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7.1 (6 points). Prove the following result in two dimensions related to the Newton’s
theorem: for any finite non-negative radial Borel measure µ on R2 the inequality∫

R2

dµ(y)

|x− y|
>
∫
R2

dµ(y)

max
{
|x|, |y|

}
holds for all x ∈ R2.
Hint: Prove that the map x 7→ |x|−1 is subharmonic on R2 \ {0}.

7.2 (6 points). Let µ be a finite, compactly supported, non-negative Borel measure on
R3. Prove that

u(x) :=
1

4π

∫
R3

dµ(y)

|x− y|
is the unique distributional solution of −∆u = µ satisfying u(x) −→

|x|→∞
0.

7.3 (6 points). For Z > 0 let

E(u) :=

∫
R3

|∇u|2 dx−
∫
R3

Z
∣∣u(x)

∣∣2
|x|

dx+
1

2

∫∫
R3×R3

∣∣u(x)
∣∣2∣∣u(y)

∣∣2
|x− y|

dx dy

be the Hartree functional and let E(λ) := inf
{
E(u) : u ∈ H1(R3),

∫
R3

∣∣u(x)
∣∣2 dx = λ

}
.

Prove that if u0 is a minimizer of E(λ), then it satisfies

−∆u0 −
Z

|x|
u0 +

(
|u0|2 ∗ |x|−1

)
u0 = µu0

with µ 6 0.


