
Chapter 4 : Existence for Poison 's equation on domains

her I open in IAD
.

Consider Poisson Is equation

f- - Bu = f in r

' u =

g- on 2h
' G. g) given data

So far we only discussed the uniqueness and

regularity og solution u
.
In this chapter , we

study the existence issue . the focus on 2

different situations :

•) Classical solutions : Assuming ye CX)
and g-CC.GR) , we derive an explicit solution

UE CYST) using Green 's functions .

a) Weak solutions : Assuming ye UM ,

g
C- LP Ir)

,
see prove the existence of a

weak solution using
"

Energy method
"

.

In both cases , we will assume that Ir is

sufficiently smooth , such that the boundary
constraint can be formulated properly .



Def : CC
'
- domains) her DC Rd be

open . We

say that I is og class C
'
[ or 2h is d) if

✗EN
, F an open set UCR-ds.ir . ✗C- Ñ

and a bijective map hi U
→ Q

he ctfu ) , b-
'

c- C
' @ ) ( C

'
- diffeomorphism)

{h find)=Q+ , h(U\Ñ)=Q - ,
h (UNN) = Qo

r

① µ ,

Qt

Qo

÷

U
Q
-

Q

here
Q= { ✗ = ( Xp .

- , ✗d-, ,
✗d) = ( , ✗d) c- Rd :

1×1121 and Hd IC 1 }

Qo=Qn(ÑHot) = f ✗ = 0) : 1×1121 }
①+ = QN RI =/ ✗ =# xd) : # 121 , OCHA}
Q
-
= An RY =/ ✗ = @ 1.xd) :# 121 , - Kxoko}

More generally : 2h is ch g h , h
"

are ch punching



Remark : We may replace Q by B 1) as well
, namely

22 is C
"

if → c-2h
, F open set UC Rd

, xoe U

and a C
'

diffeomorphism h : U→ B it) sit .

hcln d) = BCQD n 1 xd> 0} ,
h @ AN)= BCO.ph/xd--0}

Remark : EqwiklentoWi Evans ' book App . c)
2h is C

'

ig ✗f- 2h ,
Fr>0 and a C

'

function
8 : IAD

-'
→ R sit . ( upon relabeling and reorienting

the coordinates axes if necessary ) we have :

rn BCE.ir) =/ ✗ = and) C- Bao ,r) : ✗it>xx
') }

More generally : 2h is C
"

j ✗ is a Ch function .

Proof g the equivalence of 2 definitions
Deg 2 ⇒ beg 1 : clearly we can take

hcx '

, +d) = ⇐ , xD - HH )) EC
'

hi
'

(x'

, xd) = (×' , xD -181×1) ) C- Ct

Def 2 : we need Inverse function theorem

and Implicit function Norem .



e) Writing h= ( h , , . . . , hd) .
Since his G- digg ,

i.e. his invertible near xo EM , by the
Inverse Function Theorem , the Jacobi matrix

Jqcxo) = ( Trjhicxo) )
Ki,j Ed

is invertible . Consequently ,

That Cio) -4 8 .

By reordering and reorienting the axes ,
we

may

assume that
2
, hd (Xo) >0 .

By the continuity ,
Fro>0 sir .

2¢ hd > 0 on Bcxoir) .

By the Implicit Function Theorem , 7C
"

function

8 : Md→ R sit .
in Bcxoir)

⇐ ☒d) C- 2h ⇐ hdcx ' , ✗d) =0←→ ✗D= 84) .

Moreover , since 2¢ hd>0 on Bcxoir) ,
the mapping

XD ↳ hdcx
'

, *.) is strictly increasing . Therefore ,
in BCO,r) :

⇐ ,
*d) Er⇐ hdcx:*)> 0 = hdcx 'sHH) ⇐ xd> Veil

.



Integration by poets : Ig ACAD be open ,
bounded

,

Ned
.
Then we have Gauss - Green formulas :

a) For all u.ve C' (5)
n→=( nn , . . . / nd ) unit
I outward

normal

§ in)v= - Juku) + fuvnids @→ñ vector

or or

2) For all u , ✓ C- Ect) :

§ utbv-f-vu.tv -Smu ds
.



Formula of classical solutions via Green 's function
let DC Rd open , bounded , 2d is d- . Assume

f- Du = f in d
with ut EG) .

I n=g on 2h

her G be the fundamental solution of Laplace eq .

in Rd
.

For every ✗Er
,
are>0 sit Blt

, e) Cd .

By integration by parts.

J @g)Holy -H - og -⇒ buys)dy
d) Bcxic)

= S (4) 35,4 - x) - Gly -x) 3%41) days
2-Base) u 2h

"
"

in



We have as usual :

¥-=TGñ=¥yj . =¥j, on ?b⇒
and hence

S u4) Z§- Cy -⇒ dscy, = f- ucyjdcyj → req
ZB (xx) E→o

2bar)
Moreover

,

[→0

IS
2B¢ ,)

GG-4T¥ days / E CE
't '

sup lol → 0

2B @ 4)

Moreover
,
DG ( y

- x) -0 for y # ✗ .

Thus theEtt)

we have:

ucxj-fg@y-D2gcy1-ucyPGz.Cy-xDdCyj-SnGCy-x1Ducysdy.V✗ED .

Hiking -

Du=g in N and u=g on 2h we obtain ;

u☒s= f @4--1%-4 ) - gcyjznE.ly -A) dscy )
2-2

+ 5 Gcx - g) fly)dy .

r



Rhoblem : 2¥ Ian is unknown !

To resolve this problem , we
need to introduce a

"

corrector
"

function & = 01×4 ) which solves

☐01×-0 in I

/ ¥9K Gg -☒ on

' Kriger

By integration by parr again :

-§ %) Duty)dy=§fu.ly, 3¥41 - 10×412=4141541

day
⇒ § %) fiyidy = £44s }¥→cy1 - GC.y-HZ-a.gl)
Theorem : let RC

"

R
"
be

open ,
bounded , 2h EC?

Deguhe Green function : Efx
, g) = Gcy- x) -

'

01×4) ,

✗Er
, ytÑ . Jg UE CYST) solves Poisson 's equation

f- bu=g inn
then :

"
= g

ar r

,

u⇐)= - J gcy )#G. g) dscy ) -1 §f4lGTx , g) dyor



Here Z§zC× , g) = Ty Écx , y) .Ñy in 2h .

Exercise : The Green function satisfies the symmetry
Ecxiy) = Écyix) stayed , ✗ty .

In general , it is not
easy

to construct Green function

fire . the corrector function) for a given domains .

However ,
it can be done explicitly in some specific cases.

Green function f# a half - space :

D= IRI =\ ✗ = ☒ , ✗d) c- Rd
- '
✗ IR : xd>Of

This domain is unbounded
, so

the previous computation

does not apply directly .
However

, we can still try
to compute the Green function , and then prove

that the representation formula is valid .

Def : ( Reflection) ✗ = ( ,
✗d) → I =⇐ ,

-✗d) .

Then clearly 0×1g) = G'Cy - E) *atisgios 1k¥
V. IN

D
✗

= 0 in IRI
- E| I = ay - E) = Gly - ×) on 3Rd

-1

n ly-51--4-81 ig yd -_ 0 .



Define the Green function
Easy) = Gly -A - 01×4 ) = G- Cy-x) -Gly -E) .

Then : ZE

Jydcxiy)=¥, Cy -H - ¥9 -E)
Yd

= -¥11;→ - Y,¥÷]=
"•

DIB , / Ix -yld
Define Poisson 's kernel for y

c- 2K¥

Klxiy) = -3¥
,

G. g) = +2¥, any) =
2*1

' DIB , / Ix-yH
'

Theorem Assume gec (Rd
-1) NEAR") and let

UH)= f kcxiy) giddy , Kay)=
+2¥

Sir! d /Bsllxryld
Then u c- o CRI) n t CRI) .

Moreover :

-Du=0 in 1k¥
| him uh = gcxo ) , V-xoc-ZR.tt
✗→ ¥0

✗ c- IRI
✗

1k¥=/ xd>0J



Proof : Note that for each ye 2k¥ ,

✗↳ Klay)= I2×d_
.

1-
DID , 1 Ix-yld

is harmonic on IR:¥¥
.

In fact , if itd ,
then

Zika ,y)= - Ypf, in

¥iK(×iy)= - 2µ×÷€,¥µ+, - ¢+2)⇐-YÑIt - yld-14 )
while

Ed Kay) - d¥¥yµ - 2×d_
. ×d-yd_

/ Bit 1×-414+2

Id KCX ,y)= -
2-

.

XD - yd
1%1

Hey /
dtz
-

4×4

/ Bit Ix -y /
d-12

+ 2¥
. @+2) (✗d- yd]

/Bsl Ix - yld -14

⇒ Dx Klay)=ÉÉÉiK(×,y) -1T¥ Kcxiy)
= -

2×4 d- I

/ Bit ( Haydon - +2) É
' Gi - yip

"⇒

Hey /
d-14

1-
1+2

H - y /
d-12

- Cdn) Ed - yds
lxuyld -14 ) = 0



( we may
also

argue that C- IRI
, y ↳

G- (xiy)
is harmonic in IRINA ⇒ by the symmetry ity
c- RI , ↳ G-Cxiy ) is harmonic in Ily } . Therefore

Hye KI , ✗M -2¥, Cny) = Kcxiy) is harmonic
in R-illyf.by a limiting argument , V-y-CZIR.it ,

✗↳ kcxiy) is harmonic in 1k¥
.)

Moreover
, it is straightforward to check that ✗EIRE ,

(exercise S KG , g) dy = 1 , Kcxiy) >0
2M¥

Since
g
c- LT → u c- 5 . Moreover

,

✗
UH )= f Dxkcxiy)gy)dy=0 HER?

on!

⇒ week:) .

Finally ,
we check the boundary condition .

'

leh-o-CHRI.lt ✗ C-
,
we have :



lun - gao> 1--15 KkyKgp - g☒oDdy /
21A!

2- § -15
,
Kary ) lgcyl - glxojldy

where

A- { g. EZRI : ly - to / EL Ix -to }
D= / y-CZR-i.ly -to I> LIX -toll

on A : Since g is continuous in JRd+= Md"
,

£ kcxiy) / gg )
-

gcxo) 1dg
.

E sup / gey -

guy / S
KG

,# dz
→ 0

19-4<-11×-4 zEgpy
as ✗→ to

on B ; By the triangle inequality j 232

yep ⇒ ly-HZIy-xol-k-xdzly-xol-fly.at
→ Ily -to

Hence § kcx.gl/glyi-gxHdy
⇐ Hg4e§¥=yµdy to §Ty÷µdY



= Ccxd S
D-told>µ×→ ,

¥01.1 dy
YEZIRI, ~ Rd -1

= Cxd S
£ c- 1k¢ -1

ddz

12-1 > ( Ix -xD

⇐

I
£ E- → 0 as ↳ is

Here we use that ✗ C- TRY
, tho C- 2M¥ , then

xD ⇐ I XD - Had / I 1×-1-01 . ☐



Green 's function for a ball BCO, 1)

Deg ( Reflection / duality through unit sphere)

For every ☒E RdV0} , define = ¥
Corrector function :

*
Recall that for every ✗ C- BCQII ,

g.
he ant to find a function

DylQly1-u0inB@iHox_QfyIs.t. {
✗ y , , Gly -×) on ZBGH.tt .

Lemma.

: Khem d> 3
,
a solution for the corrector is

10×4)= G- ( 1×1 Cy - E )) ,
the 136,11

, Hye BI .

Remark : At first sight & is well - defined only
when × -1-0 . However , when ✗ → 0

,
then

* Cy -E) = 1×1 y
- ¥,

→2B@ it) omit hence

Gtxky-E)) → Gcz) with 12-1=1 ( G is radial) .

Pwogi Note that XE BE , 1) ⇒ y * I , Hye 13011)

☒↳ 0×4!= Gf1HCY-EDed@dIxTiy.EDd"
is harmonic tin B@ 1) .

Moreover
, if y c- 2B¢ !) ,

then i



1×1 ly - 1=1×1 ly - ¥1 =/ My - ¥1

=/ ☒ iiyi - 2x .y -11 = ✓Hi-2kg -11ft
= ☒-yÑ= Kyl

Hence 01×41 = G§-x¥ , V-y-CZBCQIHV-x-CBCQD.to
I

Poissoinlsformulaforaball Assume UECYBCOTD)

f Du = 0
in BCQI)

solves
u =

g
on JBCQI ) .

Then recall . ,

.

UCX ) = - J
soso.gg

89 ) }ÉGiy) day ,
where G- (x ,y)= Gcy - x) - 10*41=04-+1-011×114 -x-D
Direct computation : GEE )= d¥⇒µd -2
3¥.ly -D= - ¥÷ijµ

Yi-i2¥@ (* 4-☒D) = - di :*, i *i'
"

ly -Éd

=
-

ÑYi - ✗i Cgt2B0iN
DIB / 1 Ix - yld



⇒ ¥.

= ¥; cy-H-3-yf.cl#cy-ED]
=

Yi (1×1^-1)

dlB.nl/x-ytd
⇒ 3G

⇒ = É
. }y÷Yj÷= d¥¥⇒ morons .

y

The function

Kcxiyt. - 2£, Cxiypp
1- ☒i

DM / Hey / d
'
⇐ ☐⑨ 1)

y -22B¢, 1)

is called the Poisson 's kernel for ball D- it )

More generally ,
tr> 0

,
the function

kcxiy) =
F- 1×1
'

r DIB , /
' 1¥11 '

✗ c- BCQM , ytJAHr)

is called the Poisson 's kernel for
ball BCQD .

Here we derived the kernel for dB 3 , but

the same holds for d=2 as well .



theorem ( Poisson formula for balls )
let d>2

.

Let

r70.LetgEC@BGiTDanducH-SKCx.y) gcy ) day )
OB@ or)

where

k(*g) =
F-

dB , / r
• ¥14 '

C- BCQD , y€2Aµr)
Then :

utCTB @ ir)) and Du -0 in BCQR) .

Moreover , V-xo-CZBC.ir)
him ucx ) = gcxo) .

✗→ Xo

✗C- B@or)

proof : Let B= B@ it) ,
i. - e. r=l , for simplicity .

First
, we prove that try C- 2B ,

the function
✗↳ KCX ,g) =

1-×
'

DIB , /
' ¥d

is harmonic .in B.
.

We have :

¥.

KG
, g)=

-Zxi

DIB ,/ Hey/
d
-

¥9
.

Hi - y ;)
(B) I / ✗ - yyd -12



II. KG ,y)=
-2¥

DIB ,/ Hey/
d-
¥9

.

Hi - y ;)
/Bit / ✗ - yyd -12

2xi.CH
'

- yi)¥yK( ✗ '9) = - ÷yµyTd. + 1ps , , lxyld -12
+

.

+ Y¥¥;¥→ -4¥ .

1-

141 H -yld -12

+ Y• . +23 ,⇐Y¥¢
⇒ D×K(Ky ) = - p÷,*yµ- + 4×11×-9 )

/Bit , /✗ z)d+2
- • 4k¥;¥m+'¥'¥¥n

=¥yµñ[-k-Ñ+⇐⇐-yi]
- 1×5+2

X.ytlyr-2-i-ZX.y-l-lxi-lyl.tl-_ 0

=D

Moreover ,
C- B ,

f Kcx . g) dscy ) = 1 ( exercise)
JB



Hence
, UELTCB ) since

laal =/ 5 Kcxiygcydscy, / HIGH,
as

and V-×EB we have :

Dxucx )= fD¥CXiy) gcgldsly ) =D .

ZB

It remains to check the boundary condition
.

her to€2B and ✗ → Xo , ✗c-B. Then ;

fun- g⇐oH= / S Kcxiy) ( gg ) - gas)dscy ) /
2B

E S +5 Kcxiy) 194 )- gixoldslyl
A , As

where A. =/ y c- 2B : ly - +01<-4--0%022,4
A fy €2B : ly - to I >☒- told},

On Ali Sa
,

Kcxiy) / gcy ) - gcxo) / dscy )

← sup lgcz) - gcxo) / Skcx , g) dscy )
ft- xol -2 Ix -+of
2-€2B ZB#o

→ 0 when ✗→to , as g E CCZB)



I# We use lgly ) - gas / ± 2kg118 and
on Az : ly - xol > Ix -top , k -tol small , 2<1

⇒ ly - ✗ I > ly -tol - H - to > EH -told

1-dh
⇒ Kany)= ⇐ c 2-CH-xoldlBHH-y.it
Hence :

S Kcxiy) lgcy ) - gcxo) / dscy )
A
,

1-DL

t.cfk-xoldscyjeclx-tof.IO
Are

as ✗→to '

if 1-d2> 0 ⇐ 22%1 .

Thus ucx )- gcxo) → 0 as ✗ → to .
☐



Energy method :

let RC Rd be open , bounded ,
d- boundary .

Consider : -Du = f in A{ u ⇐

g
on 2h

Integrating against a test function ceecicr)
me obtain ,

or

§ Tutte - § go0 = 5 C-Du -g)9 =

key observation : This is the derivative og
the functional

Ecu ) = -25 tut - f. fuor

Hence
, if u is a minimizer , then it solves eg .

Interestingly , the reverse is also true ii. e.

solving -equation ←→ minimizes energy functional

The boundary condition does not appear in the energy be

functional ,
but it can be encoded into the set og

admissible functions [ candidates og solutions) .

Ig ve stay in classical Elutions , then we have :



Theorem ( Dirichlet principle) Les de IRD be open .

Let f. c- CGT) and g E CID .
Then TFAE :

(1) ue CYST) solves {
- Ding in A

u =

gon r

(2) u is a minimizer g
the variational problem

E = ing Ecu ) ;¥g(E§Ñ -5 Sir)or

VEA

where
* = { we clot) : v=

gon
2h } .

Proof : (1) ⇒ (2) .
Consider real - blued functions .

VE A
,
u - V -0 onN .

Hence from -Du = find
and integration by parts
0=51- du -g) ( a-D= 5Th Tcu - v) - fgcu - v)

or or or

- Ecu)- Ecu) + I § / Tu - v12

To
→ Ecu) ⇐ Ecu ) ,

V-v-C.tt .

The complex-valued case : 0--5 Fsu - g)# =
. . .



(2) ⇒ (1) Again consider the real - valued case .

For all ee CE ) , ice have ut toe A
.
Hence :

Ecu) E E @ +to) , Kt C- IR

→ 0 = ¥ E@ttHlt.o

= ¥ [ I SI-vui-t-vet-sfcu-toDK.io
or or

= §Tu .to - §f9=ffbu -g)9 , tee:
or

⇒ -Du - f =O in N . ☐

Uniqueness : the above ploog also implies that there is

at most one solution / one minimizer

Central question : Existence of a minimizer ?

Direct method og calculus of variations:

•
Prove that E = ing Ecu) is finite .

VEA

•
Take a minimizing sequence /Unf CA sit .

Een) → E.

• Extract a subsequence un→ u in A and

lining Ean) 3 Ecu ) .



Here the first two steps are easy .
However

,

the last step is difficult since it requires a
"

compactness
" which is not available for A. To

resolve this , we need to enlarge A → weak

solutions
.

sobolevspaasWH.CI and WHA)

let RC Rd be
open .

Recall that

VV "P@) = If C- LEN : Jig c- LKN.tt:1 .nl}

This is a Banach space with the norm

Hfllwnpca ,
= " f "per ) -1 ,É, Bigley .

Note that CIA) is dense in VELI G) , but

in general CT G) may
be not dense in W"Pal .

Def : VVIP@ )= Cissy
W
"'M

.

This is a closed subspace og
W

'

④ ,
and

hence it is always a Banach space .



Heuristically , functions in Wo"PX) vanish on

2h
,
i.e. u -0 on 2h . This will be made

precise via
"

Trace operator
"

later
,
but for inovv

we have :

Theorem ; let RC Rd be open , bounded , with d- boundary
her new"PX ) A CGT ) , tepco .

Then TFAE :

4) U=0 on 2N .

Cii ) ue Wow@ )
.

Proof : d)⇒Cii) We need '

lemma : Tg ut W"P$) and u is compactly
supported inside R

,
then

ueWY@1.PioogiAssumesuppu-KCR.TakeXECEcrls.t
. 2=1 on K . Take lunk 0$ ) sit .

Un→ u in WHP (d)
ere

Then . Xun → Xy in WHA) (check ! )
| Fun -2C? G) ,V-n

Thus UE WI"#-) .



Now assume that new"PA)n CCI) and

u -0 on 2A .
Take GE GAR ) s.tn .

f- IGCT ) 1 It

/Get )=0 is It ⇐ 1

/( Gct ) = t y 11-1>-2

Then TVGI 2- C ⇒ by Chain - rule

f
un = ¥ Gcnu) E W"Kr) and

Jun = G
'

@u) Ju

we can verify
that un→u in W"P@) .

Moreover
, un C- Wo

"Knt by the lemma .⇒ new!!

Cii ) → Lil Q; / Had ) : 1×4<1 ,

02×4<1 }Qo =/ xd -0} AQ

1111110-1
a- •

a

Assume new"P①) Ac ) .

the prove that

U = 0 on 2h .



Special case r=Q+ :

we prove that if ne Wo"P⑨+)nc☒ ) ithcn
u=0 on Qo .

let fun / C C? @ + ) , un→ u in
"KQX) . We have

, for # ✗d) c- Qt :
Xdunwind ) - u¥É) = § zeufxlitldt

✗d
→ lunch >d) It So 18¢ ufxl.tl/dt

s

⇒ S lunch ✗d) ldx'd#[ Staunched)1dx 'd#
o -4121 OHKI

for all n EIN and OEE 21 .

Take n→* and use un→u in VV "P@ )

& si s lucxixdldxdxdtfjf.nl?dKHxdHdHdxd
1×44

Take {→ 0 and use UE Cdt)

S lucxlio) / dx ' to
*KI

⇒ ucx ' , 07=0 for all 1×11<1

i. e
, u = 0 on Qo .



general case : R open ,
bounded

, c
'
- boundary .

✗EN ,
3- Ux open & h bijective 4.→ Q

Sir . oh D) ⇐ Q+ and h , h
"
c- C1

.

Then
se c U

✗⇐an
Ux since ✗ C- U×

Since 2h is a compact set , 7- finite family
g open set /Uil?:-. , among all /U×t×€m sit .

Dr c É
,
Ui

We can also find an open set Uoc Ño Cd

sit .

or c ¥9 Ui .

lemma :( Partition g unity ) 7- Hi}%oCCTRHS.hn
4) Zi> 0

,
ti and EXi= 1 in Rd

1=0

2) V-i-tih.ie , N , supp Zi c Ui ,
i.e. Zit c¥Cli)

3) supp Xo C Rd 12h .
In particular ,

to /or C- CID ) . ( exercise)



Nore given new :PD) n Cdt ) , we prove
u -0 on 2h . the decompose

u= É, Xiu .

Clearly You -0 on 2h since supp to C
Rd 12h .

For Kit N , since supp Xi c Ui
,
it suffices to

show that Xiu =0 on Hind .

Note that for every Kien cexercise)

Xiu e Wo
"Kleine)nc(UiÑ) .

Then up to the C
'
- diffeomorphism hi Ui→Q

Ch : kind→ Q+) we get [exercise)

Cxiuoh
"
C- Wo"P@+)ncTQ+) .

The special case ⇒ ⑦ a) oh-1=0 on Qo

⇒ Xiu -0 on hCQo)= Uin 2h .
☐



Variational problem on Hd D) :

let rcN¥ be open , bounded ,
c
'

boundary . Consider :

{
-Due g in or

- U ← 0 on 2h

⇒ 5Th -V9= Sfa , Hatch)
or

Ig fell and Tu Ei , then by a density argwws
this is equivalent to

f.Tutte = Sga , tree city
"#

= Holy
or

theorem ( Dirichlet , Riemann ,
Poincaré

,
Hilbert)

let DEAD be open ,
bounded

,
d- boundary .

let f. c- LYN .
Then there exist a unique solution uE Hot sir

.

{ Tutte = { go into c- HEN .

Moreover
,
u is the unique minimizer for

E= ing SWT - frfr) .

✓THEM or



Nontrivial : why is E> - is ?

Theorem ( Poincare inequality ) Lee AC Rd open .

bounded . Then 7- C = ( Cr) >0 such that

C§HvT = flirt , we Hdcr ) .

Remark : H
'
@ 1 is a Hilbert space with norm

truth , = (drily + Kitty)%
Then HED) in a closed subspace ( by its

definition) ⇒ Hold) is a Hilbert space with

H' - norm .

The Poincare inequality says that

Khan 5- Molly 7- ¥141K + '¥4k 1h11 His

→ we can think of Ho
'
G) as a Hilbert space

with the eguivale norm +

hell
#:*,

= thirties .



Proof of Poincare inequality
By a density argument we need to prove Fc>Oi

C Start 3 five , ltvecocr) .

or

Assume by contradiction that it does not hold .

Then 7- sunk
,
C CEDI sit .

Stunt =L , §lTvni→o as n→- .

or

We may
extend un by 0 outside of I. and

hence lung c CE @d) . By the Fourier transform :

f.tune Stone f linewidth =L
Rd ped

:{ Hunt? Stunt = flztailvnchtdk -10.

Rd Rd
For E>0 small we can split :

stick )idk=( S +g) links idle .

nd tht EE 1h1> E

Clearly :
S ÑnÑdk⇐,§, 1¥ lineside→ 0

Me n→a



On the other hand :

for pigs EQ.is) , Ip -14=1 and Ip + f- =L

by Holder and Young inequalities :

S lineside .IS e)
" fs*↳iÑ

HEE HEE MEE

r
E CET Hin lipp
c- Ce¥ Auntie E CEF 58

IN

Here in the last estimate we used Hull
,
EC

since SEAN and Huntly = 1 and supp uncle

bound et . Thus in summary :

h→x

Stunk)tdh ⇒ 0 which contradicts to Huntly -1 . ☐

Rd
.

Exercise : let ntclkd be
open ,

bounded
,
d- boundary

and UEW"PX )
.
Then TFAE :

(a) utW%%y
(b) ñ⇐)= /

"⇐ ) it ✗ the c- Wknd ) .

O
'

y ✗ c-RAID



Proof of the existence and uniqueness of

E = ing ( S
ve Hair ,

Er# I
'
- { fv )

Steph , why is E > → ?

By Hilder and Poincare inequality itvetkkrl :

Ecw ) : - IS v1
"
- frfr

or

- ¥ §#it ¥ IWAI - Mimir

→ ¥ §# I
'

- CHI is - Cagli
Thus E z - CAFÉ > - es .

Step 2 : let ↳nlc Hd (d) be a minimizing

sequence .
Then Econ) → E ⇒ 11Th HE is

bounded
.
Thus tent is bounded in the Hilbert

space t.to@ ) ( with norm Kublai = 11Th Ily ) .

By the Banach - Ahaogln theorem , up to a

subsequence , un
--
u weakly in HIM .



Recall :

Theorem ( Banach - Ahiogla) Ig H is a Hilbert

space ,
and Iris? ,

is bounded in H
,
then there

exists a subsequence / Una}?e
, ,

s.t.vn,e→vo weakly
in H , namely Luna ,

97 → Go
, ,
toe H

.

Remark : a) By Riesz 's representation theorem ,
the

weak convergence
is equivalent to

Flunk) → FQ-ot.V-FEH-LCH.IR) .

d

space of
linear continuous

functions H → IR ( or E)

2) From vnn→ Vo nee have Fatou's lemma ;

liming Huna 113 No 11
Ess

since HvoÑ= Cvo
,
✓D= lining Cvo , und 2- Kroll long khakih→s - lets

c- Hokitika
Exercise : Ig un- Vo in a Hilbert space ,

then :

Vn→ Vo strongly ⇒ Huh→ Doll .



Now we

go
back to step 2 in the existence of

minimizer for E. From Un- u weakly in Hd ,

we obtain by Fatal's lemma :

liming S
↳•

out*nT= liming 11k¥:* > Hella:* , __§Tuiwas

Moreover
,
consider F : Ho'D )→ IR

Fd) = Sfo
or

then F is linear and continuous since

I Feel E) {go / Elliptically Kill Hwa ,
by Poincare inequality . Hence

un- u ⇒ Fdn ) → Flu ) , i.e. ffvn → ffu .

In summary :
or or

chiming E @ n ) 3 Ecu ) → E > Ecu )
n→s

Thus u is a minimizer .

Uniqueness : Tg un , u , are
two minimizer ,

then

0>-4 (Ecua ) + Ecu) - 284T¥))
= So @ Fruit -120kt - Curtin)T)=§-µ@a- udi!



Moreover
, unsure HIGH → un - n , E Hoth ) ⇒

0 > Elkan- UDT 3 I £1m -44
"

-7 ur-uz.rs

Exercise : Peeve that wether) is a minimizer for E

ig and only if The .JP =§f9 ,
Kee Hia .

r

Remark : We can boo argue by using Riesz 's

representation theorem as follows : from
6h F- (9) = Saga is linear , continuous

from HIM → IR

Tle lenore that Flu c- H ! G) s.tn .

Lu , 9) = FCQ ) , the Hd D)
Hi

⇐

§ -vu . To f. go , Kee Hota .



Theory of trace ;

Theorem : herd C Rd be open , bounded ,
c
'
- boundary. .

Then 7 ! a linear , bounded operator
T : H' D) → i②x

such that true H
'
G) ACCT ) we have :

Tu = Ulan in the usual restriction sense .

Remark
,
The boundedness of

T means

11ThHiya, E C Hull Hien, ,
YUEH 'M .

Thus. the key point is the inequality

HularH.iI@yECllul1HyngiVueHtrncXt.le
t us first consider the simple case .

lemma ( Trace inequality for Rf) He have :

" "
lore

, Hippo;) ⇐ Hull
# (RI) N-uc-cia.it.

Recall : 1k¥ / ☒ , ✗d) C- Kd
"
✗Ri xD >of

2 KRI = I;Rd-1×10} = Rd-1
.



Proof of the lemma : ( for real
- valued functions)

For all uEct (Rd) and ✗ = (✗
1
,
✗d) EIRIK

luck , 0 ) F- -§ 3rd luck ✗d) I did
as

=
- so - 2 u(✗Hop 2d UCH xd) did

⇐ § ( I ucxk.DK/2duCHx.DT).dkt
⇒ 5 WHO)td×-<fµ*( µ . .)dxd)d× '

☒d- I

fz://ui-IZ.lu F)dx EMI,µµqj☐
lemma:(Trace inequality for D) be nerd

be
open ,

bounded
,
c
'
- boundary .

Then : FC -_Corso :

114.2.n1i[n , t.MU#n@gi-Vuc-ci4Rd) .

Proof. We use a partition og unity to
go

back to the previous case .



o
⇒

Qt
Q

Ui hi

since Iris C
"

and compact , 7 finite open sets

1⇐Uif?=
,
C Rd sit .

are ¥ Ui

and Ki - 1,2 , . . . N , Ta C
'
- diffeomorphism hi : Ui →Q

sit . hi@i)=Q , hi Clint)=Q+ , hill ,-AN)=Qo .

Recall : 0--14 '

, xd) C- Rd
-'
✗ Rd : 1×421 , lxdkt }

Q + = an { xd >04 , Qo= Qn 1×4=0,4 .

paetitiongunityi-tloibi.ioC C
's (Rd ) sir .

d) É Qi = 1 and 1>-01-30 V-i-Q.in .

1=0

2) V-i-1.mn , Oi ECE Cli ) .

3) supp Oo C Rd 12h .



For u E CE CRD ) we decompose :
N

• = ¥. Oiu = IÉui , ui-oiuc-CE.INT .

In particular :
N

Ubs = ¥
, Hibs

'

For each i= 1,2 , . . . ,
N
, define Vii Q → R by

✓icy )=ui(hiky )) ④ g.→
Qt
a

Ui hi

since Ui Eciocli) and hi is d- diff
⇒ vie c:o)

We
may

extend vi by 0 outside Q

⇒ vi E Cd CRD ) .

d

Then by the trace inequality for Rt , behave

Niki Gri )
⇐ "Villa 'Re:)

" "

Millican Milla'¢e+)±HUiHHt- cuing
V1

ECHUIIH ' D)Huitt
i(uin2D= Milley



In summary :

N

Hallisey = -11¥,uiHi☒fÉ, Hui Il,Fc"%w;☐
To conclude

, we need a density result . .

Theorem lDensity) LetDC Rd be
open , bounded ,

with

d-boundary .

Then C5(R¢ ) ,, is dense in H'D) ,

i.e. the H'D) , 7 {Unf C CE Ckd ) sit .

Un he
→ u in HIM .

d-

*Moreover
, if u E CLI) ,

then un→ u in Cbt)
.

This density theorem is a consequence of
:

Theorem ( Extension) Ty AC Rd is
open ,

"

bounded
,
reith C'ybounda.ru ,

then 7 an extension

B : H'D) → H' dad / linear bounded ,
i.e .

But r=u,HBullHi@poytCKu1lH1gyitutHbH.M
oreover , we can construct B such that ;

1) Ba is supported in any given
Ñ ⇒r

.

2) 11 Bulli E chilli .

3) Ig u E CCI) ,
then But Cc ( Rd)

.



pwoggD-ensitytheoremfromExtennontheoren.lt
u E H

'
D)

.

Then 7- Bu C- H
'@d)

, compactly

supported , such that Bula = u .

Take ge ceded ) , 59=1 , gncx)= ndgcnx) .

Rd
Then

un :=g¥
•a c- CIDE ) → Bu in Htcrd )

⇒ Unless u in H'D)
.

Moreover
, if u E CCÑ ) , then B-neg @d) ,

and hence un = gn * Bu → B- u in C CRD )

⇒ Un /g
→ (Bu)µ- = u in Cbt) . ☐

conduit.mg/heTracetheorem:Dejine-:cCt) → ECM) by Tu = Ulm .

By the trace inequality and the fact that

GCI) is dense in HIM ,
7 ! extension

T: H
'

A) → EM linear bounded
.

Moreover
,

'

y ue H'G) A C⑤) , then Ffunfc IH)
Sir

, un→ u in H'D) A CCÑ) .
and hence

un) → Tcu )
"
Union → upon } ⇒ Tcu ) = ulzg .

D



It remains to prove the extension theorem
.

lemma ( Extension for G)
let u E H

' @+ ) and define Bu : Q→R by
Au ☒ ) = /

UK ) if ✗ EQ-1

ucx
'

,
- xd) if ✗=CH×d)EQ

,

Then Bu E Htc ) and
2

llBuIlice-2lulli@ysH-VCBuJlLygj2lThlLyqyPioog.It is clear that ( ✗=# xd ))

ftp.ui-feiBui-fe.lbut-fe#h-feuCH-xd)idx--So+lut-Sa+1uCx'ixdlidx --25*1?
For the derivative

, for all i -1,2 , . . . , d-tree have

2- (Bakr ) = { 2inch
'

y ✗c-Qx

Jriucx
'

,
-xd ) if ✗=(Hxd) EQ .

The difficult part is in 2d ( Bn) . He claim :



2d ⑨a) Cx ) -=g⑦:={ 2d UG
) if ✗EQ,

- Itu) ( x' , -xd) if ✗ 4×1×470-9
To see that

, take 9€ Cisco) and compute :

f @ a)Die) = Susie + Saw ,
- ✗d) Elkind)

Q Qt Q
- DX

= feiiddu-squcxixdw.ie) CH -✗d) dx
= Squad9- SUCH >d) 2d[act , -xdtfdx

Qt

= Sau ZDÑ

where
9¢

, ✗d) = 9C # xd) - 94 ,
- *d)

Claim :

See
,

u 2d 9.= - fc2.lu) . Ñ .

Qt

Using this claim , we conclude that

Saku ) do )=feu2Ñ= - S @du) Ñ
Qt

= - Safa itoeec:(a) ⇒ Id a) =L .



Finally he prove the claim : toe CF@) :

S u ZÑ = - S&du)Ñ , ÑCX) --4*-91×1 -✗d)
•+

Q -1

If I were in CT ⑨ + ) ,
then it would be obvious

.

However
,
I is nor necessarily in C5⑨+) , so

we need to be careful . Q
Q-1 MED)=0

Take me ☒d) = %
←""

if Koike

where yoC-
0

, yocxd) = 1 if Kd 172

no CH.

= O
'

y Hd K-1

Since ye = O
'

y 1¥11 EE and TEICH

ve find that ygÑE Ci@+) .
Hence :

See
,

u2( nil ) = - Saad a) CKÑ) .

+

Since ye ⇐d) → 1 as e.→ 0
,
tied>0

⇒ So @du) ( y , E) → fc2.lu )Ñ
+ Qt

by Dominated convergence ( here du)Ñ -4^01)



Next
,
consider :

S u Zack9) =§+uGd%)É -1£;ni4dÑ)Q -1

By Dominated convergence again :

Sau Ye (219)Io So,iHÑ ) .

Finally we need to prove that :

Sou dye)Ñ → 0 as e. →o
.

Since 12dm ski )f £ E- 11 ( Hdl EZE)

and 197×4=141×1 , >d) - 9W ,
-✗d) I

E C Hd 1 E CE if 1+41<-28
ve find that .

/ Sau @dn.IE/tC1u1 → o
Qntxdkzif to

by Dominated convergence again .
Thus :

See
,

u 2dln.it ) = - fc2.lu )YeÑ
fE→o At I

see
,

UZDÑ -54daL @ " ☐

Qt



By using this
lemma we can prove the

extension theorem by a partition g unity .

This technique is similar to the
proof of

trace theorem , so we omit the details
.

☐

Now we are ready to discuss the Poisson

equation with inhomogeneous boundary condition .

Theorem : let d be
open ,

bounded
,
d- boundary.

let f E ich ) , get@ ) .
Then 7 ! ut H'D) sir

f-
Du = f in D

'D)

Ulm =

g on D

Here use = Tcu) C- [D) defined by trace open
Moreover

, if I is connected and g# constant ,

then u is the unique minimizer for
the variational problem :

E = ing I I§KvP - ffv }
VE M

where M } VE H'D) , vim = g on 2h }
'



We will need :

lemma ( Poincare inequality) be I be open , bounded,

connected
,
with C

'
- boundary .

ThenV-gEll@Ds.t.g# constant , Fc>0 Sit
.

Vallier, ± c 11Th Hey, , ,
them

where M
.

= { VE H 'D ) : visor -_ g}
Proof : We assume by contradiction that it

fails . Then 7 Lun } CH'@ 1 , Un /m=g
sit

,

☒ un Hien,→o , Hunter, __ I .

Since 14ns is bounded in :#D) , by the

Banach - Alaoglu theorem , up to a subsequence
un → no leakey in HW) .

Since Jun → 0 strongly in 22 and Tun → Tho

weakly in U , we have Tuo -0 ⇒ no = const

( here we need 0h to be connected) ⇒ uobjcon.ir .

On the other hand
,
note that M is convex and



closed in H' (D) since the trace operator
7. H '@ ) → ECW ) is continuous . Therefore,
M is also weakly closed in H ' D) by
the Hahn- Banach theorem

.
Thus from

Sanlam i un
- no weakly in Hkr)

⇒ no € M ⇒ Uolzg = g '

ke get a contradiction since g =/ const .
☐

Now we are ready to consider Poisson's equation .

Proof g Theorem : First let us assume that R

is connected and
g =/

const .

Step ii. the prove that E = ing SN ) has a minimizer.
VEM

By Poincare's inequality :/ them :

Ed = I§Ñ - Sfu
or

→ 1zFVvHÉa, - Alia , Hollier,
→ INT Ilia, - CdfKia ,# "

ien,
→ ¥ Mollica , - CHAIN '



Thus E = ing Ecu) > → .
Moreover

, taking
VEM

a minimizing sequence fun t.CM ,
Ean)→ E ,

we find that Huntley
,
is banded

,
and hence

Hunk
#µ ,

is bounded ( by Poincare inequality
again) . By Banach -Alaoghi theorem , up
to a subsequence ,

we have on
→ u weakly

in H' (D) .

Hence :

timing Stunt
"
3 §uT ,

as T.vn __Taint

/ nos n
y

as an→ u in L2fine → Jug

⇒ E = him . Efren ) 7 Scu ) .

n→x

Note that lvnlcm.vn- n in H' (d)
and M 's weakly closed in Her) ( as

argued in the proof of Poincare inequality ) ,
therefore UEM

. This means that u

is a minimizer for E = ing Ecu ) .

✓em



Step 2 : Nose be prove -11bar
'

y u is a minimizer

for E , then - Due f in D '@) .

In fact , tree CIA) we have ;
Ecu ) E E Ca -11-9) sitter
-

EM

→ = ¥ E( a -11-0) /t.o-S-u.tk - Sfo
or or

This :

gufbqj-g-vn-ve-ff9.veEM
or or or

⇒ -Du = f in D
'D) .

Step } . the pure than Poisson equation has

at most 1 solution .
Assume that u

, , Uz

are 2 Solutions
,
Then u= Un- Uz solves

}
- bn -0 in N

'
Ulm __ 0 and

→ u = 0 .

Step4 : Tg g. = co
a constant , then Poisson

equation can be rewritten ,
with ñ= u - co ,



f-bag
in a

" bor = co our
⇐ /
*ñ=f in or

ñ = 0 on d

has a uthigue solution ,

Ty D is not connected then by considering
connected components og r , we can prove

that Poisson 's equation always has a unique
solution ( for all fc-icm.ge ican) ) .



Two final remarks ;

① We can describe It! as the kernel
of

the trace operator T: Hks )→ IG )
.

Theorem : let ACN be open , bounded , with

d- boundary .
Then :

H :@)= true H'D) ,
Tcu ) = 0 on 2h} .

Recall that if ue H'D) A Cft ) , then
Tcu ) = use the usual restriction

,

In this case ve recover a result proved before
Proof : Easy direction

Him a Iue HH : Tcu ) -0 }

follows from the facts that CIN is dense

in Hot Er) and the trace operator is continuous.

Nhe let us consider the difficult directions.

given u C- H
"
@ ) and TCU) -0 ,

we need

to show that u c- Hot D) .



let us think of
the case runs Rdx for simplicity.

By a density argument , take / Unsc CF ) sit .

Uh /n→
u in H'③ 1 .

Then Tcm ) → Tinto

in 420 . We have , for ✗ = ( ×
'

, ✗d) Ekd
- '

✗ chis)

unwind ) = un CHO) -1 2, una , Holt

⇒ tune !✗d) Pt 21 unCHDT-12xdsjdwunk.tl/dt
→ f tuna ,✗d) Pdx ' £211TCan)É*y )ped -1

+ 2 ✗ d www.t) Pdt
red
→ §µ, / UCH ,

✗d) Pdx ' E 2×4 12¢ UGH) Pdt
#

for a. e. Xd Echo ) .

Now let us use *) to approximate u by
a function which is 0 close to 2h

.

Take yEc°(Rt) Sir . yet = I
'

y
t>2

O E yet / O '

y t
⇐ I



Then VNEH '

Uni )= UK ) yfnxd) satisfies / un -0 jxdctn
Hence

, by a result peeved before , une Hier .

This it remains to show that un→ u in HIM .

He have :

flvn-ut-flugtld-y.cn#)FdxRd+Ri

s Stu I
'

A- ⇐⇒ dx → 0

mi
by Dominated c.V .

Similarly ,
Hi = 1,2, . . . ,

d- 1
,

Shi @n-ujt-fbiucxsifl-ycnx.pl'd✗→oMY R!
let us consider :

31 un = du) 74×41-1 un ni (nxd)
Again '

④ducxlylnxd) - 2du⇐Ñd× → 0
RI by Dominated c.v.



For the most difficult term we use ⇐ ) and

ly' Cnxd) 1<-0 A Gd ⇐ In)
to bound :

f lucxsny'(n×dId×=§ § lucxixd)Tdx)ñµn×dÑd¥
Rdx

as

o ped -1
Xd

⇐ Cfo@ So www.tjidx'dt) n' A- Eden)d¥
In

⇐ c (F) So12dua.tl?lxdtJridxdECSo%12duCx1,t)Tdxdt
→ 0

by Dominated c.v.

This ends the peng when Dmx Rd+ .
The

general case g n can be treated

using
a partition of unity .

☐



② Recall that the variational characterisation

og
Poisson equation

f
-ba -- find
a

=g
ma

is

g-m.IQ = JFQ
,
Klem

or or

where M =/ VE H 'D ) : V=g on 2h} .

Here we cannot replace M by H
" (D) .

In fact , if ut HTS) and

⇐* ) fn-vu.IQ = fnf9 ,
9 c- H'G)

then u satisfies the Neumann condition :

2- = Thins = 0 on 2h
.

To see that , note that
using *⇒ for GEEKY

we get
-Due f in EG) sand hence

by integration by part ;



for all QE H'G) we have :

§f9= §Cbu)9=§Th .to - S¥→edS
- an

=§f9 by #⇒

→ §%-→ . olds -0 , reentry

⇒ Z÷→=o an N
.

Here ue H'D) ⇒ The H' A)

⇒ Zz = Tart is well - defined on 2h

by trace theorem
.

☐


