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Excercise Sheet 4 for 29.05.2017

Let d € N.

4.1. For real-valued functions f, g € H'(R?) prove that in the distributional sense
V max{f, g} = h, with

W) = {(Vf (), for f(z) > g(x);

(Vg)(x), for f(x) <g(x).

4.2. Given ug € C*°(R?)\ {0} and z € R?\ {0}, for n € N let u,,(z) := ug(z — nz) for all
r € R% Prove that the sequence (uy,)ney is bounded in H(R%), but for any p € [1,00] it
does not possess a subsequence convergent in LP(RY).

4.3. Let V : RY — [0,00) be a measurable function satisfying infj, >z V() P
—00

Suppose that a sequence (f,)neny of functions from H'(R?) converges to f € H'(RY)

weakly in H'(R?) and that sup,,cy [a V()| fo(2) |2 dz < oo. Prove that (f,)nen converges
to f strongly in L?(R?).

4.4. For j € Nlet 0 .= {(ag), b,(gj)), k=1,...,27} be the collection of 27 disjoint open
intervals defined recursively by &M := {(0,1), (2,3)},

() () () ()

i.e. the passage from 2U) to U+ consists in removing of 27 disjoint closed intervals

) ) D g

, 2a by’ a 2b ;
7O [_k: Pk M _k] k=1,...,2.
L 3 + 3 9 3 + 3 9 9 Y

Prove that the function f: R — R,

0, for x € R\ (0, 3);
flz) = 1, | | for z € [1,2];
)+ )

: , forzelV™ k=1,...,2, jeN

is well-defined. Determine whether f is continuous on R and whether f € H'(R).



