
Chapter 2 : Convolution
,
Fourier transform

and distributions

Definition convolution) .

Tf f. g : Rd → R Core), then f*giRd→R
Cf *g)e) = Sfa -g) giddy

Rd
Remark :

g*g=g*f•)
since *g) ☒ I = Spy for -g) gcyldy

"Ed

Sµfc⇒g⇐⇒dZ
= Cg * g) ⇐ 1 .

•) *g) * k - f * ( g *B) by Fubini

I f*^g= f^§ ( Fourier transform)



Theorem : given felt@d) and GEERT)
with 1£ psis Then f*g c- LPdÑ) and

Hf *giles 2- His llglllp . [ Young 's inquiry
More generally , if felt ,gEL9 , then

f*g Eli and

llfxglllr ⇐ llflkp Agile
provided that 1£ pig ,r to , tp -14=1 -1¥ .

Proof : By Hidden inequality if Kpcis

19*8*4 =/ §, far -g) gcyldy /
⇐§µ¥Dl§¥§µK×.gs/1gydPdyJ--HfHiPFCgzlfCxyj1lgcysPdyj-Puhere1-p-p

,
-_ I



⇒lff-xgkspekfky%felfix-yllgcyfdy-flcf-xgcxjt.de⇐ HfHu¥ ffffcxyjlg Polyak
Rd Rd Rd

= HÉ§f§÷Y)1gmPdy
= HfHy%
"

Ilgtkp
= [Flu llglkp)P since

Pj, -1k Plp =p

→ Hf*gKp ⇐ llflktlglkp .

cases / pp:L
trivial Ctiriayee inequality) .



Theorem : Tg fECi④d ) and g ELP@d)
for KPIs .

Then if *g E CTCRD)

and D *g) = f) *g its .

Proof : First we pine that f*g is continues .

Take Lyn} C Rd
, yn → y

in Rd
.
then

⑨*g)(yn ) = §, fcyn - ×) gods
→ S

Rd
LCY - ×) gcxjdx

by Dominated convergence . In fact :

fcyn-Age ] → fly -Age)
and
lfcyn-Hgcxjlt-kgtlpI.CH 19*11

Ben
c- UKIwhere R b chosen sit .

fcyn- 1=0
'

y ☒17k



which is doable since yn→y & f is

compactly supported .

Similarly : ei-CQ.xd-gi.gg ) c- Rd

4. (f*g¥ bin ffG+hei - y) - for -g) gaily
h→O h

born#
conveyance

= gegiggfcxthei - y)
- for -g) gym

h

= ☒* f) ex - g) giddy
= @xif)*g

And Zxiftg ECCR ) by the previous step
since Zxif C- CICRd ) .

The some organs
gives

Dtfeg ) = ⑨f) *g C- CCR)
2ns conclusion .



Remark : Frio regular function f Sir .

f*g = of ( exercise)
But actually we have :

so * y = g
with So the deltafunction

This function
"

so can be defined properly
as a distribution

,
i.e. foe Rd))

'

.

Mathematically ,
we can approximate so by

a sequence {f) ⇐☐

where fix )=Édf(Éx)

f)
,

with fear:')

±
. .

. -

g- Sass
"

Formally

To 8.* ) =/
0 is × -1-0

as if ✗ = 0

580=1



theorem ( Approximation by convolution)

les g
e tickets .t . Spy get and fC☒1=ÉfCÉ⇒

E

Then for all le pas and ge CPCRD ) :

ffg → g in LPCRD ) .

Proof :

Step 1 : Assume f)GEE@d) . Then :

§ ,*g☒ - gay-fffylgcx-pdy-fffytghdg-fe-dfe.ir) @G-yJ-gcxDdyRdAssumesuppfCB@iRJi.e
. fix )=OiyKDR

⇒ supp f, G B@ , Re)

⇒ / &*g)⇐) - ga ) / & f e- dlgeiylllgx -y -giddy
ñ

ly / ERE

Ehf , He sup IgE-4-9*1 → 0 as E → 0

am 12-11 RE

☒Hit



Moreover , j supp g
C KORD ,

then

sup / get) - ge ) 1=-0
'

y 1×1> Rat RE
1-21 ten / and bounded by 211911s

This :

/ §n*g)☒) - gey / → 0 for all ER
"

lffixgcx) - get ⇐ 2kg4, I
*

BERND
for all 16121

⇒ f.*g- - g → 0 in EX )

by Dominated convergence .

Next oe remove the technical assumption

f.ge CCCRD ) . We will use the fact that

CcdÑ ) is dense in LPCRD )
, ltltpcis

ulrich can be proved without using convolution
.



Step 2 : let ye cold) and GELPICRD ) .
Then ee can find a sequence gmEECRd)
sit . gm→g

in L' Rd ) . Then :

ftp.e-xg-gkp ⇐ ME 19 -9m¥ "
a- 9m¥

+ kgñgtl,
⇐ lifting -gmtkp-fe-xgm-gmlkpi.no

HYE + llgñglkp
¥0

⇐ Hi -11) Agm-gtkp-llf-xgm-gn.ly

⇒ limsnp If,*g -guy
⇐ Kitt)Dgñg1kp

{→is

IT 0
.



Steph Let ye dad) and ge.CAT .

7- Fm C- Cc@d)

s.t.f.E.in,
→ g in L

'@d) when m→ is

Sfm
.

-1
, m > 1 (note : Sf - 1)

Rd Rd

Define Fm
, ,

e) = Éd t-m.ci 'x) . Then :

Then by the triangle & Young inequalities

III.*g- glkp ⇐ - E.)*glkp
+ Afm

, ,
*g- glkp ¥0

2- Hf, - Fm . . His llgtkp -111 Fm,n*g - gyp
=

Hf - Funky → 0 as m→s . ☐



( App . C4 Evans )
Theorem : her R be open in Rd and define

re =/ ✗ ER : disk.si ) > e} .

let fEC54Rd ) , Sf =L , f=0 in 1×1>-1 .

pzd
Denote

fgcx ) = Edf @ '

✗ ) .

Then together ,

95-95×91*1 = 5 fix -g) giddy
(Kpho)

Kd
is well - defined in re and :

(a) get 0 e)

(b) gig
in LIN) (and a. e.)

(c) Ig gears ,
then gz→g uniformly in

any compact subset og d.

Proof Ca) Digs )= (Nfs)*g ECG
(b) Replace g by Zug for UCCA .

e) Already in the proof of
Rd case .

C g is uniformly continuous in compact set)



Fourier transform :

Def given f : Rd→ e
, define

⇐f) ch) = feel = f g⇐, e-
"" k×d×

lad
E- Here b.✗ = ¥2, hi . xi nah 6=6;) ,

✗Hi)H

Theorem(Base properties,)

(a) 2g fell@d) , then f^eE4R9 and

KF Hose Mi .

(b) The mapping 5- .

.

I@d) n [ ☒d)
→
"""

can be extended

to be a unitary transformation I4Rd )- 14k¢ ) sit .
A Fg He = His VTE like't . [Plancherel)

(c) The inverse mapping É
'

is well defined as

⑤
'

f) e) = §⇐ , = Sgµé"%×d£ , Hg Elint

Rd
(d) Ñg= tiled fee g (21174%76) C- liard )
(e) fig = gig if fog

"

nice enough
"

( we will make rigorous later)



Theorem ( Hausdorff - Young inequality)
Ig 1£pE2 , then 5- : LP@d) → UW ) eith

f- +1g = A-

and
Its Hu E kfHµ , -VgE ICKY .

Proof : No
easy proof .

We can deduce it from
the Riesz - thorrin.in#II-erpolation theorem :

let 1 E Po , py , go , g ,
E is

.
Let I be open in Rd

.

Let : T: Licht LMA) → L%Gy -1191ft)
be a linear map such that T: LPI → Eli and

11TH
Lpi: - ji €1 ,

Then T : (
*
→ V0 and HTDµo→L% Et

for all 0<021 where

f-• = ¥ -1%4. -- ¥+9T .



Theorem ( Fourier transform a convolution)
let 1¥ pig , r Ers Sir . tpttq = At Ip . Recall ;

we know that if fELP@Rd1.g c- VARDI , then

f*g c- UCH) .
The new statement here is

that if we assume further ftp.q ,r 2-2 ,

then :

fig = f. ^g
Proof Tf f , g C- Co ⑧d) ,

then by Fubini

5*81=55 ga -g) gey, e-
"" "✗

okay

= § fcx-yje-tihE-D.gg , étikydady
= ⑨ gcz)é""↳d±)(Sgapeieiiliy)dry
= finance ) .

Q 0

general case : density argument ( exercise) .



Fundamental solution of Laplace equation
consider -Du = f in Rd

→ 121-1611 ñlk ) = Ich)
⇒ ñW= ¥ap the )

Ig ee can find G sit . Echl --µ¥ , then

ñ4-- ftp.jfkaa-oegch )
⇒ u = Gtf
Thus we need to complete

o⇐s=(¥aÑ
It turns t that for 01%3 ,

G) = d☒¥µz= the fundamental Sol .

og Laplace eq .

To make it rigorous , ee need to compute

the Fourier transform of ¥µ ,
02nd .



Theorem : ( Fourier transform of 1×1-2 , 02Nd )
a) The function 1×1-2 ,

✗ C- Rd
,
with 024<4

,

satisfies formally :

I
= ;:÷.1×12

where

↳ =
1T¥ r⇐ ) = -11¥ §

- "

é
"

DX .

0

b) More precisely , JE CE@Rd ) :

C2

⇒
* er = ( ¥÷gñD!

Text )
(c) Moreover

, y
d> ✗> d/ 2

,
then ;

¥a*Ñ = ¥;÷eia .

-

c- LW)

Remanhi Tg Sg -1-0 ,
then ¥p*g ~

as # → is ,
which is not in

any LP (Rd )
with 1 Ep -22 when 2 -2 d)2 .



Proof : lemma : g- ( e-
* 1×1
'

) = e-
+ 1kt

.

More generally :

f-(e-+ñ*Y= id e-+1¥ , * ×>o

( Proof : exercise)

(a) Formally :

¥p= Ti
: §é" "

oh , ¥,
= gf e-

**"

512-1 de

⇒ ¥-2 = § ✗
E- '
da

§ it e-+1¥ ie - l

ou

= si é
"

✗
¥ - '

on

¥ § e-
* "it

✗
¥+1

.# de

= gg e-
"""

+
¥-1

de =



(b)Rigorously : ftcoctrd) .

Then get @d) At
[ exercise) ,

and hence ¥+2 fine UH ) .

This allows us to compute
dG

(YE-aajckjj-feiih.ES?e--' "" ✗¥ - 'app,
ped

e- § ⑨ étih -✗

e-
""

ga , da] ✗¥ - '

de

Rd
•

(e-
"" gaÑ ✗

¥- '

dx= So
= [ (it e-

+¥*g) ✗¥-1 de
= ( spite - ' e-* ¥ de)*g
±
(I iii. e-"" ou) -1-1--17*8

(c) Tg 27¥ ,
then ⇒* f Ell →

the Fourier transform is well - defined .



Theory of distributions :
.

Let r open C
Rd

. He denote
;

• Test functions DX ) = Cia)

• 9. → 4 in DX) g FK compact < I ,

supp f.hr -9) CK ,
ten

{ HD4Q- 9) 11µg →0 as nas
,
V-2

• Distributions D
'
@) =/ T: DD) → More }

linear & continuous
i. e. E.→9 in DX)

→ Tien) → IT .

Example : Regular functions are distributions :

Ig fe Vena ) , define
Tga)= §f⇒9⇒dx

Exercise : Tge ☐
'D)

Question : Why f ↳ JI is injective , ice .

why Ty .-0 f -0 .



Theorem:( Fundamental theorem of
calculus)

let d be an open set
in Rd

.

let fE daily
If
fgep-oi-voec.io)
or

then f=0 . a. e.

Proof ; Take Ritter and geo@e) .
Then

§ ggce - o ite ecicrjIcier )

Note ; fg C- ✓⑦ and supported in Ne .

Take hec? (BCom )), Sh =L , LEE e- dhCÉx ) .

Then : he # g) I.ofg in V84)
but

,

he* Cfg ) = Shee-g) f.g) gcyj =0

⇒ fg -0 i-vgc-c.im
=) f A) = 0 , a. e. ✗ C- She

=) fcx )=O ,
a. e. ✗ C- R

.

☐



Example : Dirac delta function :

her r open CIA and
'
✗Ed

.
Let 8¢ : Date

desired by 8×41=9*3 , 79€ DX ) .

Exercise : S×E DX) and Sxct Earth .

Example : ( Principle Value) The function

f.E) = f-
is not in dentil ) . However

,

Sfo is well-definedV-QECECRIS.t.eoj-O.IR
Question , F ? TE DER ) Sit .

-101--510 ,
-06EUR,

1A

Exercise . Define
- .

THI = bingo §>.< 89 i 6EÉtR)

prove that T C- b'CR) .

Hint , QQ -9-43
→ 2450) as ✗ →0

✗



beg : [ Derivatives of distributions) less open CR!

Tg Tt DÉY ,
we define DDT as

⑨4) (9) = C- 1)
"
T@%)

Exercise : Prove that if TE DX ) , then all
distributional derivatives DDT exist and belong
to DEN) .

Motivation :

Tf T= Tg with LE CID ) , then : treece

CATH = C- is
"

Tg Cio)

= C- If § g. (Dte)
= { ④g) . =#g) 9

⇒ ÑTg = T.bg
i.e. the distributional derivatives

= the classical derivatives if both exist .



Example : Consider yes = 1×1 with ✗ER .

then

f¢ CHR ) her the distributional derivative exists ,

ya ,=/
1 is ✗→

c-dead
- l

'

y Co .
. - - -
-→

Moreover
,

f "☒)= 2881 E DTR)

Exercise : Prove that

@ E) (6) = C- It" (Dte)# ) .

beg [ Convergence g distributions)
we

say that Tn
→ Tin b'G) ig

Tn ) →TQ ) , 9€ DX) .

Exercise : let fe LYRD ) , S f- 1
, f ,# ==ÉfÉH

Move that f, → So in DCIRD) as s→o

Exercise ; let Tn→T in DCA ) . Prove their

DdTn→ DDT in DCA ) ,
V-2 .



beg :(Distributions & convolutions)

let TED '(Rd) and JE CE (Rd ) . Define ;

⇐*g) g) = T.gg) , fyi )=f(x-p , f-G) = ffx) .

Theorem : TED 'CRd ) and JE Ciel , then ;

(a) T*§ c- C- CRD) and

D; #f) = (DT) (fy) = C-#Wyly) .

(b) tge ICHE ) & compactly supported .

Then:

Sgcy ) -19 ,) ⇒ Tcf *g)
HE ICE Clad) .

Proof : Ca ) let ftcc (Rd ) . Tg yn→y
in Rd

,

then :

I fyncx ) - fist =/ fcx - yn) - H -

y) /
⇐kf¥yn- yl ¥

uniformly in ✗
Similarly : D?fynFDIfy uniformly
Hence

n→s

TE DICH → T %) → Iffy) ⇒ ytstlfy)cont .



Similarly

/ g(✗
+ hei - g) - f(✗- Y)

- zig G- g) Itchh
.

⇒ ycxtbei - y) - fcx -y) → 2µg Guy) uniformly
h h-so in ✗

namely
fry -bei - %

→ *g)
y

uniformly .

h h-10

Similarly :
DIC fy-qi-f.DE?DI&.g)yumjormg-V2

⇒ Tf fy.hu.
- fy) ¥ T

✗if)y)
h

⇒ 2g ; T g) = - Twig)y)EcÑ)
⇒ ytstgy ) c- C'☒ )



By induction we find that

DJ Tffy) = C- IT" T g)g)
= HT) ( gg ) V2

→ ytskgy ) E OCR) .

(b) Steph. First consider ge CJ CR ) . Then :

£1 9$ Tffy) dy =
Riemann

%?→o☐m¥?ÑYDTy ;)
= ein 1-CAFÉ gcyjlfy;) = Tfg *f)Dm→O

since

lim Dm Éhgcy ;) fy.ch =L;m→bm ¥19811K
-

y ;)
Dmv j=i

= fgcy)fA - g) dy =P *g)*
Rd

in ☐(Rd) .

Step 2 : Now take ge U Kd ) , g is compactly
supported ( so g. * f ECT (Rd ) ) .



Then we can approximate g by gn ECT (Rd)
sit . Ign ) , /g) all supported in a compact set K

and Agn- g Hu →0 .

This implies that

feign → fig in ☐ Crd ) ,

→ 1-(feign ) ⇒ 1- ⑨*g)
11 Sept

§, gnly ) -19 ,) dy → ¥41 # g) g) dry
as

g , .÷pg
in µ & T*gec8 .

Theorem her I
open
C Rd

, f C- CED) and

Ng = } y :-c Rd : supp fy Cd} .

Then TED'M) :

(a) y ↳ THE 0 g) and

Dig y ))=CÑT)(fy)=-HT¢Ñfly) .
(b) get (Dg) and compactly supported

Sagg4tTGy1dy-TlfE-Yg@yCEte.r
cise)

.

.



Theorem :( Taylor expansion for distributions)
let R open C Rd

,
TE DIA) and g C- DX) .

let ye Rd sit
. fig C- DX ) ,

OETEI
.
Then :

Tcfy ) = Tg ) + §¥g
, yj jT)( frog)

dt
.

Proof : Since yrs Tf ,) is 0 g) and

¥ tTf+y)]= y . testy)]=¥g yjrdjtlfty )
⇒ Tg , ) - Tg) = § ÷ [T(ftp.dt-so¥2, yj . 2jT(f+y)dt

Corollary : Ig getended ) and Zig € Venard )
for all i -4,1 ,

. . . ,d ( i. e. of E WI CR
"
)) ,

then Ky :

get g) = ga) + § g. tgcxtty) dt for a.ex

Proof :

If gEWYoe ,
then ltgece we have :

Sf# [gcxey) - gcxifdx = gcfy) - gg )
-



= fj ¥2, yj . g) fifty ) It

= SI ¥,YjJ@jgCx1ffx-tyJdxdttAd-SjJdE.yj§, 3-gatty) fat dxdt
= Smd A) [ So

' ¥2, yj.2jgcxttyjdtl.ch
→
S

gcxty ) - g# = G
' JÉ

, yj.2jgcx-tyjdta.fi

Corollary ; Tg Te btr ) and TT=0 ,

then F-const .

pirogi @ =D
-14,1=1-4 ) , V-geci.by end

⇒ (Sg) Tq ) - Stay ) glyidy = Tcjeg)
Rd

= g) Tags , gig ECT

( due to the symmetry between fees g)
Thus . Ty ) / Csg ) is independent off , namely

tf ) = cost . Sg → T= const
.

☐



Theorem :( Equivalence of
classical & distributional

derivatives) let D open
Ckd

, TED'M) ,

gi = 2*-1 , V-i-1.mil . Then TFAE :

1) 1- = G- with FE DX) and gi=2*. G-

2) gie CK) , V-i-12.in, d .

Proof : 4) ⇒ (2) By integration by part

g. (a) = - 1-(2-0) = -56-(2-9)=54616
view

→ gi-ZG.EC )

a) ⇒ a) @=
Rd) Assume

gi-2xi-ech.V-p-I-cfyl-Tgt-f.d-zyg.CZ#T)(fty)dt--
§Éy ; §, gjcxlff - tydxdt

Fubini

=L, ¥4 gjcx-tyl.gg#fcxsdx



Integrating against ally ) with Cleo ④d)

5m¢ (-14,1941-1-9194))dg= -14*9) - Tafe
= Sfar)T④)dy- Tg ) 59

11
Ad

§µ ÉÉ gjcx-ty.yjccysdydtf.edu
RIFF

we can take 59=1 and find that

TCs1-ff1@xj-IEI9jCxtty1.y; Hidy diff oh
pydKII

→ 1- = G.EC find )
since F- G E CARD ) and 2iT= gi

E- CCRD )

→ G€ Where

⇒ Gluey) -a) = f) ¥4 ugjxttyiyjdt



⇒ Gcxthei) - GA)
= §
,
gift the i)dt↳→ogi☒ )oh

⇒ BIG =

g ;
C-CRY → GECYRD ) .

Remark: From the beginning , can we simply take

Gcy ) - Got Siggi ftp.yidt ?

Since giecclrd ) ⇒ GE CH) . Why 2×iG=gi ?

GeiH=±É¥[gift y-itheji.cyi-so.in)h

e

-

9 ; g) if;) dt
= So gictyttheidt-sj-F.gjctytthejj-gictyly.lt

n th-o h

yh→o£ gicty ) dt of? nor easy!)



Sobolev spaces : W"P④ and WYLD) .

Exercise :(Approximation of VVIP Crj by 004) Kpho.
let g-CLI.cn) s.r.TT c- Elena ) ( ie . few:P
Then there exists / f.) C ON sit

. for

every compact set KCI we have ;

11h - ftp.ppy-H-vfn-flkppy-n-I .

Hint : Use the convolution
.

Theorem : Chain rule) let GEC'M) with

JG is bounded
. Igg=ffiÉ ,

C W"Pµ A) ,
then

0cg ) c- Who:P D) and

¥.GG) = É ZUG . 3¥
,

in D'M .

¥1

Moreover , if lgilc W'
"D) ⇒ oylc-WY.rs

provided that either Nlcs or (Isles and
GO)=0) .



Proof : Since G is b. d. in compact sets , GG) Ellen.
To

compute the derivatives
,
we find

f'" = (f7)É ,

C CID
"
sit

.

f
" '
→ f in WYD ) , and pointwise a. e. Using
☒ this co ,

we get Gcg") → 041 in Ten .

Using the normal 0 - chain rule we get : HEEDED

§QiQ) off") = - So 2iCGep)
= -So É

, adf.Y.2.fi?dx
Take n→o

II.

y pointwise/ Cloe
fire) Gp = -59 DE

,
2dg) Sifu dx .

⇒ Dicey )= ¥2111 Zifn e Ver .

b. d Telex

Ig Tf E LP → JGELP
.

However , to get

Gg ) c- LP from felt we need .

1041 -Got ⇐HEY, Ifl C- LP

and Ga ) C- LP %Éthu Alas or 601=-0 ?



Exercise : ( Derivative of absolute value)
let few"PX ) , Rune that if / EW

"Pat and

⇐yl)# =. } 1¥ , Chef) -4kg) + Emf )F⇐mp j gey-1-0
0 iyya-0

In particular , ig f is real - valued
,
then :

⑦If 1)⇐ I = ftp.sognff-Djf-H-0
0 if f☒l=0 .

Consequently : Ifl A) I ⇐ 198041 a. e. ×

( called the diamagnetic inequality)

Exercise : let g.
c- WY D) .

let ACIR
, (A) -0 .

Then Ff ☒1--0 for a. e. XE f-
'

(A) .

Theorem : [ Positive distributions are measures)
her I open C Rd

.
let TED

'

( R) sit . -170 ,

i. e. TO) 30 ,
6 C- DX) , 4>-0 .

Then :

7 ! positive Borel measure µ on r sit . Makes

for all compact sets K
, and

ice) = 59*1 dµ☒ ) , V-QED.CN .



Reversely , positive Borel measure µ on ns.t

MCR) < is for all compact Kcr , then

F. TE DIA ) sit . -101--5,9*14µ⇒N-9EDA1

Proof :
"

⇐
"

Eary .
.

"
→
"

We define the measure µ by U open Cd

µ CU ) = sup 1-10 ) : •c- DX
, 019*111 ,

{ supp Cecily
v40)= 0

Then Acr
, define

MCA)= ing / MG) : 0 open , Aco}

=) µ is an outer measure , i. e.

/ 141--0ACA ) c- A (B) iy ACB

↳ ( ¥9 Ai) ⇐ Ei roti )
→ see can define a Sigma algebra I such
that µ is a measure or I & a set E is

measurable ifs MCE )= META) taken A)
forall A.



We can show that all open sets are measurable
,

and that the measure is regular .

Example : The Dirac - delta function is a Borel

probability measure on Rd
.


