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H Rayleigh-Jeans and Planck's
radiation law
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Modes In a cubic resonator
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Number of modes in a cube
Adu -
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The Dirichlet or Neumann eigenfunction inthe cube Qp ={0<xz, <L | k=1,...,d}
are given by d
. (s 2
Um (x) = H sin (kamk) : ANo(Q) =T ZZ:1 ms, mr =1,2,...,
k=1
d 70 2
U (x) = HCOS (kaxk> : MV(Qr) = %ZZ:1 ms, mi =0,1,...,
k=1
Hence
L2 mr > 1 DRB
Qr, _ d 2 = k =
"pA) = # {m 2T ImIT< 5 S0 NRB }
Td L 1 d Td d
— 5d <;A2> (14+0(1)) = o) - A2 -vol(Qr) - (14 0(1))
dx - d
= // ” d£(1—|—0(1)) as A — +o0
reqfez<a (27)

Td  Volume of the unit ball in the dimension d



A bit of history
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H. A. Lorentz, NP 1902

Baron Rayleigh, NP 1904
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M. Planck, NP 1918
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fAdu 100th anniversary of Weyl's law
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H. Weyl: Uber die Abhangigkeit der
—AS’N on [} C Rd Eigenschwingungen einer
Memlbran von deren Begrenzung,
Journal fur die reine und
angewandte Mathematik 141
(1912) 1-11.

I
/ H. Weyl: Uber das Spektrum der
~. | Hohlraumstrahlung.” Journal fir die

reine und angewandte Mathe-
matik 141 (1912) 163-181.

b () = Go5g AT vol(@) +o(A%) as Ao 1911-1912
O Td d I 17q—1 a1 d—1
— A2 . — 2 ) A2 A
np n(A) o) Az -vol(Q)) F 1 2m)i] A2 109 + of ) as — +00

under additional geometrical conditions, V. lvrii in 1980



fA;“ 50th anniversary of POlya's conjecture
SR ey nBa(N) = iy AT vol@) £o(hE) s Ao

G. Pdlya: “On the eigenvalues of a
vibrating membrane”, Proc. London
Math. Soc. 11 (1961) 419- 433.

an amazing bound
for tiling domains:

-vol(2) forall A >0

Polya conjectures this bound to be true for all domains.
This conjecture is still unresolved!
It is supported by the second term in the Weyl asymptotics

1 Td—1

Td

nd(A) = A% vol(Q) — - AT|0Q| +0o(A T ) as A — +oo

(27) 4 (2m)d-1



e POlya's conjecture fails for magnetic fie

Replace —A§ by (iV+ A(z))h o , where A(z) is a magnetic vector potential.

Since

// dw%_// dz - dg
re,|e|z<a (2m)° reQ. e+ Ay |2<a (2)¢

the phase space volume does not change and, moreover, the Weyl asymptotics

Td

(2m)¢

remains true (under mild regularity conditions on A ).

a
2

np(A; A) = A

-vol(Q2) - (1 +0(1)) as A — 4o

At the same time for constant magnetic fields A(z) = 27! B(z2, —21)
we prove a modified 2d-Pdlya bound with a sharp constant

R. Frank

T M. Loss
n% (A, A) <2 (27T)2 A VOI(Q) forall A >0 TW.
2008

This constant can be approached on squares with properly scaled A and B
Hence, it cannot be improved even for tiling domains.

me (almost) new r
Adil Some (almost) new res

Ults

ds!



Riesz means of eigenvalues
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Alongside with the individual eigenvalues A2 (Q) it is useful to consider the Riesz means

Sed(M Q) = > (A=A0(Q)7, 020

m

and compare it with the phase space average

o dx ) df cl o) d
sl (A, Q) = / / (A—[e2) 2 _ o At Eol()
2EQ, |2 <A (2m)
I'(c+1)
2drd/2T (0 + g + 1) .

where the classical Lieb-Thirring constant Lg ; equals to

Integrating the Weyl asymptotics for the counting function one has

ST = AR ()T = S5,a(A, Q) = S5(A, Q) (1 + 0(1)) = L JATT2vol(Q)(1 + 0(1))

™m.

for A - 4+00.

The case o =0 corresponds to the counting function n35(A) = So.a(A, Q).



fA 40th anniversary of Berezin's bound

Pdlyas (non-magnetic) bound implies |
Berezin proved 1972

A < cl AQ this bound for all
So.a(A, ) < 554(A, ) domains ! and

c>1,A>0

— —

for all tiling domains  andall o,A > 0-

His result implies also

One can now ask, whether a bound ,
this bound with

So.a(A, Q) < c(o, d)SEL (A, Q) (probably)
— —— non-sharp constants
holds true for all c(o,d)
domains”? for all

0<o<1,A>0.



Adu 40th anniversary of Berezin's bound
PRAXXRANN So,a(A, 2, A) < c(o,d)Sg 4(A, Q)

If one allows for constant magnetic fields A(x) = 27 B(x, —21), then

o
> ] for 0<o<1 Frank, Loss, W.
+ o

c(0,2) = 2 (1 i

IS the best possible constant, which is independent on the strength of A.

Moreover, if the domain is tiling, then

S 0( A, A) < B (B, Avol(Q), %B,(B,A) = % SO (A B2k +1))]
k>0

Moreover, for constant magnetic fields one has ¢(o,d) =1 forall o > 1.  Erdds, Loss, Wugalter

Laptev, W., Helffer

DO | QO

Finally, for arbitrary magnetic fields one has c¢(o,d) =1 forall o >



fAﬁ[L S1.a(A, Q) < S5, (A, Q) Berezin's proof
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Put o = 1. Let {¥x} be the ONB of eigenfunctions of —A& corresponding to {\5 (Q)}.
Extend these Dirichlet eigenfunctions by zeroto R? and let {¢r.} be the (ON) FT

> a-= % (a4 [ vapa) = ¥ (a- [ lePiaea)

kAE<A kAE<A kAD<A
Since | |vi|?d€ =1 we have
Rd
S a-aP) = % / €1 e e = (A—HfHQ)Z\Wzdf
kAP <A k:AD <A €l <A
n / €1 [dn[2de — / (A — ||€]1?) | 2de
2 S 2 S

Since Z |¢k‘2 27T —d Z ‘ ¢k, LQ(Q)‘ — (27T)_d Hezf- HLQ(Q) (27T) VOI(Q)

S1a(A, Q) = > (A=) =57,(A,Q) +7r(A,Q), r(AQ) <0
kxAE<CA




JAdu Li-Yau, Melas and beyond
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Let {¥x} be the ONB of eigenfunctions of —A§ corresponding to {A7 ()}
Extend these Dirichlet eigenfunctions by zero to R? and let{%x} be the (ON) FT.

N
= Z (©)]2 < 2m) e[ F2(q) = (2m) " "vol(Q) .
J=1 N
/FN(f)df =N We estimate  1(Fv) =» A= [ [£PFn(£)d¢
j=1 R
F* A
vol(£2) N

(2m)< Pry Z Ay > NFa (

N Li, Yau 1983
\\\Eif o
=

Fig. 1. Minimizers of the functional -[RZ |§-‘|2 F*(|€]) d&




JAdu Li-Yau, Melas and beyond
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N
We still estimate I(Fn) :ZAJ / €12 Fiv (€)dé
71=1

’2 < (2m)~ d”ez wHL2(Q) (2m)~ VOI(Q). /FN(f)dg — N

||M2

Melas takes into account the following additional condition

IVEN| <2(27)"%/J(Q)vol(Q) _ ml%/ v aPd
acR
F* 4

o ) ¢ _d 1(Q)

= : A>N1+2(LCI 19)_3— N M2
( ) LY ; L = d O,dVO( ) 21 d -+ 7 J(Q)
b i The second term here is not 1
\M P of the expected second Weyl order N'*a

-

L(1:l,d—1(L§l,d)_1_é | 1092
495G +1) (vol(Q))

N3 4 o(N'tHa)




TAdu Li-Yau, Melas and beyond
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IFw) =300 = [ IR Fr(©)ds [ Fwipig =N
Fi(©) = Y 15O < @) e g = (2m)~vol(9)

But that is picking the wrong fight. The true remainder term is hidden inBessel's inequality

Assume we could quantify the remainder in Bessel's inequality as follows

Fn(€) = Z 15 ()2 < (27) " %vol(Q) —eN°

F* 4
vol(£2) N L
d
—— —N*7°A(e, 6
2 +d (€0
)
(2m)d =N &M ®  For o0 <1 thisimproves the Melas bound.
-

Fig. 1. Minimizers of the functional -fRZ |§-‘|2 F*(|&]) d&
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Put d=2 and V =vol(Q).

Then we have the Li-Yau bound

N 27T
EjA.>—N2
: R V4
1=1

Let 2 be a polygon with n sides.

Kovarik, Vougalter, W.

N n

2 4 ; oV 1%
E:Akzvﬂj\f%r O‘C3N26<N>§jzj@<zv )+(1a)—N
k=1

V3

Li-Yau, Melas and beyond

Moreover, let J = min/ |z — a|*dx .
a€R?

and the Melas improvement

N
2m V
Aj > = N>+ —N
;J_V T 52

Moreover, [; is the length of the j-th side p;
and d; is the distance of the
middle third of p; to 0Q\p;.

27 d? 32J

7=1

al 2T
> M= N
k=1

2

W)= Vlog,(2nN/cy)

C1 —

16v27 |00
n T S‘N%+0(N%)
9 V2
3—7T10_11 c3 = 2 (27?)201/
14 ’ ° T 9v/236 !



[Adu 3erezin and Li-Yau
R via Legendre transformatior

For convex, non-negative f(x), = > 0, the Legendre transformation is given by

" (p) = itilg(pcv — f(z)), p>0.

From f(x) < g(x) it follows that f"(p) > ¢"(p).

| [p]
In view of > @ =2 ) = 0= P A1 + > M

-3 4
2+d
Berezin's bound IS dual to the Li-Yau inequality

(V] [<W

([fﬂdvol(ﬂ)x1+

N 2
2 d d
S - Mg < L vol(@ATE ST > NI (L6l vol(@)) R
k k=1
a -2 g vol(€)
Reversely, Z)‘k > N1T3a (Lgfdvol(ﬂ)) ’ 5 d + M, ) N
the Melas improvement k=1

ISH

is dual to a vol(Q)\ T2
Berezin bound with energy shift Z(A — Ag)y < LY 4vol(Q) (A — Mg 7(2) ) .
k



TAdu Improved Berezin bounds
RN for o > 3/2.

Fix a coordinate system.

r = (2',2q)

(2

QA (z") union of intervals in Q
In x4 direction longer than

»x(x’, A) number
of such intervals

1\ ' ' . ' . . ' ' d 1\

Q= |J Q@) cQ  subsetof Jocal’ width exceeding I, = —
x/ ERI—1 \/K

da(Q)) = / x(x', N)dx' ,weighted” projection of (25
x’ERd_l



AU s.u@0) <520 Improved Berezin bounds

R for o > 3/2.

Forany Q@ c R% & >3/2 andany A > 0 we have

Soa(A) < Ly ol )AT —w(o, )™ L5 g 1da (A5

Sﬁl,d (QA 5A)

The bound improves already the main term:  Only the portion 2, of Q which is wide
It equals Sg. (243 A) < S5 4(5 A) enough enters the bound.

The bound contains also a negative term related to the second term in the Weyl
asymptoticsas A — 4+o0

1
So.a(,A) = Ly vol(A7H2 =217 |0QATHIT/2 4 o( A7)
S, (2,)
The results remains true for the case of The results are applicable even to certain

magnetic fields. unbounded domains.
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anu o> g Sharp Berezin bounds

SR IN unbounded domains
Fk,nZ{(’f“,gb)\TZm,qﬁzl;;llﬂ} rn=2"" 0<d<1
Soa(,A) =0
k=1,.. 202 \ ey / ,
\ / A < 15-272049)
\ / /
AN e

S, 0( A) < Cy s AT T
O\ o
\ / A> 15 - 2—2(1+5)
~— . >
\ /

llm 2_n’]"n p— O
n——+00

& N
/4/// \\\\\ ey

So2(QA) < CoA7T (InA)” if A > %




[AdL Lieb-Thirring bounds for

SO0

RCRRAE operator valued potentials

We consider Schrodinger operators with operator valued potentials
H=-A®1lg—-W(z) on L*R%*QG)

Crucial is the following extention of the Lieb-Thirring bounds

d
trr2pa, gy H? < Lf,l’d /trgwi+2 (x)dx, o> 3/2

Let us apply thisto —A§ for d =2 and o =3/2 .

By the variational principle we have

o H? H? d?
AR A= (== —A) > ——— — W_(21) on La(R, Ly(R))

2 2 = 2
0xy oxs dzy

where W (x1) = (—d2/dm§)%‘(“) — Alis the Dirichlet problem on the intervals in Q4 (1)

with the eigenvalues px (z1) > m2k%172(z1) — A, k€ N.  ({(z1)total length of Q24 (21))



fAdu Closing the argument

e S3/22(02,A) < Sg}Q’Q(QA,A)—V(3/2,2)-4_1L§l/2’1'dA(Q)A2
d2 3/2 3 )
Sz (L A) < tr <_d_:C%_W(x1)> < 6 RtrW_(azl)dxl
5 ﬂ-sz 9 3 7_(_4 [l(CIZ1)lX1] 12(331) , 2
< = A— ) dry < — ( —k> dxq
16 ‘/Rl;( lz(ilfl) n 16 I 14(33’1) l; l/2\
Here Ip = {z1|l(x1) > Ix}. Estimating the sum as
(=), o, 2 5 4
— I3 15 IR 5
we finally get
3 &8 1 3
S3/90(2,A) < —-—-—-A5/2/l dr — — 2A2/d
3/2,2(§, A) < 6 15 = - (x)dx 16&:() . T
= L5y ,vol(Qp)A? —(2) - L), | - daA®.
Here 0.475 < e(2). The best possible constant in this spot can not exceed  0.5.



A more geometrical version of a
RO two-term Berezin bound

vol(Blz—q((a) \ ©2)
VOl(BkE—a] (a))

pla) =

6(r) distance to the boundary
R(A) = {z]8(x) < 1/(4VD) }

Ma(A) = /R Pl

Seda(2,A) < Lglﬁd VOl(Q)AU+d/2 — Lg{d 9—d+l Ao+d/2 pro (A) Geisinger, Laptev, W.

The proof is based on the fact that for W (z) = (—d? /da:%)%“ml) — A we have

1 \7*:
tr WS<$1) S L;l / (A — ) dt
5 Qa(x1) 462 (t) +




fAdu Applications to the Heat kernel
B Kac inequality

If one uses the monotonicity of the (forward) Laplace transformation

i) = / F(A)e A,

LIA=NI(E) = e ™ D(o+1), t>0,
then the Berezin bound for arbitrary o > 1 implies
tO‘—I—l
7 — At _ —Apt _ B o
(t)=tre zk:e Zk: Mo T 1)£[(A M) 7 (t)
IS, a( A T rigel (o A
and therefore
Z(t) < o LCldvol(Q)L[A"+d/2](t)
- I'(oc+1)
o+t ['(oc+1)
= - -vol(Q)I'(1 d/2)t1—o—d/2
F(g_|_1) Qde/zr(l—l—O+d/2) VO( ) ( + 0 + /)
vol({2)

:(47Tt)d/2 forany t>0.



JAdp An improvement of Kac' inequality
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Using the Berezin version of the Melas improvement

vol(€2)
< cl L
S1.4(92,A) < S5, (Q,A M= 5 )

Harrell and Hermi obtained
vol(€2) _pp, voue,

(t)§(47rt)d/2€ T > 0.

They conjecturead ,
VOI(Q) — My (vol(2))2/d £ 0

Z(t) <
Tj%
~ ~ 4 1,1
Put A e [\, A\| where A= 2 < \1 Is the ,Faber-Krahn eigenvalue®.
AL T+ Dvol(@))2/a = 9

Then
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+00
[(z,s) = ! t*~te tdt
Z,S () e

and the remainder term

Q)T - d+1 ()T

R0 = ST £ (g, 0L ), ()
(4mt) = 2 (4mt) =
where
d—1
B(bout BT (4+1)7 o
Cl,d = ] and €24 = C1,d

T

with 02:5,03:2 and ad:§ for d > 4

This beats the conjecture up to d = 633 .




[Adu Horn shaped domains
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Consider two-dimensional horn shaped domains
O = {(z,y) eR*:z e R, |y| < fz)}.

Then for f(s) = fu(s) = s™# with 1> 1 one has

3

+1

Z(t;Qp,) = t— 2 4o t_MT) as t— 0+ .

9t

F(1—|— %) C(,u) p+1 (

Cutting the domain and dropping the remainder term we get in view of

t0+l t0+l

Zt) = (o + 1)£[Sa’d(ﬂ’ Ml = P(o+1)

L[S 4(Qn, A)]

the asymptotically sharp estimate

F 1—1_& w41
( 2)1C('u)t_% forall ¢t>0 and p>1.
2ﬂ+k+§

Z(t;8,) <



JAdu Open Problems

1. Settle Pdlya‘s hypothesis! nP(A) = Sp.q(Q,A) < S0.4(§, A) = A%vol(ﬂ)

Td
(2m)¢

2. Improve the Berezin bound S1,a(Q,A) <SP, A)
for o= 1. N any of the Sl,d(ﬂaA) < (Q,A) ( )dA(Q)AH—%
following ways: o
S1,a(Q,A) < S7(Qn, A) — e(d)da(Q)A T
SLa(A) < ST(QA) — e(d)ATE Mo(A)

Thank you for your attention!



