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You have 3 hours of official working time and one additional hour to prepare and
finalize your upload. Solutions must be uploaded until the deadline at 14:00 o’clock on
15.2.2022 via Uni2Work in PDF-format. Make sure to follow these rules:

e Solutions must be handwritten (pen on paper & scanned, or digital pen tablet).
Do not use the colours red or green.
If you do not use the official exam preprint (this file), you must follow the official
formatting instructions for “plain-paper submissions” given in uni2work.

e Solve each problem on the respective sheet. If you need more space, you can use
the extra sheets; in this case please state your name and the problem you refer to.

e All answers and solutions must provide sufficiently detailed arguments. You may
refer to all results from the lectures, homeworks and tutorials.

e Solutions must be prepared by yourself. You are not allowed to share information
about any of the problems or their solutions of this exam with others before the
hand-in deadline.

e With your signature you agree to the rules of the exam.
Before uploading please check whether your pdf-scan is readable and contains all your

solutions (in total there are five problems). Do not forget to write your name on each
sheet. Good luck!
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Problem Overview (you do not have to include this page in your submission).
Problem 1 (10 points). Let {u,}>°, C LL (R?) satisfy that
—Aup(z) = |z[2e ™ i D(RY), Vn=1,2,..

and u, — ug in Li _(R?) when n — oo. Prove that ug is a harmonic function in R%.

Problem 2 (15 points). Let R? = {z = (21,22) € R? |23 > 0}. Let g € C}(R) and

_ T2 9(y)

= — 2y, VYr= R2 .

Prove that f = d,,u is harmonic in R? and lim,, ,o+ f(21,22) = ¢/(z1), Vo1 € R.
Problem 3 (10410 points). Let B = B(0,1) be the unit open ball in R? (d > 1). Let
g € C(0B) be an odd function, namely g(z) = —g(—=x) for all z € IB.
(a) Let T'> 0 and let u € C?(B x [0,7]) be a solution of the wave equation
O?u(x,t) — Agu(z,t) =0 in (z,t) € B x (0,7),
u(z,t) = Owu(x,t) =0 in (z,t) € B x {t =0},
u(z,t) = g(x) on 0B x [0,T].
Prove that u(0,t) =0, V¢ € [0,7]. (Hint: Uniqueness of the wave equation is helpful.)
(b) Let v € C*(B) satisfy
A(Av) >0 in B,
Av <0 on 0B,
v=g on 0B.
Prove that v(0) > 0. (Hint: You may consider f = Aw.)

Problem 4 (10+15 points). Let g € L?(R?) (with d > 1). Consider the solutions of
the heat and Schrodinger equations (with i = —1)

u(e,t) = (Bg)(2), o(z,t) = (H2g)(z), R t>0.
(a) Prove that if g € H'(R?), then there exists a constant C' = C(g) > 0 such that

lv(z,t) — g(z)*de < Ct, ¥t > 0.
Rd

(b) Let g € C*(R%) be an odd function, namely g(z) = —g(—=2) for all 2 € R%. Prove that
there exists a constant C' = C(g) > 0 such that

C
2

(Hint: You may work on Fourier space. For b), the value of g(0) is important.)

Problem 5 (10+20 points). Let S? be the unit sphere in R3. Define
do(e) = [ pladue), Vo€ CZ(R)
where w is the usual Lebesgue measure on §? (recall [, dw = [S?| = 47).
(a) Prove that dge € D'(R?) but ds2 & Li. (R3).
(b) Prove that there exists a function u € L{ (R3) such that —Au = dg2 in D'(R3).

loc
(Hint: Guess u by formally using Green’s function and Newton’s theorem. Then justify.)



Solutions

Problem 1. We have —Au, = |z[2e™** = 0 in L*(R%) since

2 —n|z|? _ 1 2 —|y|? — ¢
/Rd|xe dx—an/Q IRd|y\e dy—an/Q%O as n — 00

by changing the variables y = 2/y/n. Consequently, —Au,, — 0in D'(R?). Moreover, since
u, — up in Ll (R?) we have u,, — ug in D'(R?), and hence —Au,, - —Aug in D'(R?)
(by Homework E4.1). Thus —Awug = 0 in D'(R?), namely ug is a harmonic function in R?
(by Weyl’s lemma).

Remark: Alternatively the argument can be written as follows, for every ¢ € C°(R%),

(Au)(p) = u(Ap) = lim un(Ap) = lim (Aup)(p) = lim | —p(@)|ele " dz = 0.

n—oo R4

where we used u, — ug in Llloc(Rd) for the second equality and used Dominated Conver-
gence for the last equality.

Problem 2. By changing the variables we can write

v 9y w2 [gln—y)
L ‘ &

u(x) = - =

21 —y)? + a3 T Jr Y+ 3
Therefore,

(@) = By, u(x) = lim AELE R T2) —u(@1, 72

h—0 h
h—y)— - 1
g 22 [ 9@ th—y) —g(@—y) dy.
h—=0 T Jp h y? + 23
For every fixed z = (21, 72) € R?, we have
o g@ith—y)—glai—y) 1 / 1
70 h Y2+ 23 gl y)y2+x§’ ve
e (1 +h—y) —glor—y) 1 1
glx1t+h—y)—gl@s—y ’ / 1
. < o e L' (R,d
h yg —l—(]?% = Hg HL yg —|—1’% ( y)
Thus by Dominated Convergence
/ /
zy [ g'(z1—y) 2 9' )
flz) = — 52 W= 2 .2
T Jr Y° A+ 7 Jr (T1 —y)? + 73

Put differently,
T2 / 1 / /
xr) = — — 5 d = x, d
fla) =~ /Rg(y)((:vl—y)2+z§> y (mig(y)K( y)dy

xo 1

where

K({L‘,y) =

|z —y]
is exactly Poisson’s kernel for R%. Here we identify R and 9R%. Since ¢’ € C.(R), by a
theorem on Poisson’s equation in R%, we find that f € C%(R?) and it solves

Af=0 inRZ%,
lim,, o+ f(x1,22) = ¢'(z1), Va1 €R.

Remark: If at the beginning we do not change the variables, then

f(z) = O u(x) = % /Rg(y)azl (m)dy
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by Dominated Convergence (need to justify). We can proceed using the identity

(@ —y1>2+x%) - )7 —yl>2+a:%)dy

and the integration by parts,
T2 , 1 / ’
€Tr) = — —_— d = x, d
fla)=— /ﬂgg(y)((xl_y)ux%) y aRig(y)K( y)dy

Problem 3. a) Denote u(x,t) = wu(z,t) + u(—=z,t). Then u(x,t) satisfies the same
equation, but with all 0 boundary conditions:

0?u(x,t) — Agu(w,t) =0 in (z,t) € B x (0,7),

(x,t) = Owu(z,t) =0 in (z,t) € B x {t =0},
u(x,t) =0 on 0B x [0,T]
where we have used g(z) + g(—x) = 0 on dB. By the uniqueness of the wave equation, we

have @(z,t) = 0 on B x [0,T]. In particular, 2u(0,t) = @(0,t) = 0 for all ¢ € [0, T.
b) The function f = Av € C?(B) satisfies

Af>0 in B,
<0 on 0B.
Hence, f < 0 in B by maximum principle. Thus

Av <0 in B,
v=g on 0B.

Similarly to a), we define v(z) = v(z) + v(—x). Then since g(x) + g(—z) = 0 on 9B, we
have

0 on 0B.

{A <0 in B,

Hence, v > 0 in B by maximum principle. In particular, 2v(0) = (0) > 0.
Problem 4. Recall the Fourier transform
Uk, t) = e 12 P g(k), Bk, t) = e PR g (k).
) This is similar to Homework E11.1 ¢). By Plancherel theorem,

/ (@, ) — g(2)|2de = / Gk, 1) — G(k) 2k = / et _ 1 12(5(k)[2dlk.

Note that
€ 17 = [cos(8) — 112 + |sin(6)]> < Cmin(1, |o]?) < C16], V6 € R.

Therefore,

—it|2mk|? ~ i~
/ olant) —gla)fPe = [ e 1P Pak < [ Crmbllg Rk < Crlglfn.
) Since g is odd, we have §(0) = [z g = 0. Hence

[g(k)| = lg(k) —9(0)| < [EIVigllzee < |k[ll12mzlgllLr < Clk]
where we have used 9y, g(k) = F((—2mix;)g(z)) and I fllzee < | fllz:. Therefore,

/ |U z, t le, / —2t‘27rk‘2 )‘2dk < C/ 6_2t|27rk|2‘k|2d]€
Rd



c —2|27&)% | £12 c
:tlJrfl/?/Rde | |\§|d§§tl+7d/2, vt >0

where we changed the variables k = & /tl/ 2,

Problem 5. a) Let us check that dg2 € D'(R3). Let ¢, — ¢ in D(R3) as n — oo. Then
in particular, we have

max |¢n(z) — ¢(z)] = 0.
TER3

Hence

o (o) = 352 = | [ (000 = ) dnl0)]| < mislin(o) = )] | duto) 0

zeS?2

Thus dg2 € D' (R3).
Next, let us show that dgz ¢ Li (R3). Assume by contradiction that dg: = g € L (R3).
Then for every n > 1, there exists a function ¢,, € C2°(R3) such that

on(z)=11if || =1, ¢p(z)=0if ||z| -1 > 1/n.

Then for all ¢ € C°(R?) we have (1 — ¢,)p € C®(R3) and (1 — ¢,)p(x) = 0 if |2| = 1,
and hence

/ 91 = @n)p = ds2((1 — n)p) = / (1= @n(y))e(y)dw(y) = 0.
R3 S2

Thus by the fundamental lemma of calculus of variations, g(1— ;) = 0 a.e. Consequently,
since 1 — ¢, () = 1 for ||z| — 1| > 1/n, we find that g(z) = 0 for a.e. ||z| — 1| > 1/n.
Taking n — oo, we conclude that g(x) = 0 for a.e. z € R3. But clearly ég2 # 0. So this
contradiction shows that dg2 ¢ Li (R3).

b) Formally using Green’s function G(x) = 1/(4x|z|) we guess

u(e) = (G 052)(2) = b (Glw =) = | Gl = y)doly) = m><<11\x!>

Here we used Newton’s theorem in the last identify.
It remains to check that u satisfies the desired properties. Clearly |u| < 1, and hence
u € L®°(R3) C LL (R3). Next, from the definition

loc

u(z) = . G(r —y)dw(y),

for every ¢ € C°(R?) we can write by Fubini’s theorem

@) = [ w@iaaea= [ ([ 6= nam) @
= [ ([ 6= navo) asw = [ @ @)
S2? R3 S2

Here the use of Fubini’s theorem is allowed since G(z — y)|Ap(x)| € LY(R3 x S?), as
Ap(r) € C.(R?). We also used G(z — y) = G(y — x) for the convolution form.

We know that f = G * ¢ is the solution to Poisson’s equation —A f = . Actually in a
theorem in Chapter 3 we proved that —G * (Ap) = —A(G x ) = ¢ for all p € C°. Thus
we conclude that

(Bu)(e) = [ (G (Ae)dnt) = = [ ou)duly) = ~bin(). Vo€ C(R),

namely Au = —dg2 in the distributional sense.
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Remark: We can also use u(x) = 1/ max(1, |z|) and compute for every ¢ € C°(R3)

@) = [ w@pme= [ @a@as [ S
By integration by parts
[ o= [ anToas = [ Vo) iduta) = [ St
jaf<1 jal<1 52 s on
and
Ap(x) = - x)- x|t - a—@m x| tdw(z
/;>1 R IR CCR e = [ GE @l ()
= [ et s [ e (el s - [ @k e
=0- x x) — 9¢ x x
—0— [ p)tste) = [ ZE@)aula).
Here in the last line we used —Alz|™! = 0 in {|z| > 1} and %(m_l) = —1 on S%. Thus

we conclude that
Bu)(p) = = | pla)dula) = —da(e), Ve e CZ(RD),

namely Au = —ds2 in the distributional sense.



