBG.ir) .



Proof of the derivative bound :
For 121=0 , by the mean-value theorem

Ufo )= £ ucyldy
Blxo,r)

→ laws 11--1 S N
IBAN BE;r )

For 121=1 ,
note that 2h. u is also harmonic

→ /Qiu⇐oY= IF 2×iu(g) dy /
B# v12)

=/¥4S Zainab/
DEH

f a. nids /= |¥oBEorH
⇐ Y¥⇐) " "" i @Barra)

and from the aas 2=0
" uHecoB@iyyjt1BFr1ydH.r; '



More generally : if H=N , then

Ñn=DAu) with Ipl -_ N - I

→ IDK# D= IF 2- But /
B@o.r/N)

=/ ( S Danni #
2B€ .HN)

d- ¥¥%,
" ☐" "
i@Eoin ))

and by the induction hypothesis

HD%Hp By .gg s kd@#N
"

rdtny
flu/
Actor)

⇒ Irina , / & 0¥ . ÷E÷Ñ
"

Jiu ,
Bao ,r)

← ⇐r%¥- feria . ☐



Note that if ✗E B-[ xo , In ) ,
then

B( × , rK ) C Bcxo , r) .

Hence
, by the induction hypothesis

11 Null
, @⇐%))

← sup ID! it
✗EBC-o.IN)

[Cd @ yj]N
"

←

done
514
B-⑦or)

c.in
=

' ¥-1 'S a

BC to ,r)

← %÷" . ¥5m , S H
Btoir )

⇒ IDK cult ¥÷cynT '
" ☐" "
E@☒Rn ))

⇐ 45¥ .ci
"

.fi#nSn
A-(thr)

⇐ @ N)%d+N Spear ," '



Theorem ( Liouville 's theorem ) Tg uecicrd ) is
harmonic and bounded

,
then u = const .

Proof
I Duno) It ¥+1 S H

B ☒or)

e CI → 0 as roo

Theorem ( Uniqueness og Poisson eg . in Rd)
Let f.EC?CRd),d33 .

Then any
bounded

,

c
'

@ ) solution og Poisson eq .

-Du = gin Rd

is
g
the form

UP ) - OI-xftc-SOIK-ylf.ly , dye
1k¢

Here C is a constant and OI the fundamental
solution of Laplace equation in Rd

.

Proof 8-e) →0 as a ⇒ u is bounded

⇒ uniqueness . [ In 2D, I → is as a )



Exercise ; ( Harnack 's inequality)
let uEd ⑧d) be harmonic and non- negative .

prove that for every open , bounded ,
connected

set D C Rd ae have :

sup ucx ) 2- Ca ing UCH

✗ED ✗er

for a finite constant Cn depending only on d.

Hin Consider first the case D= a ball . In

the general case , I can be covered by a

finite collection
of
balls & one of them is

contained completely

¥888 inside R
. ☐

• So far we did not construct a solution

of Poisson equation -Du =L in I. This

can be done using Green function .

But

before doing so , let us discuss some basic

facts of the convolution & Farrier transform .


