
Chapter 6 : Wave equation .

Zion - Dxu -0 , ✗ERD
,
1-70

/
u=g , 2+u=h ,

✗ C-Rd , too
↳ ↳

initial displacement initial velocity

motivation ;

d=t : vibrating string IN.

01=2 : membrane

d--3 : elasticity

solution of wave equation :

ld / Jiu
- Jiu = 0

, @ it) ER ✗%)
i
u=g , 2-u=h ,

✗ER
,
t=0 .

Key idea : Factorization

¥ -2×1=(2-+2×76--2)



Denote ✓ = (2+-21) u

⇒ + 2) v -0 [transport eq)
⇒ vent)=a( ✗- t) , ax )= vcx ,O)

⇒ ☒ - 2×)u= acx- t) ( intro . transport eg )
we decompose

Ue Ust Uz

where 4+-2×74=0/ (2+-2) uz= alx- t)
like aboe ,

u , = bcxtt )
and an explicit choice g uz is

↳ = 12 gxtt dcyldy
✗- t

xtt

Thus : u= bcxtt ) + If aipdy
✗- t

compute a &b : box)= ucx,o)=g
acx)= 4×10)=4tu -2×4+0=4 - g

'
.



⇒ d ' Alembert formula :

u = I §
"

@ a- gky )) dytglxet)
- t

↳=Ifgc×+t+gGtD¥¥"hµ
Theorem @=L) Let ge CIR) ,

he CTR ) ,
and

define u by d ' Alembert formula as above .

Then
.) u ed @ ✗⑨s))
) 2in -2×4=0

e) u=g , 2- u=h when 1-→ 0
.

Proof : Exercise

Remark : Tg geck and heck
-1

,
then neck

Clout not better) .

Reflection method : Replace R by IR -1=0,0)
u - Ñu=0 on Rex@so)

{ neg , zu = h on IR-1×4=0} , 901--4101=0

u = 0 on 4=0 } ✗ It> of
Here go > = hot-0 .



Define : ñ( ✗ it)= /
ucxit) .

✗30,4>-0

1- UC -× , t) .
€0,430

g-⇐ I = go 30

} -gex ) ✗⇐0

ÉÉI / he +30
- hex , HEO

→ I ñ - 2Eñ- 0 in R-010)

{ E-ig.zu.li on 112×4=01

By d' Alembert formula
ñcxit )= 1-zfg-cxi-tl-g-G-tjfx-tf.ly

, dig
+II.

+

⇒ ucxitj-YH-4-g-E-tDH-F-thyic.ly ,
× >to

✗ -t

d EfgGet - get - + t§*+hydy ,
1-3×30

t -( solution
of the heat eg in Rt ✗010) )

-



01>-2
*, { In

- D×u=O in Rdx@ is )

a=g , 2-a -

-£ Rdx /t=o}

Idea:_ Averaging og u over spheres → ID problem

Def For ✗ C- Rd
,
t> 0

, r>0 ,

Ufxit) : = f ucy.tl dscy )
ZB(Hr)

Similarly Grcx) , Hrcx ) average over 2bar)

lemma : C Euler - Poisson - Darboux equation)
'

Ig utcfkdxo.is) ) solves 4) , then

V-xElRdiICr.ttsUec2@0nDxCQisD.j
ZE U - Tr U - Fr U -0 inker,

} U = Gift = H on IR
+
✗ 4=04

Note ¥-1 ¥2m is the radial party D.



Proof V6 compute for r>0 :

Zr Urcxi)=?⃝ 5- f- Dxucyitldy
Bcxor)

Intact , LHS is :

Zr f-ucystldsyj-2rfucx-rzjdsczjZBCx.ir
) 0B¢ 1)

⇐ f Thcxtrzj . 2- 1*-1
ZBCO

, 1)
"

¥21
= f
2B¢ ,r ) thy

) . 9¥ day ,

= f 25ns dscy,

2R0ir )

^ J zu dy (Green formula )=

FB@TrHrscx.r)
= IT f- Dxucyitdt

Bcx ,r)

( The computation is similar to the proof of
the mean - value theorem for Poisson eq)



Thus we conclude Thor :

① 2rUrC×t)= 5- f- Dxucyitldy
Bcxr)

② Next .

air UrG4=2r⇐§⇐r
,
Fugit)dy]

⇐ Jr [ S Andy) i

P3☒H

= -1¥) f ☐ ✗ udyt.iq#-TSDndS
☐ Earl 2BGr)×

£ birdsoB⇐#
③ Obviously

i.
Dxu

SEU = JE f uds = f a) ds .

8134hr) 2B€ ,r)
conclusion ,

Jill - Dru - 2rU=0 (from 1.01.41)



The above computation also shore that

HE d(R+x[⑥ is))
Moreover

, Drury , f) →0 as r→0+ .

Dr U Cx ,t ) ⇐ - 1) Die -1 Au = !, Au

⇒ UE C'¢0 , a)☒so)) .

Finally , when too |u=9
2- =L

⇒ /
U = G

2- U= H

D .

€ How to solve the Euler- Poisson- Darboux

eg ?

In general , odd d is easier than even d.

We will consider 4=3 and -4=2
.



01--3 Def Ñ= RU
,
I = rG

,
# = rH .

Then :

f
Jiu - Zi Ñ=0 ii. Rex is)

Ñ =É
, 2- A- = II when 4=0

(
=O when r-=0

This
, by d

'

Alembert 's formula , for a- ret

Ñfx,t)=I[E(r+t) -Ect -D) +
"

Highly
t - r

⇒ ufx.it) =±[Écr+H -E-E-D) + ¥ §
"

#
r

t- r

Taking r→O

ucxit ) = %) -1 A-Ct ) .

=2+(tSgds)+tf-

L

2B€ /t) ZBCXH)



Using f- gcyjdsy ) = f gcxttz) DSM
2B(✗ it) ZBCQI )

→ It f- gds = ftycxttz ) .
2- dz

ZBCXN) ZBOCI)

=f
Many

% 1.4¥) dsy ,

⇒ 2+(1-8
294,494)

⇐

F (g-i-vg.y-xpds.ly )
ZBG.ir)

conclusion : [ Kirchhoff 's formula in 3D )
-

-

uc*it)=f(gg)-Tg.y_Ñ-thy))oZBC> it)

for all ✗ER
}
,
t> 0 .



01=2 The transformation Ñ=rU does nohlnh!

Idea : Think of 2b problem as 3D with
" hidden .

Write ñ [ × , , xr, × , ,t)= UCH ,×, ,t)

2¢ ñ - D×ñ=O in R' ⑨ is)⇒

} I
= g- , zñ=h on n' ✗ 4=04

We use Kirchhoff 's formula
unfit )= ñ t)

=# (tf g- d5)+tfhd5
250TH)

2Ñ⇐t)
Moe : g- g- d5= ¥, f g- ds

25¥14 ZBTE ,t)

= ¥+5 gcy / 24+18815"dy= . . .

Bait)
nhehe 8(y)= @ - ly -✗ 1

")
""

,ytB(✗ it .



'

"
= ¥+5 941 ✓?÷y÷- dyD- ⇐or )

.

= ¥ f
Beit ✓¥ dy

similar.
5- ñd5=±§⇐⇒f¥¥&
ZÑ (Iit)

⇒ aunt -_ 2- ( ¥§⇐⇒¥?¥y":b)
+ ¥

soso.me?Yg#ysndy--CI)+CI
)

⇐1=2+4 tf mole)
B@ it )

=



= ¥
, , ,9¥¥¥, , .dz + tf g☒+tHd+

• can
①tim

= tf gig ,

Bait)É
% + tf-gyl.ge#yBEi4t'-1y-xif

Conclusion , ( Poisson formula for 2D)

unit )=-If HH[¥Ij¥¥yBait)

for >€1k
'

,
t>0

general dim : d odd first ,
d even bg d -11 odd .

[ discussed in tutorial)



Vlaveequationinboundedset@CRY

|
Itu - Au -0 in Dx @us)

u=g , 2tu= h when 4=0

u = 0 when ✗EM

spectral method : IC Rd open , bounded

⇒ - D has an e.g. Cei)É ,
with e.v.Hi)% ,

i. e. f-bei-tieis.sn .

.) inch 2-
. . .His

libs -0 .) Cei) ONB portal .

We write : UGA ) ⇐E. aictteicx )
i

→ ai"ct) + tiaict 1--0

⇒ aicts-a.co ) cost)+a sin t)

Here ai% aico ) is determined by

fg=uCt-01-Eai0leicy_faic0l-Ceiig7ih-2tnCt-D-Fai@jeicxj.ai-0k€;D



Uniqueness ; Lei RCR
"

open ,

bounded
,

d- boundary .

Then the wave equation
2in - Dxu = 0 in Nx(QT)

{ U=O , 2tu=0 in Dx. / t --01

4=0 in 2h ✗ [9-1]

has only trivial solution u=O fig ue dotard)

Ploog : consider the energy functional
act )= 512+4×1414 # ucx.br

a

⇒ ett / = ☒ 2- a. 2in -1 Em . EH
= 2¢ Haiku -Dxu . 2- a) =O

Thus ect ) = eco ) = 0 ⇒ 2tu=O =) u=0 .

( & u(t=o)=O)
Remark : The same uniqueness result hold in Rd
'

y ve assume that uedfHYRdl.fo.TT) .



Theorem ( Propagation og speed ) • Ctoito)

Assume 2in - D×=O in Rdx is)

u=0 , Zu -0 in B( xosto) ✗ {1--0} _⇒ Berto- t)

Then : U=0 in

C =/ ⇐ t) : + c- [0,1-0] , K-xolst-o.tl#BAoito)
Proof : Consider the

energy functional

ectl-sCfau5-Exu5JdxBCxosto-tJ-sect1n_g2@tui2xtU-Txu.T
✗ Ku)

BEoito-tJ_f@xu5-Txu52BCxoto-tJ-f2zuGiu-bxui-fzIz.r2¥ - (Kuwait)
B&o , to- t ) ¥2B( to .to - t )-

c- 0 by Cauchy -Schwartz

⇒ ect ) 2- eco)=0 ⇒ eat. -0 ,
1- c- [0,1-0] .


