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MOTIVATION

Ergodic Schrodinger operators

Let Hy = —A+ V, be an ergodic Schrédinger operator on either L2(R9)
or 2(Z%), and consider its integrated density of states N(E).

What can we say about the continuity of N(E)?
@ Craig and Simon (1983) proved log-Hdlder continuity for discrete

ergodic Schrodinger operators and one-dimensional ergodic

Schrédinger operators :
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@ Delyon and Souillard (1984) gave a simple proof of continuity of N(E)

for discrete ergodic Schrédinger operators.
In this generality not more appears to have been known.
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Random Schrodinger operators

For Anderson models with regularity assumptions we have Wegner
estimates. The optimal result is due to Combes, Hislop and Klopp (2007),
who proved for both discrete and continuous Anderson models that

N(E+€)—N(E) < CSu(e) for e<3,

where S, (s) := sup,cg 1([t, t+s]) is the concentration function of the
single-site probability distribution L.

Note that

p  has no atoms <= Iifasu(s):o = continuity of N(E)

The integrated density of states N(E) is always continuous when the
single-site probability distribution pt has no atoms.

Abel Klein Bounds on the density of states



MOTIVATION

Multi-dimensional continuous Anderson models

What could we say about the continuity of the density states for
multi-dimensional continuous Anderson models with arbitrary single-site
probability distribution (e.g., Bernoulli)?

@ Germinet and Klein proved log-Holder continuity of N(E) in the region

of localization (more precisely, in the region of applicability of the
multiscale analysis):

c
" (log2)3*"

This result holds for Poisson Hamiltonians.

@ In general the continuity of the integrated density of states has been
an open question.

e Continuity of the integrated density of states for (continuous) ergodic
Schrddinger operators is # 14 in Simon's Problems for Schrédinger
operators.
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Introduction

Schrédinger operators

We consider the Schrddinger operator
H=-A+V on L%RY) (or 62(Zd)) ,

where A is the Laplacian operator and V is a bounded potential.
We let ;
A(x) = x+]=35,5]
denote the (open) box of side L centered at x € R?. By a box A, we will
mean a box A/ (x) for some x € R¥.

Given a finite open box A € R? we let Hy and A, be the restriction of H
and A to L?(A) with Dirichlet boundary condition. (Our results will be
independent of the boundary condition.)
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Introduction

Density of states measures and outer-measures

We define finite volume (normalized) density of states measures on Borel
subsets B of R? by

MA(B) = NMaw(B) := rtr{Xs(H)Xa} .

Note that for § = oo, D and B C]— oo, E] we have
MA:(B) < Cy v e <o
We define outer-measures on Borel subsets B of RY for ff = co, D by
niﬁ(B) ‘= sup TIAL(X),ﬁ(B),

xeRd

n;(B) :=limsupn; ,(B).
L—o0
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Density of states outer-measures
For any two values of § we have (e.g., Doi, lwatsuka and Mine (2001))

12 (161, E2)) < i, ([EL— 6,E2+8]) forall &> 0.

Thus, if for some value of # we have
limn/([E—¢,E+¢])=0 forall E€R,
£—0

we conclude that for all E1,E; € R, E; < E, we have
N ([E1, E2]) == ne([E1, E2]) = np([E1, E2]).

Remark

For ergodic Schrédinger operators Hy, if 1 is the density of states
measures, i.e., N(|Ez, E2] = N(E2) — N(E1), we always have

N (|E2, E2]) < g, ([E1, E2]) with probability one

Abel Klein Bounds on the density of states




Main theorems

Theorem (Discrete Schrédinger operators)

Let H be a Schrédinger operator on (*(Z9). Then for all EE€R and ¢ < %
we have

C
0" ([E, E+¢]) < 21V
log =

€

Theorem (Continuous Schrédinger operators)

Let H be a Schrédinger operator on L>(R9), where d = 1,2,3. Then, given
Eo eR, forall E< Ey and € < % we have

* Cd V.., E
og =

£
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Comments

@ The theorems are proved in finite volume with Dirichlet boundary
condition.

@ The discrete case and the one-dimensional continuous case are proved
in the same way. We select approximate eigenfunctions for which we
have global upper bounds, and pick one for which we have a local
lower bound.

@ The two and three-dimensional continuous case require a different
approach. We select approximate eigenfunctions for which we have

local upper bounds, and pick one for which we have a global lower
bound.

@ Our proof will give log-Holder continuity of the density states in any
dimension in the continuous case if we can improve on the exponent in
the quantitative unique continuation principle.
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Discrete case and the one-dimensional continuous case

Theorem

Let H be a discrete Schrédinger operator. Let E€ R and 0 < € % . Then
for all boxes A=A, with L > Ly, Iogg we have

C
M (E,E+e]) < 2%
log ¢

Theorem

Let H be a one-dimensional Schrédinger operator. Given Eg € R, there
exists Ly, g, such that for all 0 < & < 1, open intervals N = A\ with
L> LVWEologg, and energies E < Egy, we have

M (E.E+el) < - Cv. =3

€
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Discrete case and the one-dimensional continuous case

Proof for the one-dimensional continuous case

Let A=A, :]ao,ao+L[, EcR, ¢ E]O,%], and set P = X[E,E+£](H/\)-
We have RanP C 2(Ap) C CHA) and

I(HA—E)y| <el|ly| forall weRanP.
Given 0 < R < L, set aj = ag+ R for j = 1,2,...,%. We introduce the
vector space
Fr:={weRanP; y(a)=y'(a)=0forj=1.2,...,5—1}.

If v € Fg, It follows from Gronwall's inequality that for all
x €]aj— R,aj+ R[ we have, with K =1+|V —E||_,

[w(x)| < <Pl

| el (i = B w(n)] ay| < (2K) 2 eRRe .

'
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Discrete case and the one-dimensional continuous case

Proof for the one-dimensional continuous case -continued

Since A is the union of these intervals, we conclude that

vl < (2K) 2efRe|ly|| forall v e Fr.
We now assume that
MA([E,E+e])=ttrP>p>0.

If Re [g,L], it follows that dimFr > pL—2F > 2pl.

N[
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Discrete case and the one-dimensional continuous case
A useful lemma

Lemma

Let V" be a finite dimensional linear subspace of L*(Q,P), where (Q,P) is
a probability space.
Then there exists y € V" with ||y||, =1 such that

W]l = Vdim¥".

This lemma follows from the theory of absolutely summing operators. The
lemma can also be proved by a direct argument.
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Discrete case and the one-dimensional continuous case

Proof for the one-dimensional continuous case—end

Applying the Lemma, we obtain v € Fgr, ¥ # 0, such that

dim F,
Wil = /= Wl = /3o -

Taking R = % and L > R, it follows that

J1p < (2K) 2 efRe = (2K) ie e

Thus we get
Ck
Iog% '

p<

and hence

1

" (EE+el) < K.
lo .

The discrete case has a similar proof.
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Key ingredients for the multidimensional case

We select approximate eigenfunctions for which we have local upper
bounds, and pick one for which we have a global lower bound.

@ Local behavior with bounds for approximate solutions of Schrédinger
equations
We extend the local behavior results of Hartman and Wintner (1953)
and Bers (1955) for solutions of Schrédinger equations to obtain local
behavior with bounds for approximate solutions.

@ The quantitative unique continuation principle
We use a version of Bourgain and Kenig's quantitative unique
continuation principle, rewritten to explicit the dependence on the
relevant parameters.
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Some Harmonic Analysis

Local behavior of approximate solutions for d > 2

Theorem

Let Q = B(xp, ro) for some xo € R and ro >0, where d =2,3,....

Given W € 1L=(Q) real-valued, let .7 be a linear subspace of 7*(Q) with
the following property:

I(~A+ W) Wloy < Co [Wliay forall ye 7.
(@) Q)

Then there exist constants Yy >0 and 0 < rp = ri (d,||W||..) < ro, with the
property that for all N € N there is a linear subspace %y of % ,with

dim.Zy > dim.Z — y;N91,
such that for all v € %) we have
2
WOl < (Cwy b=l + o) Wiy for x € Bxo,m).
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Some Harmonic Analysis

Local behavior of solutions for d > 2

Let d >2, xg € RY, ry >0, W € L*(Q) real-valued, and consider the
equation
—Ap+W¢p=0 on Q=B(xp,2n).

Let &5(€2) be the space of solutions ¢ € #2(Q). Define linear subspaces
En(Q) = {d) € &(Q); |imsup% < 00} for NeN.
X—X0

&1(2) = {0 € &(); 9(x0) =0}, En(2) D En+1(Q).
(Note Ny_yén(2) = {0} by the unique continuation principle.)

Let %ﬂ,,(,d) denote the vector space of homogenous harmonic polynomials on
RY of degree m, and recall that

N
Z dimjf,,(,d) < ded_l forall NeN

m=0
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Some Harmonic Analysis

Lemma (Local behavior of solutions in d > 2)

Let Q = B(xp,2r) for some xp € R? and ry > 0.

For all N € Ny there is a linear map Y,S,Q): En(Q) — ,%”,\(,d) such that for all
¢ € En(2) we have

000 = (Y870) (x=x0)| < Ci . x =0 19120

for all x € B(xp, %), where W.. = || WlL-(q)-
As a consequence, for all N € Ny we have

En+1(Q2) = ker Y,S,Q) and  dimé&n41(Q2) > dimén(Q) — dim%”,\(,d).
In particular, if 7 is a vector subspace of &(€2) we have

dim _Z Nén1(Q) >dim 7 —yyN9 1 forall NeN.
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Lemma (Local behavior of approximate solutions in d > 2)

Let Q = B(xo,r1), xo € RY, r; > 0.
Let .7 C 7#2(R) linear subspace with

I(=A+ W)Yl S €llVlizq) forall weF

Then thereis 0 < rn=r(d, W) < n, With the property that for all
r €]0, r2] there exists a linear map Z,: .7 — &y(B(xo0,r)) such that

1V = Z¥lli-(Bxo.r) < Care Wiz where  lim Cq, =0.
As a consequence, for all N € N there is a vector subspace .% of .%, with
dim %y > dim% — ')/deil,

such that for all y € .7y and x € B(x, %) we have
2
W0 < (Cln I =0 ) W2y

Abel Klein Bounds on the density of states



Theorem (Quantitative unique continuation principle)

Let Q C RY open. Let y € H?(Q) and let { € L?(Q) be defined by
—Ay+Vy=_{ aeon Q

where V is a bounded real measurable function on Q, || V||, < K < co.
Let © C Q be a bounded measurable set where Hl//%eHz > 0.

Set Q(x,0):=suply—x| for xeQ.
yeo

Let xp€Q\O satisfy Q= Q(x,0)>1 and B(x,6Q+2)CQ.

Then, given
0< 6 <min {2dist(xo,9)aﬁ}’

we have

2 4 lvzall
< S > my <1+K3> <Q3 +log HV’ZGH§>

lvxol? < || WXsgosls+ 1 xall3-
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Two and three dimensions

Bounds for two and three dimensional Schrédinger operators

Theorem

Let H be a Schrédinger operator in L?(RY), where d = 2,3.

Given Eg € R, there exists Ly v, g, such that for all energies E < Ey and
O<e< % we have

Ca.v...5
(log2) s

M, ([E,E+e]) <

oolw

for all open boxes A, with L > Ly v, g, (log )

’
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Proof for the two and three dimensional continuous cases |

Let A=AL(x0), E < Eo, €€]0,5], and set P = X[£ 1 (Hn).
Recall that RanP C Z(Ap) C #2(A), and note that we have

I(HA—E)y| <el|ly| forall weRanP.

Recall also that for y € Ran P we have

i =[]

Hy H<C |E|+1 .
e €Y S Cove T vl

Since P(Hp— E)y = (Hpx — E) Py for w € Ran P, we conclude that

I(Hh~ E) Wl < €Cavey W]l forall y e RanP.
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Proof for the two and three dimensional continuous cases Il

Suppose now that
MA([E.E+¢€]) = J5trP>p >0.
We fix 0 < R < L, to be selected later, and let ¢ C A be defined by
A= Ar(y) and #%= (L)

yey
We take

1
- 1 d-1 _d_
N~ (Ep> R € N.
Applying the local behavior theorem at all the sites in ¢, we conclude that
there exists a subspace .7g of RanP and ryp = ry(d, Ve, E) > 0, such that

. _ d
dim g > pL? — NI (£)° > 3pLY,
and for all w € .Zg and y € & we have
2 .
W+l < (™ teCave) vl i I <ro.



Proof for the two and three dimensional continuous cases ||

Let Qr be the orthogonal projection onto .7, so Qr = QrP.
Since tr Qg = dim Fg > 3pLY, there is y € Fg, ||y| =1, and xo € A such
that /\1(X0) C A and

WXy (x0) ||, = ¥0, where  y=1y(d, V.., By) > 0.
We then pick yo € ¢4 such that
8 <dist(y0.M(x0)) < RVd
Taking 0 < § < 555, it follows from the QUCP that, with K = || V||, + Eo,

s md(lJrK%)(R%+||og”‘l/xA1(xo)||2|)
(vir)

Making 6 < ry and using the local behavior estimate, we get

( s )m(1+K§) (R +llog(1p)1)

VdR

W) l5 < [V B00.5) |5+ €2

(yp)2 < Cdcé\ﬁ/w7Eo52(N+1)+d+ Cd7Vw,Eo &2,
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Two and three dimensions

Proof for the two and three dimensional continuous cases |V

Using pR? > 274 (it follows from N > 1), noting & < d 2R, we get

4
MR3
) N2 2N 2
(F) <Civogd" T Civ.EE,
with M = Md,Vw,Eo > 0.

We now choose § by

-1
N 2_65 _ (N
Civ. 50 =R i€, 0= (Cd,vaoR) ;

obtaining
MR3 N
2
(%) = (%) tCiv. e
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Proof for the two and three dimensional continuous cases V
We now take d = 2,3 and take R large enough so that

4
N MR?3
) 1(6

which can always be done since for d = 2,3 we have % < ﬁ, so

1
MRS < N ~ (M p) TR, ie, p>Coy RS

(Here we need d < 4, thatis, d =2 or d =3.)

It follows that .
MR3

1(3 2

2 (R) < Cav. B €

We conclude that

~ MR}
N 2 2
<Cd,Vm,ER ) <2C4v. g€
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Two and three dimensions

Proof for the two and three dimensional continuous cases VI

We now choose R (with an appropriate constant cg \, £) by

d-a
P=cdv.ER 3,

We get

RS S CE R
e MRS —e=MR < Cyv. € where M = My v, k-

Thus
s C
1 8 s Voo E
log s < Cyv. g R3 = —5—,
pa-d
and hence c
d,Veu., Eo
p< il
(logg) °®
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What about d > 37

@ The restriction to d = 1,2,3 is due to the present form of the
quantitative unique continuation principle, where there is a term @3
in the exponent.

o If instead we had QP we would be able to prove log-Hélder continuity
of the integrated density of states for dimensions d < % Since

B:%,Wegetd<4.

@ It is reasonable to expect that something like the the quantitative
unique continuation principle holds with 3 = 1+ (there are no
counterexamples for real potentials). In this case we would obtain
log-Holder continuity of the integrated density of states for all d, with

_p-d(B-1) 1

=_—_— for d>2.

kd 28 2
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