
Chapter 3 : Weak solutions and regularity
Def : u is a leak solution

of the
linear equation

3- a ÑU = Fcx) on DX )

if S.EE#u(DKe)=SF9,V-6EDCr) .

or

Fmdamentalsolg-D.IN Rd :

- 1-21×1 D= I

Gcx)= { - ¥1bn# D= 2

4T¥ 4=3

1Bhd④¥¥
d> 3

Theorem : -Day = 8g in D
' @d)

where Gye )= Gcx - y ) .

Boog : EDGg) (9) = Say# C-De⇐Ddx
Rd

•

= @ * C-Do)]cy) = C-D) 6*9) g)
= 6cg ) ,

-VQEc5
⇒ -DGy= Sy ↳

Poisson eg



Theorem :( Poisson 's equation with the data )
her fEllem@d1s.t . Wdf c- 4 ,

where

walk

)=|
4+1×1) D= /

en (1+1×1) d=2

¥☒jd-2 d >3

Then :

u⇐,= @*g)e) Ellen@d)
and -Du=g in DCR 't) .

Moreover
, u€W¥4Rt) and

Zion )= fr, 3¥ e) fHdy=Hio)*f☒1 .
Remark : We can replace Rd by 'S open C Rd .

Then - Du = f in D
'
@) .

Proof : For every ball D= B OCR )

§H ← § (§, /Glx -g)Ilfcyildy)d×
c- ftp.IGG-yldxlfcysldyird



Jg Iyl > R ,
then y¢B④R)⇒ by the mean- whee

theorem
S IGG.gg/dx--lGyslECwdCy1 .

Kart

Ig lyl ER ,
then Kyl & R -11×1

⇒ S / Gcx - g) Ida E SIGG / ldt 2- Cr as GELL.
BOHR) 121EUR

Thus

Splat ← Crf wdeplfiyddy-crflqylg.co
→ u e lleoe .

MR tyler

Now ve prove -bu=f in D
' Ipl ) :

V-QC-ci-csuca-su-DH-SSGG-yfyc-ba.tl
Rd

Rd Md dxdy
= *C-be)cyDfqdy
Rd-

→ ⇐ *a) = a
= Spy 941 fcyldy

→ - Du = f in D
'@Ad ) .



Finally ,
we check :

2inch = Gio * f)a) = §,2iG(✗ -g) fipdy .

Note that 12-6*11 C- ¥¢ ,
C- lien # ) .

For all ball B = B@ R) C Rd ,

⑦ § §, HIGH -g) I dydx

← §d(§q§¥yHd×) lfcysldy
Tf ly I> 2R⇒ A - y l 3 Iyl -1×1>-1-2 Iyl ig HER

⇒

§@n, ¥y1d4d×
⇐

§@r, ¥,
⇐ crwdcy ) .

Tf ly / ← ZR ⇒ Kyle 3k
'

y HIER

⇒ £0.mx#ypHdtESz-pHdzECrlZlt3R
This :

⇐ ) Ecr ,§, >zrwmtfwldy-crfgk.ir/fcyHdyas--2iG-xf-cdeoeHRd) .

Next , for all QE CT ,



Qiu ) I = - Su@io1-i-SSGCx.y) fly, (2-9)*04
Bird

= - f@* 2.9) fcyldy
= - fc2.co#Q)fCyjdy ← one of

exercise

= + STIG* g) 9

→ Jia = 2-G*g in D
' Dd )

Time
Here we used for a c- CE

2- (0*6)=(20*0) .

Regularity : given -Due g in b' Kd ) . How

much can we say about the smoothness of u

from the information on f ?

First consider the Laplace equation
☐ a -0 an D

'
D) .



lemma : ( Wege) let reopen in 1k¢
.
Let

TED /D) sit . T=0 in D
'
G) .

Then

1-= 9 ETD ) and it is harmonic .

Proof .
= Rd) let f ECT .

Then :

y ↳ Tcfy ) E C- and

Duffy))= 1-⑨fly ) = 61-19,1=0
⇒ Ty ,) is harmonic

let
g ECT

be radial sit . Sg = 1 . By
the mean - value theorem :

ftp.yjgcysdy-S-cfolglyldy-TI
Atd Rd

By the convolution theorem

5T$;) geyidy = T(f*g)=tg*g )
Rd

-51cg g) fcyldy
Rot

this .i -191=5 Tcgyjgcydy , v-g-C.ci (Rt )
→ F- T g) C- 0 .



Exercise : -4 gtccrd ) is harmonic in Rd and g-cc.IM
is radial

,
then :

Spy fg = fo) fg .

pzd

Now consider Poisson's equation
- Du = g in D

' @d)

where f satisfies wage U Crd ) .

Remark ; Any solution has the form
u= G*g th

where Dh=O . By Weyl 's lemma heat
⇒ it suffices do consider Gtf .

Remark : Moreover , the regularity is a

"

local question"

Eg . f-- fi -1J , = of + 9- 4)f ,
elect

⇒ Gtf = Gtf it @ *fu .

Ig 9=9 on a ball B ⇒ f=O an B ⇒ Doxy)
= 0 on B ⇒ G-xfi.EC? on B ⇒ the regularity

of G'* af on B is determined by Gtf , only .

Thus VVLOG we may assume that g has compact supp .



Theorem : flow regularity for Poisson 's equation)

let fELPCRH.IE pts , be compactly supported . Then :

(a) D= I ⇒ Gage C1

01=2 ⇒ G*f C- Here ,
t

glad
>3 ⇒ Gtf E Ver I -V9< ¥2

(b) Ig 0112 Lp Ed.
then G-xgECH.tk 2- f- .

i. e. I@*f) a) -@* f) (g) t.EC/x-y1d,V-xiyc-Rd .

(e) Tg p> d ,
then a-* g c- CH ith l - f- .

Example : let B-- B@ 1112) C Rs and

ucx) = wcr ) = ln( Ibn rt) , r= 1×1 .

Then :

f.e)÷ -Duk)= - W "cr ) - 2w¥ ,
✗C- B-

.

In this case f. E E
" (B) but u is not continuous.

In comparison , theorem (b) says that if fell
""

then u is Hilder continuous! hen



Proof : Cd> 3) (a) p=1 Recall the proof of Young's
inequality

I@*g)a) I ± SIGG -yjlfcy ) / dy
ped

491
⇐ (§, loans)i⇒¥ ftp.fyildy)

⇒ I@*81*19<-8,10%191 paddy (19+1-91--1)

⇒ Ball D- = BCQR) C Rd

518*81*119*-0 §, ( Sloan)Yd×) HildyB BCQR)

Note that

1% ¥,*, Ellen ⇐ Cd-21g Cd ⇐ ok ¥2 .

If YE supp f ⇒ Igt E Ri ⇒

Spam , IGA
- g) 190k€ SIGHT ← Cr

12-14 Rtr ,
This
* je Cr fµ, /faddy c- ⇒ G-✗felloe

R tq<¥z '



⑧ dlzcptd By the triangle inequality

I @*g) e- @*g) (g) I
⇐ c s

nd /¥8- ¥1.ie//fzy/dzNotei,f-..-fy,.-f--- ¥1b " " -14yd-3)
⇐ c. lH! mail ¥-3 ' ¥?1×1 . Iyl

Egor all 022<1) EC kyimaxlxl.ly'D
"

1×141
"Y¥µ.si#d-s)

← C
Ix - y /

2

min (1×1,41)
d-zta

2- CH -H - ( ¥d# + ¥⇒
⇒

µ¥ - ¥µ⇐cKÑ(¥zµµ¥Ñ
-⇒. IG-xf.eu - 8×-8431<-0 f-yR¥p §, !¥wd§



It remains to prove that

SIP §, d-us dz co

when f E LKB) with 4122 p Ed and 0<222 - dp .

Here supp f C B = KQED C Rt
.

*) Ig 1×1> ZR , ,
then 1×-2-1 > Ri ig 2-E supp f and

§, ¥µ-
wilt ⇐ ¥+2 "flu

•) Tg 1×1-224 ,
then 1×-2-14 3R , if Zesuppf

and by Holder inequality ( Yp -1%1--11
Tp

'

f INI
ped H-zld-i-sdt.GS H⇒t%↳Ñ(§÷@u⇒dÉ)
"B B

← If He [ f It

1-21<-32 ,
12-19--4-2)pÑ

"

< is

ig Cd -2+2)p ' < d ⇐ d-2+22 g- , = d( 1- Ip )
⇐ 22 2- dp '



c) p> d Recall that

2- @*g) = GIG)*f in D
' Rd )

FIERY
Here we need to prove that 2iG*g c- c"Md) .

Then fed
"
due to the equivalence g classical

and distributional derivatives .

Similarly to 41 , by the triangle inequality
I io-xgcxi-GIG-xpcy.tl
⇐ S HIGH -⇒ - 2iGCy - z) / Ifield -2

ped
1

Note : GQ )==
@⇒ ¢1B, ,,Iµ,

⇒ ZIG# =
- ✗ i

dlBit ☒
d

The rest is left as an exercise . ☐



Theorem ( High regularity for Poisson 's equation)
let f E C

""@ ) be compactly supported with

the C- / 011,2, . . .} and 0<221 .

Then : G-xgc-ch-t.it (Rd ) .

Remark : FEC does not imply that G*fEC?

Vue will discuss an example in Exercise section .

Proof : It suffices to consider h=0 and use

induction in K as DFG # f) = G* tf ) .

Since ye
C
"

& compactly supported ⇒ YELP
for all pecs . Hence by the previous theorem :

Gtf C-C
'

, Zi@*g) = ☒G) ☒FEC .

Now let us compute the second derivative

Zj2i @*f) = 2J ⑦G*f) .

Take 9€ Ci ,
we have :

- 2j2i@*g) (9) = S G-

G-xpixbf.lk/dxfpfd--SS2iG(x-y)fcy)2jQydxdy
Rd Rd

= Sped fcy ) (Smd 2-GCX-ybg.cl#dx)dy



To use the integration by part for dx.ve need

to isolate the singularity of
22 ; GG) = ¥Iµ ( wiwj - ¥8;-) , w = .

By Dominated convergence , we write :

J 2iGCx-y)2j9☒)dx = him f2iGCxy)2j9☒1dx
IRD E→o+

A-y|3E

By Gauss - Green theorem , V-E>0 :

S 2. GE - g) 2j9*d×
A -21>-2

=
- S 2-GE -g)9*1 dse, -5 2i2jGCx - y) 9*11×-1
2B$ ,s , ☒ -ytsc

The first term can be computed explicitly as so-so ,

- 5 3-GG - y) 9k ) 'j dscx) , 2-Geek
0B$, e) 1+-51 DKNY

= + Ed" S 2.Gcew) 94 + ewjwjdw ,
w -¥

ZAG ;D

= -15
2b¢ , ,
d¥ Wi Wi ⑨+1W) dw → -8¥ qg ,

E→O



For the second term
,
we split :

- S 2-2
,
-GG -

y) cecxsdx =
- S - S

Kyrie Myth 13kg1>s
= CI ) + (Il)

Part CI ) is nice as there is no regularity
( 2i2jG☒) is smooth on 1×1> 1) .

For CI ) , we

use the symmetry
5 2iZjG@ ldsczj -0 ,

tr> 0

2B¢ , r)

→ S 23J GG - y)d×=O
is Ix - y / Is

⇒ CI)= - S .

a>☒-y , >.<
HIGH -g) 9☒,d×

= - f

2i2jGCx-yj@cx1-9CyDdxd31xuyl3E-s-s2i2jGCx.y
) (9*1-94))dx

13A -yl

as l2i2jGCry7@cxs-QyD1tf.y,d. Kyl C- Lleoecdx)



In summary :

-22 ;@*g) (9) = £94 2-Gay)9⇒d×)dy
dy

= f- 8ij §, 941941dg - §,fy(527-6-4.pe#dx)H-yl3l
- §, fly /( f 2-2;GG -

y) @⇐ ) - ay ,)dx)dy
1>1×-31

⇐ tdsij §, #9×14×-1,9*45 ftp.2-y-GK-yldyok
☒uypsl

- §µ9H( f 23.6-a- g) ( fag)- KH ) dy)dx
1¥ -yl -06Eci

⇒ 2idjo-t-tdsijfcxl-fsidjocx-yjf.ly ) dy
☒ -girl

+ S 2i2jGCxy) (941-1*1) dy
171×71

The first term is good as f C- C
"? The second

term is also good since Ji2jG☒ ) is smooth arm

and ft com .
It remains to prove that



Wijk ) = §
, , ,
,22jG-uy) (441-1*1) dy

is Holder continuous .
Note

that2i2jGCx -y) (Ky ) - fail -2 ¥yµ lx-yi-ia.edu)
and Vij is well - defined .

let us rewrite :

Wijk ) S JIZJGCZ ) (11×-1-2) - fi )) dz
12-12-1

⇒ Wijk ) - Wijly) -
'

if 2i2jG⇒( fcxtz) - flyer) - fatty))
14<-1 dz

Combining
lfexi-z-ffyt-y-fkxtfyjltcminlx-z-F.ly/d) .

and H2jG⇒-Clztd we easily obtain

/Wijk ) - VijayDIECK - yld
'

for any
2'LL

.

However , to get 21=2 , ee need a precise

computation . let us split ; for every xtyi

Wijk ) - Vvijcy) = f. . .
E f + S

12-141 12-1-2 K -y ) 1×-9142-12=1



For the first domain ,

I 52ijGG-yjffcx-zj-fcy-zj-fktfcypdzlh-ltlx-yl.us
# they ,

¥d Hdd-2 EC A- y ,?

For the second domain , ke use again the fact

S Zijocz) dscz ) -0 ,
tr> 0 ⇒ S 2jG⇐jdt=0.

ZB(ON)
lx-y.lt# £1

.

Hence
,

c*) f 2i2jG(z) ( fcxtt) - fly -12-1 - fcxjtfipdz
1×-9122-21

dt
= S 2i2jGC⇒( fat -2) - fi ) - :( fly -1-4-⇒A-g) 42-121

÷_ 523-

GG -x) ( fe) - fix)) dt
A

- §2i2jGCz -g) (fe ) - fey )d -2
where A- =/ Zi IX -

y / 2 IZ
-H Lt}

B= / 2- : Ix -yl C Iz - gl < 1} .



We split § = §
, ,

+ Sap , § - Sam + §\A '

On the common domain An B :

☐
(2:& GG -H - Zig-GG -

y)) (fe)- fix)) dz. /

it C f H -YI ( ¥µ+ ,
+ ¥yµ+,) H -Hd DZ

AAB

Eck - yl § ¥µ, -adz + 01+-91 §¥×y÷+ ,
dz

We have :

H -y) SA ¥1dead 2- £ H -y ) J
It -g)<⇐+ ,

-2¥day dz

2- Ix - y l s
*-9K¢ ,

1-2%-11-2
⇐ Ck -y /

&

Moreover , using It -✗R E Iz -yldt Ix - yR ve obtain

1×-91 §¥¥÷+,
dz ⇐ Ix -yl§¥* ,.it -1 Kyi;g¥,¥?



On AIB : We split
A)B= E , V Ez where

E
, =/ 2- c- A : H -y / I Iz - yl }
Ez =/ 2-EA : H -

y / 31 }

By the triangle inequality ,

2- C- E , ⇒ 1-2-+1 Elz - y / + K - y)
⇐ 2k -yl

⇒ IS .

. . / & f 12j-GG-xllf.cz)- feyldt
El Ei

IS ¥µ . It -xlddz

It -✗ It 2K - y)

⇐ C f ¥µgdz Eck - yl!
12-1<-21×-81

Moreover , ZEE, ⇒ lz-xp-H-yl-H-y131-k.gl
⇒ 1£ .

.
- te s

1-H-ylt.az/z,.#d-2dZ-C/tuy1
!

Case BIA is similar ! ☐



Theorem :( Regularity on general domains)
let d be open in

Rd
.

let u , f E DX) sit .

-Du = f in D
'@) .

a) Ig feller D) ,
then

D= I → u c- c
'

D)

d--2 ⇒ at Lohner) for all 92 as
01=3 → u € LIE for all qcd.az

b) IgfELPeoe@JvuitedZp7d_zsthenUECEeQJsV-02LC2_dp-ii.e
.

lucx) - up I d- Ck Ix -yld , Hayek
( HK compact set CN)

c) Ig fettered) with p>d ,
then

ut C"£ D) , 70<2 < 1- F- .

d) Tg fe (D) for home 0<221 , then

u E II. D) .

e) Ig fc-cm.IQ) , then UEC" ) , m>0 .



Proof : Take a ball D- sit
.

B-CD . Define

fBc×)= His fe ) = } fix ) y
'

✗ C- B

O
y
'

✗ ¢ B
.

Then ftleofsr) → f , c- Ckd) a compactly supp .

Hence nee know that Gtfo c- tended ) and

- D ( Gtfo) = fp in D
' (A) .

On the other hand
,
-Du = f in D

'
@ 1 .

Hence : - D [ Gtfo) = -Die in b'(B) since
toe CTCBK CED)c CTC Rd) we have :

C-Duke)= Sfo = §,fp9-_ ED @*pm ) .

or

Put differently , -b@ - Gifts)=O in DYB),

namely u - G*f , is harmonic in B. By Weyl
lemma

,
n - G-xfp.EC?GB) ⇒ the smoothness

of u in B is he same to the smoothness of

G-xf.rs ( that was studied before) .

Note Tg fed
"

,
we need to define fate

"
(exercise


