
Chapters : Hear equation

µu=
Du in Rdx@is)

uH=o= g C initial data)

Fundamental solution ,

G- ⇐A) = 1- e- ¥t,ER&,t>o
¢-11T)dk

2+10 = Dot in Rdx is)

5 ☒t) dx =L ,
Ht>0{ Rd

him 01Gt ) = Six ) in ☐
' ( IAD )

.

t→o

Theorem : Ig ge card )n LIKE ) ,
then

ucxit )= 504 -

y ,t) glyldy
Rd

satisfies ci ) u-CCTRdxco.is))
Cii ) Stu = Du

, ☒ ,t) C- Rdx is)
Ciii ) e.im u(✗ it ) = gcx ) ,

✗End
.

+→ o



Theorem : ( Nonhomogeneous problem)
let ye C;(Rd , is) ) , compact support .

Define ucxit )= § §, G- y , t - s) fly ,s) dyds
Then :(it uc-cifkdxco.is))

( ii ) 2- u = Duty ,
THE Rd ,

t> 0

Ciii ) him ucx ,t)=0 ,
C- Rd

.

c- → o

Proof : We write

ucxit )= § Spy ( y ,s)fC× - y ,t - sjdyds
→ 2- u⇐*) = § Sµ¢Cy,s)2+fCxy,t -Ddyds

+ Spy, 0cg ,s)fG -

y , 0 ) dy

and

Zijucxit)=É§µ yes)2ijf(× - y , t - s) dy

↳ Zu , Zijn Candu , 2in ) are in C CRI D)



Next we calculate :

2-u - Du = £ §µdyCs) @e- ⇒gcx- y ,t - s) dyds
+ Spy 019 's) fcx - y , D dy
E

= § §, " -

+ So fed . . .
-1 Spy, ④Dfcx - y ,o) dy

= Is + Jet K .

Here 1%1<-11 G- -A) gtfo [ Spy loops)dyds
E ce → 0 as {→0

and Is =

Sgtfge0kg.sjf2s-DyjfCx-yit-sJdyds-SEfy@s-IE.sjfCx-yit.s)dyds

- Spy G. s) fcx - y , +g)
⇐t

5=5

= §, 019 . e) f. ( x - y , 't - e) dy - k



⇒ Is -1k = S dyes. ) gcx - y , t -e) dy → fat )Rd E→o

This

2- a - Du = f(✗ it ) , txt ) C- Rdx is) .

Finally :

Huc . ,t)Hp= yup §
'

o Ird
(Tss) dyds

= Hf Host →0 as t→o .

Remark , As f & g given as above
,

ucx , -4=5 ⑦ E-yit) gysdytftfok-yit-dfq.gg
nd 0 Rd

ds

solves

y
2- - Du = f
act -0) = g.

( Exercise)

Remark : (Duhamel formula )
consider the ODE : 2tW④= AWH ) ,

AEIR

⇒ WH ) =
*
WCO )

more generally ;



if 2¢ Wct )= AWH ) -1 fct)

→ 2¢ (e-
+A
wet )) = étA( 2-wet) - Awct) )

= éttnfct )
⇒ éthwct )= WCO ) + got e-* fads
⇒ wet ) = e.

+*

wco ) -1 got et
-DA

fad ,

More generally .

'

y A is an operator ( independent

of time) then :

Jew G) = Awct ) -1 fct )

⇒ wet ) = et" woot § et
-"A

fads .

Application , Tf A =D ,
then the operator

eth has kernel

d-☐ (* g)= olcx -y.tt#gdne-
"

no called the heat kernel .



Theorem ( I - data ) for every get CR
" ) , dejine

uctsx ) = Spy, a- y , t) giddy .

Then we c- flrdx is) ) and it solve the hear eq .

f 2-
u = Qu in Rdx @ ,

is)

him uc . , t ) = g
in [ (Rd )

.

t→o

Proof : Recall the heuristic computation from
the heal equation using the Fourier transform

2- UH , f) = Dxucxlt )

⇐ 2 ñ( test) = -1211-61
" ñ( hit)

⇒ It ( é
't#"

"

ñqt) = 0

⇒ et""" ñcut) = Tech , O )= Fte )
(⇒ ñch ,r) = e-

+*high )= § ( hir) gnch )
=¥xg

⇐ u(✗ it)= *g =

Spy, A- yitgipdy
Here ve only need the direction "

⇐
" which is

rigorous ig germ .



From the Fourier transform ,
it is also easy to

check that UC ,
t) → g int as +→ 0 (exercise

To see the smoothness , note that Ht> 0 ,
Hm EW :

JK ) c- [4+12-1161 'm ) ñ4M=
"
"

eye
⇒ ut ,t) c- Hm ( Rd ) ,

Hm > 1
.

⇒ uc.it) C- OH ) by Sobolev embedding .(see
below) .

This argument can be also used to

show that u C- c•(Rdxcons)) ( exercise) .

Theorem ( Sobolev embedding) Tg m> did ,
then :

Hm Crd ) C ( Carol ) n 54k¢ ) )

Proof We write tut Hm Kd ) :

ñ4)= ñ+¥") ' n*¥M
c- U as UEHM ¥2m>Iz

⇒ ñch ) C- 21 @d)

⇒ u = (ñY c- ( CH ) n ECM ) .



Maximum principle :

Recall Poisson equation -Du EO in 5h open ,
bounded

⇒ sup u⇐ ) = sup u ⇐ )

a- an

Theorem :(Maximum principle for bounded sets)
les NC Rd be open ,

bounded
.
her -1>0 and define

I
+
= Rx (0-1) , 2*54=(5×103) v61 ✗⇒

Tg ue C:@⇒ nc +) solves

Stu - D×u -20 in Dt

then ;

Marx u = max u
.

It Fort

Proof ; We will use Hopf 's argument which is

simpler than the mean -value theorem ( there exists

a mean- value theorem for heat equation , but it

is complicated and we will not discuss) .

Proof for Poisson eg : Assume uEcÑ)nc(ñ)

Step: Assume Du> 0 in D .
Since D- is

compact , F toEST sit
.
ucxo) = Max u CX ) .

c-I



We prove that → ED . In fact , if → EN ,

then since to is a ( local) maximizer of u
in I

, we have Du(xD €0 , which contradicts

to the assumption that Du>0 in d.

Thus to -C2R ,
and hence ;

Max UCX ) = u(xD É Max UCX ) .

✗-0-5 ✗ C-2h

Step 2 : Now assume Du >0 in D. Define :

Uz A) = UH ) -1 E /XP , E>0 .

Then Due >0 inI
,
hence by step 1 and

u 2- us E ut s sup ☒ i
✗truehave :

Max u☒] E Max Ugk ) £ max Uecx ) c-

✗ET XEST ✗EN

E Max UCX ) -1 E( sup ki) → max ucx )
.

✗ €2s ✗c-I 5-70 ✗C-2h



Proof for hear equation ,

Steed Assume UEC?@ ✗ (0,1-3) NC ✗AT])
and Itu - Dxu < 0 in DX ,

-1] .

Then Fifo , to) E I ✗ [9-1] sit .

ucxo.to) = max ucxit) .

⇐it)tÑxfQT]
We prove that (xoxo) -02*04 . Assume by
contradiction that GO.to#2Eh- ,

then

✗of D and to €6 , -1] .

Since ✗ to ucx.to) has a focal) maximizer
to C- I ⇒ Dxulxo , to) £0

Since the ucxost ) has a (local) maximizer
to C-CQTJ ⇒ 2tucxo.to) >0

This : ⑦ u - Dxu ) (to , to) 30
which is a contradiction to the assumption .

This : GO.to ) c- I'd -1 ,
i. e. max u = Max u .

D-+ INT



Ssep2_Assumeuc-ci@x0.T)) ncftxo.TT)
and Tzu - Dxu €0 in Ix T) .

let T~E⑨,T) and for 570 ;

us@ it)= UH ,t) -1 81×12
.

Then : use c:@ ✗ (0,1-7) ACCT -10, -1 '])
and Ztñg - Dxñ, CO in rx(0,7] .

By step 1 : max ñe ⇐ max ñe
ÑTI 2*4-1

¥0 Max u E Max U

IT ' II -11

ÉF
max u & max u

. ☐

It FIT



Theorem ( Maximum principle for D= Rd)
Let IT -_ Rd (0-1) ,

D-
+
=
Rd -10117 .

let me 0,04) n c $-1) such that

• Ztu - Dxu £0 in IT

• Ucxit) ⇐ Mem ""
, V-E,t)E IT ,

Then

sup u(✗ it) = sup ucx , 0) .

It xe.pl

Proof : Steph : Hye Rd and E >0 define
wait )= nest ) - ⇐÷yne×p(¥É÷¥ )

⇒ Ztv - Dxv = Itu - Dxu to in It

For U = Big ,r) , U ,- = Uxco , -1) , Ñ_=Ñ×[QT]

2*4-1=(4×103) U (26×0,17)
By the maximum principle for U bounded

,

Max v =/ max u

it HUT



let us bound Max V .

I'll
-1

a.) On 4×30} we use v tu
,
and hence

Max vcx , 0) ⇐ max ucxio) ⇐ max nano)
tell ✗€ñ c-Rd

.) on 2Ux§,T] we use : K- y / =r⇒ lxklyltr

vcxit) = ulxit ) - ⇐÷tdne×P(¥÷,)
& M emtyltr)

"

- ¥gen•+p¢¥,)
→ is as r→ as if M< ¥+5 .

In particular ice can choose r large sit .

max v(✗ it ) 2- max u (XO) .

✗ C- JU
,

✗E- Rd
t-IO.TT



In summary , if MC ¥⇒ ,
then :

oocyst ) is Max ~ E FEE , UGO)Tet
"

ucy , -4 - ¥←Ñ"
This holds for all cyst ) C- Rdx [9-1]

→ Max u I E- 1- max UCX ,O)
xp , -1] t-e-tdhxt.IR

Taking s→0 we conclude that y
'

ML¥ ,

Max u £ max ulxio)
Adx TJ ✗c- Rd

step 2 : For general -1, we denote :

4- = IN ,
NEIN It .

MC¥
,

,

Then by step 1 :

Max u E Max u(xD)
Rd -10 ,-1,7 tend

Max u E Max hcx , -4 ) c- maxucxio)

Rdx [-4,2-4] ✗End XERD



:

max u t max ucx;D- Dte) Emax naif
Rdx@ -DIT , NIT] ✗ER

" XEIR"

my Max u E Max ucx, O) .

Rdx foil] ✗end

Remark : The audition us Mem "
"
is

necessary ; otherwise it
solutions w -1-0 sit .

u(× , 07=0 .

Theorem ( Uniqueness)

TguecICRICQTDnc@dxG.T] )
ucxit ) 2- Mem "" in Rdx @ T)
Otu - bxu -0 in Rdx @T)
ucx , 01--0 in Rd

Then u=0 in Rdxfo , -11 .

Proof : Use the maximum puhtiple for u & - u .



Remark : Tg we know that uc . ,t) C- LYIRDI
,

then the proof of the uniqueness is easier
.

Heuristically :

¥ §, lucht)Tdt= If Trtu .
u dx

Rd

= 2J Dxu . u DX = - J /Tfultdx to
Rd Rd

→ ect ) = S lucxit) Pdx is decreasingnd
Hence , if eo ) -0 ⇒ ett) -0 Ht>0

.

This argument will be helpful below for
the heal backward equation .

Remark : The heat equation Ztu - bxu -0

|uCt=o)=g
is a well - posed problem

.

( unkmren

. Existence
uc.it ) , t>0)

• Uniqueness
• Stability ( solution depends continuously an data



For the latter issue
, by the maximum principle

we have
Huf , this 2- Hue ,o)H

,
.tt

or in the E- situation

Huc . style ⇐ ME , ON .tt ,

i

on the other hand ,
the heat backward

equation | 2-
u - Dxu -0

(unknown
u(t=T)= y with tod

is my well - posed .

• Non - existence : in general , the existence

require some special property on
g ,

eggis very smooth [ only gec@d) NEARY
or ge LYRD ) is not enough) .

• Uniqueness : on the other hand
, the

uniqueness still holds
.



Tkm : Ig uec:(Rd -10,17 ) nctfkiardjlo.TT)
and Dtu - Dxu -0 in Rdx @ T)

{ ulx , -17=0
Then u =0 in Rdx fQT] .

Proof : Recall ectl-fl.ua/,t)I'dx satisfies
Rd

att )=zf u.2tudx-2fubxudx-of-fui.ch
Md Rd Rd

Moreover ,

e"ct1= -45µF, u.tfch.ir/--4JDxu.2tu*
Rd

= 45# utdx →0

Rd

and hence

teeth! 4/5 ubxudxk-4ffluidxk.la/uidx)
pd Rd Rd

= ect ) éct ) .

lemma : Tg ee CYQT) , ect )>0 , e'4) to ,

éct ) >0 and least 2- ease"ct )
'

for tech]
and ECT)=O

,
then EEO

.



Proof : Since ed and ECT ) __ 0 , FtoE@sTJs.t .
ecto)-0 and ect )> O

'

y te to .

Vue need to prove that to -0 . If not , to ET,
then define

get )= log ett ) ,
1- c-(0,1-0)

⇒ pier. %¥
,

→ g
"
e) = ee"¥¥tl-1e →o

→ f is convex

→ f fit, -14--4+4 2- Tflt , ) -1kt)fCty
V-tn.tz-fo.to ) and c-c-Cost )

⇒ efttn-C-tjtjtect.ie#j-tV-fy,tcC-@ito) and c- c- Coil ) .

Taking ti→ to ⇒ e. ( Tt , -1 @e) to) -0

Taking c-→ 1 ⇒ ecti)=0 , V-tyc-G.to)
which is a contradiction

. ☐



Instability g The back-end heat equation

Theorem ( Instability) There exist functions

uzEC5CRdxCQTDncfHkRYx@iTDs.t .

Stu - Dxu -0 in Rdx T)
such that when 5-10-1

Huf >T) Hippy ) → 0 , HUC . so)Hyµ ,
→ es

.

Remark: This means that a small error of the

data at t=T may cause a large error of
the output t=0 .

Proof : Recall by Fourier transform
ZÑ(hit ) = - 12th

"

nicest )

⇒ ñ (hit)= e- tweet ñce , O)

⇒ ñ@ so)= et *"
"

ñk , -1) .

We can take ñfk,T) = 11¥ EH

⇒ llueCsTJ11E@igf1khK.e") ed
"
dee

Rd
N E →0



and
Audio)HÉµd)= f of

#"
"

I ⇐Eyed"dk
Rd

2T£
→ S z e e → is as E→o

EE.tk/es-1
"

☐

Theorem ( Regularized solution) Assume that

ut c:(Rdx A CY HIRD ,
0,17 )

Itu - Dx u=0 in Md ✗CQT)
| u@T) = get in Rd

.

Then from given data g ,
Eli # ) sit .

kge-glhipr.ge
we can construct a Sol Ñg Sit .

sup tllñsc . ,t) - nest) Hyped , → 0 as E→0 .

+edit]

Remark : Tn applications, both u and g are

unknown
, only go.is given .

So we have

to construct ñ< using only information from ge .



Proof : Clearly we should not choose ña to

solve the eg f Ztu,
- Dxue -0

uft=T)= Ye
'

i. e '

rug# ) = e⇐t)#at qq.ch)
Rather we take

u% @µ , = e⇐t)*Ñg^µ , at tsi )
where Sz→0 ( chosen later) .

Then we have for all tc-o.TT

tlñsefst ) - uc.it )HÉµ , 9- net

1-
= g é⇐t)*Ñ1gµ , # ques;) - g^aÑdk

Rd

← zgn, et
#"
"

lgicn-gchslkfhk.si/dk+frde.I*IEEE,pa-H> si )dk

= F) + #-)



We have :

F) ± 25 e°É Iggy - g^4)idk
ped

=
2 éÉe" → O '

y Se⇒✓¥
(-1-1)=251 ñch ,o)F 11461> si ')dh

Md

← 25 kiss Iñch ;D Pdh
Rd

t 2 Si Hu C. D) 11µW ) → 0 as so-so .

This choosing -1 ⇐ 8£ ⇐ 1 , e.g .

Venet

E. = tenet]
""
we find that

sup Nudist ) - ul . ,t)Hyµ ,
ECI)+#)→0

ftp.T] as E -30 .

☐


