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Abstract of Talk

| will discuss how the Ginzburg-Landau (GL) model of
superconductivity arises as an asymptotic limit of the
microscopic Bardeen-Cooper-Schrieffer (BCS) model.

The asymptotic limit may be seen as a semiclassical limit and
one of the main difficulties is to derive a semiclassical expansion
with minimal regularity assumptions.

It is not rigorously understood how the BCS model approximates
the underlying many-body quantum system. | will formulate the
BCS model as a variational problem, but only heuristically discuss
its relation to quantum mechanics.
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Ginzburg-Landau (GL) model

For superconducting materials on 3D box A (Could be 1D or 2D):
W potential, A magnetic vector potential:
GL functional: For constants By, B3 > 0 and By € R:

£5L(y) = /A Bi|(—iV + 2A () (2)|? + BaW (a)]h(x) 2
+Bs3 |1 — [¢(z |ydx Y e HY(A)

What is ¢?

What does this have to do with Bardeen-Cooper-Schrieffer
(BCS) theory of superconductivity?

We will derive GL from BCS in an appropriate limit:
T ~1T,, A, W small and slowly varying on microscopic scale.
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The BCS states

Fermionic wave functions ¥ € @3_, AN L2(E) (Fock Space).
Eg,==Ax{-1,1}, A CR3, +1 =spin-degrees, £ = (z,0).
Normal state (Slater determinant): For N particles

U(lr,. ., EN) R LA AdN(Er, ..., En) = (ND) "V 2det(¢(&;))

BCS state: Describes an average over 0,1,...,2M particle states

U (a1 + Bior Aga) A=+ A (am + Brdani—1 A danr)

$1, ..., danr orthonormal in L2(2), |ou|? + |Bi]? = 1.
Describe state in terms of 1-particle density matrices:

v = |B1P(|¢1) (1] + [2){(d2]) + ...
+1Bum* (|d2nr—1){Pans—1] + |dans) (Pant])
a = o Bidr Ao+ ...+ aarBudani—1 A panr

« is the Cooper pair wave function. Vanishes in normal state.
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BCS States continued

Spin dependence (pairing of spin up and down):

7($aa;ya7) = 7($ay)(50,15771 + 607*16‘1‘,*1)7 ’7(337y) = ’y(y,l')
a(:v,a;y, 7-) = Oé(.’l?,y)((so-’l(sf,_l - 60’,—157',1)7 O[(I,y) = Ol(y,.f)

2 X 2-block matrix-operator

_ (7 «a
P_(a 1—7)

T = 0 BCS state: State is pure (case described above) and I is a
projection with vanishing entropy:

S(I) = —Tr [[InT] = —%Tr [T+ (1—T)In(1 =)

T > 0 BCS-state: State is not pure 0 <T' < 1, S(T') > 0.
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BCS Free energy functional

Hamiltonian: For gases of fermionic atoms on 3d-torus A:

H= Z —iVj+ A))? =+ W) + > V(| — )
i#]
Remark: The original BCS Hamiltonian obtained after integrating

out phonons is similar, but non-local.
BCS free energy functional: Temperature 7' > 0

FI) = Tr [((—iV—i—A(a}))z —,u—i—W(:c)) 7} — T S(D)
" /A Vil =sDlalay) P drdy.

Remark: Would be upper bound except we ignore (absorb in 1)
e direct term: //fy(x,;c)fy(y,y)V(kc — y|)dzdy

e exhange term: —/ Iy(z, )2V (|2 — y|)dzdy.
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BCS free energy in special cases

e Non-interacting case V' = 0: BCS minimizer is normal state
1_‘02 a =0,

v = (1+exp(h/T)™", b= (=iV+A@)*+W(z)—n

e Translation invariant case A = 0, W = 0: There exists
critical temperature 7, > 0 such that.

e T > T,: Minimizer is normal (as above with A =0, W = 0)
e T < T,.: Minimizer has o # 0.
The critical temperature may be characterized by the operator

Ui

Kr(=V2=p)+V(el),  Krln) = oo

having 0 as the lowest eigenvalue (on symmetric functions).
Note o (K1 (—V? — pu) = [2T, 00). R
We assume T, > 0 and eigenfunction «g unique (e.g. V < 0 OK).
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Making the asymptotics precise

Introduce small parameter h > 0. A, W occuring in GL
functional are rescaled versions of the potentials in BCS
functional. Denote quantities in BCS functional by A W A. In
terms of quantities in GL functional:

A(z) = hA(hz), W(z)=hW(hz), A=h"'A
In BCS functional F insert & = h3a(hx, hy), 7 = h¥y(ha, hy):
FI) = Tr [((—mv +hA(2)? -+ h2W(as)> 7}

=T S(T) + V(b = y))|a(z, y)|* dedy.
AxA

Here we assume
T =T.1—-Dh?, D>0.

Note the semiclassical nature of the asymptotics.
The order of the free energy is h™3.
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Main result

Theorem (GL limit of BCS)
If T = T.(1 — Dh?) there exist By, Ba, B in GL functional giving

inf F(I') = F(To) + h_3+4(iﬁf£GL(¢) — Bs|A| + o(1)),

as h — 0, where I'y is the normal state. Moreover, if
F(I) < F([y)+h (inf,p ECL(4) — Bs|A| + 0(1)) then the
corresponding Cooper pair wave function « satisfies:

loe = agrlZ: < o(h)llacLl7z = o(h)h*~

ac (o) =0 (252 ) ao (22 ) = Oplhto(i)anin0)

(oo appropriately normalized) and ESL (1) < infy, E(¥) + o(1).
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Sketch of proof

Rewrite:

F(T) =y Te [HaT] = TS(T) ~ [ V(Je ~ yl/W)lacy (x, )dudy

" / V(2 — yl/M)acL(z,y) — a(z,y) *drdy

A(w,y) = 2V (|2 — y|/h)acL(x, y) = 2h0p(to(x)(ag V) (—ihV))
Ha = < % —AE ) . b= (—ihV + hA(2))? — 4+ h2W (z).
thiinf
2T [Tr [HT] — T'S(I')] > —Tr In(1 + exp(—H/T))
+Tr [KT(H) (M= (1+ exp(H/T))—l)z} :

First use this with agr, replaced by 0 and gap in K7 (Hp) + V to
conclude « close to agr, (almost ground state of K7 + V).
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Semiclassical estimate

Finally, use semiclassical estimates with good regularity bounds:

Theorem (Semiclassical estimate)

With errors controlled by H' and H? norms of 1y

h3
—7T<"[&~ In(1 + exp(—Ha /T)) — Tt In(1 + exp(—Hg/T)>

= B2Dy (o) + A Da(ho) + h4(E(1ho) — Bs|A]) + O(h°)
h? / V(|lz — yl/h)|acr(z, y)*dxdy =h*Da (o) + h*Da(to)
+ O(h°)
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